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BLOCK 5 INTEGRATION

The ancients knew how to find the area and circumference of a circle. They also knew
how to find the area of many other regular figures like polygons. However, they were not
able to find the areas, lengths and volumes of irregular figures with the methods
available to them. These problems were solved by the Europeans only after
renaissance. The important concept of infinitesimally small objects and how to add them
up was found only in this period. Many of the insights were gained from the study of
problems of Astronomy, Geometry and physical sciences. In the seventeenth century
with the insights of their predecessors like Isaac Barrow and others, Newton and Leibniz
laid the foundations of Calculus. Their work was improved upon by their successors like
the Bernoulli family, Euler, Lagrange, Laplace and later on by Cauchy, Riemann and
others.

In the second, third and fourth blocks of this course, we discussed the process of
differentiation. We also saw how differentiation is a useful tool in Mathematics. In this
block, we will study integration which can be viewed as the reverse process of
differentiation.

In Unit 17, we introduce you to integration. In this unit we will see how the area below
the graph of a function can be approximated by sums of areas of rectangles. As the
number of rectangles increase and their sizes grow smaller and smaller their sum
approaches the area. We will also see the Fundamental Theorem of Calculus which
links the process of integration and differentiation. We will also see how to integrate
some simple functions here.

In Unit 18, we focus on techniques for integrating a variety of functions like rational
functions, trigonometric and functions that involve square root of a degree two
polynomial. The back bone of all these methods is the method of substitution that we
discuss at the beginning of this unit. We will also see some other techniques like
integration by parts. We also see how to use partial fractions to integrate rational
functions.

In Unit 19, we will discuss reduction formulas. The reduction formulas help us in
integrating some common functions that we come across in applications. The main idea
behind a reduction formula is to progressively reduce a parameter, usually the power of
x or a trigonometric function in the integrand, using integration by parts. This results in a
simpler integrand which we can integrate using standard methods.

In Unit 20, we will see how we can find the areas bounded by plane curves and the
length of plane curves by a variety of methods. We begin by discussing the method for
finding the area between the graphs of two functions when the graph is given in
cartesian coordinates. We then discuss how to find the areas of curves in plane given in
polar and parametric form. We will also discuss how to find the length of the curves
given in cartesian, polar and parametric forms.

Finally, at the end of this Block, we have given some miscellaneous examples and
exercises. We hope that they will be useful in reinforcing your understanding of the
material in the units.

A word about some signs used in the unit! Throughout each unit, you will find theorems,
examples and exercises. To signify the end of the proof of a theorem, we use the sign
Hl. To show the end of an example, we use * x x. Further, equations that need to be
referred to are numbered sequentially within a unit, as are exercises and figures. E1, E2
etc. denote the exercises and Fig. 1, Fig. 2, etc. denote the figures.



NOTATIONS AND SYMBOLS

L(P,f) Lower Sum, page 10

U(P,f) Upper Sum, page 10

P([a,b]) Set of partitions on [a, b], page 8

Ef(x)dx Upper integral of the function f(x) over the interval [a, b]., page 15
[f(x)dx Indefinite Integral of f(x), page 25

gf(x) dx Lower integral of the function over the interval [a, b]., page 15
L(f) {L(P,f)|P is a partition of [a, b]}, page 15

ur)  {U(P,f|P is a partition of [a, b]}, page 15

For other notations and symbols, please refer to the lists in the previous blocks.
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17.1 INTRODUCTION

As we have seen in the introduction to this block, from ancient times,
measuring areas and volumes was essential for construction purposes. We
have also seen that it was necessary to measure the lands for the purpose of
levying taxes. Formulae for the areas of plane figures like squares and
rectangles and squares were mentioned in ancient manuscripts, but no
justifications were given.

In the third century B.C., the Greek mathematician Archimedes found a formula
for the area of a circle by what is now known as method of exhaustion. His
solution contained the seeds of the present day integral calculus. But it was
only later, in the seventeenth century, that Newton and Leibniz were able to
generalise Archimedes’ method. They also established the link between
differential and integral calculus.

The French mathematician A. L. Cauchy gave a definition of the integral under
which only the continuous functions are integrable. Later, the German
mathematician Riemann gave a definition of the integral under which a larger § -
class of functions are integrable. A. L. Cauchy
1789-1857

Other mathematicians like Stieltjes and Lebesgue have defined integrals which
improve upon the Riemann Integral. However, the most popular way of
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G.B. Riemann
1826-1866

J. G. Darboux
1842-1917

Our discussion is only for
the purpose of
motivation. We don’t
claim that we are being
faithful to the history of
Mathematics.

Integration

introducing integration is through the Riemann Integral and we will follow this
practice. In our discussion, we will use an equivalent definition of the integral
due to Darboux, a French Mathematician.

In Sec. 17.2, we discuss upper and lower sums introduced by Darboux. This
lead us to a definition of the definite integral and some of its basic properties. In
Sec. 17.3, we will state the Fundamental Theorem of Integral Calculus and
explain how to use it evaluate some definite integrals. In Sec. 17.3 we will also
discuss the indefinite integral. In Sec. 17.4, we will find the indefinite integrals
of some common functions like polynomial, rational functions, trigonometric
functions and functions like exponential, logarithm and inverse trigonometric
functions.

Objectives
After studying this unit, you should be able to:

¢ define and calculate the lower and upper sums of some simple functions
defined on [a, b] , corresponding to a partition of [a, b];

o define the upper and lower integrals of a function;

¢ define the definite integral of a given function and check whether a given
function is integrable or not in simple cases;

o state and apply the Fundamental Theorem of Calculus;
e define the primitive or antiderivative of a function;

¢ use the Fundamental Theorem to calculate the definite integral of an
integrable function; and

find the indefinite integrals of some common functions.

17.2 INTEGRABILITY

In the introduction, we mentioned that Archimedes found the area of a circle
using the method of exhaustion. Let us briefly discuss this method with the
help of an example. Suppose that we want to find the area of a semi-circle. We
bound the area from the above and below by regular polygons. See Fig. 1.

(a) Upper bound for the area of a semi- (b) Lower bound for the area of a
circle. semicircle.

Fig. 1: Bounds for the area of a semicircle.

In Fig. 1a, the outer polygon, coloured red, gives an upper bound for the area of
the semicircle. In Fig. 1b, the outer polygon, coloured blue gives a lower bound
for the area of the semicircle.
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In Fig. 2, the yellow coloured region gives the difference between the area of
the semicircle and the area of the inner polygon. The red coloured region gives
the difference between the area of the outer polygon and the area of the
semicircle. You can see in the figure that as we increase the number of sides of
the inner and outer polygons, the red and yellow coloured regions become
smaller and smaller. In other words, the difference between the areas become
smaller and the areas of the outer and inner polygons become closer and
closer to the area of the semicircle. In the limiting case, they give the area of
the circle.

Fig. 2: Area of a semi-circle by method of exhaustion.

1 2

Fig. 3: Area under the curve f(x) = 4x3 - 12x2 + 9x + 1.

On the other hand suppose that we want to find the area under the curve

f(x) = 4x3 — 12x2 + 9x + 1 from x = 0 to x = 2. You learnt how to find the maxima
and minima of functions in the third block. You can use that knowledge to check
the following:

1. In the interval [0, 2], the function f(x) is increasing between x = 0 and 7
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x = 3 and decreasing between x = § and x = 3. Itis increasing between
X=35andx=2.
2. The function has a maxima at x = 5 and x = 2 in the interval [0, 2]; it has a
minima at x = %
See Fig. 3. Unlike the semi-circle, the area under f(x) cannot be closely
approximated by regular polygons. So, instead of a single figure like a regular
polygon, we use several rectangles. See Fig. 4.

09 o~
1A2 Az A4 As AtAy Az A4 As

(a) Lower bound for the area. (b) Upper bound for the area.

1A2 Az A4 As

(c) Differences in area.

Fig. 4: Approximating the area under the curve using rectangles.

Here, we subdivide the interval [0, 2] into four parts at the points x = §, x = 3,

X = %. So, A4 denotes the point (0, 0), A, denotes the point (% 0), A3 denotes
the point (% O), A4 denotes the point (% O) and A denotes the point (2, 0).
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Consider the blue coloured rectangles with the line segments A1Ay, AyAg,
A3zA, and A4A5 as bases. You can see that the height of each rectangle is the
infimum value of the function f(x) in the interval given by the base. For example,
the height of the blue coloured rectangle with base A4A; is

1
X € [0, 4] } .
You are probably wondering how we can find the infimum of f(x). As we

mentioned earlier, f(x) goes on increasing from x = 0 all the way up to x = %.

Because of this the value of f(x) at the starting point x = 0 is less than the value
of f(x) at any point in }0, ﬂ . So, the infimum value is attained at the starting
point x = 0 and the infimum value is f(0) = 1.

inf {f(x)

As you can see in Fig. 4(a), the sum of the areas of these blue rectangles is
less than the area under the curve. So, the sum of the areas of the blue
rectangles give a lower bound for the area of the curve y = f(x).

Similarly, the height of each red coloured, outer, rectangle in Fig. 4(b) is the
supremum value of f(x) in the interval given by the base. For example, the
height of the outer rectangle with base A{A; is

<l

Again, the fact that f(x) is increasing from x = 0 to x = z comes in useful in
finding the supremum. Because it is increasing, the value at x = % is greater

sup {f(x)

than all the values of f(x) in the interval [0, % [ So, the supremum value is

; — 1 o 1\ =41 =99 /ini
attained at x = i and this is f (Z) =16 = 2ﬁ units.

As you can see in Fig. 4(b), the sum of the areas of the red coloured rectangles
is greater than the area under the curve. So, the sum of the red coloured
rectangles give an upper bound for the area under the curve.

You may have noticed that, in Fig. 4((c),the yellow coloured portion gives the
difference between the area under the curve and the areas of the smaller, blue
coloured, rectangles. The red coloured portion gives the difference between the
area under the curve and the areas of the larger, red coloured, rectangles. As
in the case of the method of exhaustion, the sum of the areas of the outer
rectangles and the sum of the areas of the inner rectangles approach closer
and closer to the area under f(x).

In the next subsection, we will put our discussion on a formal footing.

17.2.1 Upper and Lower Sums

We begin this subsection with the definition of a partition. By an ordered set, we
mean that the order of
Definition 1: Suppose n> 1 and let ||st|ng the elements is
important. Thus,
a=Xg <X <Xg<: - <Xpq1<b=Xp {1,2} #{2, 1} as ordered

sets. The ordered sets
are special kind of sets
and should not be

confused with the usual

is called a partition of [a, b]. We will denote the set of all partitions of [a, b] by zittsi:qvgs:;::e order is

P([a, b]). 9

be points in an interval [a, b] € R. Then, the ordered set

{Xo,X1,...,Xn}C [a,b]
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Example 1: Give a partition of the interval [0, 2].

Solution: The set of points we used to subdivide the interval [0, 2] in our
earlier discussion, namely {0, 1.3,3, 2}, gives a partition of the interval [0, 2].
-3

Note that, here xg =0, x4 = %, Xp = 3, X3 = % and x4 = 2.

* ok %
Next, we introduce the concepts of upper and lower sums.
Definition 2: Let f: [a,b] — R be a bounded function and let

P={a=xp<Xxq<...<xp=Db}C|[a,b]

be a partition. For 1 <i < n, let us write

Ai=Xi—Xi_1 (1)
m; = |nf{f(x)|x S [Xi—1 ) Xi]} e (2)
M; = sup {f(x)Ix € [xi—1,xi]} -+ (3)

Then, we define the upper sum U(P, f) by

n

UP.f =) M, ..(4)

i=1

and the lower sum L(P, f) by

=]

L(P,f) = mia ... (5)

i=1
These sums are called Darboux sums after the French mathematician, Jean
Gaston Darboux who defined them.
Let us now look at an example to understand upper and lower sums.

Example 2: For the function f(x) = 4x3 —12x2 + 9x + 1 on the interval [0, 2], find
the upper and lower sums with respect to the partition {0, 1.3.3 2} .

Solution: Here, xg =0, x4 = %, Xp = %, X3 = %, and x4 = 2. Let us now

calculate the Aj’s.

A1=X1—X0=7—0=Z, A2=X2—X1=Z—Z=§ (6)
5 3 1 . 5.3 .
A3—X3 X2—Z—Z—§, A4—X4—X3—2—Z—Z

Let us now compute the values of M;, m;, 1 <i < 4. Let us use Fig. 5 to find
these values.

We see that f(x) is increasing on [0, ﬂ So, the infimum value is attained at

x = 0 and the supremum is attained at x = %. The infimum value is the
y-coordinate of P4 and the supremum value is the y-coordinate of P,. So, we
get the following values for my and M.

X € [01]
M =sup{f(X) X € [0’ H } - (411) ) %

m4 = inf {f(x)

(7)
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You can see from Fig. 5 that, in the interval H %] the function f(x) increases

from x = ] to x = } and decreases from x = J to x = 3. In this interval, f(x)

attains its infimum value at x = % and its supremum value at x = % The infimum

value is the y-coordinate of P, = (% %) and the supremum value is the

y-coordinate of P5 = (% 3). So, we get the following values for m, and M.
13 (1) o4
44| \4) 16
13 f ...(8)
M2=Sup{f(X)X€ |:4,4:|}=f<2>=3

In the interval [% %] f(x) decreases from x = % tox = %. The function attains its

my = inf {f(x)

infimum value at x = 7 and the infimum value is the y-coordinate of the point

Ps = <% %) The function attains its supremum value at x = I and the

supremum value is the y-coordinate of the point P4 = (% %). So, we get the

following values for mz and Ms.

_. 351 /5.2
ms —mf{f(x) X € [4,4} } —f(4> =16 o
M3 = sup < f(x) |x € 2R, =f -4
3= SUp 44 4)~ 16
)
3 Py 7
P, T4
2
Ps
10P -

o6 o o o=
AtAy A3 Ay 2As

Fig. 5: Infimum and Supremum values of the function f(x) = 4x3 —12x2 +9x + 1 in
the interval [0, 1].

In the interval [% 2}, f(x) decreases from x = % tox = % and increases from

X = g to x = 2. The infimum value is the y-coordinate of Pg = (g 1) and the

supremum value is the y-coordinate of P7 = (2, 3). So, we get the following
values for my and My.

PIRER
cofpd s

my = inf {f(x)

My = sup {f(x)

11
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From Eqn. (7), Eqn. (8), Eqn. (9) and Eqgn. (10), we see that

U(P,f) = M»IA»] + M2A2 + M3A3 + M4A4
41 1 1 43 1 3 51
= __ . +3. -+ — .- +4+3. —=_—
16 4 2 16 2 2 64

L(P, f) = m1A1 + m2A2 + m2A3 +MmMyly
1 41 1+21 1 3 59

=1. -+ — -+ — . —+_—.1=—
4 16 2 16 2 2 16

X %k 3k

You may have noticed that , m{A{, myAy, mzA3 and myA4 are respectively,
the areas of the blue coloured rectangles in Fig. 4(a) with bases A1A,, AyA3,
A3A4 and A4As5. Similarly, M1A4, MaAo, M3A3 and MgA4 are, respectively, the
areas of the red coloured rectangles in Fig. 4(b) with bases A1As, AoA3, AsA4
and A4As5. You may have noticed that the upper sum we have found is the sum
of the areas of the red coloured rectangles and the lower sum we have found is
the sum of the areas of the blue coloured rectangles. Thus, intuitively, the
upper sums provide an upper bound for the area below the curve

y = f(x) = 4x3 = 12x% + 9x + 1
and the lower sums give a lower bound for the area.

Try the next exercise to check your understanding of upper and lower sums.

E1) Find the U(P,f) and L(P, f) for the function f(x) = 117)( in the interval [0, 1]
with respect to the partition {0, 153 1} '

In this subsection, we defined what a partition of an interval is and defined the
upper and lower sums of a function with respect to a partition. We conclude our
discussion of upper and lower sums and we will begin the discussion of upper
and lower integrals in the next subsection.

17.2.2 Upper and Lower Integrals

Let us now return to the problem of finding the area under the curve

4x3 - 12x2 + 9x + 1 from x = 0 to x = 2. As we have already noticed, the upper
sums provide an upper bound for the area and the lower sums provide a lower
bound for the area. What happens to these sums as we increase the number of
intervals in the partition? Let us investigate this now with the same example.

As we increase the number of subdivisions, the areas of the inner rectangles
become larger and larger and the areas of the outer rectangles become smaller
and smaller. The upper sums approach closer and closer to a value that we call
the upper integral. The lower sums approach closer and closer to a value that
we call the lower integral.

In the situation where the upper and lower integrals are equal, both the upper
and lower sums approach closer and closer to a common limiting value, which
is the area under the curve. The upper sums approach this value from above
and the lower sums approach the value from below. See Fig. 6. The purpose of
the figure is to give an intuitive feel. You will see a formal proof of this fact in

12 your Real Analysis course.
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A A
Upper Sum = 5.03 Upper Sum = 4.65
Lower Sum= 3.07 Lower Sum= 3.44
2
2
J”f(x)dx -4 Jnf(x)dx =4
0 0

(a) Six subdivisions. (b) Ten subdivisions.

A

Uppersum = 4.32
Lowersum = 3.68

2
Jf(x)dx=4
0 f

(c) Twenty subdivisions.

Fig. 6: Upper and Lower Sums.

We will now proceed to formally define the upper and lower integrals of a real
valued function which is bounded in a closed interval. We start with a simple
theorem that provides the basic foundation for the definition of these concepts.

Theorem 1: Let f: [a,b] — R be a bounded function and suppose that

m = inf{f(x)|x € [a, b]} and M = sup{f(x)|x < [a, b]}

Then, for any partition P of [a, b] we have Since f(x) is bounded, m
and M exist.
m(b—-a) < L(P,f) < U(P,f) <M(b-a) (1)
Proof: Let

P={a=xp<Xxq<:--<Xp_1 <Xn =D} 13
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If A and B are subsets of
R such that A C B, then
infA > infB and

supA <supB.Ifa<b
and c > 0, then ac < bc.

b= Xp—1

X
X Xp—2
X

n =
/
n—1—
/
n-2— Xp-3
/

X2 T X

/

xl — x():a

Fig. 7: Telescoping
Sum.

P. G. L. J. Dirichlet
1805-1859

14
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be a partition of [a, b]. Recall the definition of M; in Eqn. (3) and the definition of
U(P,f) in Eqgn. (4). Since [x;_1, Xj] C [a, b], we have M; < M. Since A; >0, we
have M;A; < MA,. So, we have

UP,H) = Ma <> M —Xiq) =MD (X—Xi1)
i=1 i=1

i=1

The last sum in the previous line is what is called a telescopic sum because it
folds up like a telescope. Writing out the terms of the sum in reverse order, we
see that all the other terms except the first term and last term cancel out. See
Fig. 7: (The arrows show the terms that are cancelled out.) So, we have

n
UP.H <MD (xi—x1) < M(b-a)
i=1
and this proves the first part of Eqn. (11). We can prove the inequality for
m(b —a) < L(P,f) along similar lines. It follows from the fact that m; > m. Let us
now prove the middle inequality, namely L(P, f) < U(P, f). We have m; < M;,
1 <i<n. Since Aj > 0, it follows that m;A; < M;A;. Summing up both sides of
this inequality from i = 1 to n, we get L(P,f) < U(P,f). [ |

Let us write

L(f) = {L(P,f)|P is a partition of [a, b]}

U(f) = {U(P,)|P is a partition of [a, b]}
From Theorem 1 it follows that the ¢/(f) is bounded below by m(b —a). So, the
infimum of this set is finite. Similarly, £(f) is bounded above by M(b —a) and

therefore the supremum of this set is finite. So, the following definition of upper
and lower integrals is meaningful.

Definition 3: Let f: [a,b] — R be a bounded function. Then the upper integral
is defined by

b
J\f(x)dx = inf(U(f)) = inf{U(P, f)|P is a partition of [a, b]} ...(12)

a
and the lower integral is defined by

b
If(x) dx = sup(L(f)) = sup {L(P, f)|P is a partition of [a, b]} ...(13)

We will now look at some examples.

Example 3: Let us consider the function f(x) defined by

0, ifxis irrational.
f(x) = e
1, if xis rational.

This function is called the Dirichlet function after the famous German
mathematician Lejeune Dirichlet who defined this. Find the upper and lower
integrals of the function f(x).

Solution: Let

P={0=xp <Xy <Xp<:--<Xn_q<Xn=1}
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be any partition of [0, 1]. Each sub-interval [x;, x;_4] contains both rational as
well has irrational numbers. On each interval [x;_4, X;], for rational values of x,
f(x) takes the value 1 and f(x) takes the value 0 for irrational values of x. So,
M; =1, m; =0 for each i.

Thus
U(P,f) = Zn:MiAxi = zn:(1)(xi—xi_1) =1-0=
and B B
L(P,f) = En: miAX; = Zn:(O)(xi ~X_1)=0
i=1 i=1

Since P is an arbitrary partition of [0, 1], this means that U(P,f) =1, L(P,f)=0
for any partition of [0, 1]. It follows that
inf{U(P, f)|P is a partition of [0, 1]} = {1}
and
sup {L(P, f)|P is a partition of [0, 1]} = {0}.
So,
1
If(x) dx = inf{U(P, f)|P is a partition of [0, 1]} = 1
0
and
1

Jﬂf(x) dx = sup {L(P,f)|P is a partition of [0, 1]} =0
0

) 3k ok

Let us now look at another example, the upper and lower integrals of a step
function.

Example 4: Find the upper and lower integrals for the function f(x) defined by

0, if—-1<x<0
f(x) = .
1, ifo<x<1

in the interval [-1,1] .

N 0|

Xp = -1 X1 X Xig Xip+1 Xp—1 Xn = 1

Fig. 8: Graph of f(x). 15
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Solution: Let
P:{_1 =Xg <X1 <. <X <Xj < <Xp1 <Xn=1}

be a partition of [-1, 1]. Let iy be such that x;; <0 < X; +1. Note that

0 ifO<k<ip+1
My = .
1 ifig+1<k<n

Can you see why this is so? In the subinterval [—1 : xio} , f(x) =0, so my =0 for
all 1 < k <ig. Also, f(x) = 0in [xio, o[. So, my = 0 fork = iy + 1 also. Since

f(x)=1in |:Xi0+1,xn:|, my = 1fork >iy+ 1. So,

ig+1 n n
LPH =D meAc+ D mdg= D (Xe—Xi1)
k=1 k=ig+2 k=ig+2

Since the last sum is a telescopic sum, we have
L(P, f) = Xn _Xi0+1 =1 _Xi0+1

If we write d = X; .1, then d is the distance between 0 and the point x; 1. Let us
write

A(P) = max{Aj|1 <i<n}

Then as A(P) approaches zero, d also approaches zero and L(P, f) approaches
1

1 from below. So, jf(x) dx =1.
-1

Again, as we did in the case of my, check that
0, if0<k<ig
Mg = .
1, ifig+1<k<n
So, we have

n

i n
UP,H=D) MAc+ > M= > (x—Xeq) = 1=,
k=1

k=ig+1 k=ig+1

Writing x;, = —e, e > 0 is the distance between x;, and 0. So, U(P,f)=1+e > 1
and 1 + e approaches closer and closer to 1 as A(P) approaches zero. So,

7
If(x) dx =1
-1

Here is an exercise to check your understanding of what we have discussed so
far.

* % %

E2) Find [3f(x)dx and [Jf(x)dx for the function defined by f(x) = 2 on [0, 1].
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In this subsection, we defined the concepts of upper and lower sums. We also
saw that, as we refine a partition by adding more and more points the upper
sums and lower sums become closer and closer to certain values that we call
upper and lower integrals, respectively. In some cases, the upper and the lower
integral are equal, say «. In this case, the upper and lower sums converge to
this common value «a. In the next subsection we will study the situations in
which the upper and lower integrals coincide.

17.2.3 The Definite Integral

In Exercise 2, we found the upper and lower integrals of the constant function
f(x) = 2 over the interval [0, 1]. You would have seen that the values coincide
and the common value is 2. Note that, the ‘area’ under the function f(x) = 2 over
the interval [0, 1] is 2 and this is the area of the rectangle of sides 1 and 2 units.
(Here, we put ‘area’ in quotes because this could be negative. You will see
more about this in the last unit of this block.) This agrees with our intuition that
the upper sums approach closer and closer to the ‘area’ from the above and the
lower sums approach closer and closer to the ‘area’ from below. So, the
common limit is the ‘area’ of the region enclosed by the function. Motivated by
this, we define the integral of a real valued function over an interval as follows:

Definition 4: Let f: [a, b] — R be a bounded function. We say that f is
integrable if

b

v[f(x) dx = jf(x) dx

a a
We call the common value the integral of f and denote it by J": f(x) dx. We call f
the integrand. We also call b and a, the upper and lower limits of
integration, respectively.

In some textbooks, you will come across Riemann’s definition of the integral
which is different from Definition 4. However, our definition and Riemann’s
definition are equivalent definitions of integrability in the sense that a function
that is integrable according to one definition is also integrable according to the
other definition. Further, the value of the integral will be the same.

For convenience, we adopt the following convention: We let

a b
f(x)dx = — | f(x)dx ...(14)
fora- |

There is a well known criterion for integrability of functions. We state this now
without proof.

Theorem 2: Let f: [a,b] — R be a bounded real valued function. Then, fis
integrable if and only if, for every e > 0, there exists a partition P, such that
‘U(P€if)_L(P€’f)‘ <e. .

While it is difficult to show that the upper and lower integrals are equal in
particular cases, there are general results that prove that certain classes of
functions are integrable. You will see the proofs of such results in your Real
Analysis course. Here, we give one such result without proof.

Theorem 3(Integrability): Let f: [a, b] — R be any function. If f is bounded and
monotonic or if f is continuous, then f is integrable. [ |

17
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By a closed and bounded
interval of R, we mean an
interval of the form [a, b],

a,beR.
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If a function is integrable, it is necessarily bounded. We can use this necessary
condition often to prove that certain functions are not integrable over certain
intervals.

On the other hand, Theorem 3 gives us a sufficient condition for a function to
be integrable and we use this to prove that certain functions are integrable
over an interval. It is worth noting here that any function which is continuous on
a closed interval is bounded on that interval.

Let us now look at some examples to understand how to apply the necessary
and sufficient conditions for integrability of a real valued function.

Example 5: Discuss the integrability of the following functions:

i) sinx i) tan>2( i) In|x| iv) ixZ
2+X ; x“—1 i sin x
V) o Vi) BT vii) >
Solution:

i)  The trigonometric function sin x is continuous in any closed and bounded
interval. We can apply Theorem 3 to conclude that sin x is integrable in
every closed and bounded subinterval of R.

i) The function tan x is not integrable in any closed interval containing an odd
multiple of 7, i.e a real number of the form (2k + 1), k € Z, because it is
unbounded in any interval that contains (2k +1)7, k €Z.

Of course, the first difficulty is that the function itself is not defined at

(2k +1)5. Since cos(2k + 1)7 is zero, and division by zero is not defined,
the functlon tanx is not defined at x = (2k + 1)5. We can try to rectify the
situation by assigning some value to the functlon at (2k + 1)5. As you will
see in more advanced courses, even if we change the value of an
integrable function at finitely many points in a closed and bounded interval
[a, b], the function remains integrable in that interval. Also, changing the
values of an integrable function at finitely many points of a closed and
bounded interval doesn’t affect the value of the integral of the function over
that interval. So, we can define a function f(x) as follows:

f(x) = ifx=(2k+1)%,keZ.
tanx Otherwise.

When x # (2k +1)Z, f(x) = tanx = gc')”s’)‘( and cosx — 0 as x — (2k + 1), but
sinx — 1. So, their ratio tends to oo as x — (2k + 1)%. Therefore, the
function f(x) is also unbounded in any interval that contains (2k + 1)5. So,
f(x) is not integrable in any interval containing (2k + 1)Z. On the other hand,

tan x is integrable on every bounded interval not containing (2k + 1)7.

i) The function In|x| is not defined at 0. We can define the value of In|x| to be
1 at x = 0 as we did in the case of tan x. However, because In|x| — —oc as
x — 0 the function In|x| is unbounded in any closed and bounded interval
of R that contains 0. Therefore, it is not integrable on any closed and
bounded interval of R that contains 0. The function In|x| is continuous in
any closed and bounded interval of R not containing 0. So, it will be
integrable on all closed and bounded intervals of R that do not contain 0.

2

iv) The function |s a rational function, i.e. a ratio of two polynomials. All

+
rational functlons whose denominator doesn’t vanish in an interval are
integrable over that interval. Can you see why? If f(x) = EEX; is a ratio of
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two polynomials and h(x) # 0 in an interval, then ﬁ is also continuous in
the interval. Since g(x) is continuous because it is a polynomial, the

product g(x) - ﬁ is also continuous. Since 3 +x2 > 3 > 0, the denominator

is always positive So, in particular, the rational function f(x) = ;—2 is
X

integrable over any bounded interval in R.

v) In this case, solving the equation x2—1=0, we get x = 1. Further, as
x — 1 and x — —1, the numerator approaches a finite limit other than 0 and
the denominator approaches 0. So the function is not bounded in any
closed and bounded interval containing £1. So, it is not integrable on any
closed and bounded interval that contains +1 It is integrable on any closed
and bounded interval that doesn’t contain +1.

vi) Here, the denominator x3 —x2 +x +1 = (x—1) (x2 + 1) is zero at x = 1 and
non-zero at every other point on the real line. Both the numerator and the

denominator approaches zero as x — 1, but the numerator and the
denominator have a common factor x— 1. We have

lim f(x) = lim <"1 =
x—1 x—1 X2 +1

1.

We can define a function f: R — R as follows:

X27—1, if x # 1
f(x) = ¢ x3—x2+x+1

1, ifx=1

The function f(x) is continuous in any interval containing 1. Further, the
denominator of f(x) doesn’t vanish at any other point, so f(x) remains
remains continuous in any closed and bounded subinterval of R. Hence
f(x) is integrable on every closed and bounded subinterval of R.

vii) The denominator is 0 at x = 0. Both the numerator and the denominator
approaches 0 as x — 0. However, there is no common factor that we can
remove. We have, from Example 25, Unit 7,

sinx _

lim — =1.
x—=0 X

We define f: R — R by

1 ifx=0
f(x)={ L
SX ifx #0

So, the function remains continuous at 0. At all other points, the
denominator neither vanishes nor tends to 0. So, this function is integrable
on every closed and bounded interval of R.

% 3k %k

Remark 1: You will find that being unbounded is one of the most common

reasons for a function being non-integrable in most of the cases that we

encounter. One of the reasons is that the function tends to infinity at some

point. Again, a common reason for this could be that function is defined as a

ratio of two functions, and the function in the denominator vanishes at some

point in the interval. But in these cases also, we have to carefully examine the

limit of the function as the value in the domain approaches the possibly

troublesome point. If the limit exists and is finite, the vanishing of the

denominator is not a problem. We can always redefine the values at such

points provided that there are only finitely many points. 19
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Here are some exercises for you to test your understanding of the discussion
so far.

E3) Which of the following functions are integrable? Justify your answer.
i) f(x) =x2+2x+1in the interval [1, 2].

{o if x = 1
i) f00=4 uxer

if1<x<2
X2—4x+3

in the interval [1, 2].

1-sinx ifoO<x<Z
iy fox)= | Gosx TOSX<3
0 ifx=5

in the interval [0, %}

, _]0 ifx=0
v) 10 = xInx ifx>0

in the interval [0, 1].

E4) Is the Dirichlet function defined in Example 3 bounded? Is it integrable?
Justify your answer.

In the next theorem, we list some of the properties of the integral without proof.
You will see proof of these results in your Real Analysis course.

Theorem 4: a) If f: [a,b] — R is a constant function f(x) = k, k € R, then

b
jf(x)dx =k(b—a)
a

b) If fis a real valued function which is defined and integrable on [a, c] and
[c, b], it is integrable on [a, b] and

if(x) dx = u:‘nf(x) dx + i f(x) dx

c) Algebra of Integrals: Let f4: [a,b] — R and f,: [a,b] — R be integrable
functions. Then, for any constants a4 and a, € R the function
(a1f4 + axfy) : [a,b] — R defined by
(a1fy +azf) (x) = a¢f1(x) + axfa(x)
is also integrable and we have

b

J (afq +axfr)( )dx—a1th1(x dx+a2Jf2(x)dx ...(15)

a
The function (f4fo) : [a,b] — R, defined by (f1fy) (x) = f1(x)f2(x) is integrable.
|
We will not discuss examples of applications of Theorem 4 now because we

will prove analogous results for indefinite integrals later and we will discuss
20 examples there.



Unit 17 Introduction to Integration
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Fig. 9: Speed-time function.

You may have noticed that, while we discussed the existence of integrals of
various functions, we never actually found the integrals of anything but the
simplest of functions. It is generally difficult to find the integral of a function from
first principles. In the next section we will discuss a method for actually finding
the integral in many cases.

17.3 FUNDAMENTAL THEOREM OF CALCULUS

So far in our discussion, we have not seen any connection between
differentiation and integration. For all we know, they may be unrelated. But, are
they really unrelated? Let us discuss a situation before we actually present the
relationship between integration and differentiation.

Let us suppose that you are making a long trip by car and you would like to
know the distance you have covered every half an hour. Although your
Odometer (the device for measuring the distance) is not working, your
speedometer is working. Suppose your friend is taking readings of the
speedometer from time to time and the values are as follows:

Time in minutes | 5 | 15|25 | 30
Speed in km/hr | 30 | 50 | 65 | 80

Can you find the approximate distance you have travelled in first half an hour?

Let us bring in Mathematics now. We have two functions, s(t) that gives the
distance travelled in t seconds and v(t) gives the speed in the th second.

To simplify things, let us suppose that the acceleration was constant in the
given time intervals. In this case, the graph of the function is as in Fig. 9. We
have

Distance travelled = Speed x Time Taken 21
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The distance travelled in first 5 minutes is s(5) — s(0). Since the minimum
speed in this interval is v(0), the distance travelled in this interval is at least
v(0)- &5 . ie.

V0)- o < 5(6)~(0)

On the other hand, the maximum speed is v(5). So, the distance travelled in
this interval is at most v(5) - &, i.e.

S(5)-5(0) < V(5) - o

Combining the inequalities, we get the following upper bounds and lower
bounds for the distance travelled in each of the time intervals.

v0): o < 5(6)-5(0) < V(5) - o

Similarly, for each of the remaining time intervals we will get bounds for the
distance travelled in that time interval. The following are the bounds:

V(O0)- gy < s(6)-s(0) < V(5
v(3) -

(
< s(15)-s(5) <v(1
V(15) - 55 < s(25)—s(15) < Vv(25)-
(

...(16)

oo Olo

g g g 3

v(25) - % < s(30)-s(25) < v(30)-
Adding up all the inequalities in Egn. (16), we get

S1 < 5(30)-s(0) < Sy,

where
5 5 10 5
5 10 10 5
82 =V(5) g +V(15) - 55 +V(25) - 5 +V(30) - &5

Did you notice that S4 is the lower sum L(P, v) of the function v with respect to
the partition

P ={xg =0,xq =5,xp = 15,x3 = 25,x4 = 30}
of the interval [0, 30]? Also, we have,
v(0) = inf{v(t) |[xo, X1]} v(3) = inf{v(t) |[x1, x2]}
v(15) = inf{v(t) |[x2, x3]} v(25) = inf{v(t) |[x3, X4]}
Similarly, check that S, = U(P, v).

As we increase the number of partitions, i,e, increase value of n, Sy
approaches closer and closer to jgf(x) dx and S, approaches closer and closer

to fgf(x dx) and we have

b b
Iv(t) dt < s(30)—s(0) < | v(t)dt

a
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Since v(t) is continuous, it is integrable, so the upper integral and the lower
integral of v(t) are equal. Therefore,

b b
s(30)—s(0) = | v(t v(t)ydt = | v(t)dt ...(17)
Jovefme{
looks plausible.

Now, recall the relationship between distance travelled and the speed. We
know that, speed is the rate of change of distance. In other words,

ds

at = v(t).

This suggests that, to find the integral fa x) dx, we should find a function F
such that F/(x) = f(x) for all x € [a, b]. Then,

b

jf(x)dx = F(b) - F(a)

a

This last statement is true. We will now state the relation formally, clearly
mentioning the conditions on the functions f and F under which this relation is
true. Before we formally state this relationship we need some terminology.

Definition 5: Suppose that f and F are two real valued functions defined on
(a,b) for some a, b € R, a < b. We say that F is the antiderivative of f on (a, b)
if:

1) The function F is differentiable in (a, b) and continuous on [a, b].

2) The function f is continuous on [a, b].

3) F/(x)=f(x)forall x € (a,b).

We also call F a primitive of f.

In the next example, we give some examples of functions and their
antiderivatives

Example 6: Check the following:

i) The function F defined by F(x) = 72 is the antiderivative of the function f
given by f(x) = x on any subinterval of R.

ii) The function F defined by F(x) = x|x| is the antiderivative of f, defined by
f(x) = 2|x| on every sublnterval of R.

