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Symbols Notations Symbols Notations

E belongs to lirn [(x) limit ot f(x) as x tends to a
x--+a -,

:::l Contains Pn(x) nth degree polynomial

< (s) less than (less than or equal to) ['(x) derivative of f(x) with respect to x

> (~) greater than (greater than or equal to) [(n) (x) nth derivative of f(x) with respect to x

R .set of real numbers ~ approximately equal to

C set of complex numbers 0( alpha

n! n.In - I), , , 3. 2. 1 (n factorial) fJ beta

[ ] I~~osed interval y gama

] [ ; open interval E epsilon

[x] absolute value of a number x tt pi

i. e. that is L capital sigma

n

Iai
al + az + ...+ an- ~ zeta

i=l

x~a x tends to a

"Education is a liberating force, and in our

age it is also a democratising force, cutting

across the barriers of caste and class,

smoothing out inequalities imposed by birth

and other circumstances. "

-Indira Gandhi
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BLOCK INTRODUCTION

This block has three units-all about interpolation, i.e., about finding value of a

dependent variable corresponding to a given value of the independent variable, where

finite number of pairs of values (independeht variable, dependent variable) are given.

'.

In Unit 1, first the concept of interpolation is explained. Next, some of the well-

known operators useful for interpolation are defined; followed by discussion of inter-

relation between these operators. Finally, application of these operators in solving

problems is illustrated through examples.

In Unit 2, some of the well-known methods for inte olation are discussed, for the

special case ~hen the values of inde endent variable are e uidistant at which values

of the dependent variable, are known. The methods are based on: Newton's Forward

Difference Formula, Newton's Backward Difference Formula, Stirling's Formula and

Bessel's Formula. Each of the methods is mainly explained through examples of its

application. In order to discuss the methods, first, we introduce and illustrate the

concepts of Basic Difference Table and Operator Difference tables.

In Unit 3, some of the well-known methods for interpolation are discussed, when the

values of independent variable re not necessariI e uidistant at which value of the

dependent variable, are known. The methods include Lagrange's Method, Lagrange's

Method: Inverse Interpolation, method based on Divided Difference Tables and

method based on Newton's Divided Difference. Each of the methods is mainly

explained through examples of its application.

..
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UNIT 1 OPERATORS

Structure

".

1.0 Introduction

1.1 Objectives

1.2 Operators and Their Properties

1.3 Interrelations between Operators

1.4 Applications of Operators on Some Functions

1'.5 Summary

1.6 Solutions/Answers

1.0 INTRODUCTION

,. Let us suppose that values of a function == f x are known for some n, at (n + 1) points,

say x == Xi, i == 0(1) n and further su !,ose that Xo< XI < X2... < x., The notation i == 0 1
stands for i varies from 0 to n, with i increasing b 1 after each iteration The function f(x)

mayor may not be known explicitly (i.e., in some form like f(x) == 5 sin(x) + 2X2, etc.).

But Yi,or ,f(xi) the value of the function f(x) at Xiis known for all' == illl I. Thus, we are

given (n + 1) pair of values (x-, yo), (x., YI), ... , (x., Yn)and the problem is to find the

value of y or f(x) at some intermediate point x in the interval [x.; x.]. The process of

computing/determining this value, for an x in the interval [xo, x.] is known as

'interpolation'. The Xi'S, at which the values of y are known, are called tabular oints

efmition : Inter latiop;is the process of finding the value of a dependent variable,

say, y, for an arbitrary given value of the independent variable x in the interval [xo, x.],

where, for some n, the values of the function y == f (x) are known at (n + 1) points of the

independent variable. And, for other points of the interval [x.; x.}, the values may not be

known.

There are everal methods for interpolation in the s ecial case, when the values Xi,

i = 0(1 are equally s aced, i.e., when the differences Xi+l - Xi of two successive values

Xi+1and Xi,are all equal to the same quantity. Before discussing these methods, we need to

introduce some operators. We will discuss these operators in Section 1.2. These operators

will be used in interpolation problems when the given tabular points are equally spaced.
/"

The term operator may be new to most of us. In Section 1.2, we will be using

expressions like Ll X == x + h) - x, which can be understood as ' Ll acts on

Junctions like f as a sort of Junction '. iThus 0 erator may be understood as a functio

{rom a set of functions to a set of functions

1.1 OBJECTIVES

After going through this unit, you should be able to

• explain the concept of interpolation;

• define the various operators used for interpolation: forward difference

operator, backward difference operator, central difference operator,

averaging operator, shift operator and differential operator;

• tell the relations between various operators; and

• apply these operators to various functions.

5
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1.2 OPERA TORS A·ND THEIR PROPERTIES

As mentioned in Introduction, for interpolation in the s ecial case when the tabul

values X', i = 0 1 n are equally s aced, there are several methods. Before discussing these

methods, we need to introduce some operators, which will be used in interpolation

problems in the special case. Now •.we discuss these operators.

l<'orexpressing a fact that a dependent variable, say, y, is functionally de endent on an

indeeendent variable, say, x; we may use the notation y = f(x). And, llien the value of

an oint Xi may' be denoted either by x or b 'or even by' x. Also, when ever

re uired, we may use either y or f(x) , to refer to the de ende'nt variable. Generally, "

theoretical discussions, as in this section we use the notationsf(x) and fix.) etc . and in

applications, as in most of the rest of the unit, we use the notations ,}'i or even, x·

etc.

To mention explicitly, in this section, /Ne use the notationsf(x) andf(xJ,etc. respectivel

to denote the dependent variable and the value of the de endent variable at a tabul

point Xi etc. Also, stating again, the discussion in the section, is relevant only for those

interpolation problems, ror which tabular oints Xi are e uall s aced.

Let the differences of two successive tabular values Xi+l and Xi. be denoted by h. In other

words.z; -x,= .,or, i+l=Xj+

Next, e introduce the 0 erators Each of the operators is about either about difference,

sum or average of the values of the dependent variable at two tabular points, h distance

apart. The distinction between the different operators, as will be observed below, lies in

the selection of the two tabular points.

In the following, we s ecify (a) the name of the operator, like O1warddi erenc (b) the

short hand used, like lFo, (c) the notation, like !.1.(d) the name of the notation in English,

like delta and finally (e) the formula for the operator, like ~ f X = f x + h - f x ,

.~ f(x) = f(x + h) - f(x)

(ii) Inverted Delta

V f(x) = f(x) - f(x - h)

v Shift oQerator :

E f (x) = f (x + h)

VI

,.
d

Df(x) =-f(x)
'dx

The operators can be applied repeatedly. For example, in case of FD operator we may

have:

~f(x)=f(x+h)-f(x)

~2f(x) = ~.M(x) = ~{f(x + h) -f(x)}

= M (x + h) -M(x) =f (x + 2h) - 2f (x + h) +f(x), etc.
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Operators

Similarly we ca~ express BD etc. as follows.:

V2f(x) = V. Vf'(x) = f(x) - 2f(x - h) + f(x -'2h) etc.

And, then on the lines of our discussion above for .1, we may also derme, for any natural

" number k, kth differences etc. for other operators. us, the notations vI, 0, ,l, E' a
, denote respectively, kllibackward difference, kth central difference avera .n

rator kthshift 0 erator kth differential 0 erator or kthderivative
,

In case of shift operator ~e can also have even for a fraction p such that,

EPf(x) = f(x + p x h).

We mentioned earlier that generally In theoretical discussionsl as in this section, e us

eno~tionsf(x) andf(x;) etci; and [In applica 'ons as in the most of the rest of the uni

e nse··the notations YJ or even ~~. etc In view of the fact that most of the time, we

will be concerned with applications, we repeat some of the above discussion in terms of

the variable y, instead of f(x); and its values in terms of Yi, instead of f (Xi), at tabular

points Xi.We will further extend the discussion in terms of y and Yi.We will discuss in

detail only for forward difference and backward difference operators.

For defining the various operators, in terms of y's and Yi'S, let us repeat that Y= f(x)

and (n + 1) tabular points Xi,for i = 0 (1) n are givenlknown to us. And, denoting by Yi

the value f(xi), Yi'S are also known. The various forward difference operators are defined

as follows:

First forward differences: LlYi= Yi+ 1 - Yi, . for i = O(1)n - 1

• 2
Second forward differences: Ll Yi= Ll (LlYi)= Ll (Yi+ 1 - Yi)

= Lly.; 1- LlYi= (Yi+2 - Yi+I) - (y.; 1- Yi)= Yi+2- 2Yi+1+ Yi,

for i = O(1)n - 1

In general, for a natural number k,

forward difference LlkYi = Llk - I Yi+ 1 - Llk - IYi i=O(1)n-k ... (1) ,

These differences are usually expressed as in the example difference table Table 1 below,

the quantities in each column representing the differences between the quantities in the

preceding column. The differences are usually placed vertically midway between the

quantities being subtracted.

The forward differences are indicated I ith shaded entries in the tabl , along the diagonal'

from first row to some middle row, in Table 1 below:

Table 1 : Difference Table

4th diff.

,5000

14.0625

-7.5000

6.5625 -3.0000

-10.5000 36.0000

-3.9375 33.0000 24.0000

22.5000 60.0000

18.5625 93.0000

115.5000

134.0625

I

o

1 o

2

3 2

4 3

5 4

7
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It should be noted that if the kth differences Ll\ are constants, then all the differences of an

order higher than k are zero.

