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3.0 OBJECTIVES

Afler going through this unit you should be in a position to

;
e cxplain the basic premises on which the neoclassical Solow model is based;
-
o describe the properties of neoclassical production function;
» identify the implications of Solow model; and

e  explain the steady state growth of an economy.

3.1 INTRODUCTION

In the previous block we observed that when saving is translated into investments,
accumulation of capital stock takes place. Such accumulation in capital stock implies
an increase in the level of capital input. A basic feature of capital input is that it does
not get exhausted in a single use, that is, it is durable in naturz. However, capital
input undergoes wear and tear, generally termed depreciation, during the course of
production. Thus when we deduct depreciation from gross investment we obtain
net investment, which tantamount to addition to capital stock. '

As you know, capital and labour are two primary inputs used in production process
and with the aid of technology transi: rin intermediate inputs into output. If we assume
 no shortage of intermediate inputs e production capacity of an economy depends
upon the quantity, quality and util: -ation of the primary i nputs. We should note that
most of the growth models are built upon the premise of assured availability of raw
materials.
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The classical economists in general did not pay much attention to the long-run impact
of investment. In the classical framework the economy passed through the same
cycle of production period after period. The post-Keynesian economists, particularly
Harrod and Domar, emphasized the increase in capital stock due to investment (see
Block 1 of the course MEC-004: Economics of Growth and Development). Llater
on neoclassical economist R. M. Solow presented a model of economic growth in
1956 which continues to remain as a landmark in growth theory. Subsequent grdwth
models have brought in refinements and innovations into the Solow model. The
Solow model explains the effect of saving, population growth and technological
progress on the economy’s output growth. We discuss below the basic features and
implications of the Solow model. ;

3.2 FEATURES OF THE SOLOW MODEL (

The Solow model considers an aggregate production function for the econom; rasa
whole such that a composite good is produced through a common technology by
utilizing homogenous inputs, labour and capital. The first step to understand the
model is to study what determines the supply of and demand for goods in the
economy. ‘l

3.2.1 Supply of Goods
The supply of goods in the Solow model is determined by the production fun&tion.

The production function hasthree inputs (K, L, A) and one output (}) variablek and
takes the form

Yt)=F(K@),A@), L)) ...
Y'=output

K = capital

L =labour

A =technology of production

The variable ¢ in équation (3.1) denotes time that does not enter the model dil{fctly
It implies that over flme change in Y will take place only due to change in inputs K.
Land A.

It is worthwhile to note that change in A occurs as a consequence of technol(% gical j
progress. Labour and effectiveness of labour are introduced in the model
multiplicatively such that AL means effective labour. It means that technolpgical ;
progress is labour-augmenting, i.e., it increases the productivity or efliciency of labour.

Thus even if quantity of I. remains unchanged, technological progress increases the 1

quantity of effective labour (4L) in the economy. i

The production function described at (3.1) presents constant returns to scale (bRS) ]
This assumption greatly simplifies the analysis and is often considered 'realistjc. The
presence of CRS implies ithat if we double all the inputs output will be doubled.

F(aK, adl)=aF(K, AL) ...(3.2#



where a can be any non-negative constant.

~The CRS assumption can be utilized to ccavert the production function specified in

eq\\iz_ltion (3.1) to pereffective labour terms. If a= L Ve canrepresent (3.1)as
F( K IJ————F(K AL) | | |
FTAR YT ’4 ...(3.3)

This form of the production function given at (3.3) is known as the intensive for‘m‘. It
allows us to analyse all variables in the economy relative to the size of effective labour
force.

)s o
Thus 1L is capital expressed relative to effective labour, i.e,, it is capltal per unit eﬂ'ectlve

K ] r

labour. Moreover, £ [Zl AL whlch is output per unit effective labour. We

K Y
designate these in lowercase letters such as =k and 1L =Yand flk)=F(k, 1)

so that the production function in (3.3) can be written as

y = f(k) , LG4

Fig. 3. 1 illustrates the above productidn function
y -
)
MPK
1
k

- Fig. 3.1: Neoclassical Production Function

InFig. 3.1 we measure & on the x-axis and y on the y-axis. Since & represents capjtal
labour ratio, as we move along x-axis the amount of capital available per unit of labour
increases. A basic feature of (3.1) is that while CRS prevails, there is diminishing returns
to capital input. It implies that when both K and L are increased proportionately there is

The Solow Model
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‘national income accounts identity (see Unit 1). While government expenditure is ignored

CRS. On the other hand. if thereisan increase in K while keeping AL constant, we
obtain dlmmlshmg retumsto K. - ‘

The slope of the production flmctlon glveq the margmal product1v1ty of capltal (‘\/IPK)

K
that shows the extra output per effectlvc labour produced when T isincreased by 1

~ unit. MPK can be mathematically written as

MPK=flkt])-fi) | - o LL(33)

The intensive form of production func.ion g1ven at (3.4) and depicted through Fig. 3.1
is assumed to satisfy the following conditions:

1) a)atk=0, flk)=f0)=0

b) MPK is positive, that is, f'(k) >0
¢) MPK declines as krises, thatis, f"(k) <0 :

2)  Theintensive form in addition is also assumed to satisfying the /nadu conditions.