Solution:

i)  We know from Unit 9 of Block 3 that F(x) = X212 is a polynomial so, it is
differentiable and continuous on every subinterval of R. Also, f(x) = x is a
differentiable function since it is a polynomial. In particular, it is also
continuous. Further, F'(x) = f(x). So, all the three conditions are satisfied
and F is the antiderivative of f.

i) From example 3 in Unit 11, we know that F is differentiable and its
derivative is f. Further, we know that 2|x| is a continuous function on any
subinterval of R. So, it follows that F is the antiderivative of f.

% 3k 3k

Here are some exercises for you to check your understanding of the concept of
antiderivative

23
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E5) Check the following:
i) The function cos x + x sin x is the antiderivative of x cos x on any
subinterval of R.

ii) The function xIn|x| — x is the antiderivative of In|x| on any subinterval
of R not containing O.

After going through the definition of antiderivative and looking at the examples,
one natural question that you may have is the following: ‘In the case of part a)
of Example 6, the function F4 defined by F{(x) = % + 1 also satisfies the three
conditions in the definition. So, it is also an antiderivative of f. How many
antiderivatives can a function have and how are the different antiderivatives of
a function related to each other?’. The next theorem answers this question.

Theorem 5: Suppose F and G are two antiderivatives of f on [a, b], i.e. we have
F'=fand G’ =fon (a,b). Then, F(x) = G(x) + C for some constant function C.
Conversely, if F is the antiderivative of a function f then F + C is also an
antiderivative of f where C is a constant function.

Proof: We have
d
dx
So, F— G is a constant function, say C. Then, F(x) = G(x) + C. Conversely, if F
is an antiderivative of f on [a, b], for any constant function C we have

(F(x) = G(x)) = F'(x) = G'(x) = f(x) - f(x) = 0

O (F09+C) =F'x) = 1)

So, F + C is also an antiderivative of f(x) for any constant C. |

Let us take the set S to be set of all functions that are differentiable on [a, b]
with a continuous derivative. We define a relation on S by F ~ G if F/(x) = G'(x).
Then, you can easily check that this is an equivalence relation. So, the set of all
antiderivatives of a continuous function forms an equivalence class. Let us
summarise the discussion in the form of a theorem.

Theorem 6: Let S to be set of all functions that are differentiable on [a, b] with a
continuous derivative. We define a relation on S by F ~ G if F/(x) = G'(x).
Then, ~ is an equivalence relation on S. [ |

The next theorem tells us that antiderivatives exist for all continuous functions.

Theorem 7: Let f: [a,b] — R be a continuous function.
Part 1: The function F: [a, b] — R defined by

X

F(x) = jf(t) dt ...(18)

a
is an antiderivative of f(x), that is, F’(x) = f(x) for all x € [a, b].
Part 2: If F is an antiderivative of fin (a, b), then

b
Jf(x) dx = F(b) - F(a) ...(19)

a
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Theorem 7 is known as the Fundamental Theorem of Integral Calculus or
Fundamental Theorem of Calculus.

Let us now look at some applications of Theorem 7.

Example 7: Find the following:

q x2 q sinx q X2
N g . oo 4 42 o d 2
) o Ismtdt i) f (1 t)dt i) j(t +t> dt
0 1 X

Solution: We use chain rule to find these derivatives.

i)  We setv=x2, and write F(x fo sintdt, f(t) = sint. Then,

d _d dv
&(F(X) = E(F(V))&

dv_

Using Eqgn. (18), we have %(F(v)) f(v) = sinx2. Also, 2x. Therefore,

2
J [ sintdt=2xsinx2.

sin x

ii) Setting v = sinx and F(x) = & f (1-12)dt, f(t) = 1 — 2 we get

d _d d _ ] . 2
d—X(F(x) = E(F(v))&(v) = (v) cosx = (1—sin

X)COS X = cos® x.

iii) From part b) of Theorem 4 we have

2 X X2
f t2+t dt-j<t2+t) dt+Jﬂ<t2+t> dt
1 X

So,

x? X

I t2 +t I t2 +t) dt—j (t2 +t) dt = F4(x) - Fo(x) (say).

X 1 1

We have
9 Fx) = (x“ + x2) 2x and L (F,(x)) = x2 + x
dx * ! dx © 2 '

Therefore,

X2

I(t2+t) dt = 2x5 + 2x3 —x2 —x.

X
% 3k %k

If you have understood the above example, you will have no difficulty in proving
the following general result:

Theorem 8: Let f: [a,b] — R be a continuous function and let

g2(X)
F(x) = j f(t) dt

g1(x)
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where g4(x): [c,d] — [a, b] and g»(x): [c,d] — [a, b] are differentiable functions
on [c,d]. Then, we have

F'(x) = F'(92(x))g5(x) — (g1 (x))g} (x). ... (20)
g g2(x)

i.e. ax I fit)dt | =f(g2(x)) g5(x) - f(g1(x)) g7 (x) .. (21)
g1(x)

Proof: Using Theorem 4, part b), we have

g2(X) g1(x) ga(X)
j f(x)dx = j f(x)dx + j f(x) dx ...(22)
a a 91(x)
We write
92(x) g2(X) 91(x)
F(x) = I f(t)dt = I f(x) dx — j f(x) dx using Eqgn. (22)
g1(x) a a
We have
92(x) g1(x)
i x)=— I f(x) dx w' I f(x) dx
dx d dx
a a
92(X)

Let us consider the first term dd—x I f(x)dx | . As before, we set v = g, (x).

Then,

a (% d d

g || 0ax | = LR e00) = Flaatata - (23)
Similarly, we get

g g1(x)

ax If(t)dt = F'(g4(x))g} (X). ...(24)

The result in Eqn. (20) follows from Eqn. (23) and Eqgn. (24) and Eqgn. (21) is a
rephrasing of Eqn. (20). [ ]

Here are some exercises to check your understanding of the previous example.

E6) Find the following:

g VX g tan x X ot
n d 4 4 2 e d
i) de‘<1+t)dt ||)dX j <1+t)dt Ill)dx‘[1+t2
0 1 NG

Note that any function in the set of antiderivatives of f(x) on the interval [a, b]
will give the same value jg f(x) dx when we use Eqn. (19) for evaluating definite



Unit 17 Introduction to Integration

integrals. If F4(x) is any other antiderivative of f(x), we saw that F{(x) = F(x) + C
for some constant C. From Eqn. (19), we have, for any constant C,

b
‘[ﬂ@dx={Fﬂm—F1@»={F®)+C%%F@)+C}=FW)—FG)

a

which is independent of C.

So, in some sense, we can regard any two antiderivatives of a function over a
closed interval the ‘same’ as far as finding the integral of the function over that
interval is concerned. More formally, let S be the set of all functions on [a, b]
whose derivative is continuous. Define a relation ~ by ‘F ~ G if they have the
same derivative, i.e. F/(x) = G/(x) in the interval [a, b]’. Note that this means
that F and G are the antiderivatives of the same function. We leave it to you to
check that ~ defines an equivalence relation.

Definition 6: Let f: [a, b] — R be a continuous function. If F(x) is an
antiderivative of f(x), we write

jf(x) dx = F(x) + C.

where C is an arbitrary constant, and call [ f(x) dx it the indefinite integral of
f(x).

We conclude this section with an exercise for you.

E7) Check that the relation ~ that we defined earlier is an equivalence
relation.

In the next section, we will discuss the indefinite integrals of some common
functions that we have encountered so far.

17.4 STANDARD INTEGRALS

You would have noticed that the functions that we commonly encounter are
either polynomials, rational functions or functions involving trigonometric
functions. Once we know how to integrate a certain set of functions, we can
integrate many other functions using the following result, which is analogous to
Theorem 4, part c). You will see that the results are a direct consequence of the
results on differentiation.

Theorem 9: a) LetF: [a,b] — R be the antiderivative of f: [a,b] — R. Then,
the antiderivative of (af)(x) exists for any a € R and equals aF(x). Also,

‘[(af)(x) dx =« ‘[ f(x) dx. ...(25)

b) If G: [a,b] — R is the antiderivative of g: [a, b] — R, then antiderivative of
(f+ g)(x) exists and equals (F + G)(x). Also,

I(f+g)(x)dx = If(x)dx+jg(x)dx ...(26) 7
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Proof: a) If a =0, there is nothing to prove since both the RHS and LHS of
Eqn. (25) are 0. So, let us assume that « # 0. Since f(x) is continuous, af(x)
is also continuous. Further, since F(x) is differentiable on (a, b), (aF)(x) is
also differentiable on (a, b) and we have

%((aF)(x)) = a%(F(x)) = (af)(x).

Therefore, by definition of indefinite integral, (aF)(x) is an antiderivative of
a(f(x)) and we have

I(af)(x) dx =(aF)(x)+C, CeR ...(27)
By the definition of the indefinite integral, we have
aIf(x)dx =a(F(x)+C'), C'eR
=aF(x)+aC’, C' e R

Since a # 0, as C’ takes all possible values in R, «C’ also takes all possible
values in of R. If we write C for «C’, C takes all the values in R. So,

ath(x)dx = «F(x)+C, C€R
= I(af)(x) dx from Eqn. (27).
b) The proof of part b) is along similar lines. We have
SUF+OI0= = {F()+ G(x)

= 2 Fo)+ 2 (GM)
= 1)+ 9() = (F+ 9)(x).

Therefore,
n(f+ g)(x)dx=(F+G)(x)+C, Ce R ...(28)

We have

f(x)dx+‘[g(x)dx =F(x)+C1+G(x)+Cyp, C1,Cr €R
=F(x)+G(x)+Cq+Cy,Cy,Co eR

As C4 and C,, takes values over the whole of R, C4 + C, also takes values
over the whole of R. Writing C for C4 + C,, we have

jf(x) dx + .,[ g(x)dx = {(F + G)(x) + C|C € R}

= Jn(f + g)(x) dx from Eqgn. (28).

[ |
Corollary 1: Let f4, f5,..., fn be continuous functions on [a,b] and ¢4, ¢y, ...,
¢n € R be constants. Then,
n
I(c1f1 +Cofp +--- +cpfp) (X)dx = ZCiIfi(X) dx ...(29)
i=1
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Table 1: Table of indefinite integrals

No. | f(x) | f(x)dx

1. [x0,n#-1, | X0sc

2. |1 In|x| + C

3. |sinx —cosx+C

4. | cosx sinx+C

5. |tanx Injsecx| +C

6. | cotx In|sinx| +C

7. |secx Injsecx +tanx| +C
8. | cosecx Injcosecx —cotx| + C
9. | e*+C

10. | sin"'x+C

1. | A= Inx+ VX2 =1| +C
12, | A Inx+Vx@+1]+C
13. | - ):2_1 sec ' x+C

14. 1+1X2 tan~'x+C

We now compile a table of functions and their indefinite integrals for future
reference in Table 1. We have not explicitly mentioned the intervals on which
the function in the second column is the indefinite integral of the first column.
So, before using these results to evaluate definite integrals over an interval,
check that the conditions for the antiderivatives are satisfied over the interval
you are integrating before you apply the formula!

You can check the table by differentiating the second column in the table and
see if you get the first column. We will check some of the values in the next
example,

Example 8: Check that:

a) The indefinite integral of tan x is In|sec x| + C in any subinterval of R not
containing (2k + 1)5, k € Z.

Introduction to Integration

29
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b) The indefinite integral of secx is In|secx + tan x| + C in any subinterval of R
not containing (2k +1)7.

Solution: Indeed, we have -3 ax (In|secx|) = secx -secx - tanx = tanx. You can
check that tanx is continuous in any interval not containing (2k + 1)7. So,
In|sec x| is the antiderivative of tan x. It follows that In|sec x| + C is the indefinite
integral of tan x.

Let us now check that the antiderivative of secx is In|sec x + tan x|. Check that
secx +tanx # 0 whenever secx and tan x are defined. We have

1

secx +tanx
_ secx(secx +tanx)

(secx +tanx)

d
—(Injsecx +tanx|) =

. (secxtan X+ sec2 x)
dx

=secX

X 3k %

E8) Check the remaining values of Table 1.

Example 9: Calculate the following integrals:

2
i o 3 1
i) IXS dx i) ngdx ii) _!x5
iv) I )(;/5 dx v) Jﬂ <x5 +3x3 2x) dx vi) I (X :21) dx

Solution:
i) From the first entry in Table 1, [ x" dx = X P ey So, we have
g .
[x?dx = X? +C.
ii) Again using first entry in Table 1, we get

3

x5+1 2
szdx= +C= —x2dx+C

3
2+ >
i) We have
1 5, xo x4 1
JﬂXde Ix dx—_5+1+C vy C——H+C
iv) We have

—L+1
Jﬂ 17dx Ix‘gdx=x75 +C=—i5+C
X5 —5+1 2x2

v) We now apply Eqgn. (29) with f = x2, cp=1,f = x3, cy =3, f3 =xand
c3 =—2. We have

j<x5+3x3—2x> dx=Ix5dx+3Ix dx — Zdex

6 2

_X X
6+C1+3 +C2 32 C3
6 4 2

X

=5 *35 35 *C

where we write C for C4 + C, — C3. In what follows, we will frequently
combine two or more constants into a single constant without explaining in
detail.
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vi) We have (x + 1)3 = x3 + 3x2 + 3x + 1. Therefore,

(x+1)3 3 1
X+3+ =+ —.

Using Eqgn. (29), we get

3
I(X"‘;) dX:J( +3+3+12> dx
X X
dex+3jdx+3j dx+j 5
X

2+

= %+3x+3|n\x\

k 3k %k

Here are some problems for you to try.

2

+C———+3x+x—+3|n|x\+C
+1 X 2

E9) Calculate the following integrals:

i) jx4dx ii) ngdx iii) I1dx

iv) j 573 I(xG +3x4—2x2) dx vi) j

Let us now look at some examples that involve trigonometric functions.

Example 10: Calculate the following integrals:

i) [(3sinx +4cosx)dx ii) [sec?xdx iii) [(x +sinx)dx iv) [

Solution:

i) Using Egn. (29), we get

‘[(3sinx+4cosxdx = 3‘[sinxdx+4‘[cosxdx

=-3cosx+4sinx+C

i) We have
d tan x _d /sinx _ cosx-cosx—sinx(-sinx)
dx ~ dx \cosx cos2 x
cos? x + sin? x 1 2
= 5 = 5~ = Sec” X
cos COS“ X

.'.J\seczxdx =tanx + C.

i) Using Eqgn. (29), we get

2
I(x+sinx)dx=jxdx+\]hsinxdx= %—cosx+C

)2
2+3S|2nx) dx
C0s? X

31
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iv) We have

(2+3sinx)?2 _ 4+9sin’x+12sinx
cos2 x cos2 x
= 4sec? x + 9tan? x + 12 sec xtan x

=4se02x+9(sec2x—1)+ 12 secxtanx

=13sec?x +12secxtanx—9

Therefore, using Eqgn. (29), we get

+ 3 sinx)2
Jﬂ(2382mx)dx=13‘[se02xdx+12Isecxtanxdx—9jdX
COS“ X

We have jsec2 xdx =tanx + C4 from part ii) of this example. Also

%(sec X) = secxtanx.. Therefore,

Isecxtan xdx =secx + Cy. Thus,

dx=13tanx+12secx—-9x+C

Jw2+3gnm2

cos? x
k %k k

Try the following exercises to check your understanding of the above example.

E10) Calculate the following integrals:
2
i) [(4cosx+3tanx)dx i) [cosec®xdx iii) j%dx

We close this unit here. In the following units, we will develop methods, based
on Theorem 7, for evaluating integrals. You may like to go through a summary,
given in the next section, of the main topics discussed in this unit.

17.5 SUMMARY

In this Unit, we have:

1)  defined the lower and upper sums of functions defined on [a, b]
corresponding to a partition of [a, b] and computed them for some simple
functions;

2) defined the upper and lower integrals of a function and calculated them
for simple functions;

3) defined the definite integral of a given function and

4) stated the Fundamental Theorem of Calculus; and

5) used the Fundamental Theorem to calculate the definite integral of some
integrable functions.

17.6 SOLUTIONS/ANSWERS

E1) Letf(x)= 117)( Then, f(x) is monotonic decreasing in [0, 1]. So,

inf{f(x) [x € [X;, Xi+1]} = f(Xj41)
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E2)

E3)

and
sup {f(x) [x € [xj, Xj+1]} = f(x;)
for any partition {0 = xo <X <Xz <--- <n = 1} of [0, 1]. We have Ay =
Further, we have m4 _f<z> = %,

)=§andm4= (1)= 1. So,

Ap= 3 A3= . Mg = .
m2=f(%>=%,m3=f<%
2

4 1 1 5 2 1_151
Pfl=-—. + .+ .=
()45431085220
Also, M =f(0) = 1, M2—f(z)=%,M3=f 1 =%and|v|4=f(g)=g
So.UP.D=1 o4 445 3 i- 5

Let P ={0 =xp <Xq <Xp <---<Xqy_1 <Xn = 1} be any partition of [0, 1].
Since f(x) is a constant function on [0, 1] it follows that M; = 2, m; = 2 for
any interval [x;, X;_1]. So, we have

UP.H=> M x,1)—2z —Xi_1)=2(1-0)=2
i=1
and

L(P,H)=> mi(x—xi1)=2> (x—Xi_1)=2(1-0)=2
i=1

i=1
Therefore,
inf{U(P, f)|P is a partition of [0, 1]} = {2}
and
sup {L(P, f)|P is a partition of [0, 1]} = {2}
So,

urf(x) dx = sup{U(P, f)|P is a partition of [0, 1]} = sup{2} = 2.
Similarly [§f(x)dx = 2

i) In this case, since f(x) = x2+2x+1isa polynomial, it is continuous.
So, it is integrable.

i) In this case, the denominator factors as (x—1)(x— 3), so we examine
the points 1 and 3. The numerator has no real roots. So, there is no
possibility of removing common factors. The domain doesn’t contain
3, so we need not bother about it. However, 1 is in the domain and the
function becomes unbounded as x — 1. So, the function is not
integrable.

iy Here, the numerator and the denominator tends to 0 as x — %
Applying L’hospital’s rule, we get
. 1-=sinx . —COSX
lim = |im _ =
x_>% COS X x—>% —SIinX

At all other points, 1 —sinx and cos x are also continuous. Further,

cosx # 0 at all the points other than % Therefore, the function is

continuous at all the points other than x = % So, the function is

integrable over the interval [0, %] 33
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iv) Here Inx tends to —oc as x — 0. But

_ind —XC%)
lim xInx = lim 1X=Iim 1" = lim x =0.
x—0 x—0 % x—0 - x—0
X

So, the function is continuous at x = 0. Since In x and x are continuous
at all other points, their product is also continuous at all the points
other than 0. So, this function is continuous in the interval [0, 1] and
hence integrable.

E4) The Dirichlet function bounded because the only values it takes are 0 and
1 and so [f(x)| < 1. However, as we saw in Example 3, the upper and
lower integrals are not equal and therefore it is not integrable.

E5) i) The functions x and sin x are differentiable in every subinterval of R.
So, xsinx is also differentiable in every subinterval of R. Since cos x
is also differentiable in every subinterval of R, it follows that
cos x + xsinx is differentiable in every subinterval of R. Further,
%(cos X+ xsinx) = —sinx—sin X + X cos X = x cos X. Since the function
cos x is continuous it follows that cos x + x sin x is the antiderivative of
X COS X.

The functions f(x) = xIn|x| is differentiable in any interval of R not
containing 0 and g(x) = x is differentiable in any interval of R. So,
xIn|x| —x is differentiable on every interval of R that doesn’t contain 0.
Further,

:—X(xln\x] —Xx) = In|x] +x% —1=In|x|

The function In|x| is continuous in every subinterval of R not
containing 0. It follows that x In|x| —x is the antiderivative of In|x| in any
interval of R not containing 0.

Vi
E6) i) HemFu)=I(@+1)dnﬂn=(1+@)ANemnv=v%
0

_d dv _ 1 x2+1
(HM'EWMEVJWZE'ZW

d
dx

tanx
i) Here F(x)= JA (1 +t2) dt, f(x) = (1 +t2). We set v = tan x.
1

d _d dv _ 2
d—X(F(x) = E(F(V))& = f(v) sec” x
= (1 + tan? x) sec? x = sec? x.
iii) We have

X VX X

J’ dt =J" dt +J‘ dt
1+ J 1+22 ) 1+

1 1 VX

X X VX

J‘ dt =J" dt _J" dt
1+82 J 1482 J 1442

VX 1 1
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. _ ¢ dt _X dt _ Yt
Let us write F(x) = I i e Fi(x) = I ae Fa(x) = e We
VX 1 1
have
d d d d d
ax PO = 5 (F100) = o (Fa0)) = 700 g ()= F (V) o (VX)
1 1

T2 20x(1+x)

E7) We have F'(x) = F/(x), so F = F and the relation is reflexive. If F = G, we
have F’(x) = G/(x), G’(x) = F/(x). So, G'(x) = F/(x), that is G = F and the
relation is symmetric. IF F = G and G = H, then F/(x) = G'(x) and
G'(x) = H'(x), F'(x) = H'(x), that is F = H. So, the relation is transitive.
Thus, the relation is an equivalence relation.

E8) 1. Whenn # -1 have

d (0
dx \n+1 n+

ci< (x””) = {(n+1)x"* =1y = xn,

n+1
2. We have
d
S )=
3. We have
g(— COSX) = —g(cos X) = —(—sinx) = sinx.
dx dx

4. We have Z(sinx) = cosx.

cosec x cotx = cotx.

1
We haved (In|cosecx|) = ssseex

8. We have

%(In\cosecx— cotx|)

1
= (— cosec x cot x + cosec? x) = cosecx
cosec X — cot x

9. We have %(ex) =eX.

10. We have % (sin_1 x) = \/1_7 See Unit 9.
11. We have
1 1
- +
e (e VoE1) = s (1 2 x2—1(2X)>
1
Vx2 -1
12. Similar to 11.
13. We have Cf'x (sec 1x) - X2 . See Unit 9.
14. We have 3 ax (tan x) 1+ >. See Unit 9.

E9) i) Using the first entry in Table 1, we get

4+1 5
4 :X :L-}-
jx dx 4+1dX 5 C 35
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§+1
i) We havevr X? dx= gx% +C
% +1 7
1 _ 7 _ X_7+‘I _ 1
i) We havefﬂdx—fx dx = e s

iv) Using Eqgn. (29), we have

I <x6 +3x4—2x2) dx =Ix6dx+3jx4dx—2fx2dx

7 5 3
X X X
= —+5— - +
7 35 23 C

vi) Expanding (x— 1)* using binomial theorem, we get

(x—1)4d _ x4 —4x3 +6x2 —4x + 1
2 T x2

=I<x3_4x+6—4+ 12> dx
X X

dx

E10)i) We have

I(4cosx+3tanx)dx=4Icosx+3!tanx

=4sinx+Injsecx|+C

i) We have $(cotx) = —cosec?x. Therefore, [ cosec? xdx = —cotx + C.
iii) Expanding the numerator, we get

2

J”Q+ 12 cos x + 4 cos?
sin“ x

X dx = QIcoseczxdx+ 12Jﬂcosecxcotxdx

+4Icot2xdx

= -9 cotx— 12 cosecx

+4j (COSGCZX— 1) dx

=-9cotx—12cosecx—4cotx—4x+C
=-13cotx—12cosecx—4x+C
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18.1 INTRODUCTION

In the last unit we have seen that the definite integral fg f(x) dx is the signed
area bounded by the curve y = f(x), the x-axis and the lines x =a and x = b.
The Fundamental Theorem of Calculus gives us an easy way of evaluating
such an integral, by first finding the antiderivative of the given function,
whenever it exists.

Starting from this unit, we shall study various methods and techniques of
integration. In this unit, we shall consider method of substitution and the
method of integration by parts in Sec. 18.2 and Sec. 18.3. In Sec. 18.4 we shall
discuss the method of partial fractions for integrating rational functions. In

Sec. 18.5, we shall see various methods for integration of rational trigonometric
functions. In Sec. 18.6 we shall consider the integration of irrational functions.

Objectives
After studying this unit, you should be able to:

e use the method of substitution to simplify and evaluate certain integrals;

37
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integrate by parts a product of two functions whenever it is possible;

integrate a rational function using partial fraction expansion of the function
whenever it is possible;

integrate rational trigonometric functions whenever it is possible; and

integrate irrational functions whenever it is possible.

18.2 INTEGRATION BY SUBSTITUTION

You have already seen how certain substitutions can help in simplifying the task
of finding derivatives. In this section we shall see how the method of
substitution helps in integration. In contrast to the Differential Calculus, where
substitution played a marginal role, we will see that it is one of the most
commonly used techniques of integration. We shall illustrate its application
through a number of examples.

Before we proceed further, we reiterate what we said in the previous units. In
the results we will prove about indefinite integrals, neither will we mention the
interval nor will we check that the functions involved satisfy the conditions for
integrability in that interval.

18.2.1 Method of Substitution

We begin our subsection with a theorem that provides the backbone of the
method of substitution.

Theorem 1: Suppose u(x) has a continuous derivative in the interval [c, d] and
u([c, d]) = [a, b]. Further, suppose that f(x) is continuous on [a, b] and F(x) is an
antiderivative of f in [a, b]. Then, we have

If(u(x))u’(x)dx =F(u(x))+C .1
in the interval [c, d]. Further,

d u(d)

If[u(x)]u’(x)dx = I f(v)dv ...(2)

c u(c)

Proof: We shall make use of the chain rule for derivatives (Unit 9) to prove this

theorem. Since F is the antiderivative of f, we can write d';ﬁ“) = f(u) . Now,

_ dF[u(x)] du(x)
T du(x)  dx
= fu(). S5

= flu(x)].u’(x)

d :
&F[u(x)] by chain rule

This shows that F[u(x)] is an antiderivative of flu(x)]u’(x). This means that

J‘f[u(x)]u’(x) dx = F[u(x)] +C
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Another way of writing Eqn. (1) is

If(u)ii dx =jf(u)du. .. (3)

where u = u(x). We interpret Eqgn. (3) to mean that ‘The indefinite integral of
f(u)g—g’( is obtained by replacing u by u = u(x) in the indefinite integral of f(u).’.

Example 1: Evaluate the following integrals:

i) J\(2x+1)9 dx. i) jsiandx. iii) J(zxdx. iv) va3x+1dx.

x2+1)5

Solution:

i)  We look at the table of indefinite integrals in Unit 17. We find that the
(2x + 1)" doesn’t figure in the table, but the table gives the integral for x".
So, the substitution u(x) = 2x + 1 looks promising. We have %(u) = 2. So,
substituting u(x) = 2x + 1,

1 1
9 — 9 — 9
I(2x+1) dx—zj(2x+1) 2dx—2Jﬂ(2x+1) 2 dx

du

U9 ax
1o _1( 0
—2‘[ du—zju du
We have
10
R i
ju du 10 C
Substituting u = u(x) = 2x + 1, we get
2x +1)10
o+ 1)Pdx= D7 ¢
I( x + 1) dx 20 C
. _ d _
i) We set u(x) =2x. Then, gz =2. So,
. 1 . 1 )
sin2xdx == | sin2x2dx= = | sin2x 2 dx
2 2 ——
sinu ?T;J(

1
= 2V[sinudu =_cozsu +C.
Substituting u = u(x) = 2x, we get

Isin 2xdx = —COZ2X +C

iii) We setu(x) = x2 +1. Then, g—)‘i = 2x. We have

IZXS o|x=J"215 2x dx=uf15du=-14+c.
(x2+1) (xs+ 1)~ u 4u

On substituting u = u(x) = X2 +1, we get

J‘ 2X 5dx= 1 4+C
(x2+1) 4(x2+1) 39
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iv) The substitution u(x) = 3x + 1 looks promising. Then, g)‘ﬂ = 3. We have,
jxv3x+1dx- 1'[ x Vv3x+1 3 dx
3 M~ ——
? Vu du
dx

We are almost successful. We just need to write x also in terms of u. From
u=3x+1, wegetx= % So,

Substituting u = 3x + 1, we get

5
J‘X 5 T =9<(3x+1)2_(3x+1) >+C

Nl W

5 3

X 3k Xk

We make a special mention of the following two cases which follow from
Theorem 1.

Case i) Iff(u) =u", n #—1and u = u(x), then, f(u(x))u’(x) = (u(x))"u’(x). By

n+1

the formula for the indefinite integral of x" in Unit 17, we get F(u) = l:]+1 .
So,

n+1
‘[[u(x)]”u’(x) dx = F(u(x))+C = u(x 1 +C ...(4)

Case ii) Iff(u) = % and u = u(x), then by formula 11 of Table 1 in Unit 17, we

have F(u) = Inju|. So,

j l:(())(())dx = F(u(x)) + C = In|u(x)| + C. ...(5)

You can see that the cases above are very useful from the examples that follow.
5
Example 2: Integrate (2x + 1) (x2 + X+ 1) .

Solution: For this we observe that (?—X <x2 + X+ 1) =2x+1. Thus

5
[(ex+1) (xz +x+ 1) is of the form [u(x)]"u’(x) dx where u(x) = x> + x + 1. So,
we can evaluate it using Eqn. (4). Therefore,

‘[(2x+1)<x2+x+1>5dx=;<x2+x+1>6+C

Alternatively, we set u = x2 +x+ 1. Then, du = (2x + 1) dx. Solving for dx, we
have dx = 2X+1 (See below.)

J(2x+1)<x2+x+1)5dx=f(2x+1)(x2+x+1)52::1

6
=l uagu="L +
ju du 6 C.
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Substituting u = x2 + x + 1, we get

6
j(2x+1)(x2+x+1)5 dx=()(2+2+1>

% 3k 3k

+C.

Note that,we have used the ‘differential notation’ in the previous example. This
will help you in carrying out substitutions in a routine fashion. Although g—g is not
a fraction, we can justify ‘solving for dx’ as follows: Suppose that we are trying
to integrate [ h(x) dx by the substltutlon u = u(x). Then, solving § d“ = u’(x) for dx

amounts to replacing dx by /(X) and hence writing

‘[ h(x) dx = ‘[ h(x)uc/j(lj()

Suppose, f(u) is such that
h(x) = f(u)u’(x) = f(u(x))u’

jf(u(x))u’(x) dx = If(u) du

This is basically Eqn. (3).

..(6)

h,((’)(()) = f(u(x)). Then, we are saying that

(x) and we can rewrite Eqn. (6) as

Example 3: Evaluate [(ax + b)" dx.

Solution:

I(ax+b)” dx=u|ﬁundu
—— a

We substitute u = (ax + b). We have du = adx. So,

un
10 n+1 (ax + b)"*1 ;
——— =S -+ = - - —_
aju du n+7) C an+ 1) Cifn #-1.
Ifn=-1,
1
j —J—I|u|+C—In|ax+b+C
ax+b
% 3k ok
2
L X+1
Example 4: Evaluate the definite integral I ———dx
x2+2x+3
0
Solution: Comparing with Egn. (2), here, ¢ =0, d = 2. We put

x2+2x+3=u(x)=u.

Note that, u(x) is a polynomial, so it has a continuous derivative everywhere on
the real line. We have u(x) = 3 when x = 0 and when x = 2, u(x) = 11. Further,
since u’(x) > 0, in (0, 2), u(x) is increasing in [0, 2]. Hence, u([0, 2]) = [3, 11]. So,
a=3,b=11. (See Fig. 1.) We have f(u) = % is continuous on [3, 11],

F(u) = In|u| is an antiderivative of f and u’(x) = 2(x + 1). Thus,

1 2
X +

- 2(x+
Ix2+2x+3 ZIx2+2x+3 ( I
0 \ﬁ’_" u’(x) 0

fu)=3

Methods of Integration

41
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121
111
107

_\Nko-hmcnxlooco

Fig. 1: Range of u(x) = x2 + 2x + 3.

From Eqgn. (2),

I\J

2 (
1 1 101
flu(x))u’(x)dx = = fluydu== | —du
2
~£ I ju

Sinceu #0in [3, 11] = is a continuous function of u and F(u) = In|u| is an
antiderivative of % Therefore, by Fundamental Theorem of Calculus.

11

1 (1 1
zjudU-Z(F(ﬂ)—F(e,))
3
So,
2 L 1 11
X +

Imdx‘zfudu-(ln11—ln3)—2|n3
0

Another approach is to find the indefinite integral of 2+2 o and use
Fundamental Theorem of Integral Calculus. Note that, the discriminant of the
equation x2+2x+3=0is negative, i.e. 22-4.1.3=-8<0. So, the equation
doesn’'t have a real root, i.e. X% +2x + 3 # 0 on R. Hence, fIS continous on R.
We set u(x) = x2 +2x + 3. Then, du = 2(x+1)dx,sodx = (X+1) dx. We have

J” x+1 dX=J”x+1 du
X2 +2x+3 u 2(x+1)
; du_ —I njuj+C= - In‘x2+2x+3‘+C

So, % In‘x2 +2x + 3‘ is an antiderivative of Xzf;)1(+3. Recall that

b
If(x) dx = F(b) - F(a)

a
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if f is continous on [a, b] and F is an antiderivative of f. So, We write F(x)|2
for F(b)—

f 1 1 2
+
J“de: fln‘x2+2x+3‘

X2 +2x+3 2 0

1

In‘22+2-2+3)—%In‘02+0-2+3‘

N = N

In]11]—%|n|3] = ;In‘g1
* ok x

Example 5: Evaluate the integral fxez"2 dx.

Solution: We set u = 2x2. Then, du = 4xdx. We have

2¢ gy = du_ 1 ugy=Tteusc= 12
Ixe dx Iex4x 4Ie du 4e +C 4e +C.

% 3k ok

On the basis of the rules discussed in this section, you will be able to solve this
exercise.

E1) Evaluate the following integrals:

3
: . dx
- +
i) [vbBx—3dx ii) b(2x 1)8 i) j4+5x
/
3
iv)j5dx V) (o x*) ‘[ 3x° + 2x + 1 dx
10x +7 4 x2+2x+7 x3+x2+x-8
2
* X
vii) Ix1/3\/x4/3—1dx viii) | —=— dx
J \/1_3X2

Now, we shall use the method of substitution to integrate some integrals
involving trigonometric functions.

Example 6: Evaluate the following:
i) I sin(ax + b)dx ii) I cot(ax + b)dx iii) Jtan(ax +b)dx iv) I cos <x2> x dx
Solution:

i)  We proceed in the same manner as we did for [ sin2xdx in Example 1.
We set u = ax + b. This gives du = adx. Thus

Jsin(ax+b)dx=jsinu? = ;Isinudu

cos(ax + b)
a

1
=—acosu+C=— +C.

i)  We make the substitution u = ax +b. Then, du = adx.

Icot(ax+b)du :Icotuw = 1\[cotudu: 1ICQSUdu
a a aJ sinu

Here, the trick is to notice that the numerator is the derivative of the
denominator and Eqn. (5) applies here. So, the integral in this case is
% In|sinu| +C = % In|sin(ax + b)| + C.

F(

)
a).

la
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No. | f(x) | f(x) dx

1. | (@ax+b)", n #—1, ;(anxjf)”” +C

2. (ax17+b) %In|ax+b]+C

3. |[sin(ax+Db) —% cos(ax+b)+C

4. | cos(ax+b)

5. | tan(ax+Db) % In|sec(ax +b)| +C

6. | cot(ax +b) Dinjsin(ax + b)| + C

7. | sec(ax+Dhb)

8. | cosec(ax +b)

9. eaX+b

iii) We make the substitution u = ax + b.Then, du = adx. So,

: 1 .
jtan(ax+b)dx=J I du = I Sy du
cosu a a, cosu

We have % cosu = —sinu. Here, the numerator is almost the derivative

of the denominator, but for the sign difference. So, we write

1 i 1 1 ,
j Lk du=—j (—=sinu)du
a,J cosu a,J cosu

Recall that —In|x| = In‘%‘. We can now apply Eqn. (5) to get

1 ( sinu 1 ( —sinu 1 1
— du=—— du = ——In|jcosu|+C = —In|secu| +C
a,J cosu a,J) cosu a a

= ; In|sec(ax +b)| +C

iv) Wesetu= x2. Then, du = 2xdx. So, we have

jxcos (xz) dx =jxcosu2i = ;J‘cosudu

=%sinu+C=%sin (x2>+C

X 3k Xk

Try the exercises below to check you understanding of the discussion so far.

E2) Fill in the blanks in Table 1.
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E3) Evaluate the following integrals:

~

O eyl ool ey el

cot2x cosec? 2xdx i) f sin 20e%°52% 4g
i

sin 6 (1 + cos® 9) do iv) j(1 +cos€)4 sin6do

I
V) J sec? d0 Vi) Isecatane (1 +sec¢9)3 de
1 —5tan9
0

18.2.2 Integrals Using Trigonometric Formulae

We will now see how to use trigonometric identities for evaluating integrals. We
need the following trigonometric formulae you studied in your higher secondary
Mathematics course.

sin2 6 +cos2 6 = 1 (7
sec? 0 =1+tan0 ...(8)
cosec?9 =1+ cot 6 ...(9)
sinAcosB = %(sin(A + B) + sin(A—B)) ...(10)
cosAcosB = %(COS(A+ B) + cos(A—B)) (1)

1
sinAsinB = E(cos(A— B)—cos(A + B)) ...(12)

Here is an example to show you how to apply some of these formulae.