It follows, from formula (1), by taking-k = 1 and, then k = 2, that

YJ=Yo+Llyo

2 . 2
Y2= Yl + LlYl= (Yo+ Llyo):+-(Ll Yo+ Llyo)= Yo+ 2 Llyo+ Ll Yo

These results can be written symbolically as :

Yl = (1 + Ll) Yo,

Y2= (1 + Ll) Yl = (1 + Ll)[(1 + Ll)Yo]= (1 + Ll)2 Yo·

By induction,

Yk= (1 + Ll)~o, k = 1,2, -,

or, in expanded form,

k(k-l) A2 k(k-l)(k-2) A3 Ak
Yk= Yo+ kLlyo+ Ll Yo+ Ll Yo+ + Ll

2! 3!

... (2)

... (3)

Formula (3) enables us to write an expression of every value Ykin terms of Yoand the

operators Llyo,Ll2yo, .~

The discussion in respect of Backward differences will be exactly on the lines of our

discussion above in respect of Forward Difference Operators. Again, we assume that the

pairs of points (Xi,yi), i = 0 (1)n, are given. Then,

First backward differences VYi= Yi- Yi-l i = n (-1) 1

Second backward differences V
2
Yi= VYi- VYi_ 1 i = n (-:-1)2

fNitr.:t/Jll~iflii!alli~Dl,i1J(iwltildwltitijmjj~asef"y):'a"iidSQ_Qii::J

k-th backward differences VkYi= Vk- lYi- Vk- lYi_ 1 i = n (- 1) k ... (4)

The backward differences VYs are indicated in bold, along the diagonal from last row to

some middle row, in Table 1 above

From formula (4),

VYn= Yn- Yn- le

V2 Yn= VYn- V Yn-l = Yn- 2Yn-l + Yn-2

These results can be written symbolically as :

Yn-l = Yn- VYn= (1 - V) Yn

Yn-2 = Yn- 2 VYn+ V2Yn= (1 - V)2 Yn

Yn-k = (1- V)k Yn ... (5)

. in which (1 - V)k is an operator on Ynwith the exponent on the V indicating the order of

the differences. V, as mentioned earlier, is called the backward differences operator.

Formula (5), when expanded, reads

,. . k(k -1) 2· .k(k -1)(k - 2) 3

Yn-k= Yn- kVYn + V Yn'- V Yn+ .
2! . 3!

... (6)

Formula (6) enables us to represent-every value Yn_kin terms of y, and the backward

differences V~n'

As can be observed easily, the various operators are related to each other. These relations

.between operators are discussed in the next section.

I
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1.3 INTERRELATIONS BETWEEN OPERATORS

".

The operators are interrelated in the sense that one operator can be expressed in terms of

'the other. Except for relations of D to other operators, we will derive some of the other

relations between the operators as given in Table 2 below. Let us stari:with relations of ~,

V and 810 E.

R~latjonof tb~ona;ntorst9j~.hql!eJ;i\t2r!:

M(x) = f(x + h) - f(x) = (E - 1) f(x) or =-=_""'"

Vf (x) = f(x) -f(x - h) = (1- E-1 )f(x) or

Then E in terms of other operators: From t\ ~B - 1,·we et E= ~ +1
~-:J .•~, we get ~::: (IV w- ~)El· .

Table 2 : Interrelations between various Operators

E A V s ~
hD

(l-Vrl 19 e"DE E l+t:. 1+-82+8 1+-
2 4

V (1- vrl gl eD_lt:. E-l t:. 8 1+-+-82.- 4 2

V 1~E-I t:.(1 + t:.r1 V gl 1 -hD8 1+---82
-e

4 2
/

2 . h hD
8 Efl2_ E-1I2 V (1 + vr1l2 V (1 + vr1l2 8

Sill -

2

!(E'12+E-1I2
) (1+%J(1+t:.f"

2 (1- ~J(I+vt g hD
11 1+4 cosh-

2 2

hD In E In (l + t:.) -In (1- V) 2 . h-,8 hDSill -

2

Ex. 1: Find E and ~ in terms of 8.

Ex. 2: Express 11 in terms of 8.

1.4 APPLICATIONS OF OPERATORS ON SOME

FUNCTIONS

In this section we calculate value obtained on applying the operators to some simple

functions. First, we consider, application of ~ on polynomial functions.

9
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(i) When f(x) = c, a constant

M(x) = L\ . ex" = c"L\xo= c {(x + h)o- x''} = c (1 - 1) = 0

(ii) When f(x) = x, identity function

~ f(x) = L\ x = (x + h) - x = h

L\2f(x) = L\h = 0

(iii) When f(x)= X2, the square function

L\x2 =(x+h)2 _X2 = 2hx+h2

Ex. 3 : Find L\n f(x) , where f(x) a polynomial of degree n, say

f() n n-I n-2
X =aox +a1x +a,x + ...+an•

1.5 SUMMARY

In this unit, we defined a number of important concepts including the following

ones:

~AlfLOlr.: Ihternolatio is the process of finding the value of a dependent variable,

say, y, for an arbitrary given value of the independent variable x in the interval [x.; x.],

where, for some n, the values of the function y = f (x) are known at (n + 1) points of the

independent variable. And, for other points of the interval [x.; xn]' the values may not be

known.

Definitions of Standard Operators:

[[if f'onyd!:/d difkrence (J!I1)J2l?eIl/;tor:A1D~ltaIiidii1J ~ f(x) = f(x + h) - f(x)

till "i3:~c~w~rdwDiffereD~~j;mll~Rer~ari!ert~dDelful with

V' f(x) = f(x) - f(x - h)

(iii) tentrafbifierepce (!:2D.l2nel;atQt:§(Si'i11ffiDelta},wifH

8f(X)=f( x+~h )-f( X-~h)

(v)

(vi)
d

Df(x) =-f(x)
dx

Higher Order Operators :

~9!~llL<LcJifferen~ L\kYi = L\k-I Yi + 1 - L\k-IYi i=O(1)n-k ... (1)
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From which by taking k =1 and, then k = 2, we gets

YI = Yo+ Ayo

Y2= YI + AYI = (Yo+ Ayo) + (A
2
yo+ Ayo) = Yo+ 2 Ayo + A2Yo

Operators

These results can be written symbolically as

YI = (1 + A) Yo,

Y2= (1 + A) YI = (1 + A)[(1 + A) vel = (1 + A)2 Yo·

.,
By induction

Yk= (1 + A/ Yo, k = 1,2, ,

or, in expanded form

k(k -1) 2· k(k -1)(k - 2) 3 k
Yk= Yo+ kAyo + A Yo+ A Yo+ ... + A .

2! 3!

lied these to som

1.6 SOLUTIONS/ANSWERS

I I

Ex.l: By squaring both sides of 0 == E2 - E - 2, we get 02 == E + Cl - 2 which implies

E + F = 02+ 2. Multiplying both sides by E, we get E2+ 1= (02+ 2) E, i.e.,

E - (02+ 2) E + 1 = O. Solving the quadratic equation, we get

As A=E-l=[~)±(~)~(02 +4)

n order to make a Rro riate choice between + and -, let us consider the case 0

·nus first

In this case, we will find that A = E 1 = ... = V which is not true.

Hence,

1 ~ -~
Therefore Il=_(EI/2 + E-1/2

). Also, we know 0 == E2 - E 2

2 .~

Hence, 4 1l2:'" = 4, which gives =g
11
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E 3
A I1f() All nAil n-f All 11-2 All 1

X, : ti X =aOti X +a"ti X +a2ti.x + ... +anti.

First of the difference on R.H.S becomes ao (n! h n) , and, the rest of differences

will be zero.

Hence, the answer is = ao (n! h n) .

'" "

I
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UNIT 2 .INTERPOLATION WITH EQUAL

INTERVALS

Structure

"

2.0 Introduction

2.1 Objectives

2.2 Basic Difference Table and Operator Difference Table

2.3 Interpolation Formulas

2.4 Examples of Application of Newton's FD Formula

2.5 Examples of Application of Newton's BD Formula

2.6 Examples of Application of Stirling's Formula

2.7 Examples of Application of Bessel's Formula

2.8 Summary

2.9 Solutions/Answers

2.0 INTRODUCTION

From Unit 1, we know that Interpolation is the process of finding the value of a

dependent variable, say, y, for an arbitrary given value of the independent variable x in

the interval [xo
l
x.], where, for some n, the values of the function y = f (x) are known at

(n + 1) points of the independent variable.

In the previous unit, we discussed the tools, namely, the various difference operators

including the Forwarding Difference 0 erator: ~ (read as Delta), the Backward

ifference 0 erator: V (Inverted Delta) and the Central Difference 0 erator: 0 (Small

Delta), and also mentioned, and even derived some, relations between them. However,

we did not discuss any method/formula, which can be used in solving an interpolation

problem. In this unit and the next unit, we mention a number of formulas, which can be

used for interpolation. The suitability of different methods for the purpose of

interpolation, depends on the provided data set (x., y;), and the relation of this set to the

value of x, at which value of y is to be estimated.

In this unit, we derive and discuss those formulas which are used, when the data set

(x., y;), i = 0 (1) n is such that Xi'S are egual!y s aced, and then use these formulas in

solving interpolation problems. In the next unit, we discuss the general case.