() lim f7 (k )= ,which implies that when capital stock is too small the MPK
k-0 p f

is very large.

(b) 21_{1}0 f'(k)=0, which implies that MPK is very small when the capital stock |
is too large. ‘
These conditions are much stronger than are needed to dem e the results of the model |
and have been introduced to ensure that the growth path of the economy does not
diverge.
}{
It is evident from Fig. 3.1 that a tangent drawn at any point on the curve has a positive |
slope, but the slope of tangents is declining as we go towards the right (as & rises). |
Hence MPK is positive but declining. Moreover at £ =0 the tangent to the production |
function is a vertical line (which implies that MPK = o). As k rises the production |
function becomes flatter and when & — o we have MPK = 0. It is important to note ‘
here that Solow model assumes other inputs beside K, L and 4 not to be important and ‘
hence are not included in the production function.

3.2.2 Demand for Goods

In a Solow economy goods are demanded for consumption and investment purposes.
Thus '

Y=C+1 ...(3.6)

1 i
1f we express (3.6) in per effective labeur terms (that is, divide by L ) we obtain |

= cti 3T

We omit government expenditure and net exports in (3.6) which are present in the




for simplification in presentation, net exports (that is, éXpoxts minus imports)is excluded The Solow Model
because the economy is assumed to be closed.

Each year peoplé save a fraction s of their income. Thus s is the saving rate and it
- assumes a value between 0and 1. The relationship between output and saving is depicted
inFig.3.2.

y Output f(k)

Consumption per
, " effective labor

/ Investment
s k)

|
l|  Investment per
i | effective labor } .
|
|
|
|

Fig. 3.2: Output and Saving
Saving per effective labour= sy

Therefore, consumption c=(1-5)y

=y=1-s)y+i ...(3.8)
=y-(1-5)y=i
=y-ytsy=i
=sy=1i ; ...(3.9)

Equation (3.9) shows that saving equal investment, a condition necessary for equilibrium
in the economy.

Check Your Progress 1

1) What are the basic assumptions on which the Solow model is based?

...........................................................................................................................
............................................................................................................................
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k() =i(h) —é‘k(t)

3.3 THESTEADY STATE

As seen'in equation (3.9) investment per unit of effective labour equals saving per umt\ of

effective labour.:

i=sy

Since y = f{k) we can write equation (3.9) as

i=sfk) ...(3.10)

The above shows the relationship between existing capital stock (k) and accumulatlbn
of new capital (i) expressed in 'per effective labour' term.

- As you know, increase in capital stock is due to investment. Thus the difference betweL:n

capital stock in two successive years is equal to investment that has taken place dunhg
the year. In other words, the rate of growth capital stock is equal to the rate of 1nvestmeht
In per effective labour termi, we can express (3.10) as

= sf (k) | EEEAT)

where j refers to the growth rate in k (In general we put a dot over a variable!to‘

represent its growth rate).

The above equilibrium condition is true for an economy where there is no depreciatibn ‘
to capital stock, there is no population growth and technological progress does not take
place. Let us assume for the time being that there is no population growth and technologi%d
progress in the economy. We will relax these unrealistic assumptions later on.

3.3.1 Growth of Capital and Steady State ' 4 |

The Solow model assumes that existing capital depreciates at the rate & Thus each y
JK amount of capital is depreciated.

Irivestment and depreciation act in opposite directions and the growth in capital stocﬁ is

“netofthe two quantmes

sincei=sfik®) - S ‘
KO =sfhk@y-6k0e) ~(G12)



Sk

Fig. 3.3: Depreciation Rate

From (3.12) we infer that capital stock rises when sf’ k(t)) > &k(1), falls when s f{k(t))
< Sk(t) and remains constant when sf(k(t)) = (1)

Fig. ;}.4 depicts equation (3.12) graphically.

ok
ok,
A
i=5k" s fk)
i)
Sk,
}
k

ko > § € k,

Fig. 3.4: Steady State of an Economy

The Solow Model.
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The two curves, saving and depreciation curves, intersect at point X, where capital
stock is £* and depreciation equals investment. At this point there is no growth in capital
stock hence output also remains steady. £* is therefore known as the steady state level
of capital. There are two unique features of the steady state: (i) economy in steady state
will remain there till there is change in any other variable, and (ii) economy will always

move towards the steady state. For example, if the economy starts at k, level of capiial,
where k< k* (see Fig. 3.4), investment exceeds depreciation. As aresult, capital stock
k, along with output f{%) rises till kreaches k*. On the other hand, if the economy starts

at k,level of capital, which is greater than k*, investment is less than depreciatipn.
Consequently there is a decline in capital stock and output in the economy until steady
state capital, that is, * is reached. A

Once the economy attains the steady state there is no pressure on k to increase or
decrease hence the economy stays there. Thus the Solow model does not explain
sustained economic growth. An economy with a high saving rate will have higher level of
output and capital as compared to a country with low rate of saving. Thus saving tate
is an important determinant of an economy’s output and capital. This to some extent
explains the disparity in output across countries. Saving rate may vary across countties