Example 7: Evaluate the following integrals:
i) I sin 3x cos 4x dx i) I sin4dxsin 7xdx iii) I cos 4x cos 6x dx

iv) I €os 3x cos 4x sin 6x dx

Solution:

i)  From Eqgn. (10), we have

sin 3x cos 4x = = (sin(3x + 4x) + sin(3x — 4x))

I\)\—\I\) -

(sin 7x + sin(—x)) = %(sin 7X—sinXx)

So,
. 1 . . 1/ 1
Ism 3xcos4xdx = I E(sm 7xX—sinx)dx = > <—7 cos 7x + cos x) +C
=—lcos7x+ 1cosx+C
14 2
i) By Eqgn. (12) We have

sin4xsin 7x = =(cos(4x — 7x) — cos(4x + 7x)) = =(cos(—3x) + cos 11x)

N =

(cos 3x + cos 11x)

I\)\—\I\) -

45
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So, we have
Isin 4xsin7xdx = I %(cos 3x + cos 11x) dx

1 . 1 .
—ésm3x+zsm11x+0

iii) From Eqgn. (12), we get

COS 4x cos 6x = —(cos(4x + 6x) + cos(4x — 6x)) = =(cos 10x + cos(—2x))

N =

N =N =

(cos 10x + cos 2x)
So, we have
Icos 4x cos 6xdx = I %(cos 10x + cos 2x) dx
= isin10x+ 1sin2x+C
20 4

iv) We have

(cos 7x + cos x) using Eqgn. (11)

N =

cos 3xcos4x =

So, we have

BN

€0s 3x cos 4x sin 6x = —(cos 7x sin 6x + cos X sin 6x)

=N

=5 {;(sin(6x + 7X) + sin(6x — 7x)

+%(3in(6x + X) + sin(6X 3 X))}

(sin 13x — sinx + sin 7x + sin 5x)

NN

So,

Jﬂcos 3xcos4dxsinbxdx = % <—113 cos 13x + cos X — ; coSs 7x

1
- +
5 cos 5X> C

1 1 1
=——00S 13X+ — COS X — —= COS 7X

52 4 28
1
- +
20 cos5x+C
k% %k ok

We will now see how to integrate powers of sin x and cos x. Using Eqn. (7), we

can write

jsin2”+1xdx=J(1—coszx>nsinxdx ...(13)
and

Jhcos2n+1 xdx=I (1 —sin? x)ncosxdx ...(14)

To evaluate the integral in Eqn. (13), we substitute u = cos x. The integral in

n n
46 Eqn. (13) becomes — | (1 - u2) du. We expand (1 — u2) using binomial
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theorem and integrate it term by term. In case of Egn. (14), the substitution
n
u = sinx reduces it to | (1 - uz) du.

Note that we can evaluate integrals of the form jsinIrn x cos" x dx similarly if one
of mor nis odd. If m is odd we use the substitution u = cos x. If n is odd, we
use the substitution u = sin x.

We will now look at an example that illustrates all the methods we have
discussed above.

Example 8: Evaluate the following integrals:
i) Isins x dx i) Icos7 xdx iii) Isinz x cos® x dx
v) I sin® x cos? x dx iv) I cos? x dx

Solution:

i)  We have

" . 5 Y 2 2
sin®xdx = | sin" xsinxdx = (1—cos x) sin x dx

J

using Eqgn. (7). We set u = cos x. Then, du = —sinxdx. So, we have

sin® xdx = —I (1 _u2>2 du = —I (1 —2u? + u4) du

3 5 5 3
u u cos® X cos® X
=—y+2——_—+C= + et +
u 23 5 C 5 2 3 cosx+C

~

i) We use Eqn. (7) to rewrite the integral as

M ) 3
cos’ xdx = | cos® xcosxdx = I (1 —sin? x) cos X dx.

J J

Now, we set v = sinx. Then, dv = cos xdx. So, we have

] 5 3
cos’ xdx = (1—v2> dv
r 5 7
v Y,
= (1 —3v2+3v4—v6) dv=v—Vv3+3= -2 +C
J 5 7
. .3 .3 .5 sin’ x
=sinx—sin°x+ —sin® x— +C
5 7
iii) We have
sin2 X CoSS x = sin2 X (1 — sin2 x) COS X
So,
Isinzxcossxdx = (sin2 x —sin? x) cos x dx
We set u = sinx. Then, du = cos xdx. Therefore,
I (sinzx—sin4 x) cosxdx = (u2 — u4> du
3 5
= __ ui +C
3 5
. 3 . 5
_sin"x sin X+C

3 5 47
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iv) We have
Jh sin® x cos* xdx = I (1 — cos? x) cos* x sin x dx

We set u = cos x. Then, du = —sinxdx. So, we have

j (1 — cos? x) cos* xsinxdx = —J <u4—u6) du

5 7
=_U7+U7+C
5 7
cos® x . cos’ x

5 7

+C

v) We have cos2x = 2cos?x—1. (Put A=B=xinEqgn. (11)). So,
cos?x = “03732". Therefore,

Icoszxdx = ;I(1 +cos 2x)dx = % (Idx+jcostdx>

=;<X+S|r122x> ‘C

X %k 3k

Remark 1: We will see how to integrate powers of sinx and cos x, even or odd,
using reduction formulae in the next Unit. But, the substitution method is a
quicker method for integrating odd powers of sin x and cos x.

Here are some exercises for you to check your understanding of the example.

E4) Evaluate the following:

i) sin’ x dx if) Icos5xdx ii) jcoszxsinsxdx
iv) sin 5x cos 3x dx V) jcoschos4xdx Vi) ‘[sin4xsin3xdx
vii) sin 2x sin 3x sin 5x dx

A trigonometric substitution is generally used to integrate expressions involving

Va2 —x2 \/a2 +x2,\/x2 — a2 or a2 + x2. We suggest the substitutions in
Table 2.

Table 2: Trigonmetric substitutions

Expression involved Substitution

Va2 —x2 X =asinf

Va2 +x2 x = atané
Vx2-a2 X =asect

a2 +x2 x=atan@

We now derive the formulae for integration for the functions
using Table 2 and Eqn. (7), Egn. (8) and Eqgn. (9).

1 1
and
Va2+x2 Vx2-a2
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Theorem 2: We have

Jﬂ\/agxﬁ = sin”" (2) +C

Jﬂazd_i()@:;tan‘1 (g) +C

a
1 X+ Vx2—a2
—————dx=In +C

2 — 32 a

Proof: If we put x = asin @, we have dx = acos 6dd. Further,
VaZ-—x2= \/az—a2sin29 = \/a2 (1 —sinze) =acosf

So, we have

dx acos6do
= =|1dg=6+C
j\/aZ—XZ j acost j

From x = asin, we have 4 = sin”" g. So,
dx L1 (X
I = sin~ <7) +C
1/32_)(2 a

proving Eqgn. (15).

Let us now prove Eqgn. (16). From the Table 2, we know that we need to

substitute x = atan . We get dx = asec? 0do. We have
2 2
J‘ 1 dx=Jﬂ asecc 0 d9=1j‘sec 9d9
a2 +x2 a2 (1 +tan2 9) aJ sec?9

since sec? @ = 1 + tan2 6.

1 1 1
..IMdX—aIdO—a0+C

()

Let us now prove Eqn. (17). Setting x = atan 6, we get dx = asec? § dg. We

have

2 2
asec 6 asec”d
dé =

a2 + a2 tan? 9)

j\/e%zj‘\/(

2
0
=J”sec do =jseced9 =In|secd +tanf| +C

secd

/ 2 a2 +x2
sechd =V 1+tan?g = 1+<§) =aT+x

We have

—_——df
avi +tan? 6

..(20)

49
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Also,
tang = (§>
a
X+ Vx2 + a2
‘. secf+tang = —a

So, from Eqgn. (20), we have

J‘ X Vx2 + a2 s
=In
Va2 +x2 a
We leave Eqn. (18) and Eqn. (19) to you as exercises. |

We now look at some easy applications of Theorem 2 in the next example.

Example 9: Evaluate the following integrals:

i)J“ dx i dx iii)J‘ dx iv)j dx V)J‘ dx
V4 —x2 9 +x2 V25 + x2 V1-2x2 1+4x2
Solution:

i) We have

X X
u‘ﬂ\/4—x2 ‘[v22—x2
Applying Eqgn. (15) with a = 2 to the RHS of the above equation, we get

\/‘% = sin™’ (g) +C

i) We have
dx _ dx
9+x2 32 +x2

Applying Eqgn. (16) with a = 3 to the RHS of the above equation, we get

dx _ 1 1
9+X2—§tan (3)+C
iii) We have

X X
Jﬂ\/25+x2 Iv52+x2
Using Eqgn. (17), we get

J" =nx+v25+x2 .0
V25 +x2 o
iv) We have

IS o

X —1

+C-—sm (V2x)+C
N V2 2x)
V2

50 \F
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v) We have

X+ /x2+ 1
=% (In14)+C=;In2x+\/4x2+1+C
2

Here are some exercises that may help you in testing your understanding of the
discussion in the above example.

% 3k 3k

. 1 . T — .
E5) We evaluated the integral of T using the substitution x = asin 6.

Evaluate the integral using the substitution x = a cos 8. You will get the
answer —cos™' (X) + C. But we got the answer sin™] (%) + C when we
used the substitution x = asin 8. How would you explain this difference in
the answers ?

E6) Prove the results in Eqn. (18) and Egn. (19).

E7) Evaluate the following integrals:

P = i W <EE Idx iv) Idx
J V3-x2 J V1-5x2 x2 +5 3x2 + 1
| R il Idx viii) Idx
J Vx2+7 J V1 +5x2 Vx2-9 XVx2 -4
) * dx " dx
ix) | ———— x) y w B
J Vox2 -1 J xvV2x2 -1

We conclude our discussion of substitution for now and discuss another
method, the method of integration by parts, in the next section. However, we
are not through with the use of substitution yet! We will come back to the
method in the later sections of this unit.

18.3 INTEGRATION BY PARTS

In this section we shall evolve a method for evaluating integrals of the type
J u(x)v(x) dx, in which the integrand u(x)v(x) is the product of two functions. In
other words, we shall first evolve the integral analogue of

d d d
S TUOVE] = U V) * V()

and then use that result to evaluate some standard integrals.

(x)

18.3.1 Integrals of a Product of Two Functions

We can calculate the derivative of the product of two functions by the formula

3 VO] = U0 S v() + V() S u(x).

Let us rewrite this as

U0 v = VOO V() ()

Methods of Integration
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Integrating both the sides with respect to x, we have
Ju) & (vx))dx = [ L ux)v(x))dx - [ v(x) & (u(x))dx, or
I u(x)%(v(x))dx = u(x)v(x)— I v(x)%(u(x))dx ...(21)

To express this in a more symmetrical form, we replace u(x) by f(x), and put

%v(x) = g(x). This means v(x) = [ g(x)dx.

As a result of this substitution, Eqn. (21) takes the form

J\f(x)g(x)dx = f(x)uf g(x)dx —I {f’(x)f g(x)dx} dx

This formula may be read as:

The integral of the product of two functions = First factor x integral of second
factor — integral of (derivative of first factor x integral of second factor)

It is called the formula for integration by parts. This formula may appear a
little complicated to you. But the success of this method depends upon
choosing the first factor in such a way that the second term on the right-hand
side may be easy to evaluate. It is also essential to choose the second factor
such that it can be easily integrated.

The following examples will show you the wide variety of integrals which can be
evaluated by this technique. You should carefully study our choice of first and
second functions in each example. You may also try to evaluate the integrals
by reversing the order of functions. This will make you realise why we have
chosen these functions the way we have.

Example 10: Evaluate the following integrals:

i) I In|x| dx ii) jxex dx i)

Solution:

x? cosxdx  iv) jx In|x| dx

O i

i)  We can find | Inx dx by taking Inx as the first factor and 1 as the second
factor. Thus,

Jhlnx dx=j(|nx) (1)dx = Inth1dx—I (lj1dx> dx
= (Inx)(x)—jl(x)dx=x|nx—jdx=xlnx—x+C

i) Inthe integrand xe* we choose x as the first factor and e* as the second
factor. Thus, we get

J‘xexdx = xJ‘ ede—J\ {c(ljx(x),,r ede} dx = xe¥ —Iexdx
=xe* —e* +C.

iii) We shall take x2 as the first factor and cos x as the second. Let us first
evaluate the corresponding indefinite integral.

Jx2 cosx dx = xzjcosxdx—J\ {Ci((x2)J‘cosxdx} dx

= xzsinx—IZX sin x dx =x23inx—2jxsinxdx
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We shall again use integration by parts to evaluate Ixsin xdx. We have,

Ixsinxdx = x(—cos x)—I(1)(— cos x)dx (f(x) = x, g(x) = sinx)
= —xcosx+jcosxdx =-—xcosx+sinx+C
Hence,
Ix2 cos xdx = X2 sinx + 2xcosx —2sinx + C

Note that we have written the arbitrary constant as C instead of 2C.
Now

= _
4

2.

z/2

T
sz cosx dx = (x2 sinx+2xcosx—2sinx+ C) 0
0

iv) Here we take In|x| as the first factor since it can be differentiated easily, but

cannot be integrated that easily. We shall take x to be the second factor.

len IX| dx = I(In IX| Jxdx = <In |x|X22 —j (l) ("22>> dx

_12 1 _1.02 1.2
_EX In|x|—2dex—2x In || Zx +C

% 3k ok
Try the following exercises to see if you have understood example You will be

able to solve the following exercises by using the method of integration by
parts.

E8) Evaluate the following integrals:
i) [ 2 In|x| dx (Take f(x) = In|x| and g(x) = x2)
i) a(1 + x)e*dx (Take f(x) = 1 + x and g(x) = €X)
iy [ (1 +x2> eXdx

)

iv) x? sinx cos x dx (Take f(x) = x2 and g(x) = sinxcos x = %sin 2x.)

E9) Evaluate the following integrals by choosing 1 as the second factor.
1
i) I sin”" xdx i) Itan_1 xdx iii) I cot ' x dx
0

E10) Integrate xIn’ (1 +x2>’ W.r.t. X.

18.3.2 Evaluation of | e®*sinbx dx and | e®*cos bx dx

To evaluate [ e®* sinbx dx and | €®* cos bx dx, we use the formula for
integration by parts.

Ieax sinbx dx = (e®) (—; cos bx) —\[ (ae®) (—:) cos bx) dx

Methods of Integration
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= —%eax cos bx + % ‘[ e cos bx dx

I P al ax (1. _ ax@
=58 cosbx+b[(e ) <bsmbx> ur(e bsmbx)dx

1 ax 2 _ax a2 ax i
=——e““cosbx+ —e“"sinbx— — | e°"sinbx dx
b b2 b2

You would have noted that the last integral on the right hand side is the same
as the integral on the left hand side. Now we transfer the third term on the right
to the left hand side, and obtain,

a? a 1
1+ o2 Jeax sinbx dx = e® <|02 sinbx — p cos bx)

This means,

e®(asinbx—bcosbx) +C

I e sinbx dx =
a2 +b?

We leave it to you as an exercise to show that

Ieax cos bx dx = e®(acosbx + bsinbx)+C

a2 + b2

If we puta =rcosé, b=rsing, these formulas become

Ieax sinbx dx = Aeax sin(bx—6) +C ...(22)
a2 + b?

1
a2 +b?

Here is an example to help you understand how to apply Eqgn. (22) and
Eqn. (23).

I e cosbx dx = e cos(bx—-0)+C ...(23)

Example 11: Use Eqn. (22) and Eqn. (23) to evaluate the following integrals:
i) I eXsinxdx ii) I eX cos v/3xdx iii) I e X cos x dx

Solution:

i) Let us apply Eqn. (22) witha =1, b =1. Then, a2 + b2 = 2. Also,
aZ+b%=r2cos29+r?sin0 =r2 orr= /2. So, cosd = @ = L and

rov2
sing="b= % Therefore, it follows that § = Z. So, using Eqn. (22), we
get
1 V4
X o - ' X A
J‘e sin x dx \/Ee sin (x 4> C

i)  Letus apply Eqn. (23) with a =1, b = /3. Then, as before
r=va2+b?=+4=2 Further,cos0=2=1 sing=2=Y3 50,0=
So, we have

wIN

1 T
X - — X —_——
je cos v/3x dx 5© cos(x@ 3>+C
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i) Herea=—1,b=1,sor=\/a2+b2=\/§,cos0=$=—%,
—b_ 1

sing =7 = 75 Since sin @ is positive and cos 6 is negative, 6 is in the

second quadrant. We take 0 = n—% = ?;T”. So, we have

1 3z
e Xcosbxdx = —e X cos <x— ) +C
J 7 ;

% 3k ok

Here are some exercises for you to try.

E11) Evaluate the following:
i)je3xcos4xdx ii)je4xsin3xdx iii)vre‘4xcos4xdx

Let us look at some more examples that illustrate the method of integration by
parts.

Example 12: Evaluate [ e sin x cos 2x dx.

Solution: We shall first write sinx cos 2x = %(sin 3x—sinx) as in Sec. 18.2.
Therefore,

jezxsinXCOSZX dx = ;Iezxsin 3x dx — ;je2xsinx dx
Now the two integrals on the right hand side can be evaluated. We see that

Ie2x sin3x dx = Lezx sin <3x—tan‘1 3) +C

V13 2
and
jezxsinx dx=ie2Xsin x—tan‘11 +C/
V5 2
Hence
2X
e“*sinxcos2xdx = — | —=sin [ 3x—-tan™' =
/ > | :
1 _11>]
——sin|{x—-tan™' = ]| +C.
70 (x-r
k ok ok

Example 13: Evaluate fxs sin(a In x)dx.

Solution: LetInx =u. This implies x = e¥ and du/dx = 1/x. Then,
IXS sin(alnx)dx = Ix“ sin(alnx) (1/x)dx = Ie““ sinau du

= \/161ﬁe4u sin(au—tan~(a/4)) + C
a

= ¥x4 sin (alnx—tan‘1 E) +C

V16 + a2 4
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. d
We have already seen how to evaluate integrals of the form I \/% and
X4 +a
f dix In the next subsection, we will see how we can combine this
a2 +x2
knowledge with the technique of integration by parts and use them to evaluate

integrals of the form j v x2 + a?dx and I v a2 + x2 dx. But, before we move

on to this topic, check if you have understood the technique of integrarion by
parts by trying the following exercises now.

E12) Evaluate the following integrals
i) f e cosxcos2x dx i) I e® cos? xdx iii) I xe@* sin bx dx.

18.3.3 Evaluation of [ Va2 -x2dx, [ Va2 +x2dx, and [ V/x2—a2dx

In this sub-section, we shall see that we can evaluate integrals like

[ Va2 -x2dx, [Va?+x2dx and [ Vx2—a2dx with the help of the formula for

integration by parts and Theorem 2.

Jh\/az—xzdx=Jﬂ\/a2—x2(1) dx
=va2-x2 x x— I( xx) dx
Va2 —x2

=X\/a2—x2+JX dx
~/a2—x2

2
=xvaZ-x2- j 5 adx

Va2 —x2
=xva2—x2 + 32 I—I\/az—xz dx
NY .

Shifting the last term on the right hand side to the left we get,

2Jﬂ Va2 -x2 dx = xva2-x2 +a2jw(
Va2 -x2
Using the formula,

dx a1 (X
J\aZ_Xz—sm (a)+C,
we obtain

2
J\\/a2—x2dx= %xv a2 -—x2+ %sin_1 (g) +C ...(24)

We leave it to you as an exercise to prove

2 VaZ +x2
J\/a2+x2dx=;xvaz+x2+azInX+Z+X +C ..(25)
and
2 + V52 32
\/x2—azdx=1xvx2—a2—a—nu +C ...(26)
2 2 a
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Let us look at some examples now.

Example 14: Evaluate the following integrals:
i)Iv4—x2dx ii)J\/25+x2dx iii)I\/x2—9dx

Solution:

i) We write the integral in the form
‘[ Va4 -x2dx = I V22 —x2 dx
and apply Eqn. (24) with a = 2. We have
j\/ﬂdx= ;X\/ZZf)<2+2223in_1 g+C
= %X\/ém+2sin_1 % +C
i)  We apply Egn. (25) with a = 5. We have

‘[\/25+x2dx=I\/52+x2dx

/%2 2
= 1X\/25+X2+275|n u +C
2 2 5
iii)  We use Eqgn. (26) with a = 3. We have
X+Vx2-9

+C

f\/x2—9dx=jx/x2—32dx=;X\/xz—g—gln

2 3

% 3k ok

Let us now look at an elaborate example that involves more than one of the
types of integrands we have seen so far.

Example 15: Evaluate the integral

a—Xx
X dx
a+x
Solution: We have

j dx
\/a+x
x(a—x) dx=J~<32_x2>_aZ+ax
\/az_xz \/az_xz
dx a —2X
= | vVa2—x2dx-— ZJ‘_jd
J Vo Vazz 2 Ve
2
=%xva2—x2+a2 sin”" (a) a2 sin” 1:—a\/az—x2+C

dx

% 3k %k

Check if you have understood the discussion so far in this subsection by trying

the following exercises now.

Methods of Integration
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E13) Prove that:
J‘mdxﬁxmﬁ;m“ i Z2+X2 +C
I\/xz—azdx— X\/H——I X2_a2+C.
E14) Evaluate the following integrals:
i) q\/37x2 Imdx iii) J‘mdx
v) [V1+5x2dax v) L[\/x27—9dx vi) jmdx

vii) xsin~! x dx

J

We conclude this section on the method of integration by parts here. In the next
section, we will see how to integrate rational functions.

18.4 INTEGRATION OF RATIONAL FUNCTIONS

If you have gone through Appendix 2 of Block 3, you may already know what a
rational function is. You also know that we can split a proper rational function
into a sum of simple rational functions. We will use this knowledge to integrate
rational functions.

We begin by considering some simple types of proper rational functions of the
1 Ax+B ; ;

form xb)F and _5 1 o Later we will use the fact that any proper rational

function can be written as a sum of these simple types of functions and use it to

integrate general rational functions.

We already know how to integrate function of type So, let us see how to

ax +b
; ; Ax+B
integrate functions of the type I
Before we take up the integration of functions of the form AX+B we take up a

a
particular case of this type in the next example; we will see Iater that this
particular case is useful in integrating the general case.

dx

Example 16: Evaluate J VR
X4 —a

2

Solution: We have x2 —a? = (x—a)(x + a). So, we write

1 _ a p
x2—a2_x—a+x+a' - (27)

Multiplying both sides of the equation by x% — a2 we get
1=a(x+a)+p(x—a).

Putting x = a, we get 1=20ao0ra= 2‘1?1 Similarly, putting x = —a, we get
1=-2paor f=—5;. So, We have
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So,
j a1 dx
x2_a2 2a X—a X+a
Z—In\x a\—iln]x+a\+C
=in‘x a‘_l_c
2a Ix+a

Let us now assign a number to the final result for reference. We have

1 1 X—a
d |n‘ ‘ +C ...(28
I x2—a2 " 2a +a (28)
k >k ok
We will now see how to integrate rational functions of the form —2X*8_
axs+bx+c

first write the numerator Ax + B in the form p(2ax + b) + q, i.e. we set
Ax+B=p(2ax+b)+q

and solve for p and q. We have

Ax+B 2ax+b dx
————dx = ————dx+ — — ...(29
Iax2+bx+c pvrax2+bx+c q_‘Aax2+bx+c (29)
e . , f'(x)
The first integral in the RHS of Eqn. (29) is of the form ) dx where

f(x) = ax? + bx + ¢. So,

+
Imdx=ln‘ax2+bx+c‘+C.
ax2 +bx +c

Let us now consider the second integral. Note that, we can write ax2 +bx+cin
the form a (x2 + a2> ora <x2 —/32) where a > 0, g > 0. More precisely,

5 2
a <x+ %) + <V4a°‘b2> if b2 < 4ac

2a
ax2 +bx+c= ...(30)

2 2
aq (x+2) —<Vb24a°) if b2 > 4ac

2a

So, on substituting u = x + % we can rewrite the second integral in Eqn. (29) as

J‘ dx _1J" dx
ax2+bx+c aJ ul+qe?’

or
J‘ dx _1J‘ dx
ax2+bx+c aJ u2-p2

We already know how to integrate I dx from Eqgn. (16). We also know

_ox
a2 +x2
how to integrate ‘[ from Eqn. (28). So, we can integrate any function of

Ax+B
ax2+bx+c’

X2 — 32
the form

2x+3

Example 17: Integrate the function f(x) = Cdnrs”

Methods of Integration
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Solution: As we discussed above, we write
2x+3=p(2x—4)+q=2px +(q-4p)

Comparing the coefficient of x on both sides, we get p = 1. Comparing the
constant terms on both sides, we get q—4p = 3. Substituting p = 1, we get

g =7. So, we can write [ 22_)§1+?l5dx as

2x—-4 7
J‘dx+J\dx
X2 —4x+5 X2 —4x+5

As we noted in our earlier discussion, the first integral is of the form ff((x)), and
we know that

F'(x)

T 9x= 1G]+ C.
Thus,
Ide = In[x? —4x +5| +Cq
X2 —4x+5

To evaluate the second integral, we write

1
————dx = dx
Jhx2—4x+5 I(x2 4x +4) Jh(x 2)2 + 1

Now, if we put x—2

u,

1 1 -1 -1
dx = du=tan 'u+Cy,=tan” ' (x-2)+C
‘[x2—4x+5 ju2+1 2 (x=2)+Cy

This implies,

\[de= In[x? - 4x + 5| + 7tan™" (x—2) + C.
x2—4x+5

X %k Xk

Let us now look at an example where Eqn. (28) is useful.

2x + 1

Example 18: Evaluate Jﬂ —dx
X2 +8x + 1

Solution: We have O?—X <x2 + 8x + 1) =2x+8. We can write 2x+1 =2x+8-7.
So, we have

2xX +1 2x+8 dx
J‘dx=J‘dx—7I
X2 + 8x + 1 X2 + 8x + 1 X2 + 8x + 1

The first integral is of the form | ff()’(() dx, with f(x) = x2 +8x + 1. So,

ﬂdx=|n’x2+8x+1‘+c1
X2 +8x + 1

We now evaluate the second integral.

dx _ dx
‘[ 24+8x+1 dx—‘[ 2
X (x+4)2 - (V15)
60
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Substituting u = x + 4, we get

dx _ du
=

1 u—-+v15
= In + C,, using Eqn. (27).
2vis |u+yas| T 2 using Ban. (27)
1 X+4—-+/15
= In + 2
2+/15
So,
dex=ln‘x2+8x+1‘— T iAoy
X2 + 8x + 1 215
k k%

Let us look at some more examples now.

Example 19: Evaluate the following integrals:
)I 3x+5 dx ”)J‘ 4x + 1
x2+7x+10 3x2+4x+1

Solution:

i) We have & (x2 +7x+ 10) 2x + 7. Writing 3x + 5 = p(2x + 7) + q and

dx
solving for p and q, we getp = 7p +q=50rq=5-7p=5-
So, we have

J‘ 3x+5 dX_SJ‘ 2x+7 dx—ﬂf dx
x2+7x+10 2) x2+7x+10 2 ) x2+7x+10
As before,

+
dex=|n‘x2+7x+1o‘+c1
x2 +7x+10

We have

J” dx =I dx =I dx
) 0o T (8- (3)

Subsitutingu = x + 7 and using Eqn. (28), we get

7 3

dx 1 X+§—§ 1 X+2
= n|—2"2]4+Cy= | +C
JX2+7X+10 3nx+%+% 2 3nx+5‘ 2

Therefore,

+ 2
J?’Xsdx—ln‘x2+7x+10‘—l X*<lic

x2+7x+10 x+5

ii) We have & <3x +4x+2) = 6x + 4. Writing 4x + 1 = p(6x + 4) + q and

solving for pandq,wegetp= % q=1-4p=1 —% = —%. So, we have

oAt =2 Bx+4 I
3x2 +4x +1 3J 3x2+4x+1 3J 3x2+4x+1

gqa
21 _ 11
2 2

Methods of Integration
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We have
* 6x+4
J 3x2 +4x+1

Also,

dx=|n‘3x2+4x+1)+C1

* dx _J‘ dx _1 dx
Jawvioss Sy s gy

ey

X+ %

=1 d7uonsubstitutingu=x+g.
2
1 1
Y3 RS
_Elnu+% +C2—§In +1 +C2
Therefore,
1
4x +1 2 2 5 |X+3
Jﬂ3x2+4x+1dx—3ln‘3x +4x+1‘ o 3lsc
* sk ok

Before we take up the discussion of integration of general rational functions,
you may find it useful to try the following exercises to check your understanding
of what we have discussed so far.

E15) Evaluate the following integrals:

4x +1 . 5x—1
) j2x B ) Jﬂ(t+5)2 ) Jx2+x+2dx V) Jx2—1dx
V) J‘ & dX
X2 —6x+3
Let us now discuss the integration of general rational functions using partial
fractions.

3x+1
Example 20: Evaluate I dx.
2x3 +3x2 —3x -2
Solution: The denominator of the integrand has factors as
(2x+1)(x—=1)(x + 2). Let us write
3x+1 _ A N B N C
2x3+3x2-3x-2 2x+1 x—-1 x+2

Multiplying throughout by 2x3 + 3x2 — 3x — 2, we get
X+1=AX—-1)(x+2)+B2x+1)(x+2)+C(2x + 1)(x—=1) ...(31)

Note that —%, 1, =2 are the roots of the polynomial in the denominator. We can

easily solve for A, B and C by succesively putting x = 1 x=1andx=-2. For

example, if we put x = —%, all the terms in the RHS of Eqgn. (31), except the first
term, will vanish. We get -3 + 1 = A(-J — 1)(-1 +2). So,

3
A= _§+1 =

(39
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Similarly, we get B = §, C = -2. So, we have

j 3x+1 dX_ZJ\ dx +i dx 5J‘ dx
2x3 +3x2 —-3x -2 9) 2x+1 9) x-1 9) x+2

=%|n12x+1\+g|nyx—1|—g|n\x+2\+c

) sk ok
Let us now look at an example where there are repeated linear factors in the
denominator.

Example 21: Evaluate I X dx.
x3—3x+2

Solution: The denominator of the integrand factors into (x — 1)2(x + 2). The
linear factor (x — 1) is repeated twice in the decomposition of x3 — 3x + 2.

In this case we write

X _ A . B N C
x3—3x+2 x+2 x-1 (x—1)2'

From this point we proceed as before to find A, B and C. Multiplying both sides
of the equation above by x3 — 3x + 2 we get

x = A(Xx—1)2 +B(x +2)(x— 1) + C(x + 2)
We putx=1and x=-2and get C =1/3 and A =-2/9.

Then to find B, let us put any other convenient value, say x = 0. This gives us
0=A-2B+2Cor,0=-5-2B+% or2B = . This implies B = 2/9. Thus,

X 2 1 2 1 1 1
jx3_3X+2dx__9JX+2dX+ gfx_1dx+3j(x_1)2dx

-2 2 1 1
—9In|x+2|+9In|x—1|—3<X_1) +C
2 Ix-1 1
- +
x+2| 3(x-=1)

C.

% 3k %k

In our next example, we shall consider the case when the denominator of the
integrand contains an irreducible quadratic factor (i.e., a quadratic factor which
cannot be further factored into linear factors).

Example 22: Evaluate

J“6x3—11x2+5x—4
x4 —2x3 + x2 — 2x

Solution: We factorise x* — 2x3 + x2 — 2x as x(x — 2) (X2 + 1). Then we write

6x3—11x2+5x—4_A+ B ,Cx+D
x4 -2x3+x2-2x X x-2 x2+1°

Thus, 6x3 — 11x2 + 5x —4 = A(x— 2) (X2 + 1) + Bx(x2 + 1) + (Cx + D)x(x — 2).

Next, we substitute x =0and x=2togetA=2and B =1. 63
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Then we put x = 1 and x = —1 (some convenient values) to get C = 3 and
D=-1.

Thus
6x3 —11x2 + 5x — 4 3x—1
dx=2 | —dx+ dx
Ix4—2x3+x2—2x I I Ix2+1
dx
= 2In|x| +In|x—2| + 2I e X_Ix2+1

=2In|x|+|n|x—2|+gln|x +1|—tan"Tx +c.

Thus, you see, once we decompose our integrand, which is a proper rational
function, into partial fractions, then the given integral can be written as the sum
of some integrals of the type discussed in Examples 1, 2, and 3.

X 3k Xk

All the functions which we integrated till now were proper rational functions.
Now we shall take up an example of an improper rational function.
3+
Example 23: Evaluate J x72xdx'
X2 —Xx+2
Solution: Since the integrand is an improper rational function, we shall first
write it as the sum of a polynomial and a proper rational function.

Thus,
x3 + 2x X—2
- =X+ 1+ —
X2 —x+2 X2 —x+2
Therefore,

3 2
I;Hb(dx=fxdx+fdx+Ide= = +X+IHdX
X2 —X+2 X2 —X+2 2 X2 —X+2
The polynomial x2 —x + 2 is irreducible over R since it has complex roots. Itis
possible to factor this polynomial over C and split the function X‘2 into partial
fractions with complex coefficients, but this will lead to mtegratlon o?complex
valued functions. The integration of complex valued functions of a real variable
is not very difficult. Since we haven’t discussed the integration of such
functions, we avoid integration of complex valued functions by using the
methods used in Example 17, Example 18 and Example 19.

We have % <x2 —-x+ 2) = 2x—1. Writing x—2 = p(2x — 1) + g and solving for p

andq,wegetp=%,q=—2+p=—%. So, we have
J” X—2 dx_1J‘ 2x—1 dx_3J" dx
X2 —x+2 2) x2-x+2 2J) x2-x+2

=1Inx2—x+2—3I d2x
2 2 ( 1 1

1 3 d
EIn X2 — X +2 _ZJ‘ ( 1)2):_(\ﬁ)2

X=3 2
1 2 6 -1 2X
= _|n|x*=-x+2|—-—tan"' —=+C
2 VTVT
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Therefore,

3 2
J‘X+2dezx+x+1|n X2_X+2’_£tan_13+c
X2 —x+2 2 2 V7 V7

% 3k ok

Try to do the following exercise now. You will find that each integrand falls in
one of the various types we have seen so far.

E16) Evaluate the following integrals:

2 " X

i ———— dx i ————dx

) J x2+2x ) J x2-2x-3

o 3x-13 [ 6x%2+22x-23

iii)) ————dx iv) X.
J x2+3x-10 J (2x—1) (x2 +x-6)
~ 3 (P 2 —

V) 73)( dx i) x“ -1 X
J x2+x-2 J x=1) (x2-x+1)

vii) nﬂ X
J (X2+1)2

18.4.1 Method of Substitution

The method of partial fraction decomposition which we studied in the last
sub-section can be applied to all rational functions. We can say this because
the Fundamental theorem of algebra guarantees the factorisation of any
polynomial into linear and quadratic factors. But the actual process of
factorising a polynomial is sometimes not quite simple. In such cases it would
be a good idea to carefully examine the integrand to check if the method of
substitution can be applied. We will now give two examples to show how we
can sometimes integrate a given rational function with the help of a suitable
substitution.

1
X(x®+1)

Example 24: Integrate with respect to x.

Solution: For this we write

J” dx =J” x*dx
X(x5 + 1) x5(x5 +1)

Now let us write x2 = t. Then % = 5x4,

IX4dX —1j a —1f T lat=tm +C
xX5(x5+1) 5J tt+1) 5J) [t t+1 5 |t+1
1 x2
—gln 51 + C.
% 3k >k
Example 25: Integrate X2 w.rt. x
x4+x2+1

Solution: We have

2 1 (1—1/x2) . ,
I)de = I mdx on division by x“.

_ 2
=I“m;)dx=jzdt ifweputt=x+1.
(x+1/x)¢ -1 t“—1 X 65
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In

"2 X2 +x+1

* % %

In Example 24 and Example 26 you must have noted that the denominators of
the integrands were not easily factorisable. The method of substitution provided
an easier alternative. See if you can solve this exercise now.

E17) Integrate the following functions w.r.t. x:
) x2 -1 a1t x2
1+ x4 1+x2+ x4

The exercises in this section have given you a fair amount of practice in
integrating rational functions. In the next section we take up the case of rational
trigonometric functions.

18.5 INTEGRATION OF RATIONAL TRIGONOMETRIC
FUNCTIONS

We begin by discussing of integration of rational trigonometric functions.

18.5.1 INTEGRATION OF RATIONAL TRIGONOMETRIC
FUNCTIONS

You know that a polynomial in two variables x and y is an expression of the form

k p
P, ¥)=> ) amnx™", amn € R
n=0 m=0
Accordingly, a polynomial in sinx and cos x is an expression of the form
k p
P(sinx, cosx) = Z Z am,nsin™xcos"x, am,n € R.
n=0 m=0

An expression, which is the ratio of two polynomials, P(sinx, cos x) and
Q(sinx, cosx) is called a rational function of sin x and cos x. In this section
we shall discuss the integration of some simple rational functions in sinx and
cos x. We shall first indicate a general method for integrating these functions.