2.1 OBJECTIVES

After going through this unit, you should be able to

• define and construct the (basic) difference table;

• define and construct the three operator difference tables from the (basic)

difference table;

• decide which differencing operator, and hence, which operator difference

table to use, depending upon the data set and the point of interpolation;

• use the selected operator difference table in defining interpolating

polynomial and, then use the polynomial in solving interpolating problems;

• define interpolating polynomials based on each of the methods: Newton's

FD, Newton's BD, Stirling's, Bessel's, when the tabular points in the data

set, are equidistant; and

• use the polynomials, mentioned in the previous point, in solving

interpolating problems. 13
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2.2 BASIC DIFFERENCE TABLE AND OPERATOR

DIFFERENCE TABLES

Difference Table: difference table is central to all inte olation formula (see Table 2

below). Suppose we are given the data (Xi>Yi), i = 0, 1,2 ... where Xi are equally spaced

and Xi + 1 - Xi = h or Xi + 1 = Xi + hand Yi represents value of Y corresponding to

X =xi = Xo+ ih. We can express Forward Difference (FD) of Yi as follows:

It will be convenient if we express i'1 in terms of E i.e. i'1 == E - 1. In that case,

i'1Yi = (E -l)Yi = EYi - Yi = Yi+l - Yi

i'1
Z

Yi = (E _1)z Yi = (E
z

-2E + I)Yi = Yi+Z- 2Yi + Yi ' etc

We can obtain similar expressions for Backward Difference (BD) and for Central

Difference (CD).

We consider an example of calculating FDs, where" values of x i with corresponding

value of Yi are given. In Table 2 below, the values 'Of-Xi' s are entered in column 1,

corresponding values of Yi' s are entered in column 2. The first four corresponding

differences in next four columns are tabulated vertically.

ExampleI

Table 2 : Difference Table- Xi Yi 1st dirr. 2nd diff. 3rd diff. 4th difr.

0 -1 ,562

.500

1 0 14.0625

-7.5000 2.0000

2 6.5625 - 3.000b

-10.5000 36.0000

3 2 - 3.9375 33.0000 24.0000

22.5000 60.0000

4 3 18.5625 93.0000

115.5000

5 4 134.0625

Note: Above values are taken from Y = X4 - 8.5xz + 14.0625. Note that fourth

differences are constant.

,.
As was mentioned earlier, the goal in interpolation is to estimate value of the dependent

variable Yat some value of the independent variable x, at which the value of Yis not

given. In this respect, various interpolation polynomials/formulae will be studied and

applied. For each of these formulae, a difference table, derived from the difference table,

in which the differences are expressed in terms of some operator (like forward,

backward, or central, etc.), is used. We call such a derived table an erator Differenc

abl ,e.g., Forward Difference Table, Backward Difference Table, etc.

In view of these facts, we construct a general (basic) difference table, namely

Table 2, above, and then show how various operator difference tables are obtained

I
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by interpreting the differences in difference table, in terms of respective difference

operators. In a particular problem, we will be given the values for the left-most two

columns (viz., X;, Yi), and from these given values, we calculate the values for rest of
the difference table as given above in Table 2.

In the next column first differences, .ilYi,i = 0(1)4 are computed and placed as shown in

the table. Then second differences .il2Yi= .il(·.ilYi)'i = 0(1)3, .followed by third differences

.il
3
Yi = .il(.il

2
Yi)' i = 0 (1)2 and finally fourth differences .il4Yi=.il(.il3y),i =0,1 are

computed, and placed in successive columns.

Interpolation with

Equal Intervals

"

The above difference table an be inter reted as Forward Difference Table,

according to Table 3 shown below, if we read the values parallel to the highlighted

diagonal in Table 2 above. Thus, the forward differences are

.il\o=

.il
3
YI==:.=~

.ilyo= 7.5000, .il4yo= 24.000

.il4YI= 24.0000

.ily2 = - 10.500, .il2Y2 = 33.000, .il3 Y2 = 60.000 and so on ...

Table 3 : Differences expressed in terms of forward difference operator

i Xi Yi 1'1 diff. 2nddj/f. »: 3rddiff. 4f.h diff.

o xo

1

2 X2

3

4

Next, we give below Table 4 expressing backward differences. This is done with a

view to show how the same difference Table 2 can be used to find backward
differences.

Table 4 : Differences expressed in terms of backward difference operator

Xi s. 1'1 diff. 2nddiff. . 3rddiff. 4th diff.

o xo Yo

1 XI

2

3

4

15
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The same difference able 2, again shown below can now be inter reted as

b~ckward Differen~ Table, according to Table 4 above, if we read the values parallel

to the highlighted diagonal. Thus, the backward differences are

\7 Y4= 115,5000, \72Y4= 93.0000, \73'Y4= 60.0000, \74 Y4= 24.0000 and

\7 Y3= 22.5000, \72 Y3= 33.0000, \73Y3= 36.0000, \74 Y3.= 24.0000 and so on.

Table 2 : Difference Table

2nd diff. 4th diff.

o -1 6.5625

7.5000

o 14.0625 - 15.0000

-7,5000 12.0000

- 3.0000 24.00902 6.5625

-10.5000 36.0000

3 2 - 3.9375 33.0000 24.0000

22.5000 60.0000

4 18.5625 93.00003

115.5000

5 4 134.0625

It must be observed that in Table 3 ):0 an its differences appear sloping downwards, j~
able 4 and its differences appear in an upward slope while in able 5 below, i and

its even differences appear in a straight line (see Y2,02 Y2and 04 Y2below).

Table 5 : Differences expressed in terms of central difference operator

Xi Yi t" diff. 2"d diff. 3rd diff. 4th diff.
o x ;: Yo

1 Yl

1.

Xl

2

3

4

In the light of the discussion above, each of the entries in the Difference Table 2 ca

be given three names in terms of appropriate L\.,V, B and some y's. It is important to

note that he same difference table is alwa s made in the manner of Table 2, for a

given set of pairs of values (Xi,Yi), while the differences may be expressed in terms of

PD, BD or CD as required. That is, in the column of first differences we have,

7.5000 = Yl - Yo= L\.Yo= \7YI = by I

2

- 7.5000 = Y2- YI= L\.YI= \7y~ = bY3 etc.

2



In the column of second differences we hav c.

- -
2 2

",
Ex, 1 : Construct a difference table for the data:

x 1

7

4

25

2

13

3

18f(a)

and highlight the' forward differences for f(I) by BOLD and backward

differences off(4) by shading.

Ex. 2: Compute the difference table for the following set of data:

X 1 2 3 4 5 6 7 8

y 2.105 2.808 3.614 4.604 5.857 7.451 9.467 11.985

and highlight the forward differences for f(l) by BOLD and backward

differences of f(8) by shading.

2.3 INTERPOLATION FORMULAS

Interpolation-Formulas

We shall now discuss some interpolation formulas using Forward Difference (FD),

Backward Difference (BD) and Central Differences (CD). Let us suppose we have to

compute the value denoted by Yp of Y corresponding to x = xp. We have xp = Xo + ph

x -x
or p = P 0 and y = Ef y . Expressing E in terms of ~ or V we get FD and BD

h P

interpolation formulas, respectively. We choose Xo so as to include more terms in the

formula.

Remark: It may be noted that the value yp of y, corresponding to the value x, of x, is

already expressed in terms of the operator E, as EP
• The four formulas, namely, Newton's

FD Formula, Newton's BD Formula, Stirling's Formula and Bessel's Formula, discussed

below, just re-express the operator E in terms of respectively ~, V or b.

(i) Newton's FD Formula

Y =EPy =(l+~)Py =(I+P~+P(P-l) ~2+p(p-l)(p-2) ~3+ ...)y
p 0 0 2! 3! 0

= y +p~y + pep-I) ~2y + p(p-l)(p-2) ~3y + ...
o 0 2! 0 3! 0

This formula is used to compute the value of y near the upper end of the table such

that 0 < p < 1.

(ii) Newton's BD Formula

y =EPy =(l-VfPy =(I+PV+P(P+l)V2+P(P+l)(P+2)V3+ ...)y
P 0 0 2! 3! 0

_ V pep + 1) v2 pep + l)(p + 2) v3
-Yo+P Yo+ Yo+ Yo+'"

2! 3!

Interpolation with

Equal Intervals

17
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This formula is used near the lower end of the table choosing Xosuch that

- 1 < P < O. The CD formuTas are used to find the value in the middle of the table.

We can derive several CD formulas with tedius mathematical manipulations.

Next, two popular CD formulas, i.e., in terms of 0, are given below:

(iii) Stirling's Formula

p2 2 (~+1) 3 p2(p2_12) 4 .

Y = Y0 + PIlOY0 + - 8 Y0 + 110 Y0 + 0 Y0 + ...
p 2! 3 4!

1 ( ) p2 2 (p + l)p(p -1) 1 ( 3 3)
=yo+p-oy,+8y, +-oYo+ oy,+oy,

2 2 -2 2! 3! 2 2 -2

2( 2 12)
+p p - 04yO+'"

4!

This formula should be used for - 0.25 ~ P ~ 0.25.

(iv) Bessel's Formula

.,'

This formula is used for - 0.25 ~ P 5:....0.75.

2.4 EXAMPLES OF APPLICATION OF NEWTON'S

FDFORMULA

We recall Newton's FD Formula:

Y =EPy =(1+~)Py =(l+P~+P(P-l) ~2+p(p-l)(p-2) ~3+ ...)y
p 0 0 2! 3! 0'

where, the value to computed is denoted by YP of y corresponding to the given value

of the independent variable x = xp, and p is given by xp = Xo+ ph,

i.e.,
x -x

p = p 0 and y = EPy.
h P

Exa!!m1e 2

From Table 2, find the value of y for = 0.5 using appropriate formula.

Solution

,.
Since xp = 0.5 is near upper end of the table, we use FD formula. Choose Xo= 0

05-0
so that p = -'-- = 0.5 .

1

= + ~ + p(p-l) ~2 + p(p-l)(p-2) ~3 + p(p-l)(p-2)(p-3) ~4

YP Yo P Yo 2! Yo 3! Yo 4! Yo

= i4.0625 + 0.5 x (-7 .5) + (0.5)(-0.5) x ( -3) + (0.5)(-0.5)(-1.5) x 36

2 6

1



+ (0.5)(-0.5)(-1.5)(-2.5) x24

24 .