~ due to plethora of reasons '*ke development of financial markets. tax policy, cultural

differences, retirement policies, political stability and political institutions, Empirical
evidence given by Mankiw comparing income per person with investment as percentage
of output of 84 countries confirms the association between high saving/investment rjate
and high level of income per person. However ¢ cites the case of Mexico and Zimbabwe
that have similar investment rates but income per person in Mexico is thrice of that in
Zimbabwe. This leads us to the question that besides saving and investment there are
other potential factors that determine living standards. We study two of them below, \hz
population growth and technical change

3.3.2 Population Growth and Steady State

To analyse the effect of population growth we expand the Solow model. We now consilder
the case where population and the labour force grow at a constant rate ». When labpur
force grows, additional capital is required to maintain the same level of k. Hence the
economy should have adequate investments to take care of depreciation (8k) as well as
population growth (k). In order to introduce n we modify equation (3.12)as |

F(O) = S/ (K1) - (n+ Yk(0) (313) |

For steady state the amount of investment required must not only cover depreciatﬁon
(&%) but also provide new workers with capital (nk). Break-even investment now wojuld
be (n+d)k. The steady sate is achieved at the point of intersection of investment and
(n+ )k curves. The line & in Fig. 3.4 accordingly is adjusted to represent (6+n) [Vc

The steady state is reached in a similar manner as discussed in earlier section. If k <k*
investment is greater than break even investment so £ and y rise. On the other han if
k>k*, k declines till it reaches k*. . |

Population growth succeeds in explaining sustained economic growth in an economy. In

 this framework, however, output per effective labour remains unchanged. Remember

that at the steady state we witness constant k and y. But capital stock (K) and outputI(Y)
keeps on growing at the rate n to keep k and y constant. Such a feature explains|the
cross-country disparity in incomes. Let us assume that country I has population gro

of n, and country IT has n, such that n,>n,. Saving rate in both countries is assumed to-



‘ (m+8)k ~ (m+8)k The Solow Model

sf (k)

kzo &_— ko

1
Steady state
capital declines

Fig. 3.5: Steady State in Two Countries

be the same. Accordingly, in Fig. 3.5 we draw a line (6+n,)k with a slope greater than
that of (6+n)k. .

We can easily comprehend from Fig. 3.5 that the country with high growth rate of
population n, has lower level of k* (the steady state level of ) and thus lower y. Empirical
evidence cited by Mankiw supports the above model. Thus it is often emphasized by
policy makers in India to control population growth in order to attain higher living standards.

333 Techndlogical Progress and-Steady State

To explain growth in output per effective labour, we need to introduce technological
progress in the Solow model. As stated earlier technological progress is assumed to be

(n+g+8)k

st (k)

Break even investment

Fig. 3.6: Steady State
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labour-augmenting. Thus technological progress increases the quantity of effective labth

(AL). Let us assume that the rate of technological progress is g.
The change in & over time is now modified as

k(:) = sf(k(t)) - (n+ g + 8k (r) | -.(3.14)

In fact, equation (3.14) is the key equation of the Solow model of growth. Fig. 3 6
explains the equation through a diagram.

Asisevident, the analysis of steady state does not change with the inclusion oftechnologicjtal
progress. But the break-even investment now is (n+g+d)k. Out of total investment

~ sf(k), &is needed to cover depreciation and 12k to maintairi capital per effective labdur

constant. However, as a result of technological progress y grows at arate of g. Although
n, gand 6 are not individually restricted, the sum is assumed to be positive in the model,
i.e.,n+g+ 6> 0. As mentioned earlier, in the steady state capital per effective labour
and output per effective labour remains unchanged. There is a growth in output per
effective labour at a rate g and total output grows at the rate (n+g). We see that
introduction of tecknological progress enables us to account for increase in output Qel ;
worker. 1
We conclude that according to Solow model persistently nsmg living standards (Y/fL)
can be explained only through technological progress.

3.4 THE GOLDEN RULE

L

Let us see the impact of variation in saving rate on steady state. Let us assume tlLat
saving rate rises while n, g, and 8 remain unchanged (see Fig. 3.7). Since i = sf{k) there
will be higher investment which in tum will lead to capital accurnulation and output gro

and the economy will eventually reach to a new steady state with higher capital and
output.

(n+g+5)k

s,f (k)

K, > &, (k=kjar)
Fig. 3.7: Impact of Saving Rate




When saving rate rises from s, to s, the investment curve shifts up from s f{k) to s f(k).

Thus the ecoriomy reaches a new steady state k" after going through the process of
capital accumulation as described above.

It may lead us to think that a high rate of saving is always desirable since higher saving
resultsin higher capital stock and output. You may think that if saving is 100% there will
be largest possible output and capital stock in the economy. At various levels of s different
steady state are achieved with different levels of capital accumulation. However, there is
an optimum level of capital accumulation which is called the golden rule level of capital.