Let f(sinx, cosx) be a rational function in sinx and cos x. The first step in the
evaluation of the integral of f is to make the substitution tan 5 = t.
Thus, % = %sec2 % = % Since

inx = 2sin % cos X 2tany _ 2t
sinx =2sin - cos - = =
Inx | 2 2 SeCZ% 1+t2’

and

2 X 2
X . 1-tan®5 1-t
cosx=cosz——sm2 2 =

X
2 2 sec? % T 1+82

we get

_ 42
Jf(sin X, cos X)dx =If 2t2, ! t2 2 2dt =JF(t) dt,
66 1+t 1+t 1+t
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2t 112 2
Fit)=f ,
® <1+t2 1+t2) 1 +12

is a rational function of t. Now we can use the method of partial fraction
decomposition to integrate F(t). In principle then, we can integrate any rational
function in sin x and cos x. But in actual practice we find that the rational
function F(t) is often complicated, and it is not feasible to apply the method of
partial fractions. In this unit, however, we shall restrict ourselves to a few simple
rational functions only.

. 1
Example 26: Integrate _;pcosx-
Solution: Now
a+bcosx=a (sin2 X + cos? 5) b (cos —sin? 5)
2 2 2 2
=(a+ b)cos2 5 +(a- b)sm2 g

Therefore,

j dx _j sec? Xdx _J sec? Xdx
a+bcosx (a+b)+(a—b)tan2§ (a=b) {a+b+tan 2}

If we put tan = t, we get

J" dx _ZJ“ dt _ 2J" dt
a+bcosx (a- b)<a+b+t2) a-bJ atb .2

Ifa>b>0,then a+ID>O and we get

J” dx _ 2 a1 ¢ a-b
a+bcosx Va2 — p2 a+b
Nl W ...(32)

If0 <a<b, then 2 <0, and

I dx 2{ dt 1 I‘\/b+a+\/b—at+c
2 2 \/b2—a2

= n
a+bcosx a-b (\/»> vb+a-vb-at
b+a
- b-a

1 x/b+a+\/b—atan§
In +C
Vb2-a2 |Vvb+ta-vb-atan}

) 3k 3k

Example 27: Evaluate the following:

)J\a+bsmx )J\a+bcosx+csmx

Solution:
i)  We use the substitution x = 5 +y. Then,

J‘ dx =‘[ dy =J‘ dy
a+bsinx a+bsin (5 +y) a+bcosy’

dx
a+cosx’

which is of the form J

Methods of Integration
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i) We have

. 1 b
bcosx +csinx = \/b? + c2 cos (x—tan 1 c)

So, we can reduce this integral also to an integral of the form

J“ dx
a+bcosx’

Example 28: Evaluate I

* % %

1+ sinx
sinx(1 + cos x)

Solution: We write

1+ - 2 X 1+sinx dx dx
CosX = 2cos > — "~ dx= : +
« sinx(1 + cos x) sinx(1 + cos x) 1+ cosx
sinx=23in§cos§ _1r dx
2 73)( 2 X
4 smzcos 5 2 cos? 5

FNGIEN

dx sec? =
J tan % 2 I

I\)\—\ N =

1 t2
jtdt+Itdt +I =5 |[Inlti+ 5| +t+C.

Thus,

1+sinx 1 2 X X
= dx==1I +7 Z+tan= +
Isinx(1+cosx)dx 2 ‘tanz‘ tan” 3 +tan 5 + C.

* % %

Now proceeding exactly as in Example 26 and Example 27, you can do these
exercises.

E18) Integrate the following w.r.t. x:
i) 1 i) COS X
4+5 cos x 2—cos x

By now you have seen and applied many different methods of integration. The
crux of the matter lies in choosing the appropriate method for integrating a
given function. For example, suppose we ask you to integrate the function

S;T;% Realising that this is a rational function in sinx and cos x, you may put
|

tan =t and proceed:
2
J”smxcosxd 4J" 1-1%)dt
1 +sin? x 1+t2 1+6t2+t4)

Now 1+ 6t% +t* = (3+ /8 +12) (3—+/8 +12). By this step you will realise that it is
68 going to be a tough job. But don’t worry. There is an easy way out.
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2

In V[S;T‘de if we make the substitutiong 1 + sin“ x = t, we get
d
J"smxcosx X _J‘ _ 7| nlt| +C.
1 +sin?x

—Eln(1 +sm2x)+C

Thus, the choice of the method is very crucial. And only practice can help you
make a good choice.

We shall now illustrate some techniques used in integrating irrational functions.

18.6 INTEGRATION OF IRRATIONAL FUNCTIONS

The task of integrating functions gets tougher if the given function is an irrational
one, that is, it is not of the form Q((Xg In this section, we shall give some tips for

evaluating some particular types of irrational functions. In most cases, we will
try to arrive at a rational function through an appropriate substitution. We can
integrate this rational function using the techniques in the previous section.

1) Integration of functions containing only fractional powers of x

In this case we put x = t", where n is the lowest common multiple (l.c.m.) of the
denominators of powers of x. This substitution reduces the function to a rational
function of t. Look at the following example.

12 4 2, 1/3
Example 29: Evaluate f X X dx.
Solution: We putx=t6 as 6 is the l.c.m. of 2 and 3. We get
1/2 4 2, 1/3 ~ 13 4 2t
2X 3x o 2t° + 3t & gt
1+x13 J 1 +t2
r 2 8+ 7
=6 =g ?;t dt
J 1+t
=6 [Zts+3t5—2t4—3t3+2t2+3t—2—3t_§ dt
J 1+t
27,16 25 34,23 3,
= 1t +-tt—-—-=-0—--1"+=-1"+-=-1-
6 [7t 2t 5t 4t 3t 2t 2t
—g In(1 +t2)+2tan‘1t +C
_ gxwe +3X_%X5/6_2X2/3 £ 45112 4 9x 113 _ 105116

—9In|1+x"2|+12tan" 1 x"6 + C.

k 3k ok

Here is an exercise to test your understanding of Example 29.

VX
E19) Integratef T+ 4

I) Integral of the type [ ——3X__

) g yp f vV ax2+bx+c

Here we shall have to consider two cases: (i) a > 0 and (ii) a < 0. In each case

we will try to put the given integrand in a form which we have already seen how

to integrate. 69
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Integration
If a > 0, from Eqn. (30), we have
J" dx _ 1J” dx
2
Ve BT et (5-25)
If we put t = x + b/2a, we get
J“ dx _ 1J‘ dt
Vax2 +bx+c Va 2, (c_ b2
e (§-)
If b2 > 4ac, we have
jdx=1j dx ...(34)
Va2 +bxrc VA \/tz (W)Z
- 2a
If b2 < 4ac, we have
...(35)

70

dx _ 1 J” dx
Jﬂ\/ax2+bx+c va \/t2+ ( /74gc—b2>2
a

We can evaluate both the integrals in the RHS of Eqgn. (34) and Eqn. (35)
using Theorem 2.

a <0: If we put —a = d, then d > 0, and we can write

2 2
s sbcros ({40500 (x- 0"} .30

If 4cd +b? < 0, the RHS of Eqn. (36) will be negative for all values of x and
L will be a complex valued function. We haven’t developed the

v ax2+bx+c
mathematical concepts required to handle such functions, so we will

discuss only the case 4cd + b2 > 0. In this case, if we substitute t = x—b/d
we have

J” dx =1J‘ dx =1J” dt
Vax2 +bx+c Vd \/(@)2_()(_2)2 vdJ Va2 -2

with a = 7”0;;4"‘:. This is again in one of the standard forms.

Let us now look at some examples that will help in understanding our
discussion so far.

Example 30: Evaluate the following integrals:
Dj1dxinjm( m%[m‘

V8 —2x—x2 Vx2+4x+5 V2x2 + 4x + 1
Solution:

i) Completing the square, we get x2 + 2x = (x + 1) —1. So,

8-x2—2x=8—(x+1)2+1=9—(x+1)>2
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We can rewrite the integral as

J‘ dx =I dx =J dx
V8 —2x—x2 \/9—(x+1)2 32— (x +1)2

Setting u = x+ 1, we get du = dx. So,

+C =sin™! (X+31>+C

J’ dx =J” du — sin~"! ( )

V8 —2x—x2 V3242 3

i) Completing the square, we get x2 + 4x = (x + 2)2 — 4. So,
X2 +4x+5=(x+2)° +1.

We have

J‘ dx =J‘ dx
Vx2+4x+5 \(x +2)2 +1

Setting u = x + 2, we get du = dx. So,

d d
I\/()H:T= \/uzu7+1=ln‘u+\/u2+1’+c
=In)x+2+\/x2+4x+5’+C

iii) We have 2x2 +4x+1—2<x2+2x+ ) Also, x2 +2x = (x + 1)2—1. So,

X +2x+%=(x+1)2—§. We have

J‘ dx =1J” dx
VX2 + 4x + 1 \@ \/(X+1)2—<\1f>2
2

Substituting u = x + 1, we have

J‘ dx =1J” dx
Vox2+4x+1 V2 /uz_(i>2
V2
2
2_ (1L
1 - ()
1
vz vz
In\/§(x+1)+\/2x2+4x+1’+C

+C

k 3k ok

You may like to test your understanding of the above example by trying the
following exercise.

E20) Evaluate the following mtegrals

ii I |||)I
v3x2+4x+ \/3x2 4x + 3 V5—-2x—x2

Let us now move on to the next type. 71
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(Ax+B)

v ax2+bx+c

We break Ax + B into two parts such that the first part is a constant multiple of
the differential coefficient of ax? + bx + ¢, that is, 2ax + b, and the second part is
independent of x. Thus, Ax+B = (2ax +b)+B-— and

lll) Integration of

(Ax+B)ix _ A [ (2ax+b)dx 2aB Ab) J"
Vax2 +bx+c 22 \/ax2+bx+c \/ax2+bx+c

A > (2aB - AbJ‘ dx
—Vvaxc+bx+c+
a Vax2+bx+c

Evaluation of the last integral has already been discussed in Il). Let us look at
an example.

2x+1
V8—-2x— x2

Solution: We have %(8 —2x—x2) = -2 - 2x. Writing 2x + 1 = A(-2x—2) + B
and solving for A and B, we get A =-1, B =-1. So, we have

Example 31: Evaluate

+ J— p—
2x +1 dx = — 2 — 2X

dx
A dX—jdX
V8 —2x—x2 V8 —2x —x2 V8 —2x—x2

(x)

N

_ 272X gx=2vB-2x—x2+C;
V8 —2x—x2

From Example 30, we have

The first integral is of the form j dx. So, we have

I dx - gin~! <x+1>+C
-y "~ 1 _ ~ 0 o
V8 —2x—x2 3
So,
2x +1 X+ 1
dx =—2Vv8—-2x—x2 —sin” < )+C
j\/S 2X — x2 3

%k %k %k

Example 32: Evaluate X+2
' Vx2+2x+3

Solution: We note that x +2 = J(2x +2) + 1, and write

X+2 _1 _ (2x+2)

—dx = d +j

=\/)WX-F?”J‘\/(x+‘|)2+2

X+1+V2+Vx2+2x+3

=Vx2+2x+3+In 7

+C.

* % %
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Here is an exercise for you.

E21) Evaluate the following integrals:

i) de i) sz_3dx i) jmdx
V3x2 +4x + 1 V3x2—4x+3 V5 —2x—x2

IV) Integration off Vax2 + bx + cdx

The method is similar to the one we used for evaluating integrals of the form
dx

Vax2+bx+c

uf V/x2 + a2 dx orI Va2 £ x2 dx and use Eqn. (24), Eqn. (25) and Eqn. (26).

As before, if a < 0, we can evaluate the integral only in the case b2 > 4ac.

If a > 0 we can write these integrals in the form

Here is an example to illustrate the method.

Example 33: Evaluate the following integrals:

1
i) j\/8—2x—x2dx. ii) I\/x2+2x+2dx i) J\/x+x2dx.
0

Solution:

i) We have

f\/8—2x—x2dx=f\/32—(x+1)2dx

On substituting u = x + 1, we get
v|ﬂ\/8—2x—x2dx=v|ﬂ\/32—u2du
=§ux/3 —-u +7sm §+Cfrom Eqgn. (24)

= 1(X+‘|)\/8—2x—x2+gsin_1 <X+1> +C

3

N|

i) We have

JﬂVX2+2x+2dx=I\/(x+1)2+1dx

Substituting u = x + 1, we get
Jﬂ\/mdx=jmdx
=1um+%ln‘u+m‘+C
(x+1)V/x2 + 2x +2
+%In‘x+1+\/m’+c

NI =N

iii) Now

1 1

2
I\/x+x2 dx=J\/<x+;> —%dx
0 0
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Letx+ J = u. Then,

OC_D—‘

x
+
x
1

— i
[
N
|

N =
Qo
[

1
—_——
N —
c
[

N
|
A
|
oo| =
=)

C

+

I
N

|
NN
——
| R |
N

Nl=

Here are some exercises for you to try.

E22) Evaluate the following integrals:

i) I\/3x2+4x+1dx ii) u|ﬂ\/3x2—4x+3dx i) J‘\/5—2x—x2dx

1

V) Integration of .
) 9 (fx+e) Vax2+bx+c

_dy
fx+e + : (fx+ )2 fy2’
Letting h(x) = ax? + bx + ¢, we write h(x) = A(fx + )2 + B(fx + €) + C. We have

C=h (-?) B =h (-?) 2R2A=h" (-?) .

So, we can find A, B and C such that

Substituting fx+e = ¢ yory= we getdy = — dx = —fy2dx ordx =

2
+ +
ax2+bx+c=%+§+0=w.
ys y y

So, we have

dy
T e o | e
(fx +e)vax2 +bx +c pymaseyscy? T By s oy?
y y
You may recall that we have already seen how to evaluate the last integral in

the equation above in Example 30.

We will illustrate the method through an example.

dx
(X+1)Vx2+4x+2

Example 34: Evaluate J

Solution: Letus putx + 1= 1/y. Then = =1,
y2

Now we will express X2 + 4x + 2 in terms of % We let

h(x) =x2 +4x+1=A(x+1)2 +B(x+1)+C.

We have h(—1) = (—1)2 + 4(—1) + 2 = —1. So, =1 = h(-1) = C, 2 = h'(~1) = B,
2 =h"(-1) = A. Therefore, we have

+
X24dx+2= (x+ 12 +2(x+ 1) =1 = o+ 21 -12#
74 ye Y y



Unit 18 Methods of Integration

Therefore,

14
T el Bl oo
X+ 1)Vx2 +4x+2 1 [1+2y-y? —v2
(x+1) ] ¥ 1+2y—y
Jﬂ\/i-cos (y_1>+C

= COS_’I [()(-F‘l)\/i} +

% 3k %k

Here is an exercise for you to check your understanding of the above example.

E23) Evaluate the following integrals:

i)J” dx ii)j dx
(x=2)V 8 +2x —x2 (x+2)Vx2+6x+10

Let us move over to the next type now.
VI) Integration of (Ax + B)V'ax2 + bx + ¢
We break Ax + B as we did in IV), and obtain
j(Ax +B)Vax2 + bx + cdx
= AJﬂ(Zax+b)\/ax2 +bx+cdx+ B2a—AbJ‘ Vax2 + bx + cdx
2a 2a
= A(ax2 +bx +c)%2 + ZaB_Ab‘[ V' ax2 + bx + cdx.
3a 2a

We have already seen how to evaluate the integral on the right hand side in
part IV).

Let us use these methods to solve some examples now.

Example 35: Evaluate the following integrals:

i)‘[(2x+ 1)V 8 — 2x — x2 dx ii)f(x+2)\/x2+2x+2dx

Solution:
) Wehave & (8—2x—x2) = 2x-2and 2x + 1 = —(-2x—2)— 1. So,
I(Zx +1)V/8—2x—x2dx = —I(—Zx— 2)v/8 — 2x — x2 dx
- [ Ve-2x-x2ax

The first integral is of the form jf’(x)\/f(x) dx. So, substituting u = f(x), it
becomes [ \/udu. Therefore,

3/2
I (-2x—2)V/8—2x—x2dx = = (8 2% — x) +C;

75



Block 5

............................................................................................... Integration
From Example 33, we know that
[ Ve=2x=x2ax= s 1)vVB-2x-2
+ gsin‘1 <)(;1> +Cy
Therefore,
I(2x+ 1)mdx = —% (8—2x—x2>3/2 - %(x + ’I)m

76

—gsin_1 (X;1> +C

We have & (x2 +2x+2) = 2x+2. Further, x +2= }(2x+2) +1. So,

I(x+2)\/mdx= ;I(2x+2)\/m$<
+Imdx
= % <x2+2x+2>3/2+j\/(x+1)2+1dx
= ; (x2+2x+2)3/2+;(x+1)\/m
+1In‘x+1+\/M‘+C

2

) 3k %

Here is an exercise for you to try.

E24) Evaluate the following integrals:

i) I(Zx— 1)V 3x2 +4x +1dx i) I(X—B)v5—2x—x2 dx

When you are faced with a new integrand, the following suggestions furnish a
thread through the labyrinth of methods.

Check the integrand to see if it fits one of the patterns [u"du or | U

See if the integrand fits any one of the patterns obtained by the reversal
of differentiation formulas. (We have considered these in Unit 17).

If none of these patterns is appropriate, and if the integrand is a rational
function, then our theory of partial fractions enables us to integrate it.

If the integrand is a rational function of sinx and cos x, and simpler
methods of previous units fail, the substitution t = tan % will make the
integrand into a rational function of t, which can then be evaluated.

If the integrand is a radical of one of the forms

Va2 —x2, Va2 +x2, Vx2 —a2, then the trigonometric substitutions

X =asinf, x=acos6d and x = asec 8 will reduce the integrand to a
rational function of sin @ and cos 6. If the radical is of the form

Vax2 + bx + ¢, a square completion \/a(x +b/2a)2 + ¢ — b%/4a will reduce
it essentially to one of the above radicals.
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If the integrand is an irrational function of x, try to express it as a rational
function or anintegrable radical through appropriate substitutions.

Inspect the integrand to see if it will yield to integration by parts.Finally, we
would like to remind you again that a lot of practice is essential if you want
to master the various techniques of integration. We have already
mentioned that a proper choice of the method of integration is the key to
the correct evaluation of any integral. Now let us briefly recall what we
have covered in this unit.

18.7 SUMMARY

In this unit we have covered the following points:

1)

2)

3)

4)

5)

6)

A rational function f of x is given by f(x) = P(x)/Q(x), where P(x) and Q(x)
are polynomials in x. It is called proper if the degree of P(x) is less than
the degree of Q(x). Otherwise it is called improper.

A proper rational expression can be resolved into partial fractions with
linear or quadratic denominators.

A rational function can be integrated by the method of partial fractions.

Integration of a rational function of sin x and cos x can be done by putting
t=tan%.
2

Integration of irrational fucntions of the following types is discussed.

i) Integrand contains fractional power of x,

1

vV ax2+bx+c

i)

1
) ——————————
) (fx+e)V ax2+bx+c

Ax+B

vV ax2+bx+c
V) (Ax+B)VaxZ +bx+c

iv)

A check list of points to be considered while evaluating any integral is
given.

18.8 SOLUTIONS/ANSWERS

E1)

i j VBx—3dx = I(5x— 3)2 dx. Putting u = 5x— 3, we have

5

Iva—de-1Iv5x—3 5 dx-1Iu;du
5 1 du
uz2 dx 77
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i) Puttingx=2x+1, we have gg = 2 We can write the integral as

1 6 N T _(2x+ 1)
2Jq(2x+1)\dZ/dx—2Iudu—27+C— 7 +C
u

ub dx

iii) Putting u =4 + 5x, du = 5dx. We can write the integral as

1 1 1 du
— =_ +C=—- + +
5I4+5Xf dx = 3 I|| C= In|4 5x| + C.
T &
u
¢ d 1 3 4 1,19
X
I4+5X—5In\4+5x\1 5(In19 In9)—5I 9"
1
iv) Puttingu=10x+7, we have g“ = 10. We can rewrite the integral the
integral as
.l ¥10 dx = — ——7I|u|+C—fIn|1Ox+1|+C
10 (10x+7)\/ 10

) &
v) Puttingu= X2 + 2x + 7, we have du = (2x + 2)dx. We can rewrite the
integral as

2] iz @25 [ =g 2]
LA A

1 dx

u

vi) Putting u = x3 +x2 +x—8, we have du = (3x2 +2x + 1) dx. We can
rewrite the integral as

j13x2+2x+1dx=1 W np+C
S — du

1 dx
u

=In‘x3+x2+x—8) +C

Therefore,
[ 3+ 2x+1 1 3
OXEFXFT = @ x4 x—
jx3+x2+x—8dx 2In’x +x° + X 8H2
2
E(In\27+9+3 8/—In|8+4+2-8|)
1 1 31
—E(In31 In6)—§nE

vii) Puttingu = x% —1,du= %x%dx. We can write the integral as

78 dx
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viii) Puttingu=1 —-3x2, we get du = —6xdx. We can write the integral as

1 [t

6J V1—3x2 ~~ 6J) Vu 61
e

E2) 4. [cos(ax+b). Putting u =ax+b, we have du = adx, So, we can write
the integral as

i +
1jcos(ax+b)adx= 1jcosudu= 1sinu+c;= MJ,C_
a a a a

7. [sec(ax+b). Putting u = ax + b, we have du = adx. We can write the
integral as

;Jhsec(ax+b)adu = v|ﬁs;ecudx= ;In|secu+tanu| +C

V= Q=

= —In|sec(ax + b) + tan(ax + b)| + C

8. [ cosec(ax+b)dx. Putting u = ax + b, we have du = adx. We can
write the integral as

;Icosec(ax+ b)adx = ;jcosecudu = ;In]cosecu—cotu] +C

= ; In|cosec(ax + b) — cot(ax + b)| + C

9. [e®™*P Putting u = ax + b, we have du = adx. We can write the
integral as

1 1 eu gt
JeaX+badx=Ie“du=+C= +C.
a a a a

E3) i) cot 2x cosec? 2x dx. Notice that cosec? 2x is almost the derivative

8 ey 0ol

6

of cot 2x, except for a constant factor 2. This suggests the
substitution u = cot 2x. Putting u = cot 2x, we have

du = —2 cosec? 2xdx. We can write the integral as

2 2
—1judu=—u+C=—COt 2X+C

2 4 4

: 9 co22x|% 1 22mr o 2r
: t2 2xdx = — =— (cot? Z5 —cot? ==
..V[CO X cosec” 2x dx 4 ) 4 <CO 3 CO 6>

z [

6

1/1 1
“4(3‘3)‘0-

i) Putting u = cos 20, we get du = -2 sin 20d6. So, we can write the
integral as

1 cos 20 : — 1 u — 1 u — 1 cos 260
—_ — = __ = __ + = ___ +
Zje (-2 sin20)do 5 edu 2e C 2e C
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iii) Putting u = cos # we have du = —sin 6dd. So,

Isin 0 (1 +cos? 0) de = —I (1 + cos? 9) (-sing)do

=—j(1+u4) du=—<u+‘f)+c

co
=- (COSB +

+

co

s%0
5
sd0
5

o .‘_ﬁl\)\ﬁ

siné (1 + cos? 9) do =- (cosﬁ +

=0‘{‘<“;>} 5

iv) Puttingu=1+cos#, we getdu =—sinfdfd. We can write the integral
as—futdu=-% +C= _7(“0?,39)5 +C.

v) Putting u=1-5tan6, we get du = —5sec? 6dg. We can write the
; 1¢du = _1,_1 - 1
integral as 53" —5(—ﬁ) +C= 0(15ano)2 +C.

vi) Putting u =1 +secd we get du = secdtanddd So we have

C
%
0
6

4 + 4
I3609t8n0(1+Sec€)3d0=ju3du=L‘I‘r+C=(1$:C0)+C
% T

1+ T |1+v2 2
Isecetan0(1+secg)3d9= seco |4 _ V2 2
4 0 4 4
(0]
_V2-1
4

E4) i) We have
jsin7xdx = I (1 — cos? x)3sinxdx
= Jﬂ (1 —3coszx+3cos4x—c036x) sin x dx
Putting u = cos x, we have du = —sin xdx. The integral becomes

= -Im —3u? +3u* - u®)du

5 7
=—<u—u3+3l5J—u7> +C
7

3 3cos’x . cos’x
= -COSX+CO0STX— S+ S+

C

2
i) We have [cos®xdx = [ ((1 —sin? x) cos xdx. Putting u = sinx, we
get du = cos xdx The integral becomes

j<1—u2>2 du =I(1 +u4—2u2> du

5 3
=u+u7_2L+C
5 3
. sin®x  2sin3x
=sinx + - +C

80 5 3
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iii) We have [ cos? xsin®xdx = [cos?x (1—cos?x) sinxdx. Putting

u = cos X, we have du = —sinxdx. The integral becomes

J sy (5-2) o

5 3
_ [Cos’x _cos'x) |
5 3

iv) From Eqgn. (10), we have

sin 5x cos 3x = % (sin(3x + 5x) — sin(3x — 5x)) = % (sin 8x + sin 2x) .

So,

.,[ sin 5x cot 3x dx = % <.,[ sin 8xdx + j sin 2xdx>

1 1 1 COS 2x
=5 <—80088X> +§ <— 5 ) +C

cos8x cos2x
- +C.
16 4

v) Using Egn. (11) we get
cos 3xcos 4x = %(cos(3x —4x) + cos(3x + 4x)) = %(cos X + cos 7x)

So

Jcos 3xcos4dx = % (sinx+ CO§7X> +C

vi) We have

I sin4xsin 3xdx = j %(cos(4x — 3x) —cos(4x + 3x))dx

1 1/ sin 7x
—2I(cosx—cos7x)dx—2(smx— y >+C

vii) We have

sin 2x

sin 2x sin 3x sin 5x = (cos(3x — 5x) — cos(3x + 5x))

_ sin2x
2

(sin 2x cos 2x — sin 2x cos 8x)

(cos 2x — cos 8x)

= N =

= —(sin4x) — %(sin 10x + sin(—6x))

4
_sin4x sin10x + sin 6x
4 4 4
cos4x cos10x cos6x
. i Ox si . _ B N N
,,Ism X sin 3x sin 5x dx 16 20 o C
E5) We have cos(5 —a) =sina. Let x = cos(5 —a). Then cos 1 x = z—aor
a=j5- cos™! x. We also have x = sina. So, a = sin” ' x i.e.
% —cos 'x=sin""xor sin”" x— (- cos™ X) = %

So, the two answers differ only by a constant. Since the primitive of a
function is determined only up to a constant, both sin™" (%) and

-1 (X imiti 1
—cos™' (%) are primitives of N

Methods of Integration
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E6) Let us prove Eqgn. (18). Putting x = asec@, dx = asecdtan6dg. Also

Vx2—a2=1/a2sec29-a2 = \/a2(sec2 - 1) = Va2tan? 9 = atan

The integral becomes

asecfH.tan6
Ida =In|secf +tanf| +C

atang

from entry 8 in table 1 in unit 17. We have sec = %. So,

2 2_.2
tan6 = v/sec29—1 = (g) _1=\/’?

Therefore,

X Vx2-a2

a a

+C=1In +C.

X+ Vx2 - a2
a

dx  _
| =

To prove (21) we use the substitution x = asec 6 again. We have

dx = asec6tandd 6. The integral becomes [ 85ecdtanodé - g = g + C.

= sec”! (g) +C.

dx
”JAX\/XZ—a2

E7) i

) = fm_s'” (Fs)+e

i)  We have

dx _ dx 1 1 ( X
0 [ e (39)

iv)  We have

_ dx _ 1 -1
m 3Jv - 2 g\/étan (\/§X)+C

1_,
“ra 2 ()
—=tan1(V3x) + C
f

v) We have

I dx _J‘ dx _Inx+\/x2+7
— =
X¢+7 X2+(\ﬁ)2

V7
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Methods of Integration

1432 1)2
5(+2) O
1 1\?
= In|x+ — ] +x2|+C
N <ﬁ> X
:\}Sﬁln‘\/éx+\/1+5x2‘+c
=iln‘\/5x+\/1+5x2‘+C.
V5
. dx dx X+ Vx2-9
vii) f :I:In +C
Vx2-9 Vx2-32 3

5 sec
2

v Jfﬁffz*p1 '(3)e

iX)

E8) i)

ii)

We have

J” dx =J" dx =1 o dx
B amg) )
- )

©|

+C=§

W=

=v2sec™ ( X ) +C=\@sec‘1(\@x)+C.

S

3 3 3
2 =X i = [ gx = @il = X
Jx In|x|dx 3 In|x| I 3 .de x° In|x| 5 +C.
We have
I(1 +x)e*dx = (1 +x)ex—jexdx= (1+x)eX—e*+C =xe*+C.

We have

I(1 +X2> e*dx = (1 +x2) eX—IeX(;j)( (1 +x2) dx

= (1 +x2) eX—ZIxede
Integrating Ixex dx by parts again, we get

Ixexdx = xeX —Jex dx = xe* —eX

1+x2) eXdx = (1+x%)eX—2xeX +2eX+C
Jh( ) X ( 2) X X X

L In’3x+ \/9x2—1’ +C.
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iv) We have

Ixz sinxcos xdx = J”X23|n2xdx = ;Ixz sin 2x dx

2

= % {x2 (_co;Zx) +Ixcostdx} .

Again,
jxcostdx = Xsin 2x - 1Jsin 2x dx
2 2
xsin2x 1 /—cos2x
= -5 +C.
2 2 2
- [ %2 sin x cos xdx = 1 x? cos 2x _ Xsin2x  cos2x
o 2 2 2 4
x2C0oS2X XSin2X  COs2X
— + + +C
4 4 8
E9) i) We have
xdx

J sin™! xdx = xsin"'x -

V1-x2

Putting u = 1 —x2, we get du = —2xdx. The integral becomes

1
A (2xax 1 d7u=_1u2+C=—m+C.

Viexe 2J v 2]

So,

Jsin_1 xdx =xsin"'x+v1-x2+C

i)  We have

J‘tan_1 xdx = xtan™" x—J’x1 dx.
1+ x2

Substitutingu =1+ x2, du = 2x dx, we have

X 1 ( 2xdx
[Frrts IH)@_‘[_I‘(1+X‘+C

.'.Itan xdx = xtan™ x——In(1+x) C

2

iii)  We have

cot 1 xdx = xcot™ T x— | x i dx =xcot T x + xdx
1+ x2 1+ x2

:xcot‘1x+%ln‘1 +x2’ +C

E10) We have
2

jxln‘<1 +x2)‘dx = X?In)(1 +x2))—;jx21 -:x2'2XdX

_ "22|n)1 +X2‘"I 1 ’isxzdx
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Further,
X 1+x —x
x dx
I1+X2dx—f T2 ——dx= dex j1+x2
2
_ X _ 1 2
"2 7 I1+x2 7 an|(1+)]+c
24
X 1) 2
: = 24q|%
..len‘(1+x>‘dx In‘x +1‘ 5 +C
E11) i) Comparing with Eqn. (23) , we see that
a=3,b=4. - r=V32+42=5
. [e¥ cosdxdx = %e3x cos(4x—60) + C where 6 is such that
cosf = %,sine =z
i)  Comparing with Eqn. (23), we seethata=3,b=4. - r=5.
[ e*sin 3x dx = Je**sin(3x — #) + C where ¢ is such that
cosf = sma
iii) [e‘4x cos4xdx. Here,a=—-4,b=4.r=+/32=4v/2. cos = % = ‘—12
i —p il = T = 3i
sin@ ﬁ...,e =% So, we have
Ie“‘x cos4xdx = Le“b‘ cos <4x— 3”) +C
4v2 4
E12)i)  We have cosxcos2x = 5 (cos 3x + cos x). Therefore,

ii)

J e* cos x cos 2xdx = % I e* cos 3xdx + I e** cos x dx> . Both

the integrals are standard forms that we have seen already.

We have cos? x = 1*‘3‘2’732". Therefore

Iezxcoszxdx- % (I dx+jc032xdx> )

Both the integrals are easy to evaluate.

We have [ e2*sin bx dx = €@ sin(bx — §) where 6 is such that
sing = and cos = —-2 Integrating by parts, we get

a2+b Va2+b?

Ixeax sinbx dx = xe® sin(bx — ) — I e sin(bx — 0) dx
Substituting u = bx — 8, we have du = b dx. Therefore,
utf u
‘[eaxsin(bx—é)dx = Jﬂea( b ) sinudu = eafjei sinudu

This is a standard form which we know how to integrate.
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E13)i) Integrating by parts, we have

I Va2 +x2dx = I Va2 +x2(1)dx

* 1 1
=xvaZ+x2 - X5 ———s2xdX
J \/a2+x2
~ 2
X
=xvVaZ+x2- | ————dx
J vaZ+x2
r (y2 2 2
X% +a‘)—a
=xvazex2 [ Era)-aty,
J \/az+x2

_X\/82+X2+aj
I\/a2+x2dx X\/a2+x2+aj

Va2 +x2 dx
va2+x .,[

\/a2+x
/A2 + %2
=X\/az+x2+a2[In2X +C.
2 2 142
Ry X > a% |x+Vval+x
J,‘ 32+X2dx=§ 82+X2+7|nf +C

i) Integrating by parts,

jﬂ\/xz—a2 dx = xVx2-a2- x1¥.2xdx

2x2_32
~ 2
X
=xVx2-a2- | ———dx
J \/X2—82
2_ .2 2
~(x?—a%) +a
s [E) e
ST IV
=xVx2-a2- \/x2—a2dx aj
J \/xz—a
N2 _ a2
2]\/xz—azdx=xvx2—a2—azln % +C.
2 /2 _a2
'.Jﬂx/xz—azdx:X x2—a2- 2L XY T8 ¢
2 2 a
/ 2 1 3 X
i —x2 = _ _x2 + = in~1 (2 +
E14)1i) Wehavej (\/5) x4 dx 2xv3 X 2sm <\@> C

i)  We have

Imdxmfsfmdx
ey )

=§ — 2 L in—1
Vv 1—-5x +2ﬁsm (\@X)+C.

N

X+ Vx2+7
7

V7 +x2+ —I

+C.

0 [

X
2
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iv) We have

2 X+ 1+X2
:\/5 5 <1> +X2+i|n 15 +C
2 V5 10 7
=%\/1 +5Xz+2\1F5|n‘VSX+ V1 +5x2‘+C

v) We have

j%ﬂdpfﬂdx

vi) We have

v|ﬂ\/9x2—1dx=3 x2—1dx

2

1

I PN PRI (A al ©),
2 3) 18 1
=;\/9x2—1—;ln‘3x+\/9x2—1‘+C

vii) Integrating by parts we have

2 0O
e X< sin
jxsm 1xdx=

1X J\ X2
- dx
2 V1-x2

We have

2 (1-x2) -1
| = | o
V1 -x2 V1-x2
dx
=- 1—x2dx+I
I V1 =x2
=—(X) V12 + Lsin1 X 4 sint g+C.

2 2 2

E15)i) We have

dx 1
J\2x—3 = §In|2x—3| +C

using entry 2 in Table 1.

dt 1
ii Using entry 1 in Table 1, we have =— +C
) g entry j(t+5)2 {t+5)

iii)  We have

J”4x+1 dx=1<j 2x + 1 dx—f dx >
X2 +x+2 2 X2 +x+2 X2 +x+2 87
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/
j 2)(7-'-1dx is of the form j f (X)dx where f(x) = x% + x + 2.
X2 +XxX+2 f(x)

+
,'.If)(1dx=ln)x2+x+2‘+c1.
X4+ X+2

We have

(P ‘f
X2+x+2

dx
2 2
7
D-(v8)
onputtingu=x+1.
2
Z
2
. dx 1
Rtx+2
< ) 1(””)

2
u2+

4x +1 2x+1
| ———dx= 2In|x2 +x+2| - C
Ix2+x+2 ’ < V7 >
We have
5x -1 _ 5x —1 _ A B

21 D=1 x*+ 1) x=1)

Multiplying by x2 — 1 both sides, we get 5x—1 = A(x— 1) + B(x + 1).
Putting, x =1, we get 4 = 2B or B = 2. Putting x = -1, we get
—6 = —2A or A = 3. Therefore, the integral becomes

Jpmqoe=a ] 52 Ty =amxe 1+ 2mi-1]vc
X2_1 X+ 1 X—1

We have 5 (x2 6x + 3) = 2x— 6. Writing 3x + 1 = A(2x - 6) + B and
solving for the values of A and B by comparing the constant term and
the coefficient of x both sides, we get A =3/2,B =1+ 6A = 10. So,
we have

J‘ 3x+1 J‘ 2X—6 +10J" dx
x2—6x+3 ~2 x2-6x+3 x2-6x+3

/
j &dx is of the form j Y dx where f(x) = x2 — 6x + 3.
x2 —6x+3 f(x)

.-.Ide infx? ~6x+3[ + Cy.

X2 —6x+3
We havej dx =I dx . Putting u = x—3, the integral
X2 —6x +3 (x-3)2-6
becomes

u-— f

J‘ du _ 1 n
u?-(vV6? 2V6

.'.dex= §In‘x2—6x+3’ + S
x2-3x+6 2

x3\f
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We can integrate this by completing the square also. However, the
denominator factors as x(x + 2). So, we can use the method of partial
fractions. We have

1 A B
=—+

X(x+2) x x+2°

Multiplying both sides by x(x + 2), we get 1 = A(x + 2) + Bx. Putting
x =0, we get2A=10orA= % Putting x = -2, we get 1 =-2B or
B=-1

2

S P (L e e

2’+C

=In|x|-Injx+2|+C = ’
X+

We have x2 —2x—3 = (x=3)(x+1). To split =3 3)(
fractions, we write

) into partial

Xx+1

X _ A N B
(x=3)x+1) (x=3) (x+1)

egetx=A(x+1)+B(x-3).