=14.0625 - 3.750 + 0.3750 + 2.2500 - 0.9375 = 12.0000

Interpolation with

Equal Intervals

Example 3

Find the Newton's forward-difference' interpolating polynomial which agrees with

the table of values given below. Hence obtain the value of f(x) at x = 1.5.

".

e_

X 1 2 3· 4 5 6

f(x) 10 19 40 79 142 235

Solution

Table: Forward Differences

• I

'x f(x)

1 10

,t
'. '2 19

3 40

4 79

5 142

6 - 285

.1f

9

12

21 6

18 o
39 6 o

24 o
63 6

30

93

The Newton's forward-differences interpolation polynomial is

ftx) z fo + (x - 1) ~fo + (x -1) (x - 2) 1\2fO + (x - 1) (x - 2) (x - 3) ~3fo
. . 2! 3!

f' 10 + (x -,-1) (9) + (x - 1) (x - 2) (12) + (x - 1) (x - 2) (x - 3) (6)

2 6

On simplification we get

f (x) ::::< x ' + 2x + 7

f (1.5) = (1.5)3 + 2 (1.5) + 7 = 13.375

Example 4

Given below are the values of y = eXtabulated for x = 1.00 (0.20) 2.00 :

x: 1.00 1.20 1.40 1.60 1.80 2.00

y: 2.7183 3.3201 4.0552 4.9530 6.049 7.3891

Approximate the value of y at x = 1.12

Solution

x 1.00 1.20 1040 1.60 1.80 2.00

y=e' 3.3201 4.0552 4.9530 6.049 7.3891

/ly 0.7351 0.8978 1.0966 1.3395

/l2y ID! 0.1627 0.1988 0.2429

/l3y ~ 0.0361 0.0441

/l4y 0.0080

/l5y •• 19

••



I

r

Interpolation

"

20

As 1.12 is near the beginning end of the given table, we will use forward

differences for x =1.00. .

p = (1.12 - 1.00)/0.20 = 0.6;

y(1.12) = 2.7183 + (0.6) x 0.6018 + «0.6) (0.6 ~ 1)/2) x 0.1333 + [(0.6) (0.6 - 1)

(-1.4)/6] x 0.0294 + E(0.6)(0.6 - 1)( -1.4)/24] x 0.0067 + [(0.6) (0.6 -1) (-1.4)

(- 2.4)/120] x 0.0013 = 2.713 + 0.3M08 - 0.015996 + 0.016464 - Q.000225 + 0.000030

=3.0648.

Ex.3: Construct Newton's forward difference table for the data:

Hence approximate f(1.7) from Newton's forward difference interpolating

polynomial.

Ex.4: Using forward Differences, show that the following data:

..
represents a second degree polynomial. Find this polynomial and an

approximate value of f(2.5).

Ex.S: Using forward differences, show that the following data represents a third degree
polynomial.

I
x 1-3~ 2

fex) -29 I~I 11-
Find the polynomial and obtain the value of f (0.5).

Ex. 6: Estimate the missing term in the following data valid it is represents a

polynomial of degree.

x 1 2 3 4 5

f(x) 3 7 ? 21 31

Ex. 7 : Evaluate the missing term in the following:

x 100 101 102 103 104

f(x)=)og x 2.000 2.0043 ? 2.0128 2.0170

Ex. 8: Compute the backward differences for the following set of data:

x 1 2 3 4 5 6 7 8

y 2.lO5 2.808 3.614 4.604 5.857 7.451 9.467 11.985

2.5 EXAMPLES OF APPLICATION OF NEWTON'S

r BD FORMULA

We recall Newton's BD Formula:

Y =EPy =(l-VfPy =(1+PV+P(P+l)V2 +p(p+l)(p+2)V3 + ...)y
P 0 0 2! 3! 0



'.

_ n pep+ 1)n2 pep + l)(p + 2) n3
- y0 + P v Y0 + v Y0 + v Y.o+ ...

2! 3!'

where, the value to computed is denoted by YP of Y corresponding to the given value

of t~e independent variable x = xP' and p is given by x, = Xo + ph,

Interpolation with

Equal Intervals

i.e.,
x -x

p = P 0 and YP= EPy.
h

".
Example 5

From Table 2, find the value of y when x = 3.5 using an appropriate formula.

Solution

, Since xp= 3.5 is near the lower end of the table we use BD formula choosing

'3.5-4
Xo = 4, hence p == -- = -0.5

1

V pep + 1)v2 pep + l)(p + 2) v3 pep +l)(p + 2)(p + 3) v4
YP =Yo+P Yo+ 2! Yo+ 3! Yo+' 4! Yo

= 134.0625 + (~ 0.5)(115.5) + (- 0.5)(0.5) x93 + (- 0.5)(0.5)(1.5) x60

2 6

+ (- 0.5)(0.5)(1.5)(2.5) x 24

24

= 134.0625 -57.75 -11.625 -3.75 -0.9375 = 60.000

Example 6

Find Newton's backward difference form of interpolating polynomial for the data

Ix I-----+-4 1---+6
_8 _10

f(x) 19 40 79 142

Hence interpolate f (9).

Solution

.Wehave

Table 6 : Backward Difference

x f(x) Vf

4 19

21

6 40

39

8 79

63

10 142

h = 2, P =
(x -10) (x -10)

h
, p=

2

18

6

24

P ( )
_ 142 ( 10) 63 (x - 10) (x - 8) 24 (x - 10) (x - 8) (x - 6) 6

x- +x- -+ x-+ x-
n 2 2! 4 3! 8

63 3
f (9) ~ P (9) = 142 - - - 3 - - = 107.125

n 2 8

Ex.9: Find the Newton's backward differences interpolating polynomial for the data

of Example 3. 21

I
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Ex. 10: Given below are the values of y = e" tabulated for x = 1.00 (0.20) 2.00 :

x : 1.00 1.20 1.40 1.60 1.80 2.00

y: 2.7183 3.3201 4.0552 4.9530 6.049 7.3891

Approximate the value of y at x = 1:68.

Ex. 11: Estimate the value of f (1.45) from the data given below:

2.6 EXAMPLES OF APPLICATION OF STIRLING'S

-»: FORMULA

We recall Stirling's Formula:

p2 2 (p + 1) 3 p2 (p2 _12) 4
Y =Yo+P/-tOYo+-O Yo+ /-to Yo+ 0 Yo+'"

p 2! 3 v 4!

= Y + p.!.[OY + oY ) + .i02y + (p + l)p(p ~ 1) 1 [03y + 03y )° 2 .!. -.!. 2' 0 '_'2' 2 .!. -.!.
2 2.' ~~. 2 2

p2(p2_12) 4 .

+ 4! oYo+'"

where, the value to computed is denoted by YP of Y corresponding to the given value

of tbe independent variable x = xp, and P is given by xp = Xo + ph,

x -x
i.e., p = P ° and y = EPy

h P

'-
( This formula should be used for - 0.25 $. P $. 0.25.

Example 7

From Table 2, find the value of y, when x = 1.75, using a central difference

Stirling's formula.

Solution '

U· S' l' , l' 1 aki 20 h 1.75-2.0 025sing tu mg s rormu a, t ing xo'= . so t at p = - .
. 1

1 [ ) p2 2 (p + l)p(p -1) 1 [ 2 3)
yp=Yo+p·- 0Yl +oy 1 -0 Yo+ .- 0 Yl +0 Y 1

2 2 -2 2 3! 2 2 -2

••

The differences used are as follows :

Y-l

Sy 1 03y

/ -2" / -~"
y~ /02yo" / 04yo

oy.!. 03Y1
2 2

Yl

1 (-0.25)2
yp =-3.9375+(-0.25)·~(22.50-1O.50)+ x33.00

2 2

I
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+ (-0.25 + 1)(-0.25)(-0.25 -1) x! (60.00 + 36.00) + (-0.25)2 (0.25
2

-1) x 24

6 2 24

= -3.9375 - 1.5+ 1.03125 + 1.875- 0.05859375

= -2.58984375

Interpolation with

Equal Intervals

. 2.7 EXAMPLES OF APPLICATION OF BESSEL'S

FORMULA

'..
We recall Bessel's Formula:

where, the value to be computed is denoted by YP ofy corresponding to the given

value of the independent variable x = xP' and p is given by xp = Xo + ph, '-~

i.e.,
x -x

p = p 0 and y = EPy .
h P

This formula is used for - 0.25 ~ P ~ 0.75.

Example 8

From 'fable 2, find the value of y for x = 1.75 using Bessel's formula .

. Solution

. 1~5-1.0
We choose Xo = 1so that p = = 0.75

1

The differences used in the formula are as follows:

v, =l( 6.5625 - 3.9375) + (0.75 - 0.5)( -10.5)+ (0.75)(~.75 -1) .l(-3.0+ 33.0)

(0.75)(0.75-1) 1( ) (1.75)(1.75-1)(1.75-2)(1.75-3) 1 ( )
+ .- 0.75-0.5 x36 + 24+24

2 3 24 2

= !( 2.625) - (0.25)(10.5) - (0.1875)(7.5) - 0.28125 + 0.41015625
2

= -1.3125 - 2.625 - 1.40625 - 0.28125 + 0.41015625

= - 2.58984375. 23

A I
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Note: U~l."I
IjlTc,

'., eo IlIp , lIUJI

,and '.' m

1 l' ,\ ,11 j"" douc up to second or third

'111.1 .:IL'J' and :111 .rpproxim.u« value or y is

'!