Atthe goldenrule level of capital the level of s is such that the consumption per effective
labour is maximum at the steady state. Why is consumption per effecuve labour
maximized? This is because individuals, who make up the economy, are not concerned
about the capital stock or total output of the economy. For them what is important is the
amount of output they consume. Among the various steady states one that maximizes

consumption per effective labour is thus the most desirable one and hence called the
'golden rule level'.

You know that income (which is equal to output) is allocated on consumption and saving
(which is equal to investment), thatis, ¥ = C + I . Steady state consumption is output
net of investment. Thus

C' — }" _ iv —
We can write the above as
= f(k")-(n+g+8)k | ..(3.15)

Asincrease in steady state capital has contrasting effect on steady state consumption -
more capital leads to more output which contributes positively to consumption, but it
also means higher break even investment (n+g+dk. '

Fig. 3.8 illustrates steady state y and break-even investment as a function of steady
state capital, k”.

y . (n +g+6 )k'

sf (')

c guld

I N

wld steady state k

»N

Fig. 3.8: Golden Rule Steady State

The Solow Model
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Steady state consumption is the gap between the steady state output and steady statib
break-even investment, which is maximized at k;old level of capital per effective labour.
Recall that the slope of the production function is the marginal product of capital MPKL
We notice in Fig. 3.8 that at C;o .« level of consumption (golden rule level) the slope df
production function equals the slope of break-even investment, that is, |
MPK = (n+g+ d)

Or

(MPK-6)=(n +g . ...(3.16)

At the golden rule level ofcapital, the MPK net of depreciation is equal to the rate of -
growth of total output (n + g). '

The golden rule steady state is not achieved automatically. It requires a particular rate of

saving §,,,, as shown in Fig. 3.9.

y e (n +g+8 )k"
' ¢

(k)
) |
| s guldj: [k ‘]
I \ ¢ gold ) :
|
I
|
|
|
|
|
i |
I ) i gold ‘
I
i |
14

k'm steady state k

Fig. 3.9: Golden Rule Saving

To achieve the golden rule steady state level of capital k;

(¢]

. asavingrate of 5., s
. . . . » |
required such that consumption is maximizedatc,,, - i

If's> 54,4 (equivalently, k* > k;o,d ) the economy is said to be dynamically ineﬁ"lcierijt.

. Inthis case a fall in saving from s to s,,,;; Will increase consumption. On the other hand,

if's < Sg,4 (equivalently, k* < k;o,d ) arise in saving will decrease consumption in tﬂe
short run but will eventually lead to higher consumption in the long run. How the transitiQn
to golden rule steady sate can be achieved by changing the saving rate from s to 5, hs
dealt with in the next Section. ‘ -



3.5 TRANSITION TO THE GOLDEN RULE STEADY
STATE

Let us discuss the impact of change in saving rate to achieve golden rule level of
consumption, investment and capital. there can be two situations: (i) when s> s, or
steady state capital per effective labour is more than required for golden rule level, and
(ii) when s < 5, or steady state capital per effective labour is less than the golden rule

levelof k'

gold *

Case 1: when s > 5,

In this case to achieve the golden rule level the saving rate needs to be decreased to

Sgold - When saving rate falls consumption per effective labour immediately rises and

investment declines. The economy is no longer in a steady state as investment is less than
break-even investment of (n + g + s) k*. This leads to a decline in capital stock per
effective labour. Output per effective labour is a function of & so that ¥/4L also declines.
Since ¢ = y- i we observe that consumption per effective labour also declines. These
variables y, ¢ and i fall till the economy reaches a new steady state which is the golden
rule steady state. :

At this level consumption is higher than the earlier steady state although the levels of
output and investment are lower. Consumption per effective labour is higher in the entire
period of transition to the golden rule steady state from the earlier level.

Case 2: whens <5,,,

When at a steady state s < 5,,, we have k* < k. .. In this case s needs to be

gold *
increased to achieve the golden rule steady state. When s rises there is arise in investment
which now exceeds break-even investment (n + g + 6) and the economy is in a state of
transition, There is accumulation of capital leading to rise in output per effective labour
(Y/AL). So when saving is increased consumption per effective labour declines
immediately but with rise in output per effective labour it rises to a level higher than the
level which initially prevailed.

The dilemma of whether to try to reach the golden rule steady state or not is a question
of choice between current and future consumers. It is a trade off between present and
future levels of consumption. We will discuss more about the inter-temporal consumption
decisions in Block 4.

Check Your Progress 2

1) What do you mean by steady State?

...........................................................................................................................
s
...........................................................................................................................

...........................................................................................................................
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2) Under what condition does an economy realise steady state?