Multiplying both sides by (x —3)(x + 1),
= 7. Putting x = 3, we get

Putting x = -1, we get -1 =—4B or B
3=4A0rA=3.

J" X dX=3J”dx+1J”dx
) x2-2x-3 4) x-3 4]) x+1

=%In\x—3\+%ln|x+1\+C.

-M—\E

We can factor the denominator as (x + 5)(x — 2). We write

*x-13 _ A _ B
(x+5)(x=2) (x+5) x-2

Multiplying both sides by (x + 5)(x — 2). we get
3x—13 = A(x—2) + B(x +5). Putting x =2, we get—7 =7B or B = —1.
Putting x = -5, we get —28 = -7A or A = 4.

3x dx
. - = - = + _ —_ +
Ix2+3x—10 4Ix+5 x—2 _ 4Inkx+S|=Injx—2]+C.

We have x2 + x—6 = (x + 3)(x — 2). We write

6x2 + 22x — 23 __ A B _C
2x—=1)(x+3)(x-2) (2x—-1) x+3 x-2

Multiplying both sides by (2x — 1)(x + 3)(x — 2), we get
6X2 +22x — 23 = A(x + 3)(x — 2) + B(2x = 1)(x = 2) + C(2x — 1)(x + 3)

Putting x = 5, we get 21A =42 or A = 2. Putting x = -3, we get
-35= 358 or B =—1. Putting x =2, we get 5C =15 0or C = 3. The
integral becomes

6x2 +22x — 23 dx dx dx
dx=2f —I +3I
(2x=1)(x+3)(x—2) 2x -1 x+3 X—2

=In|2x—=1|=In|x+ 3| + 3In|x—2| + C. 89
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v) Check using long division 3x3 = (3x — 3)(x2 + x—2) + 9x — 6. We can
write the integral as

Splitting into partial fractions, we get

3x-2
(x+2)(x—=1)
-2 _ 8 1
(x+2)(x—1)_3(x+2) 3(x=1)

J‘ 3x—-2 8J’ dx 1 dx
N X =S | 5 t5 | —
(x+2)(x=1) 3J)x+2 3) x-1

=§In|x+2|+;ln]x—1|+C1.

3I(x-1)dx = g(x—1)2 +C,.

3 2
X 3(x—1) 8 1
: = + — + 2|+ — 1| +
"Ix2+x—2dx 5 3In\x 2| 3In|x 1]+ C.

vi) Notice that x2 —x + 1 has complex roots. To split the expression into
partial fractions we write
X2 +x—1 _ A N Cx+D
X=1Nx2=x+1) x-1 x2-x+1

Multiplying both sides by (x — 1)(x2 —x + 1), we get
X2 +x—1=AX2—x+1)+(Cx+D)x—1).

Putting x = 1, we get 1 = A or A = 1. Comparing the coefficients of X2
both sides we get 1 = A+ C. .-. C = 0. Comparing the constant terms
both sides, we get A—D =—1,. .-. D = 2. We can write the integral as

dx +2J‘ dx
X—1 x2—x+1"

j dx =j dx
X2 —x+1 (x—§> _,_3

1

Substituting u = x - 3, we get du = dx.

J‘ dx =J‘ du =it <2u>+c —it - <2x—1)+C
T)x+1 ) w23 B va) v va )

2
X<+ x—1 4 4 <2x—1>
dx =In|x—1| + —tan +C
j(x—1)(x2—x+1) | | V3 V3
vii) Let
x3 — 4x _ (Ax+B) _ Cx+D
x2+1)2  x2+1  (x2+1)2

Multiplying both sides by (x2 + 1)2, we get
(x3 = 4x) = (Ax + B)(x2 + 1) + Cx + D.

Comparing coefficient of x3 both sides, we get A = 1. Comparing
coefficients of x2 both sides, we get B = 0. Comparing coefficients of
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E17)i)

E18) i)

J

x both sides, we get A + C = —4, so that C = -5. Comparing constant
terms both sides, we get B+ D =0, so that D = 0.

3_
(X2 +1)2 (x2+1) (x2+1)?
Now
J” x dx =1J"2xdx
x2+1 2J x2+1

Substituting u = x2 + 1, du = 2dx.

xdx _ 1 (du_1 1 2
= — - = — + = — + +
J\x2+1 ZI . 2In|u] C 2In‘x ‘I‘ Cq.

Substituting u = x2 + 1, in I _xdx we get du = 2x dx. So,

(@ +1)°
xdx 1 du_ 1 [u? -1
= _ - = _1 _ . +C:7+C.
I(X2+1)2 ZIUZ 2(—1> 2(x2+1) 2
3_
wdx=1ln‘x2+1‘+L+C.
(x2+1)2 2 2(x2+1)
We have
2 _ 11 4=-=1,
[ e
X 2 X <x+%> -2
Puttingt=x+%,wegetdt=1—)(1—2. Therefore,
2 +1_ 2
,,[X 1dX=J‘2dt S 1 : f+C
1+x -2 2v2 |x+1+y2
We have
1 1
Jh1+X2 dx=JﬂX2+1 dx=Jﬂ"2+1 dx
2 4 y4 1 2 2 '
1+x2+x 2 T1+x (X_%> +3

— 1 dt —
|ft—X—i,&— +

1+ x2 dt 1 11 1
————dx = =—tan"'{ —=(x—= ) *+C
‘[1+x2+x4 X jt2+3 3 {\/§<X x)}
C

Here a < b. Therefore

dx 1 V4+5+5-4tan} 1, [3+tan}
= In +C = ~In|———%|+C.
4+5cosx 5242 |\/4+5-\5-4tan} 3 |3-tan}
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i) We have

Cos X (2 —cosx)
- = _ >~ 7 - =_ +2
I 2 —cos de (2—cosx) ‘[ dx ‘[ (2—-cos x)

We have —jdx =—x+ C+Cy. In the second integral a =2,b = -1, So
a > b. Therefore

I dx 2 tan™ 2= an X ) +c
(2—cosx) /22— (12 2+(=1) 2 2

2
7 (ftan >+C2
cosxdx _ 2 1 X
2 cosx <" f an <\/§tan§>+
E19) We have
3 =
1+f j atdtift= x.
=4 “tsdt—4j HoBrRot+1- | dt
1+t t+1
5 ¢ 8 2
=4 5774 §—§+t—|n|t+1| +C
[\ 5/4 34 A2
=X XX X MA L 14
4 5 4+ 3 5 + X In|x +1|]+C
E20)i) We have
Vrea)
V3x2 +4x+ 1 \/ (X2+ dx+ 3
1[
R AT
(X+§) “9%3
SN
V3 2\ _ 1
(x+3)"-4
2 2
2 2 1
1 <X+§> * (X+§) ~3
=—In +C
V3 1/3
1
= —In[3x+2+3V3x2+4x+1|+C.
% v |

i)  We have

j‘ dx =1J” dx
Vax2-4x+3 V3 \/(X_§>2_g+1
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IMCORICOR:
ﬁln VTR +C

n 3x—2+3V3x2—4x+3 e

1
73 NG

i) We have
5 2x — x2 =5—(2x+x2)=5—{(x+1)2—1} =6—(x+1)2

therefore

Hs_dzxﬂ:w(@fx_x -sn™ (") v

(x+1)?

E21)i) We have %(3x2+4x+1)=6x+4. We have 3x +1 = A(6x +4) + B.
So,A=J}. From4A+B=1,B=-1.
o+ 1 6x +4 dx—j dx
Va2 +ax+1  2J V/3x2+4x+1 V/3x2 + 4x + 1

I . W27y . dx is of the form | () 4x where fx) = 3x% + 4x + 1.
3x2 +4x + 1 Vi)

+
_Ox*4 i =2V3xZ+dx+1+Cy.
V3x2 +4x + 1

From E) 20) i) We know the

J‘dx=1In‘3x+2+\/§\/3x2+4x+1‘+02.
Vax2+ax+1 V3

j 3x+ 1 \/3x2+4x+1—i|n‘3x+2+f3\/3x2+4x+1‘+c
3 V3

x2+4x+1

i)  We have &(3x2 —4x+ 3) = 6x—4. We write 2x— 3 = A(6x—4) + B.
Comparing coefficients of x both sides, we get A = % Comparing

constant terms both sides, we getB—4A =-3 orB = —%.

2X — 3 1 6x—4

SJ” dx
V3x2—4x+3 3 V3x2—4x+3 3J /3x2_ax+3

From 20) ii) we know that
Jﬂ Id =2/u+C=21/3x2-4x+3+c.
m vu

Therefore
X3 gx=2\/3x2_4x+3
V3x2-4x+3 3
5 3x—2+/3V3x2—4x+3
- In +C
3V3 V5 93
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iii)  We have dx(5 2x—x2) = =2(x + 1). Also X + 2 ——7(—2(x+ 1))+ 1.

X+2 dx = 1 =2(x+1) 2D 4 +J”

V5 —2x—x2 V5 —2x—x2 VB _2x—x2
As before

=2(x+1)

——= L _dx=2V5-2x—-x2+Cy.
V5 —2x —x2

From 21) iii) we have

1 <X+1)
— =sin — | +Co.
Iv5—2x—x2 Ve
Therefore
 (x*+2)

1
=V5-2x—x2 +sin”! <X+ >+C
V5—2x—x2 V6

E22)i) We have

I\/3x2+4x+ 1dx

j\/ x2 + x+1 dx
2
”U ( 3) s
2
—\f —9 u(onsubstltutlngu-x+3>

-3

—67ln3 x+§> +\F3\/3 <x+§)2—;

_ (3x+2)V3x2 +4x + 1

+C

1 2
—\/gln’3x+2+\@\/3x +4x+1( +C
i) We have

jmdxmuwx_?f ‘
5f (-3
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+C

= \/5{(3’(6_2)\/3x2-4x+1

3x—2+/3V3x2 —4x +1
V5

n
63

+C}

i)  We have

jmdx j\/ — (x+ 1)2dx

I \/(v6) —u2du (On substitutingu = x + 1)

u (\fG) —u? §Sin_1 (\‘}6)4.0

2 2
(x+1)V5—2x—x2 1 [(x+1
= + 3sin —— | +C.
2 NG

E23)i) Let
h(x) = 8 + 2x—x? = A+ B(x—2) + C(x — 2)?
We have 8 = h(2) = A. Since h’(x) = 2—-2x, —2 = h/(2) = B. Also,

h”(x) = -2, so =2 = h(2) = 2C and C = —1. Putting x—2 = % the
integral becomes

y2
1 r dy
T 2v2 y2—y_1
4178
1 C dy

J‘ dx _ 1 dy
) x-2)V8+2x—x2  2v2d (y—1)2—3

Substitutingu =y — %, we get

dx
v[(x—Z)\/8+2x—x2

R :
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E24) )

2 2
1 1 3
R R O
242 38
1 8y —1+2v2,/8y2 -2y —1
=— In +C
2V/2 3
8 8 2
R Inx_2-1+2f2\/(x_2)2—(x_2)-1 e
2V2 3
1 10 =X +2v2/8 - 2(x—2) — (x— 2)2 vC
2V2 3(x-2)
1 n 10 —x + 2v/2V8 + 2x — X2 ‘C
2Vv2 3(x-2)

We have x2 +6x + 10 = (x + 2)? + 2(x + 2) + 2. Putting y = - 15, the
integral becomes

5
_Iydy
1 [2y2+2y+1
y y2

d

=_J” y =_1J‘dy
V2y2+2y+1 V2 y2+y+}

+C

=—\;§|n2(2y;1)+ﬁ¢2{<y+;>2+1}

+C

= —In|[(2y + 1) + V21 /2y2 + 2y + 1

1 2 2 2
= |In|— +1+ + +

N AT ﬁ\/(x+2)2 x+2 ]

1 nx+4+\@\/x2+6x+10
V2 X+2

Let f(x) = 3x2 + 4x + 1 Then f'(x) = 6x + 4. Writing
2x—1 = A(6x + 4) + B and comparing the coefficients of x both sides,
6A=20rA= % Comparing the constant terms both sides, we get

-1=4A+BorB=-4A-1= —%. We can write the integral as

;J’(Gx+4)\/3x2 +4x +1 dx—;I\/3x2 +4x + 1dx.
The [(6x +4)V/3x2 + 4x + 1dx is of the form [ f'(x)/f(x) dx. Putting

u = f(x), the integral becomes

+C

+C

3 y
Iﬁdu=“;+c=§(3x2+4x+1) “rcy
2
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From Exercise 22) i), we have

v/3x2
[RESTTEEE e

1
- In|3x+2+V3V3x2 +4x+1|+C
613 ‘ ‘ !

‘[(ZX— 1)V 3x2 + 4x + 1 dx

2/ 9 5 (21x+14)V3x2 + 4x + 1
5 (o eaner) ! EEIT

T In‘3x+2+\/§\/3x2+4x+1‘++0
183

i) Taking f(x)=5-2x-— x2 we have f'(x) = —2 — 2x. Writing
x—3 = A(-2 - 2x) + B and comparing the coefficients of x both sides
weget-2A=10rA= —%. Comparing the constant terms, we get
—2A+B =-30orB=-3+2a=-3-1=-4. Therefore we can write the

integral as
_;J(_Z_ZX)VS_ZX_XZ dx—4j V5 —2x—x2 dx

The integral ur(—2x —2)V5-2x—x2 dx is of the form I ' (x)\/f(x) dx.

NI

.~,J\(—2—2X)mdx = % (5—2X—X2) +Cy.

V5 _ 2y — x2
jVS—zx—xzdx=(X+1) 52 X +3sin”"! <X\;é1>+02

.'.I(X—3)v5—2x—x2dx=—;(5—2x—x2)—2(x+ 1)V'5—2x —x2

_12sin™" (%) +C

Methods of Integration
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REDUCTION FORMULASl
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19.5 Summary 117
19.6 Solutions/Answers 118

19.1 INTRODUCTION

In the first two units of this block we have introduced the concept of a definite
integral and have obtained the values of integrals of some standard forms. We
have also studied two important methods of evaluating integrals, namely, the
method of substitution and the method of integration by parts. In the solution of
many physical or engineering problems, we have to integrate some integrands
involving powers or products of trigonometric functions. In this unit we shall
devise a quicker method for evaluating these integrals. We shall consider some
standard forms of integrands one by one, and derive formulas to integrate them.

The integrands which we will discuss here have one thing in common. They
depend upon an integer parameter. By using the method of integration by parts
we shall try to express such an integral in terms of another similar integral with
a lower value of the parameter. You will see that by the repeated used of this
technique, we shall be able to evaluate the given integral.

In Sec. 19.2, we introduce you to the idea of reduction formula with the help of
some examples. In Sec. 19.3, we discuss reduction formulas for powers of
trigonometric functions. In Sec. 19.4, we discuss reduction formula for products
of powers of sine and cosine functions. We also discuss reduction formulas for
integrating e@* sin x and e®X cos x. Here are the

Objectives
After studying this unit, you should be able to:

e derive and apply the reduction formulas for | x"e*dx;
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e derive and apply the reduction formulas for
[sin"xdx, [cos"x dx, [tan"xdx, etc.;

e derive and apply the reduction formulas for | sin™ x cos" x dx;

e derive and apply the reduction formulas for [ e®*sin" x dx;

19.2 REDUCTION FORMULA

Sometimes the integrand is not only a function of the independent variable, but
also depends upon a number n (usually an integer). For example, in | sin" x dx,
the integrand sin" x depends on x and n. Similarly, in | €Xcosmx dx, the
integrand e* cos mx depends on x and m. The numbers n and m in these two
examples are called parameters. We shall discuss only integer parameters
here.

In integrating by parts we sometimes obtain the value of the given integral in
terms of another similar integral in which the parameter has a smaller value.
Thus, after a number of steps we might arrive at an integrand which can be
readily evaluated. Such a process is called the method of successive
reduction, and a formula connecting an integral with parameter n to a similar
integral with a lower value of the parameter, is called a reduction formula.

Definition 7: A formula of the form
If(x, n)dx = g(x) + I f(x, k)dx,

where k < n, is called a reduction formula.

Consider the following example as an illustration.
Example 1: Derive a reduction formula for | x"e* dx.

Solution: The integrand in | x"e*dx depends on x and also on the parameter
n which is the exponent of x. Let

In = fx”exdx.

Integrating this by parts, with x" as the first function and e* as the second
function gives us

In = x" I ede—J (n xn—1 Jexdx) dx
=x"e*—n I x"1eX dx

Note that the integrand in the integral on the right hand side is similar to the one
we started with. The only difference is that the exponent of x is n—1. Or, we
can say that the exponent of x is reduced by 1. Thus, we can write

In =x"eX=n lh_1 (1)
% 3k ok

The formula in Eqn. (1) is an example of a reduction formula. Let us now look
at an example to see how we use this formula.

Example 2: Evaluate jx4exdx using Eqn. (1).
Solution: Notice that I = fx4exdx. So, using Eqn. (1) we can write

I, = x*eX - 4l,

Reduction Formulas

99



Block 5

Integration

100

= x*eX
= x4eX

—xe

4[x e —3l,] using Eqn. (1) for I3

—4x3eX + 121,

— 4x3eX + 12x%eX — 2414, using Eqn. (1) for I,

= x*eX — 4x3eX + 12x%eX — 24xe* + 241,

Now Iy = [ xPe*dx = [ eXdx = eX +c.
Thus,the method of successive reduction gives us
J\x4exdx = x*eX — 4x3e*X — 12x2eX — 24xeX + 24X + ¢

in five simple steps.
* ok ok

You may have noted in Example 2 that we were saved from having to integrate
by parts four times. This became possible because of Eqn. (1). In this unit we
shall derive many such reduction formulas. Here are some more examples.

Example 3: Find a reduction formula forJﬂxIrn (Injx)" dx. Use it to find
[ x3 (In|x])? dx.

Solution: Let us write
In = jxm (In|x|)" dx.. ... (2)

Then, taking In (|x|)" as the first factor and x™ as the second factor and
integrating by parts, we have

1 n 1 " m+
In = P (In|x|)" — 1) X (In|x|
xM+1 " 1 ~
= (Inx|)" — 1) xn(In|x|) dx
m+1 n 1 r N1 m+1
= T (Inx|)" — 1) In|x|)™" dx = 1 In|x| +1In 1
Thus
m+1 " n
In= +1(In|x|) 7+1n_1,m;é -1 ... (3)

Again, note that | x3 (In]x|)2 dx = |, according to the way we have defined I, in
Eqn. (2). Applying Egn. (3), we get

4 2 x4 5 2 (x 1
l2 = 4 In|x| _Z|1 =Z(In\x|) ~2 Z'”M‘zlo

_x (In|x\)2—1ln]x| .y
4 2 80

We have

4
= | x3ax=2+
) Ix dx ) C

><

x
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Therefore,
4
I, = XZ {(In]x|)2—;ln\x] " ;} +C

% 3k 3k

Here is another example.

Example 4: Find a reduction formula for I x"(ax +b)™dx where m, n € Z,

m #—-1and a, b € R. Use it to integrate Jx3(2x + 5)10 dx.

Solution: Here, there are two choices. We can progressively reduce the
power of x or the power of (ax + b), depending on which among n and m are
smaller. In this example, we will see how to reduce the power of x. Since we
want to reduce the power of x term by one, so we choose x" as the second
factor so that when we differentiate x" the power is reduced by one. We have

j(ax +b)"x"dx = x" J‘(ax +b)™ dx —j nx"" <ur(ax +b)™ dx> dx

ax + b)m*1 n .
= x! a(m+)1) _a(m+1)fxn @x +b)™! dx

Writing Inm = u|Ax”(ax +b)M dx, we get

L 1 n m+1
= s ) (x"(@x+b)

Let us now use this to integrate Ix3(2x + 5)10 dx. Here, n =3, m =10 and
a = 2. We have

1 3 11
R (x (2x + 5) —3|2,11)

( x2(2x +5)12 _ 21, 12)

Ix3(2x+5)10dx -~ |3 10 =

|211—

X(2x + 5 |0 13)

112_2 1
2x + 5)14
o= [((ox+5)13 dx = ¢
0,13 Jﬂ(X 5) s 1€
Therefore,
B(ox+5)10dx = @+ 3 [ 1 (2(2x+5)12 =214 1)
B 22 22 24 112
3 11 2 12
_X%(2x+5) X“(2x +5) 1 13
ST 2 76 fiag (X258 ~lo13)
3 1 2 12
_ X%(2x+5) X(2x + 5) 1 13
ST 2 176 114aX(&X*0)
1 14
~ 32032 *0) "+ C
k ok ok

The fact that parameter m in Eqn. (4) increases by one can be useful! Here is
an example that illustrates this.

_ nln_1,m+1) ..(4)

Reduction Formulas
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Integration

Example 5: Evaluate the integral J\ X dx.
(1+x)3

Solution: Suppose we use the method we discussed in Unit 18 for integrating
rational functions. We have, by long division,

X = (x2—3x+6) (1+x)% = (102 + 15x + 6).

This computation itself is tedious. The next step is to write

5 2
(1+x) (1+Xx)

The first integral is straight forward. For the second integral, we need to use
partial fractions.

However, using Eqgn. (4), we have

x° _ 1 x°
J o=t g ((1 X2 '5'4"2>

1 xS 1 x4

T2 [(1 +x)2 _5{(—2+1) ((1 +x)_4|3"1>}]
1 x2 x4

-T2 ((1+x)2+51+x_20I3’"1>

3 _1\3
I3,_1=I X dx=J"(u u1) du on puttingu =x+ 1

1+x
3_342 + 3y — 3 u?
=Iu 3u“ +3u 1du:I'L_:gli+\’_’,u—ln|u|"‘C
u 3 2
3 2
=(1+3x) 50 +2X) +3(1+x)=In|1+x| +C
5 7 ¢ -
: X _ 3 X (1+x) ?
..Jh(1+x)3°'X 20exR Caren 0 g I

+30(1+x)+10In|1+x|+C
X 3k Xk

The formulas that we will now discuss will fall into two main categories
according as the integrand

i) is a power of trigonometric functions,
i) is aproduct of trigonometric functions.

We will take these up in the next two sections. Before we move on to the next
section, try the following exercises:

E1) Find a reduction formula for the integral jx”eax dx. Use it to evaluate the
integral \[x?’ezx dx.

X2

(1+2x)3

E3) The reduction formula in Example 4 reduces the power of x by one. Prove
a reduction formula that reduces the power of (ax + b) by one. Use it to

evaluate the integral u|nx10(3x +1 )2 dx.

E2) Evaluate the integral J
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If you have gone through the discussion carefully, you would have noticed
certain pattern in choosing the first function and second function while deriving
the reduction formulas. We always choose the function which is a power of
another function, such as a polynomial, as the second function because we
differentiate the second function and this reduces the power. By repeatedly
applying this, we remove this function from the integrand. Hopefully, the
function that remains is a simpler function to integrate.

For example, while deriving the reduction formula for | x"e* dx, we chose x" as
the second function. After applying the reduction formula repeatedly, we arrived
| €*dx which is a simpler integral. With help of this insight, you can recall the
derivation of reduction formulas without having to memorise them. You will find
this idea applicable in the next section where we discuss reduction formulas for
integrands involving powers of trigonometric functions.

INTEGRALS INVOLVING TRIGONOMETRIC
FUNCTIONS.

19.3

There are many occasions when we have to integrate product of a
trigonometric function with a polynomial. In this section we shall indicate how to
proceed in such cases. Let us look at an example.

Example 6: Find reduction formulas for ‘[ x" sin ax dx and Ix” cos ax dx
wherene N,n>2and a € R, « #0. Use them to evaluate IXZ cos 4xdx,

andf x2 sin 6x dx..

Solution: As we mentioned earlier, x" is the right choice for the second
function since the power of x decreases on differentiation. Let us write

In =jx” cosaxdx, I/, = jx“ sin ax dx

We have

In =Ix” cos axdx = x”jcoswdx—ji{x” <‘[ cos<xx> dx

N
x"sinax n 1.
=—jx” T sin ax dx

o (04
x"sinax n,
=220 ...(5)
o 04

I Ix” sinaxdx = x“jsin axdx—f %x“ (I sin ax) dx

n n
X' 'cosax n _ X' 'cosax n
=—+jx” Tcosaxdx = =22+ 24 ...(6)
04 04 o [0

Using Eqgn. (5), we get

V= x"cosax , n x"1 sin ax n-1,
- a a a g M2

x"cosax nx"1sinax n(n- Dy

5 52 . (7)

a a (04

Reduction Formulas
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Similarly, using Eqgn. (6) in Egn. (5) we get

=222

a a

x"sinax n [ x"Tcosax n-1
= - + In—2
a o

_X"sinax _ nx"™'cosax n(n-1)
= + 2 - =l .. (8)
o o a

Let us now evaluate Ix2 cos4x dx using Egn. (8). We have

xzsin4x+2xcos4x 2I
4 16 16 °
xzsin4x+xcos4x 2
4 8 16
=xzsin4x+xcos4x_sin4x+
4 8 32

I =Ixzcos4xdx =

I cos 4x dx

C

ForJﬂx2 sin6xdx, n = 2, « = 6. Using Eqgn. (7), we have

2 cos 6x , 2xsin6x _ 2

/ = 2 . = X _7/
I2 fx sin 6x dx 6 36 36I0

2 : 1
__X“cos 6Xx . X Sin 6x J\sin 6x dx

6 18 18
x2cosBx xsinBx cos6x
= - + + +C
6 18 108
k% %k ok

You may like to test your understanding of the example by trying this exercise.

E4) Evaluate the following integrals:
i) [ x#sin3xdx. i) [ x* cos 5x dx.

19.3.1 Reduction Formulas for | sin" xdx and [ cos" x dx

In this sub-section we will consider integrands which are powers of either sin x
or cos x. Before we discuss general powers, recall that we have already seen
how to integrate the odd powers of sin x and cos x using substitution in Example
8 in Unit 18. Let us now derive general reduction formulas that work for both
even and odd powers of sin" x and cos" x. We start with powers of cos x first.
Let us now derive the reduction formula for | cos" x dx. We write

I = Icos”x dx = Jﬂcos”‘1 xcosx dx, n> 1.
Integrating this integral by parts we get
In = cos™ " x sin x —Vr(n — 1) cos"2 x(-sin x). sin x dx

= cos™ ' xsinx + (n— 1)I cos"2 x sin? x dx

= cos™ " xsinx + (n— 1)j cos"2 x(1 — cos? x) dx

=cos" " xsinx+(n=1) (In_p — In)

104
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By rearranging the terms we get

_’] .
cos™!xsinx n-1
In =Icos”xdx= - t— lp—2 ...(9)

Although this formula is valid for n # 0, this formula is really useful only when
n > 0. When n < 0 we use the reduction formula for‘JAsecn x dx that we discuss

later.

Let us now look at an example to see how we apply Eqgn. (9) for integrating
powers of cos Xx.

Example 7: Evaluate Jhcos.6 x dx using Eqn. (9).

Solution: We have

5

6 _ . _ cos xsinx+§
Icos xdx = lg — % 6'4
cos®xsinx 5 [cosdxsinx 3

= 4+ _ 7+7|2
6 6 4 4

_ COSSXSinX+£cos3xsinx+1—5 cosxsinx+1I
6 24 24 2 20

-M+icos3xsinx+Ecosxsinx+Ex+C
6 24 48 48

) 3k 3k

You may like to check your understanding of our discussion so far by trying the
next exercise.

E5) Evaluate the following integrals:
i) j cos’ x dx. i) j cos® x dx.

In the next example, we will derive a reduction formula for integrating sin" x.
Example 8: For evaluating jsinn xdx, we write

/
I

n =Isin”xdx=Isin”_1x sinx dx, ifne€Z, n #0.

Taking sin"" x as the first function and sin x as the second and integrating by
parts, we get
I/ = —sin"x cosx— (n— 1)Jﬂ sin™? x cos x(— cos x) dx

= —sin" " xcosx+ (n—1 )j sin"2 x cos? x dx
= —sin™ " xcosx + (n—1) U sin"2 x(1 —sin?x) dx}

= —sin" T xcosx + (n—1) [I sin™2 x dx — Jﬂ sin" x dx]

= —sin" " xcosx +(n—1) [II 5 —1]
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Hence,

1

In + (n—= I, ==sin""" xcosx + (n—1)I/ .

That is,

1

nly = —sin™' xcosx + (n—1)I/ _,. Or,

1

n

—sin"'xcosx n-1
= + I/_2

- . ...(10)

This is the reduction formula forjsinn xdx (valid forn € Z, n #0).

* k %
Here is an example to help you understand the application of Eqgn. (10)
Example 9: Evaluate fsin6 x dx using Egn. (10).

Solution: Using Eqn. (10) we have

5
, sin®xcosx = 5
J‘S|n6xdx=I6=—+IQf

6 6
sin®xcosx 5 [ sin®xcosx 3,
= 4+ _ _7+7|2
6 6 4 4
__sin5xcosx_isin3xcosx+1j _sinxcosx +1I/
6 24 24 2 20
-—M—isin3xcosx—1—58inxcosx+1—5x+C
6 24 48 48
k %k %k

Try the following exercise to check your understanding of the above example.

E6) Evaluate the following integrals: i) jsin7xdx. ii)jsinsxdx.

Let us derive reduction formulas for | sin" xdx and | cos" xdx. A natural

OL_DI\)‘;Q
OL—ﬁmm

question you may have is ‘Why can’t we use the formula we derived in to find
the primitives for these integrands using and apply the Fundamental Theorem
of Calculus?’. To answer this question, before we take up the general case, let
us look at a particular case.

Example 10: Evaluate sin® x dx.

Oc—ﬁmm

Solution: We can carry out computation that we did in Example 9 to get

. 6 sin®xcosx 5 3 15 15
sin°xdx=—————— —sin°*xcosx—-— sinxcosx+ -—x+C
106 6 24 48 48
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Notice that, since sin0 = 0 and cos % = 0 all the expressions of the form
sinP x cos9x, p, q > 0, vanish at 0 as well as %

wonte (5 5)-(5) o}

As we saw, sinP xcos9x, p, q > 0 vanishes at both the upper and lower limits of
the integration, namely 5 and O, respectively. Let us see if we can use this fact

OC_DI\J\N

3
to simplify the computation of the definite integral Isine x dx. We first observe
0

that
: sin" " x cos 2 n—1 i
—si X COS X -
jsin” xdx = ] +— j sin"2 x dx
n n
0 0 0
1 /2
=70 | sinm2xdx, n>2 (1)
n
0

Applying Egn. (11) repeatedly, we get

sin? xdx =

3 >
4 6

N =

Al w
© Sy i
a
3
I
> o
)

2
sin® xdx = gjsin4xdx = g h
0

O;—ﬁmm
OC_DN‘§

k% ok

Example 11: Derive reduction formulas for | sin" xdx and ‘[cos” x dx.

Oc_ﬁl\)\tl

Solution: As we saw in Eqn. (11),

nl2 171'/2

. n-— . n—
Ism”xdx= nJ‘sm” 2xdx, n>2
0 0

Using this formula repeatedly we get

S
I
—
=}
I
w

4
5

3
)
N
S
=}
I
N
WIN

5
Jsinxdx if n an odd numbern > 3
0

o
-]
|
—
-]
|
w

dx if n is an even numbern > 2

-]
=]
I
N
A w
N =

© eyl

This means
72 n-1 n-3 42 if n an odd number n > 3
sin"xdx={ " n-2 53
n-1 n-3 § 1
0 4 2

T . .
5 if n is an even number n > 2 107

S
5
|
N
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We can reverse the order of the factors, and write this as

_ _ 2K (1 1\2
zl2 gin 3n 1=2 (k1) nisodd,n=2k+1,n> 3
sin" x dx = 35 n-2 n (2k + 1)
13 n-1 7 _ (2k)! . _
0 57 T o° 22K (k)2 niseven,n=2k, n> 2

...(12)

Making the substitution x = 5 —u, we get du = —-dx. When x =0, u = 5. When
X = % u = 0. Therefore,

0 5
sin" xdx = —J sin” (% - u) du = J\cos” udu.
z 0

Oc_nr\)\a

So, we have
_ _ 2K (1c1\2
zl2 gﬂn 3n 1=2 (kh) nisodd,n=2k+1,n>3
cos" x dx = 35 n-2 n (2k + 1)!
John Wallis 13 n-1 =« 2k)! « .
N~ Z = (2k) — niseven,n=2k, n>2
(1616-1703) 0 24 n 2 22kN22 : -

...(13)

The formulas Eqn. (12) and Eqgn. (13) are known as Wallis’ formulas after the
English Mathematician John Wallis.

X % X
Let us now look at an example to see how we apply these formulas.
Example 12: Evaluate the following integrals:

2
i) Isins xdx i)
0

cos’ xdx

o e

Solution:

i) We have

7531z _ 35
8.6-4.22 256"

sind xdx =

OL—ﬁN\a

i)  We have
: 6-4-2 16
7 =_-*re -
Icos xdx Z25.3.1 35
0
* %k Xk
/2 /2
E7) Evaluate i) I cos® xdx i) I sin® x dx
0 0

108
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19.3.2 Reduction Formulas for [ tan"x dx and [ sec"x dx

In this sub-section we will take up two other trigonometric functions: tan x and
secx. That is, we will derive the reduction formulas forj”tann xdx and

| sec xdx. To derive a reduction formula for | tan" xdx, n € Z, we startin a
slightly different manner.

Instead of writing tan" x = tan xtan"~" x, as we did in the case of sin" x and
cos" x, we shall write tan" x = tan"? x tan? x. You will shortly, see the reason
behind this. So, we write

In= | tan" xdx = Jtan“‘2 xtan? x dx.

)

= | tan"2

x(sec2 x—1) dx

)

= | tan"?x seczxdx—jtan“‘zxdx ...(14)

J

You must have observed that the second integral on the right hand side is |,,_».
Now in the first integral on the right hand side, the integrand is of the form
[f(x)]™.f (x) As we have seen in Unit 18,

mg¢/ _ [f(x)]m+1
j[f(x)] f'(x)dx = Tmt i +cC
Thus,
n—1
V[tan”‘2 xsec? x dx = ta:_ 3 iy

provided n # 1. Therefore, Eqn. (14) gives I, = 0" X _|_,

n—1
Thus the reduction formula for [ tan" x dx is
tan™1 x
n — p— .
jtan XOX ST n-1 Ih—2,ifn 71 --(19) e already know that, if
n=1,
To derive the reduction formula for [ sec” xdx, (n > 2), we first write Jtanxdx =In|secx| +C
sec" x = sec" 2 xsec? x, and then integrate by parts. Thus,
Iy = j sec" x dx = I sec™2 xsec? x dx
=sec"? xtanx—(n—2) | sec"3 xsecxtan®x dx
=sec"2xtanx—(n—2) | sec™2xtan? x dx
=sec" 2 xtanx—(n—2) | sec" 2 x(sec?x — 1)dx
— n-2
=sec “xtanx—(n—-2) (In—I4—2)
After rearranging the terms we get We know already that if
o n=1, [secxdx =
sec"™“xtanx n-2 .
jsec“x dx = Iy = 220 _ZEE L AES Hitn # 1 ...(16) Inisecx+tanx|+C.

Let us now look at some examples.

Example 13: Evaluate the following integrals:
nl4 /4

i) I tan® x dx ii) J sec® x dx.
0 0 109
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Solution:
i) We have
nl4 ¢ 4 rld4 nl4 1t 2 x4 w4
an” x an< x
Itansxdx= ] —Itansxdx=— ] +Itanxdx
4 4 2
0 0 0 0 0
14
_ 1_1+]" sinx 1 injcosx 4
4 2 COS X 0
0
L —+Inv2
4 V2
i)  We have
nl4 714 /4
6 sec? xtan x
vrsec xdx=f +SJsec X dx
0 0 0
2 /4 /4
=ﬂ+i sec” xtanx +g sec? x dx
5 5 3 3
0 0
_7 E 87]\ sec? xdx = —+£tanx ”/4—§
5 15 15 15 0 15
0

X %k 3k

On the basis of our discussion in this section you will be able to solve these
exercises.

E8) Derive the following reduction formulas for | cot” xdx and [ cosec"x dx:

1
i) Icot” xdx = Ip = —— cot™ T x -1, 5

) n cosec“‘zxcotx n-2
ii) cosec 'xdx =l = P n 1I

E9) Evaluate the foIIowmg integrals:
/2

2
i) I cosec®x dx ii)fcot“x dx |||)vrtan xdx iv)

nl4

sec® x dx

OL—ﬁ-N:n

bl

We conclude this section here. In the next section, we will discuss the problem
of integrating power of cos and sin functions.

19.4 INTEGRALS INVOLVING PRODUCTS OF
TRIGONOMETRIC FUNCTIONS

In the last section we have seen the reduction formulas for the case where

integrands were powers of a single trigonometric function. Here we shall

consider some integrands involving products of powers of trigonometric
110 functions. The technique of finding a reduction formula basically involves
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integration by parts. Since there can be more than one way of writing the
integrand as a product of two functions, you will see that we can have many
reduction formulas for the same integral. We start with the first one of the two
types of integrands which we shall study in this section.