- -- - -- -----------------

2.8 SU:\ {\'

In this unit, \\C I

(i) defined the concept of the (basic) difference table, and then illustrated

ihrougl an example, how to construct a difference table,

(ii) ~xplained how the differences in the difference table, can be interpreted in

terms of Forward Difference Operator; in this case, we call the difference

table as Forward Difference Table. The same exercise was repeated, in place

of Forward Difference Operator, for each of the Backward Difference

Operator and Central Difference Operator.

(iii) we stated four well-known formulae for interpolation, for the special case

when the tabular points are equally spaced. In this respect, it may be noted

that the value ypof y, corresponding to the tabular value x, of x, is already

expressed in terms of the operator E, as EP, i.e., yp = EP Yo- The four

formulas, stated below, namely, Newton's FD Formula, Newton's BD

Formula, Stirling's Formula and Bessel' s Formula, discussed below, just

re-express the operator E in terms of respectively ~, V or 0 :

(i) Newton's FD Formula

Y =EPy =(I+MPy =(I+P~+P(P-I) ~2+p(p-l)(p-2) ~3+ ...)y
P 0 0 2! 3! 0

= y +pzxy +p(p-l)~2y +p(p-l)(p-2)~3y + ...
o 0 2! 0 3! 0

This formula is used to compute the value of y near the upper end of

the table such that 0 < p < 1.

(ii) Newton's BD Formula

v, = EPyo = (1- VfP Yo= (I + pV + pep + I) V2 -/-pep + l)(p + 2) v3 + ...) Yo
2! 31

_ n p(p+1)n2 p(p+J)(p+2)n3
-Yo+pvYo+ v Yo+ v Yo+'"

2! 3!

This formula is used near the lower end of the table choosing Xo such

that -- I < P < O.

Next, two popular CD tormulas, i.e., in terms of i), are given below.

The CD formulas arc used to find the value in the middle of the table. We can

derive several CD formulas with tedius mathematical manipulations.

(iii) Stirling's Formula

= y +P~(Oy +oy )+ p2 o2y + (p+l)p(p-l) I (03y +03y )
o 2 .1. -.!. 2 ,0 3 , 2 .1. -.!.

2 2' • 2 2

p2(p2_12) 4

+ 0 Yo+'"
4!

This formula should be used for - 0.25 ~ P ~ 0.25.
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(iv) Bessel's Formula Interpolation with

Equal Intervals

( 1) (p) 2 (p) 1( 1) 3 (p +1) 4yp = flY, + p-- oy, + flO y, + - p-- .0 y, + flO y, + ...
"2 2"22 "223 2"2 4 "2

., (
p +1) 1 ( 4 4)

+ 4 "2 0 y, +0 Yo + ...

This formula is used for - 0.25 ~ P ~ 0.75.

and, finally,

(iv) explairied how the various operator difference tables can be used to

find the respective interpolating polynomials, and further, explained

how these polynomials, in turn, can be used to estimate value of

dependent variable for some value of the independent variable when

the tabular points are necessarily equidistant.

2.9 SOLUTIONS/ANSWERS

Ex. 1 :

x f(x)

7

Ll3

6

2 13 -1

5

3 18 2

7

4 25

Since four data values are given, a polynomial of degree 3 can be passed through

them. Hence, fourth differences are 0 and third differences have the same value.

Forward differences of y 1 are bold and backward differellces of Y8 are shaded,

Ex. 2 :

x Y Lly

2.105

0.703

2.808

0.806

3.614

0.990

4.604

1.253

5.857

1.594

7.451

2.016

9.467

2.51~

~1.985

0.103

0.081

0.184 - 0.002

0.079

0.263 - 0.001

0.078

0.341 + 0.003

0.081

0.422 ,0.001

0.080

0.502

25

2

3

4

5

6

7

8



Interpolation Thus, first, second, third and fourth forward differences for Yl are respectively
.

~YI= 0.703, ~2Yl = 0.103, ~3Yl = 0.081, ~4Yl= - 0.002

Similarly, first, second, third and fourth forward differences for Y2are

respectively

~Y2= 0.806, ~2Y2= 0.184, ~3Y3= 0.079, ~4Y2=._ 0.001

and so on.

., Forward differences of Yl are bold and backward differences of Ysare shaded .

Ex, 3: Forward Difference Table:

x f(x) L\f L\2f L\3f

,

1 1 iWe mal'..!lotice h = 1

3

'.
2 4 2

5 0

3 9 2 '-
7 0

4 16 2

9

5 25-
f (x) = f(xo) + «x - xo)/h) L\f(xo) + «x - xo) (x - XI)/h2 2!) L\2f(xo) + «x - xo)

(x - XI) (x - X2)/h33!) L\3 f(xo) +..... = 1 + (x - 1) 3 + (x - 1) (x - 2) 212! + 0

= 1 + 3x - 3 + (x - 1) (x - 2) = X2

Ex. 4: Forward Difference Table

x f(x) L\f L\2f ...

-1 6

-5

0 1 4

-1 0

0 4

3 0

2 3 4

7 0

3 10 4

11

4 21

Since third and higher order differences are zeros, f(x) represents a second order

polynomial
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f(x) "" P2(X) = fo + (x - xo) LHo+ (x - xo) (: - x.) ~2fo

h 2!h

= 6 + (x + 1) (- 5) + (x + xo) (x - 0) (4) = 2X2 - 3x + 1

2 .

f (2.5) "" 6

Ex. 5: Forward Difference Table

" x ftx) ~f ~2f ~3f ~4f

-3 -29

20

-2 -9 -12
,

8 6

-1 -1 -6 0

~ 2 6
J

0 1 0 0'.
2 6

1 3 6 0 ~

8 6

:1 11 12

20 ;

3 31

Interpolation with

Equal Intervals

= (- 29) + (x + 3) 20 - 6 (x + 3) (x + 2) + (x + 3) (x + 2) (x + 1)

=(-29)+(x+3)[20+(x+2) {-6+(x+ l)}]

= x3 + X + 1, hence, f (0.5), "" P3 (0.5) = 1:625

Ex. 6: Let the missing value be a.

x f(x) /1
2

1 3

2 7 4 a-ll 39 - 3a

3 A a-7 28 - 2a 3a- 39

4 21 21- a a-11

5 31 10

Since, third degree differences are to be same 39 - 3a = 3a - 39, or 6a = 78 and

a f(3) = 13.
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Interpolation Ex.7: The value for x = 102. As four values of f(x) are known, for x = 1,

we get, ~4f(x) = O.

x: 100

2.000

.101 102 103

2.0043. a 2.0128

0.0043 a - 2.0043 2.0128 - a

104

2.0170

a- 2.0086 4.0171- 2a - 2.0086 + a

(4.0171 - 2a) - (a -2.0086);; (- 2.0086 + a) - (4.0171- 2a)

= 6.0257 - 3a ;;; . = - 6.0257 + 3a

f(x)=log x:

~ f(x): .

~2 f(x) :

~3 f(x) :
"

0.0042

So log 102 = 2.0086.

As 4 values are given, Third differences must be equal

a = 2.0086 i.e.

Ex.8: The same table as in Ex. 2 will be formed. But order and names of differences

will be different.

Thus, first, second, third and fourth backward differences of Ys are respectively

VYs = 2.518, V2ys = 0.502, V
3
ys = 0.080, V4ys = - O.OO~

Also, first, second, third and fourth backward differences of Y7 are respectively

VY7 = 2.016, V
2
Y7 = 0.422, V

3
Y7 = 0.081, V

4
Y7 = 0.003

4 X Y Vy V2y
J 2.105,.

0.703

2 2.808 0.103

0.806

3 3.614 0.184

0.990

4 4.604 0.263

l.253

5 .5.857 0.341

- l.594

6 7.451 0.422

2.016

7 9.467 0.502

2.518

8 11.985

and so on.

Ex. 9: Backward Difference Table

x f(x) Vf

Xo 1 10

9

Xl 2 19

21

X2 3 40

39

X3 4 79

63

X4 5 142

93

Xs 6 235

28

0.081

-O.OO~

0.079

- 0.001 .

0.078

+ 0.003

0.081

-0.001

.080

12

6

18 0

6 0

24 0

6
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P(x) = f + (x - x ) Vf + (x - xs) (x - X4) V2 f
s s s 2! s

Interpolation with

Equal Intervals

= 235 + 93 (x - 6) + 15 (x - 6) (x - 5) -+- (x - 4) (x - 5) (x - 6)

= x ' + 2x + 7
"

Ex. 10: Given below are the values of y = e" tabulated for x = 1.00 (0.20) 2.00 :

.x: 1.00 1.20 1.40 1.60 1.80 2.00

y = e': 2.7183 3,3201 4.0552 4.9530 6.04~ 7.3891

Lly : 0.6018 0.7351 0.8978 l.~ 1.3395

Ll2y: 0.1333 0.1627 0.1988 . 0.2429

Ll3y: 0.0294 0.0361 0.0441

Ll4y: 0.0067 0.0080

Ll\ : 0.0013

As 1.68 is closest to 1.80 among the values of x at which y is known, we will use

backward (because, 1.80 is near the back end 2.00) differences for x =1.80.

p = (1.68 - 1.80)10.20= - 0.6 and

y(1.68) = 6.0496 +(- 0.6) 1.0966 + [(- 0.6) «- 0.6)+ 1)/2]x 0.1988 +[(- 0.6) - 0.6 +1)

(--0.6 +2)/6] x 0.0361 + [( 0.6) (0.4) (l.4) (2.4)/24] x 0.0067

= 6.049 - 0.65796 - 0.023856 - 0.002022 - 0.000225

= 5.36554 ;:::;5.3655.

Ex. 11 :As 1.45 is nearest to 1.50, which is last value of x for which of y = f(x) is given.