............................................................................................................................
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..........................................................................................................................
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3.6 LET USSUM UP

—

The Solow model explains long-term growth in per capit;'i output experienced bj
economies world over. It assumes a constant returns to scale production function whic

- allows for diminishing returns to scale to capital input. The model depicts that the eoonomi

has a tendency tc converge to a steady state where availability of capital per worke
remains unchanged. In its simplest form the Solow model is bullt upon the equality between
saving and investment. }

r
Investment results in increase in capital input which is durable in nature and undergoes

depreciation during the course of production. In steady state as capital stock avallablé
per unit of labour remains unchanged, the economy should have just enough irivestment
to take care of, i) depreciation, ii) population growth, and iii) technical progress. ‘

The Solow model concludes that saving has only a ‘level effect” and no ‘growth effect’.
It means that higher saving in an economy increases per capita availability of capi
and output, but no sustained output growth. Sustained growth in output is explained i
the model neither by higher saving nor by population growth. Rather high populatloh
growth reduces the per capita avallablhty of output and capital. According to th#:
Solow model sustamed output growth is possible only through technological progress

Higher saving rate, although it increases per capita output, is not always desirable. Thk
objective of an economy is to maximize consumption, notsaving. The golden rule suggestE ‘
that capital should be at that level where MPK net of depreciation is equal to output

growth. |



3.7 KEY WORDS

- Break-even Investment ' Theamomtofmv&etment,]ustenoughtooompensaw

for the depreciation to th‘e existing capital stock.

Capital Acumulation - Capital input does not get exhausted in a single use
and remains in use for a long period of time. Thus
due to investment in successive years, capital input

gets accumulated.
Depreciation | Natural weal and tear undergone by capital inputs
' (such as mechineries, buildig, etc.) when production
of goods and services take place.
Golden Rule The condition for obtaining the steady state which

maximizes consumption. It is given by the equality
betwen MPK net of depreciation and output growth
rate, thatis, (MPK- 6=n+g).

Inada Conditions . Two conditions required for the production function
- to be well behaved, formulated by Ken-Ich1 Inada
in1963*
Labour-augmenting Technical change that results in increasing the
Technical Change ‘ - productivity or efficiency of labour.
Steady State ‘ A condition when the economy does not have to

change its capital-labour ratio.

Sustained Growth Growth in output on a sustained basis, overalonger'

period of time.
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3.9 ANSWERS/HINTS TO CHECK YOUR PROGRESS
EXERCISES

Check Your Progress 1

1) The basic assumptions pertain to properties of the rﬁoclasswal production function.
Mention these properties. Also mention that the a%del applies to a closed economy.

2) The supply demand equilibrium condltlon needs to be mentioned. Point out that
equilibrium is realized when saving = investment.

The Solow Model
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Check Your Progress 2

1y

2

3)

It refers to a state or condition when the economy does not need to change 1ts
capital stock relative to its labour force.

Go through Section 3.3 and explain the condition sf(k)=n+ g +J through h

diagram (similar to Fig. 3.4). Explain the process how the economy reverts back tb
the above equality in case there is deviation. ‘

Go through Section 3.4 and answer.
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4.0 OBJECTIVES

After going through this Unit you will be in a position to
¢ explain the implications and predictions of the Solow model;
¢ evaluate the Solow neoclassical model; and

e explain the new or endogenous growth models.

4.1 INTRODUCTION

Economic growth is a critical factor in determining living standards in the long term. As
we observed in the previous unit, the standard tool for analysing long run growth in
macroeconomic literature has been the neoclassical model of economic growth developed
by Robert Solow. Using a few basic assumptions Solow demonstrated that in the long
run an economy would tend toward an equilibrium marked by continual growth of output.
This equilibrium, known as steady state, is characterized by constant levels of capital
per worker and output per worker. In case there is a deviation from the equilibrium level
of capital labour ratio the economy bounces back to the steady state. The Solow model,
however, is not free from limitations, which has motivated new research. In recent years

21
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€conomists have attempted to explain long-term growth through the endogenous growth
model, which we discuss in the present unit.

4.2 SOLOW MODELASA THEORY OF GROWTH

The neoclassical model as developed by Robert Solow (1956) and subsequently
applied by others constituted a giant step forward in the process of constructing a
formal model of growth. The main features of the Solow model can be described as
follows:

a). The assumption of diminishing marginal returns to capital leads the growth process
within the economy to reach the steady state.

b) Inthelong run, once the economies reach the steady state, output, capital and labour
grow at the same rate equaling the exogenously given rate of technological progress.
This rate of growth is independent of the underlying parameters of the economies
(such as saving rateand population growth) and also 1ndependent of their initial
position.

¢) The parameters of the economies determine the steady state level per capita income,
which is positively related with saving rate and negatively related with population
growth and depreciation rate.

Thus saving and other parameters in the model have no effect on the rate of growth in
the long run but they have only the level effect. For example, a higher saving ratio
implies higher per capita income but does not influence long term growth rate of
output. Now we will discuss some important issues related to the Solow model.

4.3 ABSOLUTE AND CONDITIONAL
CONVERGENCE

The major focus of recent empirical studies on economic growth has been on the issue
of convergence in growth rates across countries. We discuss below the convergence
hypothesis implied by the Solow model. There are two versions of the convergence
hypothesis: absolute convergence and conditional convergence.

4.3.1 Absolute Convergence

Let us have a group of countries having access to the same technology [f(.)], the same
population growth rate (1) and the same saving propensity (s) and they only differ in
terms of their initial capital-labour ratio (k). Then according to absolute convergence
hypothesis in the Solow model in the long run, all countries converge to the same steady
state capital-labour ratio, output per capita and consumption per capita and growth rate
(n). That is, there must be a convergence in income per capita in the long run.