19.4.1 Integrand of the Type sin™ x cos" x

In Unit 18, example 8, we saw that we can integrate the powers of the sin and
cos functions and products of powers of cos and sin functions using
substitution if the power is odd. In this subsection, we will consider the general
case. First, we derive reduction formulae for integrals involving products of
powers of the sin and cos functions.

The function sin™ x cos" x depends on two parameters m and n. To find a
reduction formula for | sin™ x cos" x dx, let us first write

lm,n = Isinm x cos" x dx.

Let us now discuss three forms of the reduction formulae.

Theorem 3: We have

cos™ 1 xsin™1x L n-1

I, n = = 2 i ngifm £ =1, m+n #0. (17
—sin™'xcos™'x m-—1 !
lm,n = - +m+nlm_2‘nlfn7é—1,m+n7ﬁ0. ...(18)
sin™ 1 xcos™1x m-—1 .
Im,n = n +1 + n +1 Im_2‘n+2 Ifn ¢_1 . .(19)

You are probably wondering why we need three different reduction formulas.
Before we proceed with the derivation of these formulas, let us see why.

We use Eqgn. (17) if n < m and we want to reduce the power of cos x. Using this,
we can reduce Imn to |y, 4 if nis odd and to the integral jsinm xdx if n is even.
Ifn=1,

sin™ " x : _
Im. 1 =‘[sinmxcosxdx={ mer *C T mz A ... (20)

In|sinx] +C if m=-1

We use Eqgn. (18) if n > m and we want to reduce the power of sinx. In this
case we end up with Isin x cos" xdx if m is odd and Icos” xdx if m is even. If

m=1,

_cos™'x ; _
|1n=j8inxcos”xdx= e *C TN A ...(21)
’ In|cosecx|+C ifn=-1

We use Eqgn. (19) to get rid of negative powers of cos x. For example, consider

8

the integral Isin4 xtan® xdx. We can write this in the form Isin x cos™ x dx

and apply Eqn. (19) twice to reduce the problem to finding jsin“ xdx. We

already know how to handle this integral. 111
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Proof of Theorem 3: We derive Eqn. (17) first.
Im,n = Jn sin™x cos" x dx = I cos™ x(sin™ x cos x) dx

Integrating by parts we get

cos"™ 1 xsin™1 x

Im,n =

m+1
sam+1
sin™ ! x
— | (n=1)cos" 2 x(—sinx)>—— "dx, if m # -1
[[a=1ycos™2x(-sin) = 7
—1 . .m+1
cos™ ! xsin X n-—1 . _
= + sin™ x cos"2 x (1 — cos? x) dx
m+1 m+1
_cos™xsin™1x  n-1
= + Im,n—2 - Im,n)

m+1 m + 1 (
Rearranging the terms, we get

m+n cos"™ 1 xsin™1 x L

m+qmn = m+ 1 m+1 ™ N2
This gives us

—1 . m+1

cos™ ! xsin X n-—1

| = + [ no,ifm #Z=1m+n #0.
m,n m+n m_|_nm,n2 75 7"é

which is Eqn. (17).
To derive Eqn. (18), we write
Im n = Jﬂ sin™x cos" xdx = I sin™ " x(cos" x sin x) dx.

Integrating this by parts we get

A —sin™ " x cos"* ! x
m, n n+ 1
e —cos™ 1 x
—(m-— 1)I3|nm 2xcosx%1)dx forn #-1.
inm=1 n+1
—sin” ' xcos""'x m-1 —e_ :
= + sin™2 x cos” x(1 —sin? X) dx
n+1 n+1
_—sin™ " xcos™1x  m-1
- n+1 i (In-2,n = m.n)
Rearranging the terms,
m+n _ —sin™ " xcos"* 1 x |
n+1 " n+1 m-2,n
From this we obtain
i m—1 n+1
—sin’ ' xcos""'x m-—1 .
Im,n = i +m+nlm_2,nlfm+n;ﬁ0,n;ﬁ—1.

For deriving Eqn. (19) we write
J sin™xcos" xdx = —j sin™ 1 x cos" x(—sin x) dx

_ [ sin™ " xcosMx
n+1

m-—1 e :
- sin™? x cos™2xdx | ifn #—1.
n+1
. sinm_1xcos”+1x+m—1| 0 # 1
m,n n+1 n+1 m-2,n+2>» .

112 u
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Note that, if m + n = 0 we can use the reduction formula for jtanIrn xdxifm>0
and the reduction formula for | cot" xdx if n > 0.

Let us now look at an example to understand the application of Theorem 3.

Example 14: Evaluate the following integrals:
i) I sin® x cos® x dx i) I sin® x cos? x dx iii) j sin* xtan® x dx
Solution:

i) Applying Eqn. (18), we get

1 3
4 8 — —__ ' «ind 9 >
jsm xcos®xdx =ly g 12sm X cos x+12I28
_ 1 3 9,, 3 (_1 9
= Esm X Ccos” X + 12( 10smxcos X
1 —|
10 0,8
-1 sin®x cos? x — 1 sinx cos® x
12 40
40 cos® x dx
From Exercise 5)b), we have
7

xsinx 7 cos® x sin x . 35 cos? x sin x
8 48 192

cos
J cos® xdx =

105 105
+ —cosxsinx+ —x+C

384 384
1 1
J 4 8 — 3 9, ' 9
..Jsm x cos® x dx 12sm X cos” X 40smxcos X
ismxcos7x+ / sinx cos® x
320 1920
7 3 .
+ +
1536 sin X cos® X 3072 sin X cos X
21
*3072°1C
i)  We have
sin® x cos? xdx—lsmgxcos3x+ iI
12 1282
1 9 3 3 1 .9 1
= __ _ +
12s;ln XCOS” X + 1 <1ocosxsm X 10'8*0>

1 3. .9 1 . 9 1 . 8
ﬁcos XSsin X+ECOSXS|n X+40J"S|n X dx

From Exercise 6, we get

Jﬂsins xdx = —% sin’ x cos x — % sin® x cos X — % sin3 x cos x
—@smxcosx+ @X+C
384 384
u|Asm8xc;osxdx = 11—2 cos® xsin? x + 41—0 cosxsin? x — B;O sin’ x cos x
- ! sin® x cos x — ! sin3 x cos x
1920 1536

. 1
~ 3073 SINXCOSX— zaoox + C 13
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Integration

iy  We have
j sin? xtan® x dx = J‘sin4 xsin® x(cos x)™* dx = I sin® x(cos x)™* dx

Here, the magnitude of the power of cos x is smaller. The power of cos x
is negative and Eqn. (19) actually adds two to the power of cos x term.
So, we can get rid of the cos term using Eqgn. (19).

4 4 1 7 3, 7
sin” xtan™ xdx = ———sin’ x(cosx)™ + — g _
| () oI Xeosx) T+ (e 2
1.7 3 7 1 5 1
gsm x(cos x) 3( msm x(cos x)
2
14,0
1 . S A 4 35
=g " X(cos x) 3—§sm5 x(cosx)~T + 140
Using Eqn. (10), we get
u|Asin4xdx=—21sin3xcosx+2Jﬂsin2xdx
=—1sin3xcosx—§ 1 —sinxcosx+‘[dx
4 4|2
=—1sin3xcosx+§sinxcosx—§x+C
4 8 8

g ‘[ sin* xtan* x dx = % sin’ x(cos x)™3 - % sin® x(cos x)™!

3

—%sin xcosx—@sinxcosx+ @x+C
12 24 24

X %k 3k

E10) Evaluate the integrals:
i)‘[sin4xcosexdx. ii)jsin6xcos4xdx. iii)jsin4xtan2xdx.

iv) \[ sec x cosec x dx

19.4.2 Integrand of the Type e?xsin" x

In this sub-section we will consider the evaluation of those integrals, where the
integrand is a product of a power of a trigonometric function and an exponential
function. That is, we will consider integrands of the type e®* sin" x.

Example 15: Derive the reduction formulae for integrating Ieax sin" x dx.

Solution: Let us denote [ e®¥sin" x dx by Ln, and integrate it by parts, taking
sin" x as the first function and e2* as the second function. This gives us

1 . n - e
L, = 5eax sin" x — ajeax sin"™" x cos x dx.

We shall now evaluate the integral on the right hand side, again by parts, with
sin"" x cos x as the first function and e2* as the second one. We get

ax
Jﬁ e sin™ 1 x cos xdx = - sin"1 cos x

1 Jh e ((n —1)sin"? x cos? x —sin" x) dx
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e n—1 ax qinn—2 2
=?sm cosx—T e“”sin x<1—sm x) dx

1 ,
+ 5 e®Xsin" x dx

—?sm 1xcosx—Jﬂe sin™™
n-1
+ e sin xdx+ e sin x dx
a a
e n—1 n—1 1
=~ sin""xcosx + Lho+ Ln+ =Ln
a a
e 4 n—1 n
= —sin"” 'cosx+ L. »+—-L
a a "2 g™
1 ax 1
. Ln=—-e®sin"x—— [ — sin™' cosx
a a\ a
+n—1L +nL
n—-2 a n
This means
e nea n(n—1 n2
Ln = ——sin" x~ —5-sin" 1xcosx+¥Ln_2——2Ln
a a a a

Rearranging the terms,

e sin"1 x L Nn-1)

L
82 32 n—-2

n2
1 +72 Lh = (asinx—ncosx)
a

Multiplying both sides of this equation by %, we get

e sin" 1 x L n(n-1)

Lh = (asinx—ncosx) _o.
n2 + a2 n2 +g2 N2

..(22)

Given any Ln, we use this reduction formula repeatedly, till we get L4 or Lg
(depending on whether n is odd or even). As we will see, Ly and L4 is easy to
evaluate using the methods we developed in Unit 18. This means that L, can
be evaluated for any positive integer n.

% 3k 3k

Let us now look at an example to see how we can use the reduction formula
that we just derived.

Example 16: Evaluate the following integrals:
i) I e sin® xdx i) I e sin® x dx
Solution:

i) We apply Eqn. (22) with a = 3, n = 4 to get

. . 3
3x . 4 = (3smx—4cosx)e3xsm X 4(4—1)
v|ﬂe sin" xdx =Lg4 1649 16+9L

Applying Egn. (22) withn = 2, a = 3, we get

_(3sinx—2cosx)e3xsinx+ 2 |
B 4+9 4+90 115
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Lo =‘[e3xdx= %e3X+C

. _ 3X
L= (3sinx—2cos x)e”* sinx N £e3X+C
13
L= (3sin x— 4 cos x)e®* sin® x
A 25
12(3sinx—2cosx)e>*sinx 8
+ + +C
325 325
i)  Applying Eqn. (22) repeatedly, we have
: __(2sinx—5cosx)e®*sin*x 20
J\e2XS|n5xdx—L5— 29 +EL3
_ (2sinx—3cosx)e?*sin’x . 6
b3 = 13 M Ea

From Unit 18, Eqn.(24), we have

———e®(asinbx—bcosbx)+C

J e sinbxdx =
a2 + b2

2X H il +
1 +4e (2sinx—cosx)+C
2

_ (2sinx—3cos x)e?* sin” x
1 13

2x
G % <65(2 sinx—cosx)> +C

. |_1=

" L3

_ (2sinx—5cos x)e2 sin® x

" L5 = 29
, 20 {(2 sinx — 3 cos x)e2X sin? x

29 13
er
65

+

(Zsinx—cosx)} +C
_ (2sinx—5cos x)e?* sin* x
29
, 20(2sinx~3cos x)e2X sin? x
377

24 :
+ 37(23lnx—cosx) +C

X 3k %

Remark 1: If we put a = 0 in Ly, it reduces to the integral jsin” xdx. This
suggests that the reduction formula for [ sin" x dx which we have derived in
Sec. 19.3 is a special case of reduction formula for L.

If you have followed the arguments in this sub-section closely, you should be
able to do the exercises below.

E11) Evaluate the following integrals:

i) I e sind xdx i) I e® sin? x dx
116
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E12) Prove: if Cn = [ € cos" xdx, then

(acosx +nsinx)e®cos"™'x n(n-1)
Cn = 24 32 * a2 Cn2
n?+a n?+a

E13) Evaluate the following integrals:
i) j e cos? xdx i) I e cos x dx

E14) Verify that the reduction formula for [ cos" x dx is a special case of the
formula in Exercise 12.

That brings us to the end of this unit. We shall now summarise what we have
covered in it.

19.5 SUMMARY

A reduction formula is one which links an integral dependent on a parameter
with a similar integral with a lower value of the parameter.

In this unit we have derived a number of reduction formulas.

1) [x"eXdx = x"eX—n [x"TeXdx.

. n _ —sin™"xcosx 4 n=1 [ ain—2
2) [sin"xdx = =S-_XE8X + N2 'sin"™“ xdx, n > 2.

n _ cos" " xsinx , n—1 n—2
3) [cos"xdx= £ XSMX + N fcos"“ xdx, n > 2.

—1
4) [tan"xdx = taQnTX —[tan"?x dx, n>2.

n—2
5) [secMxdx = SeC_Xlanx 4 N=2 [gecN-2x dx, n > 2.

n—1 n
6) We have

/2 /2

24 . n- P
) E = Lt ifnisodd,n >3

Ism”xdx=jcos”xdx= %”g oA o -
57 % if niseven, n> 2

0 0

7) Ifn#-1andm+n #0, we have

cos"1 x sin™*" ,n-1

‘[sinm xcos" xdx = Isinm x cos™ 2 x dx,

m+n m+n
—sin™ " xcos™7 x
m+n
m-—1 . me
+ sin™ 2 x cos" xdx, m > 1
m+n
If n #-1, we have
iam=1 n+1
sin xcos""'x m-1
. m n — .
sin’' xcos'' xdx = — (. Jifn #-1.
v[ n+1 n+1 m-2,n+2 7£
ax «inN — ae®™sin"x _ ne®™sin™ " xcos x
8) Ie sin"xdx = =25 Tra?

Jnn=1) j e sin"2 x dx

n2 + a2 117
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We have noted that the prime technique of deriving reduction formulas involves
integration by parts. We have also observed that many more reduction
formulas involving other trigonometric and hyperbolic functions can be derived
using the same technique.

19.6 SOLUTIONS/ANSWERS

E1) Proceeding exactly as in Example 1, we get

Ix”eax dx = x" Jh e dx—‘[ (nx”‘1 Jheax dx) dx
ax ax
=x" (e) —nJhx”_1 <e) dx.
a a

Writing In = [ x"e®* dx, we get

1
In = 3 (x"e® —nl,_4)
We have
_1 /.3 2x
I3—§<xe —3|2)
_ 172 2«
I2—§<xe —2|1)
1
|1 =§(Xex—|0)
2X
|0=fe2><dx=+c

2 4 2
_ X362X 3X262X 3X62X 3€2X i C
2 4 2 4
E2) We have

x2 _ _ 1 x2
I (v 2xp 7287 5+ ) ((1 +2x)? _2'1"2>
1 X 1 X
4 {(1+2x)2_2{(—2+1)(1+2x_|0‘_1)}]
1 X X dx
__4{(1+2x)2+1+2x+zj1+2x}

1 X X
"4{(1+2x)2+1+2x+'”“+2X|+C}

E3) We want to reduce the power of (ax + b) by one so we choose (ax +b)™ as
the second factor, so that when we differentiate it, the power is reduced by
one. We assume that m,n € Z, n #-1. We have

x"(ax+b)™ = (ax+b)™ | x"dx- g(ax+b)m x"dx | dx
J Joroce [Gmeror ([ e

_x"@ax+b)™ am
n+1 n+1 n+1,m-1
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Therefore,

x"1(ax + b)M
n+1

am

In,m =
Using this formula, we have

(3x + 1)2xM

J‘x10(3x +12dx =149 = e

- n+1 n+1,m-1

6
ﬁ|11,1

111 1 =Ix11(3x+ 1)dx=3Jhx12dx+Jhx11 dx

3X13 X12
A
13 12
(3x + 1)2xM

+C

18x13

12
6x C

< l02= 11 143

E4) i) We have

- +
132

‘[x4sin3xdx= =

x4 cos 3x .\ 4x3sin3x 12,

9 g 2

x* cos 3x .\ 4x3 sin 3x

3

9

E

—x4 cos 3x
= +

4 _x2 cos 3x
3

4x3 sin 3x . 4x2 cos 3x

2xsin3x 2,
+ - =g
9 9

3
8x sin 3x

9 9
8

-3 +
81cosBx C

27

i)  We have

x# sin 5x | 4x3cosb5x 12

J\x40035xdx=l4= 5

_ x4 sin5x | 4x3cos5x 12

i
25 252

5

2X cos 5x
+

25

<x2 sin 5x

25 25 5

2
~25 Jﬂ cos 5x dx>

x* sin 5x N 4x3cos5x  12x2 sin 5x

5

25 125

24x cos 5x 24

sin 5x

625

E5) i) We have

+
3125

. 6
Icos7xdx =l7 = — cos® xsinx + 7I5

6

COs

0036

35 3

6 .

~i =

, 6
+
XSINX + o COS

24 (coszxsinx 2 >
+ 7+7|1

6
+
COS” XSINX + == COS 35

+;’gsinx+C

B8 /1_ 4 . 4
XSInX+? — COS XSInX+*|3

5 5

4 xsinx

3

4 2

. 8 .
XSINX+ — COS” XsINX
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You may like to compare this method with the one we used in
Example 8) in Unit 18. You will also find it interesting to check that
the answer we got here is the same as the answer we got in
Example 8 in Unit 18.

i)  We have

7

cos’ xsinx 7
Icosgxdx= Ig = — 8 + gI6

cos’ xsinx 7cos®xsinx 35
+ + =,
8 48 48
xsinx 7 cos® x sin x
8 48
35cos3xsinx 105
+ + I
192 192
cos’ xsinx L7 cos® xsin x , 35 cos3 x sinx
8 48 192

+ @cosxsinx+ @x+ C
384 384

cos’

E6) i) We have

T dy = I = ain® 6,
stm xdx—I7——7sm xcosx+7l5

=—1sin6xcosx+ 9 —1sin4xcosx+ il’
7 7\ 5 53

6 4

6 .
X COS X — — Sin™ X COos X
35

+ 24 (1 sin? x cos x + gl/
35\ 3 31

= —1 sin
7

-—1sin6xcosx—gsin4xcosx
7 35
—;sinzxcosx+;gcosx+C
i)  We have
1 7
;) — 1 — . 7
=lg=— + —|
Ism xdx =g g Sin” xcosx+ 2l
=—1sin7xcosx+z —1sin5xcosx+§l
8 8\ 6 64
= 1sin7xcosx lsinsxcosx
8 48
+§ —1sin3xcosx+§l
48\ 4 472
——1sin7xcosx—lsinsxcosx—?’isin3xcosx
8 48 192

- Esinxcosx+ @x+ C
384 384

E7) i) Wehave
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i)  We have
2 5.3.17 5
"6 = ) ) f:i
IS'” XX = &2 22" 32
0

E8) i) We have

)

In= | cot"xdx = J cot"2 x cot? x dx
= | cot"2x (cosec2 X — 1) dx

= | cot"™ 2 xcosec? x dx — I cot™2 x dx

)

= | cot"2 xcosec® xdx — I,_»

J

Ifn-2 #-1,i.e.ifn #1 we have

cot™ 1 x
urcot“‘zxcoseczxdx =—
n-1
—1
cosec™ ! x .
" In I X —lhp ifn #1.

i)  We have

In = Jﬂ cosec" xdx = f cosec™ 2 x cosec? x dx
= cosec"2 x(—cotx)
—(n— 2)[ cosec"3 X(—cosec x cot x)(— cot x) dx
= —cosec"? cotx
—(n- Z)I cosec"? x (cosec2 X— 1) dx
= —cosec"?xcotx — (N—2)lp + (= 2)l,,_»

-, (n=1)lh = —cosec"? xcotx + (n— 2)lh—2

Ifn #1,

L= cosec’1‘2xcotx+n—2I
: n—1 n—1 "2

E9) i) We have

3 1
cosec” xdx = — = cosec x cot x cosec x dx

2

+
2

A\RC_DI\JH
(S E]
—

k]

! (0- f)—%ln\cosecx+cotx\

7

5(|n1—|n]1+\FD i+1|n(1+\f2)

3l
-1
V2 v2 2

Reduction Formulas
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ii)

E10) i)

122

Integration

-1 1+ tanx£ I
"2 —lo
5 3 0
1 1 r _13 =«
=4+ —-—= — — —
5 3 4 15 4
We have
: 5 sec3xtanx|® 3
Isec xdx =I5 = — +ZI3
0 0
3
(ﬁ) 3 [ secxtanx|4 1
= -0l+-| — +7|1
4 4 2 0o 2

1.3(V2 3 g
ﬁ+1 (2_0> P (Insecx+tanx| 0)

7 3
= + > In(1+v/2
75 g1V
Using Eqgn. (18), we have
in4 6 = :_i in3 7 3
jsm Xcos® xdx = ly g 10sln xcos' x + 10I2,6

1 .3 7 3 1 . 7

= + — [ — +
1g Sin” xcos’ x 10( g Sinxcos’ x
1I
82,6

=~ sin®xcos” x— — sinxcos? X + —

10 80 80106
From Example 7, we have

1 . 5 .
log = cos® xdx = - sinxcos® x + — cos® x sinx
: 6 24

+15cosxsinx+15x+C

48 48

: 1 . 3 .
- | sin*xcos® xdx = —— sin® xcos’ x — — sinxcos’ x
10 80
1 5 1 3

+ —— SiNXCOS® X + —— SiN X COS” X

160 128

+ isinxcosx+ ix+ C
256 256
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i) Using Eqn. (17), we have
Isin6xcos4xdx = 1 sin” xcos®x+ iI62
10 10>

T an? 3., 9 (1.7
= __ + - [ =
75 Sin’ xc0s° x 10( sin x cos x

8
+1|
g'6.0

sin’ x cos®

X + isin7xcosx+ iI
80 80 6.0

—
o‘—‘

From Example 9, we have

. 1 . 5 |
I6,0 = I3|n6xdx = 5 sin® x cos x — ﬂS|n3'xcosx

+—sinxcosx+1—5x+C
48 4
| «inb 4yqyo 1 07 3., 3 o7
..Ism X cos™ x dx 10sm X cos® X 80sm X COS X
——sin‘r’xcosx—isinsxcosx
160 128

+ ——sinxcosx+ ix+ C
256 256

i)  We have

I sin® xtan? x dx = I sin® x(cos x) 2 dx = lg —2

= —(_11) sin® x(cos x)~! + (_31)I4,0
From Example 14)c) we have
l40 = A sin®xcos x + §sinxcosx—§x+ C
’ 4 8 8
I sin® xtan? x dx = sin® xsecx + I sin® x cos x — g sin X cos X
+ gx +C

Here, the reduction formulas we derived will not work because both

m and n are —1. However, we can integrate this using a small
manipulation.

1 2
secxcosecxdx=| ———dx=| ——dx
sin X cos X 2sinxcos x

= ZICOSGCZX dx = —In|cosec 2x + cot2x|dx + C

E11)i) We have

Ax i3y gy = (4sinx—3cosx)e™sin“x 6
Ie sin” x dx 5 +25L1
L= 215e4x(4 sinx—cosx)+C

i _ AX in?2
. je“xsinzxdx: (4 sinx 3C;)ES)X)e sin“ x

+——e(4sinx— +
6256 (4sinx—cosx)+C

Reduction Formulas
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i) We have
BX i 2y 4y = (53inx—2003x)e5xsinx 2
Ie sin“ x dx 29 29L0
. _ 5X o
_ (8sinx—2cosx)e>" sinx N 2 X4 0
29 145

E12) We have
eax 1 1
J\ e cos" xdx = - cos" x — = j e®*n cos™" x(-sinx) dx

ax
j @ cos" ! xsinxdx = - cos™ ! xsinx

1 ax d n—1 :
—aje &(cos xsmx) dx

We have

d _ . _ .

Ix (cosn 1xslnx) = (n—1)cos"?x (—sm2 x) + cos" x
=—(n—1)cos" 2 x (1 — cos? x) + cos" x
=—(n—1)cos"“ x+(n—1)cos" x + cos" x

1 -2 4 1 Ny + n
=—(n—1)cos”‘2x+ncos”x
ax
R ne 1
.'.Jﬂea‘xcosn 1xsmxdx=Tcosn 1xsmx+ )Ie cos"”

n
- ajeax cos" x dx

eax ax 1
J‘e cos” xdx-?cos X+ —— cos” X sin x

_1)Ie cos""

n2
—— | e®*cos" xdx
a2

Re-arranging the terms, we have

2 + i —
(1 N n) Cp = (acosx nsmx)eaxcosn_1 4 n(n 1)Cn—2

32 a2 a2
Multiplying throughout by n2+ vl
_(@acosx+nsinX) ax 1 n—1
Cp = Tz ot 5—Cop - (24)

E13)i) Using Egn. (24) with a =3, n = 2, we get

) _ (Bcosx+2sinx) 3 2
‘[e cos“ x dx 13 e +13L0

(o gx= &
Lo e~” dx 3 +C

[ a3x a2 o gy = (BCOSX*+2sINX) 3y 2 3y
.‘[e cos” x dx 13 e +39e +C

i) Using Eqgn. (24) witha =2, n = 3, we get

2cosx + 3sinx
jezxcos3xdx=( ) 2x . .2 2x

6
cos“x+ — | e“” cos xdx

124 13 13
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From Unit 18, we have

2X

v|ﬂeaxcosbxdx= (acosx +bsinbx)+C

a2 + b2

2x

+ Si +
4+1(Zcosx sinx)+C

2cosx + 3sinx
" Iezx cos3 xdx = ( 13 )62X cos? x
er

65

e
" Iezx cos xdx =

+ (2cosx +sinx)+C

E14) Putting a = 0 in the formula

_ (acosx +nsinx)e® cos" 1 x LNn=1)

Cn n-2

we get

Ocosx +nsinx)e™cos™'x n(n-1 _
Jheoxcos“xdx=( 5 )2 + (2 2)Jﬂe0xcos.n 2 x dx
nc+0 nc+0

- -1

nsinxcos™'x n(n-1 _

Icos“xdx= > + ( 5 )‘[cos” 2 x dx
n n

- -1
sinxcos™'x n-1 8
= - + 3 Icos” 2 x dx

and this is the reduction formula for j cos" x dx.
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20.1 INTRODUCTION

You may recall that we discussed the relationship between the definite integral
of a function and the area under the curve defined by the function in Unit 17.
There, we saw how we can use the process of integration and add a large
number of infinitesimally small rectangles to get the area bounded by the graph
of sum function. We pick up the thread again in this Unit. In Sec. 20.2 of this
Unit we will see how we can use integration to find the area enclosed by a
curve in the plane. We will do this for curves represented using cartesian
coordinates, polar coordinates and in parametric form. In Sec. 20.3, we use the
same ideas to find the length of the curves in the plane. Here also, we will
discuss methods for finding the length of a plane curve represented any of the
three forms, cartesian, polar or parametric form.

Objectives
After studying this unit, you should be able to:

e explain the concept of area under a curve and between two curves;

¢ find the area under a curve and the area between some well known plane
curves;

e explain the concept of length of a curves; and

¢ find the length of the arc of some well known plane curves.

20.2 AREA UNDER A CURVE

Recall that, in Unit 17, we saw that the area under a curve can be approximated
by rectangles. We saw that we can get closer and closer approximations to the
area by increasing the number of rectangles we use in approximation. We had
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put the idea on a formal footing using the concept of upper and lower sums
associated with a partition. We saw that the upper sums gives approximations
to the area from above and the lower sums gives approximations to the area
from below. When the functions is integrable both of them approach a common
value which is the area bounded by the curve and the x-axis.

In this section we will find the area under a curve using integration. Before we
start our discussion we need to establish some conventions that facilitate our
discussion.

You would have noticed that all the curves that we looked at in Unit 17 were in
the part of the cartesian plane where the y-coordinate was greater than or
equal to 0. What happens when we have a curve like the one given in Fig. 1
where the function can take negative values also?

A
1 =4
B f(x) = (x—2)x(x + 1)

C

Fig. 1: Area bounded by the curve f(x) = (x — 2)x(x + 1) and x—axis.

Let us find out by integrating f(x) = (x—2)x(x + 1) = x3 —x2 - 2x from —1 to 2. We

have
2 2
4 3
3_,2_ D SR S-1 I (- DA W L NP W
\[(x X 2x)dx 7 3 X 1 (4 3 4> <4+3 1 2
-1 -

But, area is always a positive quantity. How can our answer be negative?

The answer lies in the way we defined upper and lower sums. Recall from
Unit 17 that, given a function f: [a, b] — R and a partition

P={a=xp<Xq<Xp<.---<xpn=Db},
we define the upper sum of f with respect to the partition P by
n
UPP,f =) M4
i=1

where A; = x; — x;_¢. If f(x) < 0 for all x € [a,b] then M <Oforallk,1 <k <n.
Since A; > 0, MAy < 0. So, the S°iL4 MA; < 0. Therefore, it is not surprising
that the ‘area’, which is a limiting value of the upper sums, is negative. 127
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With this insight, let us split up the integral into two parts. In one part the
function takes negative values and it takes positive values in the other part.

( xd 3 ° 1.1 5
3 2 - 2 — —
I X7 —=X—-2x) dx= — - ——X = —<+—1>—
_1< ) 4 3 » 4 3 12
2 2
4 3

I<x3—x2—2x> dx—XZ—%—x2 =<4—8—4>—0——8
0 0

Here, % is the area A in Fig. 1 and —% is the area A, in Fig. 1 with a negative

sign. So, the actual area is % + % = %

In general, if f(x) < 0 in an interval [a, b], we take —jg f(x) dx to be the area
under the curve y = f(x) fromx=atox=b.

While we find the area, wherever possible, we will exploit the symmetry of
curve under consideration and confine ourselves to only that portion of the
curve that lies above x-axis. Let us now look at an example.

Example 1: Find the area bounded by the curve x2 +y2 —2x—3 = 0.

Solution: This is a second degree equation and the coefficients of x2 and y2
are equal. So, this is the equation of a circle. Completing the square, we get

(x=1)2+y?—4=0 or (x—1)? +y* =4,
This is the equation of a circle with centre (1, 0) and radius 2.

A

f(x) = V3 + 2x — x2

-1 g(x) = —V3+2x —x2

Fig. 2: Area under the curve f(x) = V'3 + 2x — x2.

We can re-write the equation as y2 =3+2x—x2 or y = +V3 + 2x—x2. Each
choice of sign gives a different portion of the curve. The equation

y = V3 + 2x — x2 gives the portion of the curve in the upper half plane. The
equation y = —V/3 + 3x — x2 gives the portion of the curve in the lower half plane,
i.e. the portion of the cartesian plane where the y-coordinate is < 0.

As the curve is symmetric about x-axis, the area bounded by the curve is twice

128 the area in the upper half plane, i.e. the portion of the cartesian plane where
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the y-coordinate is non-negative. So, we have to find the area of the shaded
region in Fig. 2 and multiply it by two find the area bounded by the circle. The
shaded region is in the upper half plane. From the figure, the upper and lower
limits of integration are, respectively, 3 and —1. So the required area is

3 3
A=2f\/3+2x—x2dx=ZI\/4—(X—1)2dx
21 21

Substituting u = x -1, the new limits are u = -2 and u = 2. We then have
2
A= 2!\/22—u2du
-2

Substituting u = 2sin 8, we get du = 2cos 6df. When u =-2, 2sing =-2 or
sind =-1. So, 6 = —% is the lower limit of integration. When u =2, 2sing =1,
so 6 = % is the upper limit. Also, since cosg > 0in [-%, 5],

V22 —u2 =1/22-22sin? 9 = 24/1—sin® 9 = 2 cos 0

Therefore,

z

NN

2
A=2 | (2cosh)(2cosH)do = SI cos? 6.do

NN NI

z
2

1+ cos 26 sin 260
o <2>d9—4<9+ ; )

_r
T 2
2

o x_sinz\ (& -—sinz\|_, _ 2
={(5+555) - (5+7F7) | ran=ax2

The answer agrees with the value we get from applying the formula for the area
of a circle of radius 2 from high school mensuration.

k ok ok
In the next example, we will find the area between two curves.

Example 2: Find the area bounded by the curves y = x2 —4x + 7,

y =-3+4x—x2 and the lines x = 1 and x = 3.
54
4l f1(x) = x% —4x +7
34
o1

D2 4 5 6,
.4 S fo(x) = -3 +4x—x

Fig. 3: Area between the curves f;(x) = x2 —4x + 7 and f5(x) = -3 + 4x — x2, 129
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Solution: We have
X2 —4x+7—(-3+4x-x%)=2x2 - 8x+ 10

The discriminant of 2x? — 8x + 10 is 64 — 80 = —16 < 0, therefore, y = x2 —4x + 7
and y = -3 + 4x — x2 don’t intersect. Further, 2x2 —8x + 10 > 0 always. Writing
f1(x) = x2 —4x + 7 and fp(x) = =3 + 4x — x2, we have f;(x) > fo(x), i.e. f{(x) lies
above fy(x). The area bounded by the curves is the shaded region in Fig. 3.

The region is an example of a vertically simple region. We say that a region
between the graphs of any two functions f{(x) and fo(x) is vertically simple if
any vertical line intersects the region in either a single point or in a line segment
with its lower end point on y = f5(x) and upper end point on y = f4(x). You can
see another example in Fig. 4.

A

Fig. 4: Example of a vertically simple region.

As you can see in this figure, the dotted lines at the left and right extremes
intersect the area between the curves y = f;(x) and y = f5(x) at a single point.
The other two dotted lines intersect the area between these curves along a line
segment with its lower end point on y = fy(x) and the upper end point on

y = f1(x). In such cases, the area between the curves is

b b
f1(x)dx— | fo(x)dx
Jruomerc]

In our case, the area between the curves is

3 3
vr f1(x)dx — I fa(x) dx
1 1
We have
( ( 2 x3  x? ’
J‘f1(X)dX—I(x —4x+7) dx = §—4E+7x
1 1
1 16 _ 20
—(9—18+21)—<3—2+7>—12—3—3

130
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2 3

=| (- ~x2) dx = — x_x
jfz(x)dx J( 3 +4x x)dx 3x+42 3 1
1 1

=(-9+18-9)- <—3+2—1> =4

3 3

So, the area between the curves is ?.

% 3k %k

Note that, in the previous example, f4(x) > 0 and fy(x) > 0. Our method for
calculating the area between two curves work even if f;(x) and fy(x) are not
non-negative. Why? We can always shift the functions by adding a sufficiently
large constant C to both of them.

See Fig. 5. Here, we want to find the area between the curves f;(x) and fy(x)
and both have negative values in the interval [a, b]. To make them
non-negative, we add the same constant C to f{(x) and fy(x). Note that, shifting
doesn’t change the area.

X=a Xx=b

Fig. 5: Shifting the functions f{(x) and f;(x) to make them non-negative.

So, we have

b
Area between the curves = J ((f4(x) + C) = (fo(x) + C)) dx

a
b

- j (F1(x)— F2(x)) dx

a

So, our method works even if the f{(x) and fy(x) take negative values.
Let us look at an example where f;(x) and fy(x) takes negative values.

Example 3: Find the area between the curves y = 2x — x? and y =2—xfrom
x=-1tox=2.

Solution: The x-coordinate of the point of intersection of the curves is given

by 2x —x2 = x— 2 or X2 —x — 2 = 0. Factorising the quadratic x2 — x — 2, we get

(x—=2)(x+1)=0. So, the curves intersect at x = -1 and x = 2. The points of

intersection are C and D. See Fig. 6. 131
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Let us take fq(x) = 2x — x? and fo(X) = x—2. Note that, although f4(x) takes
negative values in the interval [-1, 0] and fy(x) is negative in [-1, 0] the required
area is vertically simple.

Let us verify that f{(x) > fo(x) in [-1,2]. We have
h(x) = 2x—x2—(x—2) = x2+x+2= —(x2—x—2) =—(x-2)(x+1).

Note that, x—2 < 0in [-1, 2] because x < 2 in [-1, 2]. Similarly, x > -1 in
[-1,2],sox+1>0in[-1,2]. It follows that (x—2)(x + 1) < 0in [-1, 2]. Thus,
—(x=2)(x+1)>0.

A

Fig. 6: Area between the curves f;(x) = 2x—x2 and fa(x) = x—2.

The required area is

2 2
I(f1(X)—f2(X)) dx =J\ —x2 + X+ 2) dx = <_); + X? + 2X>
-1 e

Let us look at another example.

Example 4: Find the upper portion of the area between the Strophoid

y2 = x2 (%) and the line X — % =

Solution: We leave it to you trace the curve. See Fig. 7. Eliminating y from
the equation of the Strophoid using the value of y from the equation of the line,
we have, for x # -5,

(6 G-1) =7 (55) oo (6 (5-1)) =¥

Simplifying the last equation, the points of intersection of the curve and the line
are given by

138 42 5ax4180 = 1(x-3)(x +4)(13x—60) = 0

4 4 4
Note that x > 0 for all the points on the loop of the Strophoid because the loop
corresponds to the values x € [0, 5]. So, the point of intersection of the line with

the loop in Strophoid are A (%, %) and B (3,—%)_
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Fig. 7: Area between the Strophoid y2 = x (g&) andy=6(%-1).