Hence, Backward Difference Table

x f(x) Vf V2f V3f V3f

1.1 1.3357

0.l738

1.2 1.5095 0.0151

0.1889 0.0019

1.3 1.6984 0.0l70 0.0002

0.2059 0.0021

1.4 1.9043 0.0910

0.2050

1.5 2.1293

xn = 1.5, x = 1.45, h = 0.1

(x - xn) 1.45 -1.5
= - 0.5.. p=s= =

h 0.1

29

I
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Interpolation f ( ) = f . V f s (s + 1) V2 f s (s + 1) (s + 2)V3 f
X n + S n + 2! n + 3! n

S (s + 1) (s + 2) (s + 3) V
4
f

+ n

4!

= 2.1293 - 0.1125 - 0.00239 - 0.00013 - 0075סס0.0

= 2.01427 ""2.0143.
"

'. ,

j

j
1
I
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UNIT 3 INTERPOLATION WITH UNEQUAL

INTERVALS

Structure

'..

3.0 Introduction

3.1 Objectives

3.2 Lagrange's Method

3.3 Lagrange's Method: Inverse Interpolation

~.4 Divided Difference Tables

. 3.5 Newton's Divided Difference Formula

3.6 Summary

3.7 Solutions/Answers

3.0 INTRODUCTION

From Unit 1, we know that Inte olation is the process of finding the value of a

dependent variable, say, y, for an arbitrary given value of the independent variable x in

the interval [x-, x.], where, for some n, the values of the function y = f (x) are known at

(n + 1) points Xo, x., ... , x, of the independent variable.

In Unit 1, we discussed the tools, useful, when tabular points are equidistant, namely, the

various difference operators including the Forward Difference operator: ~ (read as

Delta), th~ Backward Difference operator: V Inverted Delta) and the Central

Difference QHerator: 0 (Small Delta), and also mentioned, and even derived some,

relations between them.

In Unit 2, we derived and discussed those interpolating formulas which are used, when

the data set (Xi, yD,i = 0 (1) n is such that j'S e eguall sl'.aced and then used these

.formulas in sol ing interpolation problems.

In this unit, we discuss the general case, i.e., derive and discus those interpolating

formulas which are used, when the data set (Xi, Yi), i = 0 (1) n is such that he x:s'are no

ecessatily equalJ.yspaced, and then use these formulas in solving interpolation

problems.

3.1 OBJECTIVES

After going through this unit, you should be able to

• define and construct the Divided difference table;

• define interpolating polynomials based on each of the methods: Lagrange's,

Lagrange's Inverse Interpolation and Newton's Divided Difference

Method; and

• use the polynomials, mentioned in the previous point, in solving

interpolating problems.

3.2 LAGRANGE'S METHOD

Let us suppose we have (n + 1) pair of values (Xi, Yi), i = 0 (1) n where Yi denotes a value,

of dependent variable y = f (x) corresponding to the value Xi of independent variable x.

We assume that Xo < XI < x2 < ... < Xn and that the interval between two successive
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values of x is not necessarily same i.e, Xi - Xi-I' .i= 1 (1) n mayor may not be same all

over. We shall now discuss interpolation methods with unequal intervals.

Lagrange's Method

In Lagrange's method a polynomial is fitted' passing through all the given points.

Obviously, if (n + 1) points (Xi,yJ, i = 0 (1) n are given, a polynomial of highest degree n

can be fitted which is represented as, .

where

y(X) =Lo (x) Yo+LI (x) YI+ ... +Li (x) Yi+ ... +L" (x) Yn

( )
_ (x-XO){X-XI)",(X-Xi_I){X-Xi+I)",(X-xn) .

L. x - .,
, (Xi -XO){Xi -XJ,,(Xi -Xi-I)(Xi -Xi+I)",(Xi -Xn)

.' . Li ( x),i = 0(1) n are known as Lagrange's coefficients and each of them is a polynomial

, of degree n. It should be noted that they satisfy the property:

t, (X j ) = 1, i= j

=0, i:;t j

The Lagrange's method can be used for inverse interpolation i.e. we can express X.as

"
function of y: x (y) = L L (y) Xi'

i =0 I

h L ()
(y-YO)(Y-YI)"'(Y-Y,-I)(Y-YI+I)"'(Y-Yn)

were ,y =
(Y,-Yo){y, -YI)"'(Y, -Y,-I){Y'-YI+I)"'(Y, -Yn)

Linear Interpolation: Let just two values of a function f(x) be given at two points, say,

Xoand xr, i.e. the data consists of (xo, f(xo» and (XI, f(xI». Then, linear interpolation

gives the value of f (x) at x = Xa,Xo< x, < XIas

f(x
a
)= (xa -XI) f(x

o
)+ (xa -xo) f(x

l
).

Xo - XI XI - Xo

ffhis Qrocess of finding f (xa2 is called linear interpolation.

Example 1

Using Lagrange's method to find the value of Ywhen X= 2.5 from the following

data:

o
o

-6

3

3.0

o

1

0.5

- 1.875

2

1.5

0.375
Yi

Compute up to four places of decimal only.

Solution

From Lagrange's method

Y(X) = t, (X)Y0 + LI (X) YI + L2 (X) Y2+ L3 (X)Y3

(X - XI)(X - xJ(x - X3)Lo (X) = --.:...---.:..:~---.::...:....~-~
(Xo - XI)(XO - X2){XO- X3)

(2.5 - 0.5){2.5 -1.5){ 2.5 - 3.0)
=

(0-0.5){0-1.5){0-3.0)

2.0xlx (-0.5) 0.4444

(-0.5)x( -1.5)x(-3.0)
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(X- Xo){x - xJ (x - x))
LI(x)

(XI-XO){XI-X2){XI-X))

(2.5 -0 )(2.5 -1.5){ 2.5 - 3.0) 2.5xlx( -0.5)
= =-1.0

(0.5 -O){ 0.5 -1.5){ O.§- 3.0) 0.5x (-1.0) x (-2.5)

(x - xo){x - xl){ X- x))
L2(x ) = --.:...-~~---.:..~-~

(X2-XO){X2-XI){X2 -x))

= (2.5-0){2.5-0.5){2.5-3.0) = 2.5x2x(- 0.5) =1.1111

(1.5 -0){1.5 -0.5){1.5 - 3.0) 1.5xlx( -1.5)

.{x-xO){x-xl)(X-X2)
L) (x) = --.:...-~-'--------'-:,...:.,.--=--:-

(x) -xo){x) -xl){x) -xJ

= (2.5-0){2.5-0.5)(2.5-1.5) = 2.5x2.0xl =0.4444

(3:0-0){3.0 -0.5){3.0 -1.5) 3.0x 2.5 x1.5

y( 2.5) = 0.4444 x (-6) + (-1.0) x( -1.875) + (1.1111){0.375) + (0.4444 )xO

:::::-2.666 + 1.875 + 0.4167 + 0:::::- 0.3743

Interpolation with

Unequal Intervals

Example 2

Use linear interpolation to find f(O.3) for f(x) = 5x
•

Solution

Take the data at the points Xo=0, XI= 1,

Now, f(x) = 5x
. Hence, the data is (0, 1), (1,5).

By the Linear Interpolation formula, we get,

..

/(0.3) = 0.3-1 (1)+ 0.3-0 (5) = 2.2
0-1 1-0

Example 3

Find the Lagrange's interpolating polynomial for the following data:

1 1
X - - 1

4 3

f(x) -1 2 7

Solution

33
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Interpolation Hence P2 (x) = Lo (x) (- 1) + 1,1 (x) (2) + L2 (x) (7)

P2(x) = -16 (x -l) (x -1) - 36 (x - ~) (x -1) + 14 (x -l )(x - ~)

".

Example 4

Given f(x) = sin x, f(O.I)"= 0.09983, f(0.2) = 0.19867, use the method of linear

interpolation to find f(0.16).

Solution

Using the Lagrange interpolation formula, we obtain

f(0.16) = 0.16-0.2 (0.09983)+ 0.16-0.1 (0.19867)
0.1-0.2 0.2-0.1

= 0.039932 + 0.119202 = 0.159134.

ExampleS

If f(1) = - 3, f(3) = 9, f(4) = 30 and f(6) = 132, find the Lagrange's interpolation

polynomial of f(x). Also find the value of f when x = 5.

Solution "~

We have Xo= 1, XI = 3, X2= 4, X3= 6

and fo= - 3, fl = 9, f2= 30, f3 = 132.

The Lagrange's interpolating polynomial P3(x) is given by

... (3.1)

where

Substituting these in Eq. (3.1) we have:

1 1
P3(x) = - - (x' -13x2 + 54x -72) (- 3) + - (x' -l1x2 + 34x - 24)

30 6

X (9) - .!. (x ' -lOx2 + 27x -18) (30)
6

1
+ - (x ' - 8x

2
+ 19x - 12) (132)

30

which gives on simplification

P3(x) = x3 - 3x2 + 5x - 6.

f (5) ""P3 (5) = (5)3 - 3(5)2 + 5 X 5 - 6 = 125 - 75 + 25 - 6 = 69

34



'.

Example 6

Find a polynomial of degree s 2 with the properties p(1) = 5, p(1.5) = - 3, p(3) = O.

Solution

The data given is (1, 5), (1.5, - 3), (3, 0). Using the Lagrange interpolation

formula, we obtain the second degree polynomial as : .

Interpolation with

Unequal Intervals

.,

(x) = (x -1.5) (x - 3) (5) + (x -1) (x - 3) (-3) + (x-1.5) (x -1.5) (0)

p (1 - 1.5) (1- 3) (1.5 -1) (1.5 - 3) (3 - 1) (3 - 1.5)

= 5(x - 1.5) (x - 3) + 4(x - 1) (x - 3) = 9xz - 38.5x + 34.5

Example 7

. Find the interpolat~ng polynomial that fits the data:

I ;: 1--:----·-~--+--12-2---1:-7-

using the Lagrange interpolation formula.