Absolute convergence is shown in Fig. 4.1. In the diagram subscript 1 refers to poor
countries while subscript 2 refers to rich countries. Thus,

Y ,» k, =income per head and capital labour ratio of poor countries.

¥,» k, = income per head and capital labour ratio of rich countries.
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The two countries are assumed to be otherwise identical. The stability of the Solow
model predicts that both the countries will reach the long run equilibrium point E with the
same capital —labour ratio k” as shown in Fig.4.1.

The obvious implication of this analysis is that the poor countries will grow relatively fast
(i.e., capital and output grow faster than population growth) while rich countries will
grow relatively slower (i.e., capital and output grow slower than population growth).

4.3.2 Conditional Convergence

The structural parameters like technological progress, rate of savings, population growth
rate, and depreciation rate differ across countries. Given the assumption of diminishing
returns to capital conditional convergence states that each country will converge to its
own steady state rather than to a common steady state across countries. Conditional
convergence also is a prediction of neoclassical theory of growth.

44 CONVERGENCEAND GROWTH REGRESSION

Using the data from Maddison (1982), Baumol (1986) examines convergence from
1870 to 1979 among 16 industrialized countries. Over this period of time Baumol
regressed output growth on a constant and initial income.

log [(Y/N), 4,6] —10g [(Y/N), ;5,i] =a+ b log [(Y/N), ;] +e;
where
log Y/N = log income per person
e = an error term

Endogenous Growth Model
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i = index of countries

Ifcoﬁvergence prevails the value of b will be negative implying that countries with higher
initial income have lower growth.

For perfect convergence the value of b will be —1 and for no convergence the value will
be 0.

The results of the estimation as obtained by Baumol are

log [(Y/N), 1]~ log [(Y/N), ,,] = 8.457—0.995 log [(Y/N),

i, 1870 1,1870]’

The estimated value of b is very close to —1 and the standard error of b is very low so - |
that itis statistically significant.

However, results such as the above have been criticized by economists like De Long
(1988). According to De Long there are two problems in Baumol’s analysis, (i) sample
selection, and (i1) error of measurement. If we consider these two limitations then it will
undermine most of the support Baumol’s estimates provide for convergence.

4.5 QUANTITATIVE IMPLICATIONS OF THE
SOLOW MODEL

In the Solow model discussed in the previous unit we observed that the economy will
reach a steady state in the long run in order to understand the quantitative implications of
the Solow model we need to describe the specific functional forms and values of the
parameters.

Let, y = f(k), (4.0)

We see that (4.1) is the intensive form production function in the Solow model which
states output per unit of effective labour as a function of capital per unit of effective
labour where '

f(k)y=0
f'(k) >0
f"(k) <0
The production function as specified by (4.1) also satisfies the ‘Inada’ conditions, viz.,
lim f(k)=w
k—0
Im f&)=0
k-»00

Let us take

-

V' = f(k") = the level of output per unit of effective labour along the balanced growth
path. .

k' =the value of k where actual investment and break-even investment [(n+g-+ k] are
equal,i.e., k(r)=0.
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From the Solow model we know,

k(t) =sf(k(t)) — (n+g+8)k(t) ...(4.2)

1f we take partial derivative of (4.2) with respect to s, we obtain the long run effect of a
rise in saving on output. Thus we can write !

oy f,(k.).ﬂ(“gs,_n,g,S_) ..(43)
Os Os . .
Therefore, in order to get o we need to know the second term, i.e., Y term.
S
From the definition of k” we find that atk’, k(t) =0.
This irhplies, atk’,
Sf[k‘ (S, n,g, 6)] = (Il + g + S)k. (S: n,g, 6) t (44)

Equation (4.4) holds for all values of s, n, g and 8.

Taking derivative of both sides of the equation (4.4) with respect to s we get (by using
multiplication law of derivatives),

(k). 2y = (n+g+8) O ..(4.5)
Os - 08
Rearranging the terms in (4.5) we get,
ok” f(k')
= — ...(4.6)
os (n+g+d)—sf'(k)

Substituting (4.6) into (4.3) we obtain,
! (k") £(k")
Y = ( ( e ...(4.7)
0s (n+g+d)—st'(k) ,
Now multiplying both sides of (4.7) by s/y” (to convert it to an elasticity) and using

sf(k®) = (n+g+8)k” for substituting s, we get
s &y _ s (k) (n+g+8kf'(k)
yos f(k') (n+g+8)-af'(k) f(k).(n+g+8)~(n+g+8d)
= KT'EK)/fK) ..(4.9)
1-[k'T(k")/ (k)]
In (4.9)
K'f'(k)
f(k")

Let us take this elasticity as o,

.(4.8)

is the elasticity of output with respect to capital atk =k’.