We take f4(x) such that the graph of y = f{(x) is the upper part of the loop from
x = 0to x = 3. We choose fy(x) such that y = f,(x) from x = 0 to x = 83 is the
lower part of the loop from the origin to B followed by the line y = 6 (} — 1)from
B to A. So, we define

/5—x 60
f1(x) = x mforxe [0, 13]

and

5—
b X/ B 0<x<3
6(3-1) 3<x<%

So, the required area is

60
o
(F1(x) — F5(x) dx = ) j«ﬂm—au»
3

0
8 60
13 13
X
-2f dx I ,/ dx—6j<4—1)dx
3 3
Using the substitution x = 5sin 8, we get

\/5 de I5S|n0) S'”H(s $6)do

where 0 < « < 7 is such that sina = % On mutiplying the numerator and the
denominator by 1 —siné. We can do this because

3 0<a<3,s0
a . 1-sing #0.
/5 [(1-sing)2 .
jx .[ %smecosede
) S+ )V 1-sin0

o3
c_ww

133
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Since 1-sing >0in[0,a] C [0, %],

3
J”X\/ dx ZSJ S|n9 sin? 9 do
0 0
=25< cose—f sm20>
4 Jlo
a Sin2a
=25{< cos«x—— >—(—1)}
4
We have

/ 34 24
cosa=1\/1-sin?q= 1—%—5and sm20c—25|noccos<x—2g 5“%'

Therefore,

3

5-x 25a 25a
J”X\/5 dx ——20—7+6+25—11—7

0

Similarly,

x
U'I U'I
O.
><
l\)
()]
~~ N
124
>
S
124
=)
S
SN—
o
S

p sin2p a  Sin2a
25{<—cosﬂ—2+ 7] )—(—COS(X—2+ ) )}
We have

cosﬂ=\/1—sin2ﬂ= 1—%=%

and

—

A =
WIN
ol o

sin2p =2sinpcosp =

Therefore,

25

60
T3

5- 5 p 30 4
Jx dx 25< E+ +— + 160 ~ 5
3

4 o 6\ _1491 _ (f-a)
169 5 2 25

13 105
1352

134
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Therefore, the area is

60
13

~ 25 1491 25(f—a) 105
J‘(f1(x)—f2(x))dx—2<11—2a>+ 169 5 6< 1352>
0

1627 (a + B)

© B2 25 2

k 3k ok

Let us now look at an example where the area we want to evaluate is in two
parts. In these two parts, f1(x) and fy(x) are interchanged.

Example 5: Find the area between the curves y = x2 +3x—4 and y = (3-3)
from x = -3 to x = 3 shown in Fig. 8.

167

127

\J

Fig. 8: Area between the curvesy = x2+3x—-4 andy = (3-3).

Solution: The x-coordinates of the points of intersection of the curves
y=x2+3x—4andy = (%-3) are given by x? +3x—4 = (§-3) or
x2 + 8x—1 = 0. Factorising x? + §x - 1, we get

x2+§x—1 = %(x+3)(3x—1).

So, the points of intersection are A(-3,—4) and C (%,—%). LetB = (—%,—%),
D =(3,-2)and E = (3, 14).

In this example, we find the areas of the regions ABC and CDE separately.
While finding the area of the region ABC we choose (% - 3) as f1(x) and

x2 + 3x—4 as fp(x). In [—3, %] we have

£1(x) = o (x) = (% -3) - (x2 + 3x-4) = —;(x +3)(3x—1).

Let us now check whether f;(x) — f(x) > 0 in [—3, %]. Since x > -3, x + 3 > 0.

Since x < § in [-3,3 ], 3x=1<0. So, §(x+3)(3x—1) < 0in |-3, ], therefore

~Jx+3)@x-1)>0in [-3,1]. 135
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To find the area ABC we integrate f;(x) —fa(x) from x = -3 to x = % We have

3
I<x2+2x—1> dx=X3+gx2—x+C )

Therefore, the area of ABC

1 1

3 3
If1(x —fp(x)) dx = I <x + x—1> dx =— <)§+gx2—x>
-3 -3

1
3

-3
1 4 1

g i o)

/14 \ 500

__<_81_6>_81 ..3)

While finding the area of CDE we choose y = x2 + 3x—4 as fi(x)andy = (% - 3)
as fa(x). So

£1(X) = o (x) = <x2 +3x—4) (5—3) = g(x+3)(3x—1) 0

Let us check that f{(x) —fy(x) > 0. Since x > 0, x+3 > 3 > 0. Also, since x >
we have 3x—1 > 0. It follows that f; (x) - fa(x) = 3 (x + 3)(3x= 1) > 0 in [f }

W=

We need to integrate
f1(x) —fa(x) = %(X +3)(3x—-1)

from x = % to x = 3. Using Eqn. (2), the area of CDE is

3 3
1 x 4, 1.4 1
r -1 = __ _ — = 12 — — — _
I(B(x+3)(3x )) dx = 5+ 2X X {(9+ 3) <81 57 3>}
% 3
14 _ 1472
=1 (4
8% &1~ 8 @

From Eqgn. (3) and Eqn. (4), the required area is 1972.

* % %

Try to solve the exercises given below to check your understanding of the
examples we have discussed so far.

E1) Find the area of the region bounded by the curve y =9 —x2, the x — axis
and the ordinates x = 2 and x = -2.

E2) Find the area between the curves y = 3—4x—x2? and y = —(x + 1) and
bounded by the lines x=—4 and x = 1.

2
E3) Find upper part of the area between the ellipse % + y@ =1 and the line
= X

y=g-—-1

In many of the curves on the plane, there may not be any functional relationship
between the x—coordinate and the y—coordinate. For example the equation of
the Cardioid in cartesian form is

136 (X2+y2+ax>2=32 <X2+y2>'
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See Fig. 9. (Cardioid means ‘Heart like shaped’.)

From what we have learnt so far, to find the area of the Cardioid, we should find
functions f41(x) and fy(x) such that

1) The graph of y = f5(x) is the graph of the curve below the x— axis.
2) The graph of y = f4(x) is the graph of the curve above the x—axis.

You can see that, the line x = 0.4 intersects the curve in four points, twice
above x—axis and twice below x—axis.

<
o
T

B

2
Fig. 9: Cartesian representation of the Cardioid (x2 +y2 + ax) = a2 (x2 + y2>
when a = 3.

In this case it is not possible to find such functions f;(x) and fy(x). In such cases
the cartesian representation of the curve is not very useful in finding the area.
However, as we will see shortly, it is possible to find the area if we can write
down the equation of the curve in polar form.

Suppose we want to find the area of a curve given by r = f(@), between the lines
0 =a and 6 = B. See Fig. 10.

yll

Fig. 10: Area of the curve r = f(9) between the lines 6§ = « and 6 = . 137
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As we did in the case of cartesian coordinates in Unit 17, we divide the curve
into small parts. We choose

a=0g<01<07<:---<0_1<6;<---<0h1<0h=§.

We write r; = f(6;). The lines r; divide the area into smaller slices as you can see
in Fig. 11.

yA

Fig. 11: Dividing the area of the curve r = f(9) between the lines 6 = « and 0 = g.

Now, consider the area between lines 6 = 6;_4 and 6 = ;. As we did in the case
of cartesian coordinates, we can find lower and upper bounds for the slice. Let

m; = inf{f(0)|6 € [6;_1, 6]}, M; = sup{f(6)I0 < [6;_1, Oi}, Aj = 6 — 6i1.

Let us denote the area between the lines r; and ri_4 by A;. Recall that the area

2
of circular sector with radius r and sectorial angle 6 radians is %. Therefore, A,
is greater than the area of the sector of radius m; and sectorial angle
Ai = (9i - ei_»] .
. mizAi
ie. ——— <A ...(5)

See Fig. 12.

,
1

=

Xy =

Fig. 12: Lower bound for A;.
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yll
ri
Fi1

r =1(0)

X

Fig. 13: Upper bound for A;.
So, we have
M2 A,
A<= ®)

since
A=Ar+tAr+-+ A +A A+ A

is the area bounded by the lines 6 = « and 0 = . Note that, the sum in the LHS
of Eqgn. (7) is the lower sum L(P, f) for the function f2(0) for the partition

P={a=0p<61<0p<--<0_4<6<--<0h1<6h=p}

and the sum in the right is the upper sum for the function f2(0) for the partition
P. So, we have

B B
;sz(e)de <A< ;IfZ(e)de
a [04

If f2(9) is integrable over [«, f], the upper and lower integrals coincide and we
have

p p
N 102
A-fo(o)de-zjr do ..(8)

a a

Let us now put to use the work we have done by calculating the area of the
cardioid using its polar representation.

Example 6: Find the area enclosed by the cardioid r = a(1 — cos 9).

Solution: We haver=0ford=0and r = 2afor 0 = x. 139
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Since cos 0 = cos(—0), the cardioid is symmetrical about the initial lines AOX.
(See Fig. 14.)

\\_’/

SV

Fig. 14: Cardioid.

Hence the required area A, which is twice the area of the shaded region in
Fig. 14, is given by

V] T
A= ZI;rz do =Jﬂa2(1 —0059)2 do
0 0

20 _«in2 80

Since cos § = cos sin 5, We have

2
2
(1—-cos6)? = {0032 8 +5sin? § - <0052 g —sin? %)} =4sin* §. So,
T
.40
A = 422 I sin® §d0
0

On substituting ¢ = §, we get

/2
A = 832 j sin4¢ d¢
0

Using reduction formula in Egn.(13), Unit 19, we have

X 3k Xk

Try to do the following exercises now to check your understanding of the
example we have discussed.

E4) Find the area of a loop of the curve r =asin36, a > 0.

ES) Find the area enclosed by the curve r = acos 20 and the radius vectors
0=0, 0=nrnl2.

E6) Find the area of the region outside the circle r = 2 and inside the
lemniscate r* = 8 cos 26.

Now we shall turn our attention to closed curves whose equations are given in
140 the parametric form.
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Let the parametric equations be

x=a(t), y=w(t), tela

where ¢(a) = ¢(p), and w(a) = yw(B), represent a plane closed curve. See
Fig. 15.

A

P(a(t), (1))

Fig. 15

If we assume that ¢(t) has a continuous derivative and y(t) is integrable, we
have

Area S = —Jﬂyc:t(dt ()

[0

We assume that we move in anti-clockwise direction.

If we assume that y(t) has a continuous derivative and ¢(t) is integrable, we
have

Again, we assume that we move in anti-clockwise direction.

From (i) and (ii), we get
f dy dx
2S = j (th _ydt> dt.
a
Hence, if both x(t) and y(t) have continuous derivatives, we have

B
1
S= > I(xdy—ydx) ...(9)

We will not prove any of these formulas in this course. 141
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We can use any of the formulas (i), (ii) and Eqgn. (9) above for calculating S. But
in many cases you will find that formula Eqn. (9) is more convenient because of
its symmetry.

Example 7: Check that the parametric form of the Astroid

2/3 2/3
DRIORY

is given by x = acos3t, y = bsin®t. Use the parametric form to find its area.

Solution: By substitution, you can easily check that x = a cos3t, y= bsin3 t
is the parametric form of the given curve. The curve lies between the lines
x=4aandy = +bsince -1 < cost<1,and -1 <sint < 1. The curve is
symmetrical about both the axes since its equation remains unchanged if we
change the signs of x and y. The value t = 0 corresponds to the point (a, 0) and
t = z/2 corresponds to the point (b, 0). By applying the curve tracing methods
discussed in Unit 9 we can draw this curve. (See Fig. 16). The region bounded
by the Astroid is shown in this figure.

Fig. 16: Area of an Astroid witha=4,b = 3.

The area A of the region is given by

1% 4y d
= a [
A 2‘[<th ydt) dt
0
12ﬂ'
=5 j acos® t(3b sin? tcos t)—b sin® t(-3a cos? tsin t) dt
0
3ab - 3ab
= aJﬂCOSZtSinzt (co:~‘,2t+sin2 t) dt = 2ab Icosztsinzt dt
2 2
0 0
3ab 3ab (/1 4t 3ab /t sin4dt\|?* 3zab
_3ab . 2 _3a —Cos _3ab /t sin _ 3ra
3 Jnsm 2tdt 3 I( 5 )dt 3 <2 8 )0 3
0 0
k %k %k

Try these exercises to check your understanding of our discussion so far.

E7) Find the area of the curve x = a (3 sin 0 —sin3 f), y=a cos3 6, 0 <6< 2.
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E8) Find the area of the Tricuspoid given by x = a(2 cos 6 + cos 20),
y=a(2sinf—-sin20),0 < 6 < 2x.

E9) Find the area of one of the loops of the curve x = asin2t, y = asint.

We conclude this section here. In the next section, we will see how we can find
the arc lengths of curves using integration.

20.3 LENGTH OF A PLANE CURVE

In this section we shall see how definite integrals can be used to find the
lengths of plane curves whose equations are given in the Cartesian, polar or
parametric form. A curve whose length can be found is called a rectifiable
curve and the process of finding the length of a curve is called rectification.
You will see here that to find the length of an arc of a curve, we shall have to
integrate an expression which involves not only the given function, but also its
derivative. Therefore, to ensure the existence of the integral which determines
the arc length, we make an assumption that the function defining the curve is
derivable, and its derivative is also continuous on the interval of integration.

Let’s first consider a curve whose equation is given in the Cartesian form.

Let y = f(x) be defined on the interval [a, b]. We assume that f is derivable and
its derivative f' is continuous. Let us consider a partition P of [a, b], given by

P={a=xp<xq4<xp<..<xp=Db}

The ordinates x = a and x = b determine the extent of the arc AB of the curve
y = f(x) [Fig. 17(a)]. Lety; =f(x;),i=0,2,...,n, be the points in which the lines
X = X; meet the curve.

Join the successive points A = yq, Y4, Y2, ..., B =y,, by straight line segments.
The sum of the lengths of the line segments gives an approximation to the
length of the curve.

A Yn1 B =Vn
Yi yiﬂ. e

y,_1 \/ ... (Xi-1, ¥i1)

A:yo/p

y

X0 Xi-1 X Xij+1 Xn—1 Xn

(a) (b)

Fig. 17: Length of a curve.

Let us write ¢; for the length of the line segment joining the points (xj_1, Yi—1)
and (x;, yj)- If we can find the sum ¢, 1 <i <n, the sum 2&1 Z; will give us an
approximation to the length of the curve.

But how do we find the length of any of these line segments? Look at the
enlarged portion in Fig. 17(b). Looking at it we find that #; = /(AX;)2 + (Ay;)2,.
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where Ax; = A; = Xj —X;_1, and Ay; =Yy;—Yi_1. In this way we can find the
lengths of the chords joining (x;_1, yi—1) and (x;, y;)-

Our assumptions that f is derivable on [a, b], and that f’ is continuous, permit
us to apply the mean value theorem. Thus, there exists a point Pi*(xi*, yi)
between the points (x;_1, yi_1) and (x;, y;) on the curve, where the tangent to the
curve is parallel to the chord. That is,

AYi

f(x) =
() = 2

or, Ay; = f'(x*) Ax;. It follows that £} = /1 +f (xi*)zAxi. Writing

M, = sup{ 1+f(x2]x € [xi_1,xi1} m = inf{ 1+f(x2[x € [xi_1,xi]}
we have

miAxi < fi < MiAXi
Summing up from 1 to n, it follows that

n n n

ZmiAxi < Z”ﬂi < ZMiAXi.

i=1 i=1 i=1
But,

n n
> miAx =L(P,g)and > M;Ax = U(P,g)
i=1 i=1

for the function g(x) = /1 + f'(x)2 corresponding to the partition P. It follows that
b N b
[ataax <37 < [amax
a i=1 a

Since we have assumed that f'(x) is continuous, it follows that g(x) is integrable
and

b b b
J‘g(x) dx = jg(x) dx = jg(x) dx

Since YiL4 ¢; is sandwiched between the upper and lower integrals and the
upper and lower integrals are equal the sum 2{;1 ¢; approaches a definite
value as the number of subdivisions in the partition grow bigger and bigger and
give the length of the curve in the limit.

Therefore

LR=JbA\/1+<dy>2dx ...(10)
) dx

Remark 1: It is sometimes convenient to express x as a single valued function
of y. In this case we interchange the roles of x and y, and get the length

d
d 2
LE=I\/1+<d);> dy, (1)
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where the limits of integration are with respect to y. Note that the length of an
arc of a curve is invariant since it does not depend on the choice of coordinates,
that is, on the frame of reference. Our assumption that f’ is continuous on [a, b]
ensures that the integrals in Eqn. (10) and Eqn. (11) exist, and their value LE is
the length of the curve y = f(x) between the ordinates x =a and x = b.

The following example illustrates the use of the formulas given by Eqgn. (10) and
Eqgn. (11).

Example 8: Find the length of the arc of the curve y = In|x| intercepted by the
ordinates x = 1 and x = 2. We have drawn the curve y = In|x| in Fig. 18.

[}

/1 2 3 4 5

Fig. 18: Length of y = In|x| from x = 1 to x = 2.

Using Eqn. (10), the required length L2 is given by

- d
2=\ /1+ y
1 J (dx
/
2“ 1 1
= (1 + 2> dx, since —
1
2
CV1+ x2
1
If we put 1+x2 =2, we get & = L, and therefore,

V5 V5 V5 1t
L1‘J§(1 (tz_1) i f t‘{t 2" m]ﬁ
\Fz

= V5-v2+ 1in V-1 1

S

\f+1 2 \2+1
_ 1
—\f5—\/§+ln\£+1—ln\@+1
=\/5—\/§+In2<ﬂ+1)

VB +1 145
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We can also use Eqn. (11) to solve this example. For this we write the equation
y =Inx as x = &Y. The limits x = 1 and x = 2, then correspond to the limits y = 0
and y = In 2, respectively. Hence, using Egn. (11), we obtain

In2

L2 = J V1 +e2ydy

2
= J‘ 1du,on putting 1 +e% = u?
3

V5
=I <1 +u21_1>du, =\/5—\@+|n42 (\\/?:11)

as we have seen earlier. This verifies our observation in Remark 1 that both
Eqn. (10) and Egn. (11) give us the same value of arc length.

* % %

Now here are some exercises for you to solve.

E10) Find the length of the line x = 3y between the points (3, 1) and (6, 2).
Verify your answer by using the distance formula.

E11) Find the length of the curve y = In sec x between the points x = 0 and
X = /3.

E12) Find the length of the semi-cubical parabola ay? = x3 from the vertex to
the point (a, a).

E13) Show that the length of the arc of the parabola y2 = 4ax cut off by the line
3y =8xis a(ln2 + 15/16).

In the next sub-section we shall consider curves whose equations are
expressed in the parametric form. Here we shall derive a formula to find the
length of a curve given by a pair of parametric equations.

Let x = ¢(t), y = w(t), a <t < g be the equation of a curve in parametric form.

As in the previous sub-section, we assume that the functions ¢ and y are both
derivable and have continuous derivatives ¢’ and y’ on the interval [a, f]. We
have

% = ¢/(t), and ¥ = y/(1).

Hence, assuming ¢’(t) # 0 for t € [a, f], we have
dy_ v g ¢ 1+ (dy>2 - \/ 1+ <w’(t)>2 _ VP OP+ v OP
dx  ¢/(t)’ dx @' (t) ¢

Now, using Eqgn. (11), we obtain the length

(/3 t=p
s _ oz PO,
Cax= J[«p 2 + (O 2ot

(a
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B
L= [ Viwor e a -.(12)

The following example shows that sometimes it is more convenient to express
the equation of a given curve in the parametric form in order to find its length.

Example 9: Let us go back to the Astroid we discussed in Example 7. We saw
that the parametric form of the curve is given by
X = acosst, y= bsin3t.

Since the curve is symmetrical about both axes, the total length of the curve is
four time its length in the first quadrant.

Now,
dx _ 2. ... dy _ .2
i 3acos“tsint; i 3bsin“tcost
2 2
% + ﬂ = 95sin? t cos? t(a2 cos? t + b? sin? t)
dt dt
Hence, the length of the curve is
z/2
L=4 j 3sintcost\/a2 cos? t + b? sin? tdt
0
/2

=12 vr sintcost\/a2 cos2t + b2 sin? tdt
0

Putting u? = a2 cos t2t + b? sin® t, we obtain
. dt
2u = (2b2 —2a°)sintcost—,
du
and the limits t = 0, t = z/2 correspond to u = a, u = b, respectively.

Thus, we have

b b
=10 uldu _ 12 [ud] _ 12 b3-a3 _ 4(a2+Db?+ab)
B b2-a2 b2-a2 |3 |  b2-a2 B '
a

3 3 a+tb

% 3k %k

In the next example, we will find the length of the tricuspoid using its equation in
parametric form.

Example 10: Find the length of the arc of the Tricuspoid we saw in Exercise 8.

Solution: We know from Exercise 8 that

dx _ . . dy _
a0 - —2a(sin 6 + sin 26) and do 2a(cos 0 + cos 20).

2 2
\/Cjz) - (gg) = 4a2(sin 0 + sin 20)? + 4a2(cos 0 + cos 26)?
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= 422 (sin2 0 +5sin® 20 + 2sin O sin 29)
+ 432 (cos2 0 + cos® 20 + 2 cos 0 cos 29)
= 4a2 (2 + 2sinf sin 20 + 2 cos 6 cos 26)
= 432 (2 +2 (2 sinZ 9 cos @ + cosf(1-2 sin? 0)))
= 8a2(1 + cosf)

So, the length of the arc is

2r 2r 7
I \/8a2(1 + cos@)dd = I \/ 16a2 cos Ede
0 0
T 2r
= 4ajcosed0—4ajcosed0
2 2
0 2

since cos § > 0for0 < ¢ < z and cos § < 0 for z < 9 < 2x.

V3

+ 2sin =

2r
2 = 16a.
T

.0
—4a<2$|n20 5

* % %

Now you can apply equation Eqgn. (12) to solve the exercises that follow.

E14) Find the length of the cycloid x = a(§ —sin8); y = a(1 —cos0).

E15) Show that the length of the arc of the curve x = elsint, y = et cost from
t=0tot=7/2is vV2(e™2-1).

We shall now consider the case of a curve whose equation is given in the polar
form.

Let r = f(0) determine a curve as 0 varies from 8 = « to 6 = g, i.e., the function f
is defined in the interval [«, f] (See Fig. 10.) As before, we assume that the
function f is derivable and its derivative f' is continuous on [, ]. This
assumption ensures that the curve represented by r = f(9) is rectifiable.

Transforming the given equation into Cartesian coordinates by taking
x=rcosf, y=rsinf, we obtain x =f(#)cos 9, y =f(8)sin6.

Now we proceed as in the case of parametric equations, and get

2
dy
+ (&)

dx/do

Hence, changing the variable x to 8, the length of the arc of the curve r = f(9)
from 6 = a to 6 = g is given by

x=f() cos 8 5 /] 5 5
- dy - dx dy
S| V“(dx) > J\/(w) +(G) @
a

148 x=f(ar) cos a
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p
= j /I (6)cos 6 — f(6) sin 012 + [f'(6) sin 6 + f(6) cos 012 do

p p 5
= I \/[f(6)2 +[f (6)12 do =I r2 + <3;> de ...(13)

We shall apply this formula to find the length of the curve in the following
example.

Example 11: Find the perimeter of the cardioid r = a(1 + cos 8).

Solution: We note that the curve is symmetrical about the initial line . See
Fig. 19 Therefore its perimeter is double the length of the arc of the curve lying
above the x-axis.

A4

(2a,0)

e o o o o ofe o o o o o

Fig. 19: Length of the arc of the Cardioid r = a(1 + cos ).

Now, % = _asin@. Hence, we have

7 2 T
_ dr o a2
L‘zj r2+<d9> de'zauW(Hcose)“sm 0 do
0 0

Since WTOSQ = cos? § and cos § > 0if 0 < 7, we have

T T
/4
= ZaI 2(1+cos0)do =4aJﬂ cosg‘ do = 8a sing =8a
0 0 0
% 3k ok

In this section we have derived and applied the formulas for finding the length
of a curve when its equation is given in either of the three forms: Cartesian,
parametric or polar. Let us summarise our discussion in Table 1. Using this
table you will be able to solve these exercises now.

E16) Find the length of the curve r = a cos3(6/3).

E17) Find the length of the circle of radius 2 which is given by the equations
x=2cost+3, y=2sint+4, 0 <t<2x.

E18) Show that the arc of the upper half of the curve r = a(1 — cos 0) is bisected
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E19) Find the length of the curve r = a(62—1) from 9 =—-1to 6 = 1.

Table 1: Length of the arc of a curve

Equation of the Curve Length L
b

y = f(x) I 1+ (F(x)) dx
d

x=g(y) [Vi+@unzay
s

x = p(t), y = y(t) [ /()2 + ()2 ot
A
r = f(6) \/ (f(0)) + ((0))* do

a

We have come to the end of this Unit. In the next section, we give a brief
summary of this unit.

20.4 SUMMARY

In this Unit we have seen:

1) We say that a region between the graph of any two functions f4(x) and fy(x)
is vertically simple if any vertical line intersects the region in either a
single point or in a line segment with its lower end point on y = f4(x) and
upper end point on y = fy(x).

2) The area a vertically simple region bounded by the curves y = f4(x) ,

y =fy(x) , the lines x = a and x = b is given by jg (f1(x) = fo(x)) dx.

3) Given the equation of a curve in the polar form r = f(9), the area of the
region bounded by the lines§ =aand 8 = g is

10 1
L _1 (2
A sz(e)de zjr do

[04 04

4) If the equation of closed curve enclosing a vertically simple region is given
the parametric form x = x(t), y = y(t), « <t < g and the curve is traced out in
the anti-clockwise directions as t varies from « to g, the area of the
enclosed region is given by the following formulas:

A=-— y?j):dt
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5) We also saw the formulas for the length of the arc of a curve given in
different forms:

Equation of the Curve Length L

b
Cartesian form y = f(x) ‘[ V1 (F(x

d
cartesian form x = g(y) J \/7

B
Parametric form I \/(qb’(t))2 + (z,//(t))2 dt
x=g(t), y=wl(t) a

B
Polar form r = f(9) I \/(f(@))2 + (f’(e))2 de

[04

20.5 SOLUTIONS/ANSWERS

E1) Consider Fig. 20. We have to find the area of the shaded region.

A f(x) = 9 —x2

(-2,5) (2,5)

A\

-3 -2 -1 1 2 3

Fig. 20: Area under the curve f(x) = 9 — x2.

The entire curve lies in the upper half plane. So, the area is

8 8 92 :
<18— 3)—(—18 + 3) =3 square units

E2) See Fig. 21. The points of intersection are given by 3 —4x —x2 = —(1 + x)
or (x+4)(x—1)=0. So, A(—4, 3) and B(1,-2) are the points of intersection

32

2
I(Q—xz) dx=9x—% =
5 -2
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ofy =3—-4x—x2? and y = —(x + 1). We choose f;(x) = 3 —4x-x2 and
fo(x) = —(1 +X).

Fig. 21: Area between the curves f{(x) = 3 —4x-x2 and fa(x) = —(1 +x).

Then,
f1(x) = fo(X) = 4= 3x—x? = —(x + 4)(x = 1)

Let us now check fq(x)—fo(x) > 0. Since x < 1in[-4,1], x—1 < 0. Also,
X>-4,s0x+4>0. Thus (x—1)(x+4)<0and —(x—-1)(x+4) > 0in
(-4, 1].

Therefore, the area of the region is

1 2 3 1

I(4—3x—x2) dx = 4x—3%—%

-4
3 1 —64 125
= <4‘z‘3> - (‘16‘24‘3> =5

E3) See Fig. 22. Here, we take f4(x) such that its graph is the arc BEC of the
ellipse. We have f4(x) = 37&55"‘2 We take fy(x) to be the function

4

_3v25-x? if —5<x<—4
fa(x) = 5
X1 if —4<x<5

: . 2 y? _ _
159 Fig. 22: Area between the curves 7z + 5 =1andy = 3 - 1.
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Note that, the graph of the portion of the arc of the ellipse from B to A, is
the graph of the function —3Y25x% 25"‘ . The graph of f,(x) from x = —4 to
x =5, consists of the graph of the liney=%-1fromx=—-4tox=5.

Note that, in [-5,—4],

3v25 - x2 (_3\/25—x2> _6V25-x2 0
e 20,

100 -T00 = = -

In [-4, 5],
/OB _ 2 v/
3v25 X_<§_1) 3v25—x2 (1_5)20_
5 5 5 5
The first term 325X~ 25"‘2 > 0 since we take the positive square root of
25-x2. Slncex<5|n[—4 5], £ <1in[-4,5]. So,1- £ > 0.
The required area is

f1(x) —fa(x) =

5
| 100 -ra000 ax
-5
— 5
= [ 1002600 ax+ [ (7160~ Ta(0) ox
-5 —4
—4
Mr 3v25 —x2 3v25 —x2
= - dx
5 5
-5
5 .
+I 73 25-x — (5—1) dx
5 5
—4
5 -4 3 5 5
= 5I V25 - x2 dx + SI \/25—x2dx—f (g- 1) dx  ...(14)
5 -4 -4
Recall the following formula that we derived in Unit 18, Subsection 18.3.3:
2
Jh\/az—xzdx=;xx/a2—x2+azsin‘1 <§) +C. ...(15)

Using Egn. (15) to evaluate the first integral in Eqn. (14), we get
u|n\/52—x2dx = %X\/25—X2 + 225 n! (5> +C

where the domain of definition of sin™' x is [-1, 1] and the range is [—% %]
Using the fundamental theorem of calculus, we then have,

4
j\/25—x2dx

-5

1 V25-x2 + 225 sin™] <§> )

2" 5/| 5

( (~4)y/25 - (472 + 2 sin” <54>>
(e (3])
(-5 {(3) )}
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where 0 < a <1 is such that sina = %. Therefore,

-4
J‘\/25—x2dx= (225> <%>—6—§a=i—5ﬂ—22—5a—6. ...(16)
Again, using Eqgn. (15), we get
5
Jﬂ\/25—x2dx
-4
= 1(5)\/25—52+2—53in_1 s
2 2 5
1 25 -4
Y (=42 +2Dsin (2
(2(—4) 25— (—4)- + 5 sin <5>>}
=24—5n'+275a+6 ..(17)

Also,

5
5—1 dx=£—x
JG-1) =

5
25 16 81
< (Bo5)-(180a)=5 e
e -4
From Eqn. (16), Eqn. (17) and Eqgn. (18), the required area is
6<25 25 > 3(25 25 ) 81 45 75 117
— | —7——a—-6] + + _—qg+06 =, il

5\a47" 2¢ 547" 10 47T 4% 10

N
E4) See Fig. 23.

Fig. 23: Curve r = asin 36.

Note that r = 0 for the beginning of the first loop. To find the end point of
the loop, we have to find the first value of 8 which is greater than O for
which r=asin30 = 0. For such a 6, sin30 = 0 since a # 0. The first such
value of is 30 =norf = % So, the required area is

/3 /3 T
A=l rzde—azIsinzsede—azjsinzuduifu-se
2 2 6 '
0 0 0
_ ma?
12
ES) See Fig. 24
/2 T
1 2 2 32 2 g
A= > a“cos“ 20 do = T cos“ ¢ d¢p, on substituting ¢ = 26
0 0
_ f¢+sin2¢ ”=7[a2
8 2 0 8
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2

Fig. 24: Curve r = acos 26.

E6) See Fig. 25.

(c) Area B.

Fig. 25: Area outside r = 2 and inside r“ = 8 cos 296.

Points of intersection are given by 8 cos 20 = 4 or cos 20 = 1/2. The values  Jacob Bernoulli, a Swiss
of 6 are Mathemtatician and
Physicist, described the
7z oz Tz =z Lemniscate in a paper in
6 6’ 6° 6 1604.

We have shown the four points of intersections by four dots.

g =

We have to find the area of the shaded region in Fig. 25a. Because of the
symmetry about the initial line, the required area is 2 {(A — B)} where the
area A is shown in Fig. 25b and the area B is shown in Fig. 25c. The area
of the region A is

Area A =

T
> 800320d9+;f800329d9
3z

—
OL—ﬁ-Nﬁ

= 23in20|§ +2sin20]5, =2+2 <O—sin (3;)) =4
=4

Jacob Bernoulli
1655-1705

Let us now compute the area B. Note that, we have to divide each of the

right and left halves into two parts. The portion in the right half is the sum 155
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of the area of the circle r = 2 bounded by the lines & = 0 and 6 = § and the
area of the leminiscate bounded by the lines 6 = g and 6 = 7. So, this

area is
V3
+2<1‘2

5
I4d9+
0

Similarly the left half of B is the sum of the area of the leminiscate
bounded by the lines 6 = 37 and 6 = % and the area of the circle r = 2

bounded by the lines 6 = 56” and 6 = z. This area is

8cos20do = §+ 2sin 20|

N| =
olN BN
00\ N

N —
Ol ey 1

2

NI =
g ol

T
800329d9+1v‘ﬂ4d9= 2sin20
5x
6

So, the required area is

2(A—B)=2{4—2(%+2—\@)}=4f_7

E7) See Fig. 26.

Fig. 26: Area of the curve x = a (3 sin 6 —sin® 0), y =acos39 whena=2.

Note that, as 0 increases from 0 to 2z the curve is traced out clockwise,
starting from A. We use Eqn. (i), changing the sign from negative to
positive. The required area is

2

dx
A= -
J‘ydede
0

dx .
40 = 3a(cos  — sin? 6 cos 0) = 3a cos3 0

Using Egn. (13) of Unit 19,

T ax T 15_ 1582
2 - arw
A= jydede 3a jcos 0 do = 6a 482” 3
0 0
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E8) See Fig. 27. We have The Tricuspoid was first
considered by Euler in

dx . , connection with an
a0 —2asin § —2asin 20 optical problem.
dy = 2acosf —2acos 20
do

Xg% = 4a2 cos? 0 — 2a2 cos 6 cos 26 — 2a? cos? 20
dx . . , :

y— = —4a? sin? 9 — 2a? sin 0 sin 26 + 2a2 sin? 20
do

d X . : :
Xd%l - y@ = 4az(cos2 0 + sin? 0)— 2a2(cose €0s 20 — sin 6 sin 20)

- 2a2(cos2 20 + sin? 20)
= 2a% — 2a2 cos 30

L. Euler
(1703-1783)

Fig. 27: Area of the Tricuspoid x = a(2cos d + cos 20), y = a(2sin 6 —sin 20) when
a=2.

Therefore, the required area is

127: q q 1271' 1 2r
! ay X =2 2 40— 252
ZI (Xdo yd9> de 2]23 do 22a IcosS&de
0 0 0
. 2r
= 27a2 — a2M = 2732
3 o

E9) See Fig. 28. Note that for t = 0, we get the point (0, 0). Putting sint =0,
sin2t = 0, we find that t = z. Also, there is no smaller value of t for which
sint =0, sin2t = 0. Note also that the y-coordinate y = asint> 0. So, the
portion of the curve where y > 0 is traced out in the anti-clockwise
direction.

Using Eqn. (ii), we get

>

I}
OQ_D-E\

x

=1

=2

1

Q

N

OQ_;tl

T
sin2tcost dt = 232 I sinZ cos tdt
0
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oooooooooo

Fig. 28: Area of one loop of the curve x = asin2t,y = asint when a = 2.

E10) We have

d 2 2
L=I\/1 + (dx/dy)? dy=uf\/1 +(3)2 dy = V10 Idy=m.
(o3 1 1

By distance formula,L = \/(x2 —X1)2 + (Yo —y1)?

L=1/(3-6)2+(1-2)2= /(32 + (112 = V10

E11) We have

b
L =I 1 + (dy/dx)? dx (dy = 1 secxtanx = tanx)
dx secx
a

/3

=Iv1+tan2xdx

0

/3 /3

= J\secx dx =In|secx +tanx|

0 0
sec z/3 +tan /3

=In(2+V3).

secO+tan0 ‘ n( f)
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E12)y=\/—xaa.,' dy_(3/2)\/7
( 9 1 ( 1 a
— X — — 3/2
=1+ dx=—— | Vda+9x dx= 4a+9
.,([ 4a X 2\/5,,(‘: awoxax 27\/5(3 X) 0

_ 1 3/2 32 312
27V[,<(13a) (4a) ) 27(13 _8)
E13) 3y =8x,s0,y = 8" . Substituting this in y2 = 4ax we get % =4ax, i.e.,
64x2 — 36ax = 0.
=x=0o0rx= ?—a
3a
=y=0o0ry= >

dx —

dy

Hence (0, 0) a (9—6 %) are the points of intersection. Now
4ax = y? = =

3a/2 3al2

2
L= j 1+4y612 dy—— \/4a2 +y2 dy
0
3a/2
VY J4a2 42 4 292 /422 + 2
—23[2 4ac +yc+2a“Inly +4/4ac +y |0

1 1582  _ , _ (15
—5 [ 8 +2a In2]—<16+ln2>
E14) We have
dx dy

do = a(1—-cos0), 48 =asing

dx\? dy 2
it + | =L
do do
= a2[1 +cos?  — 2 cos § + sin? 0] = 232(1 —cosh) = 432 sin2(9/2)
2 /2

V3
~.L= 2ajsin(9/2) de = 4aJnsin ¢ d¢ = 8a I sing d¢ = 8a
0 0 0
E15) We have
dx _ ¢ dy _
i = e'(cost+sint), ot el(cost—sint)
2 2
dx dy\“ _ . ot
(@) (&) ==
/2 /2

s L= ﬁfetdt= V2e!| = fz(e”’z—1)

0
E16)r=acos3§:>gg— —acos? § sin §
2
2, (9 \"_ 2 60, 2 40 .20 _ o 40
r°+(-—) =a?cos® - +a%cos? ~ sin® = = a’cos? =
(de) 3 3" 3 3
3x/2 /2
. L=2a j cos? §de 6ajcosz¢ d¢:3a%.
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E17) & = 2sint, ¥ = 2cost

' dt
2 2
dx ay\“ . /. 9 2. _
\/<dt> +<dt> =2\/sin“t+cos¢t =2
2r
L=2J"dt=4zr
0

Note that L =2z r =27 x 2 =47z since, here, r = 2.