Solution

We have

f(x) = (x-xl)(x-X2)(X-X3) f(xo) + (x-xo)(x-XZ)(x-x3) f(x
l
)+

(x., -Xl )(xo -xz)(xo -x3) (x, -XO)(xl -XZ)(xl -x3)

(x - xo) (x - Xl) (x - x3) f(x
z
) + (x - xo) (x - Xl) (x - x2) f(x

3

)

(X2-xo) (x, - x.) (x, - x3) (x, - xo) (x, - x.) (x, - xz)

(X- 1) (X- 2) (x - 5) 2 (x - 0) (x - 2) (x - 5) 3
= x + x +

(0 - 1) (0 - 2) (0 - 5) (1 - 0) (1- 2) (1- 5)

(x - 0) (x -1) (x - 5) x 12 + (x - 0) (x -1) (x - 2) x 147

(7 - 0) (2 - 1) (2 - 5) (5 - 0) (5 - 1) (5 - 2)

= - (x-1)(x-2)(x-5) +2 x (x - 2) (x -5) - 2x (x -1) (x - 5)
5 4

49
+ -x(x-1)(x-2)

20

Example 8

Compute f I (2.0rtrom the following data of values:

x l.8 l.9 2.0 2.1

f (x) 6.05 6.69 7.39 8.17

Solution

Since, four data points are given, the data represents a cubic polynomial, P(x). We

can construct the polynomial P I (x) and find P I (2.0). Alternatively, we can

construct a quadratic polynomial P(x) using the data values (1.9, 6.69), (2.0, 7.39),

(2.1, 8.17) and find P' (2.0). The cubic polynomial is given by :

P(x)= (x-1.9)(x-2.0)(x-2.1) (6.05) + (x-1.8)(x-2.0)(x-2.1) (6.69)

(- 0.1) (- 0.2) (- 0.3) (+ 0.1) (- 0.1) (- 0.2)

+ (x-1.8)(x-1.9)(x-2.1) (7.39) + (x-1.8)(x-1.9)(x-2.0) (8.17)

(+ 0.2) (0.1) (- 0.1) (0.3) (0.2) (0.1)
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Differentiating P (x), we. have,

P'(x) = - ( 6.05 )(3X2 -12x + 11.99)+ (6.69) (3x2 -11.8x + 11.58)
0.006 0.002

(
7.39) 2 6 ( 8.17 ) 2- -- (3x -11. x+l1.19)+ -- (3x -11.4x+1O.82)
0.002' 0.006 .

Hence, P' (2.0) = 10.08 - 66.9 + 39.95 + 27.33 = 7.46

Alternatively, the quadratic polynomial is given by

P(x) = (x - 2) (x - 2.1) (6.69) + (x -1.9) (x - 2.1) (7.39)

(- 0.1) (- 0.2) (0.1) (- 0.1)

+ (x -1.9) (x - 2.0) (8.17)

(0.2) (0.1)

P' (x) = + 334.5 (2x - 4.1) - 739 (2x - 4) + 408.5 (2x - 3.9)

Hence, P' (2.0) = - 33.45 + 40.85 = 7.40.

'Ex .1 : Find Lagrange's interpolating polynomial for the following data. Hence obtain

f(2).

x 0 1 4 5

I(x) 8 11 68 123

Ex.2: Using the Lagrange's interpolation formula, find the value of y when x = 10.

X 5 6 9 11

F(x) 12 13 14 16

Ex.3: Using Lagranges interpolation formula, find the value of f(4) from the following

data:

Ex. 4: In the following table h is the height above the sea level and p the barometric

pressure. Calculate p when h = 5280.

h 0 4763 6942 10594

p 27 25 23 20

Ex. 5: The following table is given:

x o
2

5

147.

1

3

2

12f(x)

Find the interpolating polynomial that fits this data.

Ex. 6: The following values of the function f(x) for values of x are given:

f(l) = 4, f(2) =5, f(7) = 5, f(8) = 4.

Find the value of f(60).

Ex. 7: By means of Lagrange' s formula, prove that

Yl = Y3- 0.3 (Ys - y-3) + 0.2 (y., - y-s)

where Yi= y(i), the value of the dependent variable y at x = i.
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Interpolation with

Unequal Intervals3.3 LAGRANGE'S METHOD: INVERSE

INTERPOLATION

'..

One of the dvantages of methods of ,'nterpolation for not necessaril e· uidistant tabular

points Xiover methods for necessarily equidistant tabular oints, is that even the value of

inde endent variable Xmay be interpolated from the values of those of the e endent

variable y.

This is in view of the fact that, even when the values of the independent variable x may

be equidistant, the values of the dependent variable y may not be equidistant. Therefore

the earlier methods of interpolation with equidistant tabular points cannot be applied for

inverse interpolation.
,

In inverse interpolation, in.a table of values of x find y = f(x), one is given a number y

and wishes to find the point :x so that f (:x) = y , where f(x) is the tabulated function. For

this, we naturally assume that the function y = f(x) has a unique inverse x = g(y) in the

range of the table. The problem of inverse interpolation simply reduces to interpolation

with x-row and y-row in the given table interchanged so that the interpolating points now

become Yo,y" ... , Yo(same as fo, f., ... , f, i.e. f(xi) = fi= Yi)and the corresponding

function values are XQ, x., ... , x, where the function is x = g(y). Since the points

Yo,Yt, ... , Yoare not necessarily equally spaced, this interpolation can be done by

Lagrange's form of interpolation (also by Newton's divided difference form alscussed

later). By Lagrange's formula

P ()= r. x. IT (y-y) ,
oY . I.O( )

1=0 ~= y_y
J;tl 1 J

and

This process is called inverse interpolation.

Example 9

Find the value of x when y = 3 from the following table of values:

Solution

The Lagrange's interpolation polynomial of x is given by

x=P(y)= (y-l)(y-2)(y-4) (4)+ (y+1)(y-2)(y-4) (7)

(-1-1) (-1 - 2) (-1- 4) (1- (-1)) (1- 2) (1- 4)

+ (y + 1)(y - 1)(y - 4) (10)+ (y + 1)(y - 1) (y - 2) (12)

(3) (1) (- 2) (5) (3) (2)

P(3) = (2) (1) (- 1) x (4) + (4) (1) (- 1) x (7)

- (2) (3) (5) (2) (- 3)
So

+ (4) (2) (- 1) (10) + (4) (2) (1) (12)

I" - (3) (2) (5) (2) (3)

4 14 40 48 182
=---+-+-=-=12.1333

15 3 3 15 15

x (3) z P(3) = 12.1333.
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Ex.8: From the following table, find the Lagrange's interpolating polynomial, which

agrees with the values "ofx at the given value of y, Hence find the value of x

when s= 2,

Ex. 9: Using the inverse Lagrange interpolation, find the value' of x when y = 3 from the

following table of values :

"3.4 DIVIDED DIFFERENCE (DD) TABLE

,eDivided difference Table is a generalization of Forward Divided Difference

able, which we studied in Section 2.2 of Unit 2, The generalization is in the sense at

, ow the tabular oints x' are not necessaril e uidistant.

Letus suppose that values of a function f(x) are provided for x = XO,XI, X2,' , , .etc.

which are not necessarily equi-distant. We define-the divided difference (DD) as

follows:

First DD :

f(xo,x
l
)= f(xl)-f(xo), f(x2)-f(xl) " .., f(Xk+I)-f(xk)

XI - Xo x2 - XI Xk+1 - xk

etc.

Second DD :

Third DD:

We form a DD Table as follows:

Table 6 : Divided Difference (DD) Table

r

X f(x) 1stDD 2DdDD 3rdDD 4th DD

Xo f(xo)

f(xo, XI)

Xl f(XI) F(xo, XJ,X2)

f(x., X2) f(xo, XJ,X2,X3)

X2 f(X2) F(xJ, X2,X3) f(xo, xi, X2,X3,)4)

f(X2' X3) f(x], X2,X3,X4)

X3 f(X3) F(X2, X3,X4)
.

f(X3, X4)

X4 f(X4).



['he remaining divided differences of higher orders are defined inductively as follows:

The kth divided differences relative to Xi,Xi+1, ••• , Xi+ k is defined as follows:

Interpolation with

Unequal Intervals

where the (k -l)st divided differences f(Xi, ... , Xi+ k- I) and f(Xi+ j, ••• , Xi~k) have

already been determined. From the above, we can see that, by definition, the kth divided

difference is obtained by dividing the (k -1 )st divided differences by (Xi+ k - x.).

emark: Some authors use rectangular brackets (namely, '['and']') instead of the roJ.ll1

" parentheses namel , 'rand' , . Thus kIlldivided difference is denoted as ;

• I
•.• 'I

Example 10

If f(x) = x3
, find the value of f (a ,b, c).

Solution

f(a, b) = f(b) - f(a) = b
3

_ a
3

= b2 + ba + a2

b-a b-a

Similarly f (b, c) = b2 + be + c2

Hence f(a,b,c)=f[b,c]-f[a,b] "1.-

c-a

=-
c-a

(c - a) (c + a + b)
=

(c - a)

=a+b+c

Example 11

Find the Newton's divided difference Table for the following data:

I-f~-X-)--11-1-~-:5-+-;-~~-I~1--:-. - -1-:-35-
Solution

Divided Difference Table

X f(.) f(., .)