Then equation (4.9) becomes,

S wlk) ..(4.10)

y 06 1l-a,k) |

We know from microeconomic theory that if there exists perfect competition in the
market with no externalities, capital will earn its marginal product. So the total amount
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received by capital (per unit of effective labour) along the balanced growth path is
KfK) ora, k). -
fk")

Empirical studies show that the share of income paid to capital is about one-third. Using
this as an estimate of a, (k") , we arrive at the result on the basis of (4.10) that the
elasticity of output with respect to saving rate in the long run is about one-half. So we
can easily conclude that significant changes in saving only have a moderate effect on the
level of output on the balanced growth path.

4.6 SPEED OF CONVERGENCE

‘Sometimes in addition to the information about the eventual effects of some changes

(e.g., change in saving rate) we are also interested in knowing the speed with which
those effects occur. In particular, we are interested in knowing how rapidly k approaches
to k’in the Solow model framework.

For this we again recall equation (4.2) that

k() =sf(k(1)) - (n+g+8)k(t)
So  k=k(k).

And

ai k=k", k({)=0

Taking a first order Taylor seties approximation of k(k) around k =k" we get,

. [ ok(k .
k:[a—i)'k=k.J(k—k) | (4.11)

i.e., k isapproximately equal to the product of the difference between k and k" and
the derivative of k with respect to kat k.

Taking a differentiation of equation (4.2) with respect to k and evaluating the result at
k =k" we get ’

| %]H. =sf'(k")~(n+g+d)
(m+g+KT'(K')
) (n+g+3)
or 5 = (n+g+d)
’ f(E)
= [o, (k")=1] (n+g+d) --(4.12)
_KSfE) | |

d a, = .
mE T
Substituting (4.12) in (4.11) we get,

k(t)=-{1-o (kK")](n+ g+3) [k(t)-k'] ..(4.13)




Equation (4.13) has an important implication that, along the balanced growth path, capital E“d"ge“o“s GrowthModel

per unit of effective labour will converge toward k” at a speed proportional to its distance
fromk’.

If we assume
x(t)=k(t)-k', and /
A=(1-a,) (n+g+d) |
Then from (4.13) we can write
X(t) = Ax(t)
The growth rate of x is constant and equals 1.
So the path of x is given by,
x(t) = x(0)e™ | | ~ | ..(4.14)

Where x(0) =the initial value of x. gubstltutmg the values of x =k(t)-k* back again we
get the path in terms ofk,

k(t) _ k. ~ e—(l—ak )(n+.g ; S)Lk(o) ‘ 5 B (4.15)
We can also show thét, y approaches y* at the same rate at which k approaches k"
ie.  yt)-y =e™M[y(0)-y] ...(4.16)

Empirical finding has shown that (n + g + 8) is generally 6%.Hwe take capital share to
be roughly one-third, (1-o) (n + g + 3) is roughly 4%. : ;

This means k and y will travel 4% of the remaining distance toward k* and y" each year

and approximately it will take 18 years to reach half way to their balanced growth path

values. So changes in savmg rate do not have any significant effect on the speed of
convergence.

4.7 CRITICALASSESSMENT OF THE SOLOW MODEL

The neoclassical growth theory, as developed by Solow (1956) and his followers has
come under the fire of criticism since the late 1980s. The main objections to the traditional
neoclassical approach can be discussed under a few headings.

)  Technology

In the neoclassical Solow model technology plays the most dominant role since the
equilibrium rates of growth of the relevant variables depend on the rate of technological
progress. But the model treats 1t as an exogenous variable and provides no explanation
of it.

In reahty 1t is observed that expendlture on Research and Development, attainments of
education and good health have a positive impact on the technological improvement.

The Solow model does not include the motivation to invent new goods or invest on
human capital.
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i) Law of Diminishing Returns

The crucial assumption of the neoclassical model, i.¢., the operation of the law of

diminishing returns to capital has been questioned. Economists have argued thatif we
can broaden the concept of capital to include human capital (consisting of education, job
training, health care, etc.) in addition to physical capital, then assumption of diminishing -

returns can be relaxed.

i) Homogenous Inputé

The third problem in the classical growth model is that is assumes all labour and capital
to be homogenous. It makes no room for differentiating skilled or unskilled labourand
the capital in agriculture, industries or infrastructure. Inreality, however, these differences

have significant impact on economic growth.

iv) Constancy of Structural Parameters

The Solow model assumes saving rate, the rate of growth of labour supply, the skill of

labour force and the pace of technological change to be constant. Thus it fails to take
into account the intrinsic characteristics of economies that cause them to change.

v) Little Role for the Government

There is very little scope of Government or public policy in the Solow growth model to
influence growth rate. This scenario is incompatible with the real life situation. The model

is also built on the assumption of closed economy which is not realistic in today’s world. |

vi) Convergence Predictions

The model predicts that countries would converge around one another over time. But

empirical evidence has shown that it has not been the case. Growth rates of the poor

.countries not only remain lower than the richer countries but also fail to hit their respective

steady state per capita incomes.

All these inadequacies of the neoclassical model have inspired new research both |
theoretical and empirical, and as a consequence the concept of endogenous or new

growth theory has emerged.
Check Your Progress 1

1) Define the concepts of absolute and conditional convergence.