E18)r=a(1-cos?), % =asind

2
dr 0
. 24+ — = in —
SoAlr <d9> 2asm2

T
The length of the curve in the upper half is ‘[ 2asin(0/2) do = 4a.
0

The length from 6 =0 to 6 = 2x/3

2r7/3
= I 2asin gde =2a
0

The arc of the curve in the upper half is bisected by 6 = 2z/3.

E19)r=a(6%-1), 2af

dr _
0
o (dr\?_ o4 L o 2
r +<d€> =a“’[6" —20° + 1 +4067]

= a2(p2 + 1)2
1

]
: L=aj(92+1)d0=a iy S L
. 3 » 3 3

-1
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Miscellaneous Exercises and Examples Applications of Integration

MISCELLANEOUS EXAMPLES AND EXERCISES

The examples and exercises given below cover the concepts and processes
you have studied in this block. Doing them will give you a better understanding
of the concepts concerned, as well as practice in solving such problems.

Example 1: Integrate the following:

. x1 . n 2 1 1
i) @ — i) tan'xsec”x i) cosx|——+

XN + an sinx  sinZx
. 1 1
V) ———— V)

XV2x2-8 xsec—1 xV/x2 -1
Solution:

i) Subsituting u = x" + a",we get du = nx""dxor x"1dx = d#.

1
- Ixn+an = o) S eaminises T

i) Puttingu=tanx, du= sec? xdx. The integral becomes

n+1 n+1
u”du=u +C=tan X+C
n+1 n+1

iii)  Putting u = sinx, we have du = cos x dx.

1 1 1. 1 du du
j — cosxdx=j —+ du=J‘+j
sinX  gin2x u u? u u2

1 .
=Inju| - " +C =In|sinx| —cosecx + C

iv) We have

dx _ dx _ 1 dx
J‘xx/2x27—8_u[x\/2(x2—4) _\ﬁjx x2 —22
= \}2 (; sec”] (;)) +C= 2\1@ sec”] (g) +C

1

v) Puttingu= sec™! (x),we have du = ———dx
XVx2 -1
J\ dx dx=Iw+C=In ‘sec‘1(x)‘+C.
xsec™ T xvx2 -1 u

% 3k %k

Example 2: Evaluate the following integrals:

etan x !

i) J\ J‘cos xdx i) ‘[
1+X2 VX 0v5 2x —x2
3
X dx

. q o dx

V) J‘1+x8 X V) IZﬁ(1+x)

Solution:

i) Putting u = tan~" x,we getdu = dx. Therefore

1+2

otan™' x i
I1+ 2dx=je“du=e“+C=ean X+C.
X
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i)  Putting vx = u, %de du. Therefore

jcosfdx ZIcosu du=2sinu+C =sin{/x+C

dx
iii) J1 =‘[ . Puttingu =x+1, du=dx. Therefore
V5 —2x —x2 V6 —(x+1)2

Im Jhﬁ‘s'” SO

1
f st () () o ()

iv)  Putting x* = u,we get 4x3dx = du. Therefore
3
X _ 1 du _ 1 -1 _ 1 1.4
dex— 4JW = 4tan utc= 4tan X"+ C.
v)  Putting x = u2,dx = 2udu = 2/xdu.

. dx | du _ . 4 n
jzmu eI O G

X 3k Xk

Example 3: Evaluate the following integrals:

2
ex ax
) (V/ V/> dx, a>0 i) Jﬁae+tm5dx
4 eaX + ebX

2 n
i) ax + b, c ¢ oL dx iv) I W x"1dx
X x2 ax2n + bx" + c)

[

v) *  dx
J xIn|x|’
Solution:
i) We have
(V[ vr> dx = +—+2)dx
2a
2 2
= a In|x| + X w2y = aInZa+4i+4a
2a s 2a

2
- <a|na+a+2a>
2a
7a

—alnz—a+6a 2a—§—aln2+—
a 2

i)  Putting u = €@ +ebX, du = ae® + beP*. Therefore, the integral becomes

‘fdu=ln|u|+C=In e
162 u

ax 4 ebx
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iii)  Putting u = ax + 2 we have (a - X%) dx = du or (an;b) dx = du.
Therefore, the integral becomes

n+1
u"du = - +C= L ax+E +C
n+1 n+1 X

iv)  This is again in the form | ‘:((—XX))dx. The integral is In ‘axzn +b"+ c‘ +C.

v)  Thisis in the form [%dxwhere f(x) = In|x|. The integral is

Inin|x|+C
% 3k 3k

Let us now see another method to handle the case where we have to integrate

an even power of sin xor cos x. Let us write y = cos +isinx. Then,

% = cos x—isinx. Further, by De Moivre’s theorem, we have

y" = cos nx +isinnxand yln = cosnx—isinnx.
Therefore,
1
n — Nn_1 - 9iqi
y'+ y—n =2cosnxand y —yn = 2isinx
To integrate cos" x, we use the relation

cos"x = <1 <y+ 1>>n
2 y

We then use binomial theorem to expand the RHS of the above equation to get

1 R B 1 1 1
8 + — = [y + D12+ ] + —

—2k = y”‘k%with unique term of the form

We can group each term of the y"

y~(n=2K) = y2k-n “replace y2k + yzl_k by cos(2n — k)xand integrate them term by

term.

To integrate sin" x, we use the relation

sin”x=l 1 "
2\ 7y

As before, we use binomial theorem to expand the RHS of the above equation
to get

1 1 n_ 1 n n-1 (1
(21-3)) =y (-com ()
n—1 n
+...+(-1)”‘1C(n’“‘1)y<31/> +<31/>>

We can group each term of the iy”‘z" = iy”‘k%with unique term of the form

+y=(1-2k) = iyky,]—_k. If nand khave the same parity, we get a term of the form

y”‘2k + yn12kand we replace it by cos(n — 2k)x. If they have different parity, we

get a term of the form + (y”‘zk - yn12k>and replace it by = sin(n — 2k)x.

Example 4: Evaluate j sin® x dx.

Solution: We have
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1 1 3
_ + = _ N + —
1 6(2 cos4x—8cos2x +6) = 3 Cos 4x 5 COS 2X 8

So,

Jhsin“de = ;Jhcos4xdx —;ICOSZXdX+ gjdx

1 1 . 3
—Esm4x ZS|n2x+§x+C

Note the difference in the answer we get by this method and the one using
reduction formula. Here we get the answer in the form of multiples of sines like
sin2x, sin4x,....So, depending on the form of answer we want, we can use
either of the methods.

X sk ok
Integrals of the Type | eX[f(x) + f'(x)] dx

We first prove the formula | eX[f(x) + f'(x)] dx = eXf(x) + Cand see how it can be
used in integrating some functions. By the formula for integration by parts

I e*f(x)dx = u‘hf(x) e*dx = f(x)e* — I ' (x)eX dx.

This implies [ eX[f(x) + f'(x)] dx = eXf(x) + C

Example 5: Evaluate the following integrals:

)J\ 1 +X X v/1—=sinx —X/2
(2+x 1 +cosx.
Solution:
i) We have
I T+x eXdX = wexdx
(2+ x)2 (2+ x)2
Since

o _d/ 1
(2+x)2  dx \2+x
jmexdxz‘j\[ 1 + _1 :| exdszeX_i_C,
(2 +x)? 2+x  (2+x)? 2+x

i)  Since

(cos X sin X)2 0032 + sin? X 2cos X sin X = 1—-sinx
2 2 2 2 2 2 ’
We have
5 5
X H D ¢
VAI=sinx o - (9952783 w2y,
1+cosx 2 cos2 X
0
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Notice here that we have chosen cos % —sin % as the square root

v1—=sinx. This is because tan% <1for0<x< % and hence

sin 5 < cos %in [0, 5]. (Check this!) Since we always take the positive
square root, we have taken cos % —sin gas the square root of 1 —sinx.
We have

cos ¥ —sin% 1
2 2 X240 — —X/2
—<c _—_—<feMedx = Sec = e dx
‘[ 2cos2 X 2 I 2

1 X X _y/2
- 2J’tan Esecie dx

1 /2
—I(zsecztan > (—2e™4) dx

X _ _
=_2sec Ee X/2 +Jhsec2 tan e 2dx

2
Thus,
vV 1+sinx X/2 X _x/2 1 X X
= — —e + — —t _
I 1+cosx secze 2jsecz an 2dx
1 _x/2 X __x/2
= = +
2fsecztan2e dx = secze C
So,

2 . T

‘[ 11+_Ccs)lsnx e ¥2dx = —sec 2e 2}; = (—V2e73)— (-1)=1-V2e7%
° % 3k ok

The following examples give you more practice in integration by parts.

Example 6: Evaluate the following integrals using integration by parts:

i jemSi“'1de i) Ixzsin‘1xdx iii)fsin‘1

. xeX X
iv) ———dx V) e” sin 2x cos x dx
(x+1)2

X _dx, a>0
X

Solution:

i) Integrating by parts,

-1
‘[em sin”’ Xdx = Iem sin”! X(1)dx =xeMm sin”" x _de(emds;n *) dx

~Tx = u,we have du = -M9X__ Also, x = sin (). Therefore

Vi1-x2'

Ixemsm_1 X < m > dx = Jsin <£) e'du.
1—x2 m

Putting & = v, the integral becomes | €™V sinvdv. This is a standard

Putting msin

from discussed in 18.3.2. You can now complete the solution.
i)  Integrating by parts,

x3sin~ 1 x

2 i1 _
x“sin” ' xdx= ——— | — dx.
\[ 3 I 3 \/1_X2
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Consider du. Putting u = 1-x2, du = —2xdx.

3
V1-x2

(-2x)dx = A

J‘ x3 1 j X2
- dx=— [
V1-x2 2J V1_x2
1
> J Yvudu
This is a standard form. You can now complete the solution.

iy  Integrating by parts,

‘[sin‘1< X )dx=xsin‘1< X )
a+x a+x
I /a+x{a+x } «

‘/ (a+x)?

We can rewrite the integral on RHS as

;J‘x a+tx /a+x a X=1 ax(a +x) dx

va Vox @ex 2J vayxa+x?
_ [ VX
3 wge

11 dx or dx = 2udu. v/xdx = 2u2du.

Substituting u = v/x we have du =

2 /X
The integral becomes
\/5 J‘ 2U2dU J’\ < ) 3/2J du
-— du=+au-a e
2 J (@+w?) @ (Va)? +u?
iv)  Taking (1+1X)2 as g(x) and integrating by parts, we get
xeX % -1 X x
[ e R Fr s Gt
—xeX —yeX
=Xe+J‘ede= X¢ tex+cC
X+ 1 X+ 1

v)  We have sin2xcosx = §(S|n 3x + sinx). Therefore,

1 1
‘[exsin2xcosxdx = 2je"sin3xdx+ 2L[e"sinxdx

You can now complete the solution because both the integrals are
standard types that we discussed in 18.3.2.

X 3k %

Example 7: Evaluate the integral | x a+x X dxusing the substitution
X = acos 26.

Solution: Putting x = acos 26, dx = —2a sin 26. Further , /2 = , /a(l-cos20),

a(1+cos 20)
Using cos 26 = cos? 0 —sin® 0

1-c0s20 =1—-cos26 +sin20 =2sin?4.



Miscellaneous Exercises and Examples Applications of Integration

Using cos 20 = 2cos? 0 —1, 1 + cos 26 = 2 cos? §. Therefore,

a=X — 2sin 9 -
\V atx = \/ 2cos?6 tano.
I=Jnx

= 252 I cos 20 tan 62 sin 0 cos 0 do = —2a? f cos 262 sin? 6 do

+
= -2a° I cos 26(1 - cos 26)d = —ZaZJh <cos 20— 1C§S40> do

a— .
z dx = —2a? I cos 20 tan@ sin20do

_ _5.2(Sin20 6 sin46
23( 2 27 8

) %(49 4sin 26 + sin 46)

From x = acos 20,it follows that 6 = ? cos™! (3)

2 2 _ 2
sin20 = V1 —cos220 = /1 (%) ﬁ

a

0

a

sin40 =2sin26 cos20 =2

- x

a-—x
dx =
+ X

2

< |2cos™ (5)—i\/a2—x2+§\/a2—x2 &

4 a/ a a2
2 -

=a7cos‘1 (g) 22 s 2.

2

% 3k %k

Example 8: Evaluate the following integrals:

4 dx x dx
I(x—1 2(x—2)(x—3) ) I(x2+1)(x2+4) i) jx4+x2+1
(x +a2) dx
V) \[x4+a2x2+a4 v) I(x+1)(x3—1)

Solution:

i) To split into partial fractions, we write

1 _ A, B _~C D
(x=12(x-2)(x=3) (x=1) (x=1)2 (x=2) (x=3)

Multiplying both sides by (x — 1)2(x — 2) (x — 3),we get
1=AXx-1)(x-2)(x-3)+B(x—2)(x—3)+C(x—1 )2(x—3)+ D(x-1 )2(x—2)

Putting x = 3,we get 1 = D(3-1)2(3—-2) =4D or D = 1/4.
Putting x = 2,we get 1 = C(2 - 1)2(2 —-3)=-CorC =-1.
Puttingx=1,1=B(1-2)(1-3)=2BorB=5
Putting x = 0, we get

1= A(-1)(-2)(=3) + B(=2)(-3) + C(-1)?(-3) + D(-1)*(-2)

or1=-6A+5+3-1. orA=

A\w

9
12 =

X 3 dx 1 dx dx 1 dx
(x—1)2(x—2)(x—3)_4f 1+2j(x—1)2_f(x-2)+4 x—3
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ii)

To split into partial fractions, we write

1 =Ax+B+Cx+D
(X2 +4)(x2+1) x2+4 (x2+1)

Multiplying both sides by (x2 + 4)(x2 + 1)we get

1 = (Ax + B)(x2 + 1) + (Cx + D)(x? + 4)

Putting x =i, we get

1=3(Ci+D) ...(19)
Putting x = —i, we get

1=3(-Ci+D) ...(20)

Adding Eqgn. (19) and Eqgn. (20), we get 2 = 6D or D = 1/3. Putting this in
Eqgn. (19) we get C = 0.

Putting x = 2i, we get

1 =-3(2Ai + B) ...(21)
Putting x = -2i, we get

1 =-3(—2Ai + B) ...(22)

Solving, we get B = -1/3, A = 0. Therefore,
J" dx =1 {J‘ dx _J‘ dx }
(x2+4)(x2+1) 3 X2 + 1 X2 +4

= % {tan‘1 x—%tan"1 (;)} +C

We have

I xdx =I xdx =J xdx
x4 +x2 + 1 (X2+1)2_3 <X2+;)2_(\2@>2

2

Putting u = x + %, du = 2xdx. Therefore,

J” xdx _ 1J” du
(erg)-(2) 2 e-(9)
which is a standard form.

We have
2 + 52 2 + 52
a2 s A T 2 dx
x4 +a2x2 + a (x2 +a2)? — a2x2

x? + a2 q
= X
j (x2 +a? +ax) (x? + a? —ax)

x? +a? 1 1 . 1
(x2+a?+ax) (x2+a?-ax) 2 \x2+a’+ax x%+a?-ax
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s ey ([
(x2 + a2 +ax) (x? + a2 —ax) 2 x2 + a2 + ax

+J” dx )
x2 + a2 — ax
J’ dx _J“ dx

2422+ 2

T ey (42)

Putting u = x + , the integral becomes | 72 which is a standard
2+ (V32

form. Similarly,

ur dx _J‘ dx
2442 ay a\2 , 3a2
X% + a‘ —ax (X—z) + 2%

and we can reduce this to the standard form using the substitution

u=xXx a
>

v)  We have
1 _ 1
x+ D3 =1)  (x+Dx=1)X2+x+1)

To split into partial fractions we write

1 _ A, B Cx+D
X+ NDNX=1x2+x+1) x+1 x—-1 x2+x+1

Multiplying both sides by (x + 1)(x — 1)(x2 + x + 1), we get
1=A(x—1)(x2+x+1)+B(x+1)(x +x+1)+(Cx+D)(x2—1>
Puttingx=1,we get1=6B orB =%. Putting x = -1, we get 1 =-2A or

A=—%.Puttingx=0 weget1=-A+B-Dor

D=B-A- =%+1—1——7 Putting x = 2gives
1=7A+21B +3(2C + D). Solving for C, we get C = 3

vr dx =J‘ T 1 . x=1 dx
(x+1)(x3-1) 6(x—1) 2(x+1) 3 (x2+x+1)

"6 —1 IX+1 IX2+X+1

=6In|x—1\—2In]x+1|+3J‘de

We have dealt with an integral of the same type as the last integral in
example 18 in Unit 18.

% 3k 3k

Example 9: Obtain the area bounded by the curves y? = 4ax and x2 = 4ay.

2
Solution: (See Fig. 1)The points of intersection are given by (%) =4ax or

x*-64a3x =0, i.e. x <x3 —64a3) = 0. (x3 —64a3> = (x—4a) (x2 + 4ax + 16a2> .

169
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The equation x2 + 4ax + 16a2 has complex roots since the discriminant
b2 — 4ac = 16a2 — 64a2 < 0. So, the points of intersection are given by x = 0 and
X = 4a. When x = 0, y = 0. When x = 4a, y = (4a)?/4a = 4a.

A
4ay = X2

Fig. 1: Area bounded by y2 = 4ax and x? = 4ay.

So, the curves intersect at (0, 0) and (4a, 4a). We have
32

2 312 312 312 )
2vax—Jz = VX (2va-7 ) Ifx < 4a %o < ¥ =82F =213, So,if

x < 4a, 2 /ax - g > 0. To find the area we take f{(x) = v2ax and fy(x) = g
and integrate f4(x) —fy(x) from 0 to 4a, i.e. we evaluate the integral

4a
2
I (\/Zax— Za> dx. This is an easy integral to evaluate.
0

* % %

Example 10: Find the area and the length of the arc of the Nephroid
x =a(3cost—cos3t) and y = a(3sint—sin 3t).

[

N

L N\
yA \
yA AN
yA T A\

[ \
\ 4

170 Fig. 2: Area bounded by a Nephroid.
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Solution: Whent=0,x=2a,y=0. Whent= ” , Xx=0,y =4a. When
t=x, x=-2a. Whent= 37” x=0,y=-2a. Whent—27r, x =2a,y =0. So, the
Nephroid is a closed curve with « = 0 and « = 2z as the beginning and end
points. Also, the curve is traced out in the anti-clockwise directions as tvaries
from 0 to 2z. The area is

2r

dx
A= _
Iydtdt
0
d—x = a(-3sint+ 3sin 3t)
dt
dx 2 . . . .
ya = —-a“(3sint+ 3sin3t) (-3 sint + 3 sin 3t)
= a2(—9 sin? t + 9sintsin 3t + 3sin 3t sint— 3 sin? 3t)
= a2(9sin® t— 12 sintsin 3t + 3 sin? 3t)
= 9a2(1_02082t) — 6a2(cos 2t — cos 4t) + 332(1_02086t)
9 2n 9 2ﬂ 2
A= % dt— % costht—6a2f0032tdt
0 0
33 2
+ 332 t— —— | cos6tdt= —(27:) + —(er) =12rxa

The length of the arc is

T [rax\2 (dy\2. d
. dx 1 Y _ _
L_I\/<dt> +<dt dt. a[3cost—3cos 3t]

dt

2 2
<(:j)t(> N <(313t/> = a?(3sin 3t - 3sint)? + a®(3 cost— 3 cos 3t)?

= g2 {9 sin? 9t + 9sin?t
—18sin3tsint+9cos?t + 9 cos? 9t — 1BCOStCOS3t}

= a2{18 —18(sin 3tsint + costcos 3t)} = a2{18 — 18 cos 2t}
= 18a2sin’t = 36a° sin’ t

z 2z
J\6a|smt| dt = 6aJ‘sm tdt — 6aIsm tdt
0 7

= 6a (~cost) ]O _6a (—cost) ]2 = 6a[1—(—1)] - 6a[-1 — (1)] = 24a

% 3k 3k

Example 11: Find the length of the arc of the Tricuspoid given by the
equations x = a(2cos 6 + cos 20), y = a(2sin 6 — sin 20).

—2asin 8 —2asin 20, gg = 2acosf —2acos?20

Solution: @
< ) (dy> = 4a2 sin? 0 + 4a2 sin® 20 + 8a2 sin 0 sin 20 + 4a2 cos? §

+ 4a2 cos? 20 — 8a2 cos # cos 26 171
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=8aZ + 8a(sin 0 sin 20 — cos 6 cos 20)
= 8a? — 8a cos 3¢ = 8a2 . 2sin? % = 1622 sin 36

Therefore the arc length

2r
L=4aj
0

We have sin® > 0if0<60< 2, sin3f <0if 2 <9 <4, sin3f >0if

. 30
smz‘de.

2
4 < <2
273 39 47/3 39 2r 39
L=4a I sm7d9— J‘ sm7d9+ uf sm7d6
0 27/3 47/3

=4a <_2 cos 39) s - <_2 cos 30) i + <_2 cos 30)
3 2 /) 3 2 )23 3 2
2 2 2 2
=4a [—3 cosm — <—3 cos O)] —4a [—3 cos 2z — <—3 cos n)]

2 2 16a
+ — I —-—"
4a[ 300337r ( 30032 )] 3

2n
4r/3

% 3k ok
Example 12: Derive the reduction formula

m n\P
Ixm_1 (a+bx")P dx = e L bJ) § X Jhxm_1 (a+ bx”)p_1 dx
m + pn m + pn

Use it to evaluate the integral [(c? —x?)%? dx

Solution: Integrating by parts with x™1as g(x), we get

J" " (a+bx")"d

xm 1 p—1 n—1
=H(a+bx) Ix p (a+bx")P™" nbx"dx
x™m p 208 xm-1 n
=H(a+bx I (a+bx") ((a+bx)—a) dx
m
=X (a+bx")P - p‘[xm‘ (a+bx")P dx + aan”Xm_1 (a+ bx“)p_1 dx
m m m
Therefore,
m n\P
(1 + @) Ixm‘1 (a+bx")P dx = X" (a+bx7) + 2P jxm‘1 (a+ bx”)p_1 dx
m m m

m n\P
jxm‘1 (a+bx")Pdx = x™ (a+bx?) + 2PN jxm‘1 (a+ bx”)'o_1 dx
m + pn m + pn

We apply the reduction formula withm =1, a = c? ,b==1,n=2,p=

NIw

I (02 —x2>3/2 dx = M + ﬁ (02 —x2)1/2 dx

4 4

2 2 1/2 . s .
f (c —-X ) dx is a standard form we dealt with in Unit 18.
* % %

172 Example 13: Prove the following properties of the definite integrals:
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i) f(x) =If(a x) dx
0 0
23 a
i) f(x)dx = u|nf(x) dx + I f(2a — x) dx. In particular if f(2a — x) = f(x),
0
22 Za
f(x)dx = ZJf(x) dx. If f(x) = —f(2a —x), If(x )dx =0
0 0
na a
i) Iff(x) = f(a +x), u‘ﬂf(x) dx=n f f(x) dx.
0 0
Solution:
i) Puttingy =a-— xdy——dx Ifx=a,y= Oandlfx 0,y =a. So, the
integral becomes — J‘f y)dy = If(y dy = If
2a a 2a
ii) ff(x) dx = jf(x) dx + I f(x) dx. In the second integral, substituting
0 0 a
y=2a—-xwhenx=a,y=a, when x =2a,y = 0. dy = —dx. So, the second
0 a
integral becomes —f f(2a—y)dy = If(Za —Xx)dx.
a 0
iii) We have
na 2a (i+1)a na
If(x dx=J‘fx)dx+Jh f(x)dx + - - I f(x)dx+ .-+ I f(x) dx.
0 0 a ia (n—1)a
(i+Ma

It is enough to show that I f(x)dx. From f(x + a) = a, it follows that
ia

f(x + 2a) = f((x + a) + a) = f(x + a) = f(x). Proceeding thus, we have

(i+1)a
f(x +ia) = f(x). Substituting x = y +ia in the integral Jﬂ f(x) dx, we have
y=0whenx=iaandy=awhenx=(i+1)a.

(i+1)a a
Also, dy = dx. So, j f(x)dx = J\f(y +ia)dy = jf(y) dy.
ia 0

% 3k 3k

Now, try the following exercises.

E1)

E2)

E3)

Evaluate | cos® xdx.

—x)2 2
Evaluate the following: i) ((11_'_;2))2 e*dx i) J‘ %ex dx
+ X

Integrate the following: 173
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E4)

E5)

E6)

E7)

E8)

E9)

Integration
i) \ (ax2 +bx+ c) 2. b +c ) dx ii) I oe*
5 NI aeX+b
~ 2
ii) dx _ iv) I X 4 ix
J(1+x2) (tan‘1 x) -4
V) (cos x —sinx)(2 + sin 2x) sec? x cos ec?x dx

b
Inx 1 a
Prove that j ~ dx = 5 In(ab)In (B>
a

Evaluate the following integrals:

1
*  xdx

V1+x2
* dx
X\ /X2n _ a2n
* (ax? —b)dx
J 2e2X+2eX +1
& (ax2 —b)

X\/szz — (ax2 + b)?

[

using the substitution z = (2)"

[

using subsituion e* = %

using substitution ax + 2 = z,

[

dx

Evaluat dx.
Vauaej(x-1)(x2+1)(x2+4)2 g

Find the area between the curves y2 =x+3andy= %

Find the area enclosed by the outer boundary of the Nephroid of Freeth
given by the equationr = a (1 +2sin %)

P o x
Show that j sin"dx =2 j sin" xdx, I cos?"1 xdx = 0 and
0 0 0
x 2
Icoszn xdx =2 I cos?" dx.
0 0

We have come to the end our set of miscellaneous exercises. You can refer the
answers to the exercises in the next section.

SOLUTIONS/ANSWERS

E1)

174

We have cosx = 7 (y + %) . So, we have

Cosex_1< +1)6=1
26 y y 26
#1520 4 oy 4

1 1>
y4 y> yb

1 1 1
6 +6y°— +15y*— +20y3—
<y Yy T s
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Grouping y' terms W|th , we get

1 1 1 1
6. — 6 4 4 2
cos° X = 32{y y6+6<y +y4>+15<y +y2>+20}

11—6(0056x+60034x+ 15 cos 2x + 10)

Therefore,

1 /1 6 15
6 _ V(T 6. 15
jcos x dx 16 (63|n6x+4sm4x+ 5 sm2x+10x>+C

E2) i) We have
)2 2 _ —
j“ X)Zexdx=‘[x il 22Xexdx=j 12 A 5 ¢ dx
(1+x2) (1+x2) (1+X%)  (1+x2)
This is of the formj(f(x)+f’(x))e dx where f(x)-( ot Hence
_w\2 X
[
(1+X2)2 1+x2

i)  We have

2+2 1+x2+1
X Xdx = | X7 X dx

1+x2 V1 +x2
=\[{\/1+x2+ 1 }exdx

1+ x2

This is of the form J (f(x) + f'(x)) e* dx where f(x) = V1 +x2.
E3) i) We have

I(ax2+bx+c) (az .0 +c> dx
X
bc

=I<a2+abx+acx2+ab+b2+bcx+ag++ > dx
X X X
2 .,2, 2 x2 x3 ac
=(@a“+b“+c )x+(ab+bc)7+ac§+(ab+bc) In]x|—7+C_
i) Putting u =ae* +b, we have du = ae* dx. Therefore,

ceX
vraex+b —I—I |u|+C—5 In |ae* +b|+C

i) Putting u=tan™"x, du =

1+ - dx. The integral becomes

J'. diu = 71 +C = 1 +C
u (1 -n)un-1 (1—n) (tan~" x)n-1

ifn>1.1fn=1, the integral is In‘tan‘1 x‘ +C.

iv)  We have

2 2
X< +4 Xc—4+8 8

dx = 7dx 1+ dx
Ix2—4 J‘ x2 — I( x2—4>

In

dx +

+2 175
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v) We have

(cos x—sinx) (2 + sin 2x) (sec2 X COS eczx)
_ o Ccos X —sinx 1+ sinxcos x
sin X cos X sin X cos X

= (cosecx —secXx) (1 + cosec x secx)

= cosecx + (1+ cot? X) secx—secx—(1+ tan? X) cosec x
= cosecX + sec X + cosec x cot x
—SecXx—Ccosecx—secxtanx

= cosecx cotx —secxtanx

Therefore
J‘(cos X —8inXx) (2 + sin 2x) (sec2 X cosec? Xx) dx

= u|Acosec X cotx—jsecxtanxdx = —cosecx—secx+C

In|b|
E4) We have I In)|(x| dx = j u du on substituting u = log x.
a Inja|
b | 5 |nlb] ]
Spinxy _ W |, 2 _ 2
I “dx 5 [(In|b|) (injal) }
Inja|

= %(In\b\ +In|al )(In|b| —Inlja]) = %Inyab] In

b
a
E5) i) Puttingu=1+x2, du=2xdx. Whenx=0,u=1, whenx=1, u=2.

=v2-1

. dx dx . n n
i) j = f . Putting z = (2) 'dz = -22_dx.
Therefore
I dx 1 dz 1
= =— sin” ' z
xn+1y/x2n_g2n  an-t 1_x2 ha"
1 -1 a\n
- _@ Sin <B> + C
i) Putting X = -2, 6Xdx = <(1—z)+zz> 4z = <1Z> dx
(1-z) (1-2)

1-2z

X _5\2
.'.uredx=vr 1/(1-2) dz=J dz =tan‘1(z)
262X + 2eX +1 (22 + 1)/(1 = 2)? 72 +1

X— Z X X — X — (aX — &
et=45.e'-zet=z. e"=(e"+1)zorz= z5

eX eX
I ___~  _dx=tan™" +C
176 2e2X + 2eX + 1 eX+1

2 2 22
292X+29X+1=92X+(ex+1)2=< z > +< 1 ) _Z +1

=
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2
iv) Putting ax + 3 = x, we have (a - X%) dx =dzor wdx =dz.

2
%, the integral
X241/ c2— ( ax§+b )

dz . 1/Z 4 (ax2+b
m EE—— ~)+C= +
beco eSI s——> = sin ( ) C =sin < . C

E6) To split into partial fractions, we write

@ = z. Rewriting the integral as [

1 __A +Bx+C+Dx+E
(X—1)(X2+1)(X2+4)2 (x=1)  (x2+1) (x2+4)
Fx+G
(2+4)°

2
Multiplying both sides by (x — 1) (xz + 1) (xz + 4) , we get

1 =A(x2+ 1) <x2+4)2+(Bx+C)(x—1)<x2+4)2
+(Dx+E)(x—1)(x2+1> (x2+4) +(Fx +G) (x=1) (x2+1)

Putting x = 1, 1 = 50A or A = £i. Putting x = i, we have
1=9(Bi+C)(i—1)=-9(B +C)-9i(B-C)

Comparing the real and imaginary parts both sides, we get-9(B+ C) =1,
~9(B-C) = 0. Solving, we get B = C = - Putting x = 2i, we get

1 = (2Fi + G)(2i — 1)(=3) = 3(4F + G) + 6i(F — G).

Comparing real and imaginary parts, we get 4F + G = % F-G=0.

Solving, we get F =G = 11—5 Comparing coefficients of x6 both sides,
we get A+B+ D =0. Therefore, D =-A-B =—51—0 + 1i = %.

1

(x—1) (x2+ 1) (x2 +4)°

17 1 1 x+1 8 x+1 +l x+1

50(x—1) " 18 (x2+1) 225 (Z+4) 15 (y2 1 4)2

J” dx
=) (@ +1) (2 +4)?

=l dx_1jx+1 dx+8jx+1dx
50J) (x-1) 18 (x2+1) 225 (x2+4)
1 X+1
+ _
18 (2+4)?

dx

All the integrals except the last one are standard ones that we have

(x+1)
(x2 +4)°
which is 2x. We write x +1 = 5(2x) + 1. Then,

(x+1) 1 2x dx
——dx=7 | ——d .
J\ (X2+4)2 X 2J\ (X2+4)2 X+I (X2 +4)2

already seen. To evaluate I dx, we find the derivative of x2 + 4

177
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To evaluate the first integral, we put u = x2 + 4 to get du = 2x. The first
integral becomes

du 2 2
—=u-+C=- + +
I 2 uc+C (x 4) C.
For the second integral, we put x = 2sec . Then, dx = 2secétan 6 and
X2 +4 =4sec?9+4 =4tan?9.

Therefore,

I<b(2dx=fme'[:‘m9d0 = 1vrcos4esin_50d9.
(x2 +4) 16tan* 6 8

Recall the reduction formula

. cos™ 1 xsin™1 x NLERE
m,n — —
’ m+n m+n Mn-2

where Imn = f cos™ xsin" x dx. Applying this twice, we get

j cos* 0 sin=20do = —cos3 9sint 9 -2 j cos20sin™ 0 do

=_cosS@sin* 0

4
cosfsin"" 6 1 . 5
o1 [ sy

We can now use the reduction formula for | cosec” 8 dé in E9) of Unit 19

to complete the computation of the integral.

E7) The points of intersection are given by ’2—2 =x+3o0rx2—4x-12=0.

A
y2=x+3 1 —
- 7~
= ¥ — y=5
/ — 2
y4 7~
t ——t } } } } } } } } -

Fig. 3: Area bounded by y2 =x+3 andy = g

Factorising, we get (x + 2)(x—6) = 0. So, the points of intersection are
(—2,-1)and (6, 3). We choose f4(x) = Vx+ 3 and

_]=Vvx+3 if —3<x<-2
fa(x) =
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ES)

and

2vVx+3 if -3 <x<2

f1(x) —fa(x) = {\/XTS

if —2<x<6

f1(X)—fo(x) =2V x+3>0if-3 <x<-2.1f-2 <x <6,

f1(x)=fa(x) = Vx+3 - 3. We have

x2 1
(“3‘4 =2

(12 + 4x—x2) = —%(x— B)(x + 2).

Since x > -2, x+2 > 0. Since x < 6, (x—6) < 0. Therefore,
(x—6)(x+2) <0and —%(x—6)(x +2) > 0. Therefore,

(\/x+3+;> <\/x+3—;> =—%(x—6)(x+2) > 0.

Applications of Integration

Now, x > -2, x+3>1,s0 Vx+3>1, % > —1. Therefore, \/x+3+§ > 0.
Since the product (\/ X+3+ %) (\/ X+3-— %) is non-negative and one of
the factors, (\/ x+3+ %) is non-negative, the other factor (v X+3-— %) is

also non-negative, i.e. (\/x 3-— g) > 0. To find the required area, we

have to evaluate the integral

6 6 6 6
(fr(x)=To(x))dx = 2 X + 3dx + \/)(T—1 X dx
[roenecf e

and this is an easy integral to evaluate.

. . 9
(See Fig. 4) When 0 < 0 < 2z, sin 3

>0, so, (1+2sin6/2) > 1. So the

outer boundary is traced out when 0 < 8 < 2z. When 2z < 6 < 4nr,
sin % < 0and (1+sinf) < 1. So, the two inner loops are traced out for

2 < 0 < A4r.

7

yV

)

N

M

T‘

)/

\\

S

N

N

h

Fig. 4: Area bounded by Nephroid of Freeth
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Therefore the area of the outer boundary is given by

127r 227r 0 2 2271' 0 0
- ! 2 _i . =€L .20 .
A er de 2j<1+28|n2> do 2J‘<1+4sm 2+S|n2> do
0 0 0
2r 2r 2r
a2 0
— 2 2 :
—Zfd0+a v|ﬂ(1—cosb?)d0+2a f3|n2d0
0 0 0

E9) We have sin(z — x) = sinx. By the second property, we have

T /2 nl2 /2

Isin” xdx = ‘[ sin" xdx + J sin(r —x)dx = 2 JA sin xdx

0 0 0 0

Similarly, since cos(z — x) = —cos X, so cos?™1(z —x) = —cos x.

T /2 /2
Icosznﬂ xdx = J cos?™ 1 xdx + J‘ cos?™ (7 — x) dx
0 0 0
/2 /2
= I cos®™ 1 xdx — j cos®™ T xdx =0
0 0
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