-4 1245

-404

- 1 33

-28

0 5

2

2 9

442

5 1355

f(., ., .) f)., ., ., .) f)., ., ., .,.)

94

-14

10 3

13

88

39

I



· ,

Interpolation

1 1
Ex. 10: If f (x) = -, show that f (a, b , c, d) = - --.

x . a bed

Ex. 11: Form the divided difference table for the following data:

" Ex. 12: From the table of values given below, obtain the divided difference

interpolation table:

I F~) I _°4 tIBa ~ I

3.5 NEWTON'S DIVIDED (DD) FORMULA

The Newton's DD formula is .

f (x) = f (xo) + (x - xo)f (XO'xl) +( X- xo)(x - xl)f (XO,xl ,x2)

+ (x - xo)( x - xl)( X- x2)f (XO,xl 'X2'X3) + ...

I emark: The Newton's DD formula is a sort of generalization of the Newton's

formula where, FD is meant for oni)/, in cases of equidistant tabular p"oints) :

Y
= Y +pAy +p(p-l) A2y +p(p-1)(p-2) A3y + ...

P 0 0 21 0 31 0

Example 12

Form the Newton's divided difference Table of Example 11 above, for the

following data, form interpolating polynomial for

Also approximate f(1) from the polynomial.

Solution

The Divided Difference Table of Example 11 is :

x f(.) f(., .)

-4 1245

-404

-1 33
,. -28

0 5

2

2 9

442

5 1355

40

f(., ., .) f)., ., .,.) f).,., ., .,.)

94

-14

10 3

13

88



, I

'.

Hence, P4 (x) = 1245 - 404 (x + 4) + 94 (x + 4) (x + 1) -14 (x + 4) (x + 1) x +

3 (x + 4) (x + 1) x (x - 2)

f (1) ", P
4

(1) = - 5

Interpolation with

Unequal Intervals

Example 13

Prepare a DD table for the following data:

x: -03 0

-28 2

4

70

1

4

3

32" f(x)

Find f(2) using Newton's DD formula.

Solution

I

J

..
I Xi f(xl) 1st DD 20dDD 3rdDD 4th DD

0 -3 -28

1 0 2
2+28 =10

0+3

2-10
--=-2
1+3 ..

-"

4-2 4+2 =1
2 1 4 -=2 0

1 3+3

14-2
--=4
3-0

32-4 =14 8-4
3 3 32 -=1

2 4-0

38-14 =8

4-1

70-32
=384 4 70,,, 1

Newton's DD formula is given by

y( x) = f (xo) + (x - xo)f (xo,xJ +( x - xo)(x - xl)f (xo'x, ,xJ

+( x - xo)(x - xl)(x - x2)f (XO,XI'X2,xJ

Hence, y(2) = - 28 + (2 + 3) x 10 + (2 + 3) x (2 - 0) (- 2) + (2 + 3) (2 - 0)(2 - 1) x 1

= -28 + 50 - 20 + 10 = 12

Example 14

From the following table of values, find the Newton's form of interpolating

polynomial approximating f(x).

Also find the approximate value of the function f(x) at x = 2.

Solution

We note that the values of x, that is Xi, are not equally spaced. To find the desired

polynomial, we form the table of divided differences of f(x).

41
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Inte~polation. Table 2

x f(.) f(., .) f(., ., .) f)., ., ., .) f)., ., ., .,.)

Xo - 1 3

-9

Xl 0 -6 6

15 5

X2. 3 39 41 1

., 261 13

X3 6 822 132

789

X4 7 1611

,
. Newton's interpolating polynomial P4(X) is given by

P4(X) = f(xo) + (x - xo) f[xo, x.] + (X - xo) (X - x.) f[xo, Xl' x2]

+ (X - xo) (X- x.) (X - X2)f (xo, Xj , X2,X3)..
. .. (3.2)

The divided differences f(xo), f(xo, x.), f(xI. X\, x25. f(Xo, X\, X2,X3),f(xo, X\, X2,X3)are

those which lie along the diagonal at f(xo) as shown by the dotted line. Substituting the

values of Xiand the values of the divided differences in Eq. (3.2), we get

P4(x) = 3 + (x + 1) (- 9) + (x + 1) (x - 0) (6) + (x + 1) (x - 0) (x -3) (5)

+ (x +1) (x- 0) (x - 3) (x - 6) (1)

This on simplification gives

P4(x) = X4- 3x3 + 5x2 - 6

f (x) ""P4 (x)

f (2) "" P4 (2) = 16 - 24 + 20 - 6 = 6.

Ex. 13: From the divided differences table of Ex. 11, show that the following data:

represents a second degree polynomial. Also, obtain this polynomial. Hence,

find the approximate value of f(4).

Ex. 14: From the table of values given below, obtain the value of y when X= 1 using

(a) divided difference interpolation formula, and

(b) Lagrange' s interpolation formula.

I F~) I _0. [ill~
In case of (a), you may use table of Ex. 12.
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Interpolation with

Unequal Intervals3.6 SUMMARY

In this unit, we

• defined the concept of the divided difference table, and then illustrated

through examples, how to construct a divided d!fference table;

"

tated two well-known formulae for interpolation, for the encral case whe

the tabular oints are not necessaril uaIl s ac : (a) Lagrange's

Method, and its use in Inverse Interpolation, and (b) Newton's Divided

Difference Method;

• explained how, using each of the methods, to derive interpolating

polynomials: and

•

• explained how these polynomials, mentioned under the previous point, can

be used to estimate value of dependent (and in the case of Lagrange' s

Method, even for independent) variable, for some value of the

independent/dependent variable, when the tabular points are not necessarily

equidistant.

3.7 SOLUTIONS/ANSWERS

Ex. 1 : P (x) = x3 - X2 + 3x + 8, f (2) = 18

Ex.2: 14.6667

Ex.3: 6.6875

Ex.4: Use Lagrange Interpolation p (5280) = 24.8.

Ex.5: By Lagranges formula, we get, f(x) = x3+X2- X+ 2.

Ex.6: Applying Lagrange's formula for the above values, we get

f(x) = [_x
2

+9x + 16]

6

Hence, f(6) ;:::5.667.

Ex.7: We are required to obtain YI.the value of y at x = 1 while y 5.y-5, y-3, Y3,are

given. By Lagranges formula, we have

(1+ 3)(1- 3)(1- 5) (1+ 5)(1- 3)(1- 5)
~= ~+ ~

(-5 + 3)(-5 - 3)(-5 - 5) (-3 + 5)(-3 - 3)(-3- 5)

(1+ 5)(1+ 3)(1- 5) (1+ 5)(1+ 3)(1- 3)

+ (3+5)(3+3)(3-5) Y3 + (5+5)(5+3)(5-3) Y5

= Y3- 0.3 (Y5- y- 3)+ 0.2 (Y-3- y- 5)'

,.
Ex.8: Let x = g(y). The Lagrange's interpolating polynomial P(y) of g(y) is given by

1 19
P(y) = - - (y3 -12y2 + 47y - 60) + - (y3 _lOy2 + 29y - 20)

24 4

49 3 2 101 3 2
- - (y - 9y + 23y -15) + - (y - 8y + 19y -12)

3 8
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f[a, b, e, d] = f[b, e, d,] - f[a, b, e] = __ I_

d - a abed

Interpolation which, on simplificationgives

"

P(y) = y3 _ y2.+ 1

when y = 2, x "" P(2) = 5 , .

Ex. 9: x = g(y)

P(y) = (y - 1) (y - 2) (y - 4) , (36) + (y + 2)(y - 2) (y - 4) ,(54)

(- 3) (- 4) (- 6) (3) (-1) (- 3)

(y + 2) (y -1) (y - 4) (y + 2) (y -1) (y - 2)
+ . (72) + . (144)

(4) (1) (- 2) (6) (3) (2)

X"" P(3) = (2) (1) (-1) x (36) + (5) (1) (-1) x (54)

-72 9

-. + (5) (2) (1) X (72) + (5) (2) (1) X (144)

8 36

= 1 - 30 + 90 + 40 = 101-',

1 1

Ex. 10 : f [a, b] = b -;- = - ~
b - a ab

and

1
f[b, e] = - be

1
f [e, d] = - cd

1 1
f[a, b, e] =-, f[b, e, d] =-

abe bed

Ex. 11: The required Divided Difference Table is :

x f(x) fe"~.) f(., ., .)

1 1

2

2 3 1

4 0

3 7 1 0

7 0

5 21 1

10

6 31
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Ex. 12 : The required Newton's Divided difference table is: Interpolation with

Unequal Intervals

x f(x) f(., .) f(., .,.) f(.,., .,.)

0 -4

5

2 6 5

20 1

3 26 9

'. 38

4 64 .

. ,

Ex. 13; From the difference table of Ex. 11, we observe that since third and higher

order divided differences are zeros, given data represents a second degree

polynomial .

P2 (x) = f[xo] + (x - xo] f[xo' XI] + (x - xo) (x - XI) f[xo' xI' x2]

= 1+ (x - 1) . 2 + (x - 1) (x - 2) .1= X2 - X + 1 f (4) ;:: P2 (4) = 13

f (4) ;:: P
2
(4) = 13

.j

J

Ex. 14 :

P(x) = .!. (x ' - 9x2 + 26x - 24) + ~ (x ' - 7x2 + 12x)
6 2

26
- - (x ' - 6x2 + 8x) + 8(x3

- 5x2 + 6x)
3

= x
3 + X - 40n simplification.

rom the Newton's Divided Difference table of Ex. 1 , we get

P(x) = - 4 + (x - 0) 5 + x (x - 2) (5) + x (x - 2) (x - 3) (1)

= x3 + x-4

f'{l ) » p(I) = - 2.

r
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