...........................................................................................................................

...........................................................................................................................

............................................................................................................................
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2) Suppose a production function satisfies constant returns to scale and a diminishing Endogenous Growth Mode!

marginal product of the inputs capital K and labor L. Explain both propemes and
give an example of such a production function.

...........................................................................................................................

...........................................................................................................................

................................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................
---------------------------------------------------------------------------------------------------------------------------
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

4.8 ENDOGENOUS GROWTH THEORY

The new growth theory provides a theoretical framework for analyzing persistent growth
of output that is determined within the system governing the production process. This is
done either by avoiding diminishing returns to capital or by explaining technical change
internally.

In the new growth theory models, there exist technological spillovers, externalities and
increasing returns to scale. They do not expect convergence; they rather accept the fact
that disparities among countries can persist or even enlarge. They emphasize on the
importance of investments in human capital and potential gains from technology
improvements—inventions and innovations.

We will start with the simplest and basic model of endogenous growth that is the AK
model. This model is important since other endogenous growth models can be thought
of as extensions or microfoundation of the basic one. .
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4.9 THE BASICAKMODEL

The AK model is the simplest possible endogenous growth model. The production function
is assumed to be linear in the only input capital. '

Y[=f(k)=AK ..(4.17)
where

A = an exogenous constant which reflects the level of technology

K = theaggregate capital broadly defined |

The production of function given at (4.1 7) displays both constant returns to scale and |
constant returns to capital. |

Recall that the Solow model assumed diminishing returns to capital: The inexistence of

diminishing return to capital is the key difference between the AK model and the Solow
model.

Now let us assume that a certain fraction of income is saved and invested, which remains
constant (s).

The capital accumulation equation can be written as

K=sY - 8K ...(4.18)
where
i.e., change in capital stock equals investment (sY) minus depreciation (3K).

L =sA - | ...(4.19)

Y
[From (4.17) we know that E =A]

Using (4.19) along with (4.17),i.e., Y =AK we can write after a little re-arrangement of

=—=5A-9 ...(4.20)

AY :
Equation (4.20) shows the growth rate of output L—‘J and states that as long assA> |
3, the economy’s output / income grows forever, even without the assumption of

exogenous technical progress.

The main resulis of the AK model can be summarized as follows:
1) The model allows for growth in output at a rate determined by (sA — ).

2) Higher saving s, higher level of technology A and lower level of depreciation § have |
positive effects on the growth rate of output.

3) The model does not exhibit any convergence; it rather accepts divergence.

4)  Thereexist no transitional dynamics: the growth rate jumps instantaneously whenever |
there is a change in parameter value. '




Before concluding we must say that, we cannot consider the AK model as a complete
model since all the results are based on the assumption of constant returns to capital. It
leaves unexplained why there are no diminishing returns to capital. However, we must
acknowledge that the AK model highlights the key component required for any model of
endogenous growth, i.e., there must be constant returns to the factor (or factors) that
can be accumulated.

4.10 HUMAN CAPITALAND R&D IN ENDOGENOUS
GROWTH THEORY

The theories of endogenous growth can be broadly divided into two main parts
(i) where growth is driven by Research and Development (R&D), and
(i) where growth is driven by Human Capital Accurhulation.

R&D based models originate from the work of Romer (1990), and Grossman Helpman
(1991). In all these models economic growth is the result of technological change that
comes from purposive R&D activitics by firms. Patents and blueprints are non-rival
goods that can be accumulated without bounds and so the diminishing returns to capital
accumulation can be avoided and growth continues.

Human Capital based growth models are derived from the work of Lucas (1988).
These models place accumulation of human capital at the centre of the growth process.
If we accumulate both physical and human capital we can think of constant returns to the
broad concept of capital and as a result the economic growth does not diminish.

4.11 CRITICAL ASSESSMENT OF THE NEW
GROWTH T THEORY

The new growth theory is has been criticised mainly on two counts. First, it remains
dependent on some of the traditional neoclassical assumption that are inappropriate for
developing countries such as the existence of a single production function, i.e., all sectors
are symmetrical. Secondly, economic growth in developing countries most of the times
is impeded by inefficiencies arising from poor infrastructure, inadequate institutional
structures, imperfect capital and goods markets. The new growth theory, however, does
not consider these factors, and as a consequence its applicability to cross country
development comparisonis limited.

Check Your Progress 2

1) What are the key defining properties of Endogenous models?

...........................................................................................................................
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...........................................................................................................................
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2) Why does the AK model of endogenous growth not exhibit any convergence?

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

3) ldentify the main difference of endogenous growth theory with that of neoclassical
Solow model?

...........................................................................................................................
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412 LETUSSUMUP

In this unit we explained the principal implications or predictions of the Solow mode]
We also made acritical assessment of the neoclassical model. Subsequently we shifted
to the new paradigm of growth theory, i.e., endogenous or new growth theory. Under

these theories we discussed one basic model in detail, that is the Ak model, to getan
idea of these kinds of models.

The Solow model converges to a steady state primarily because of its assumption of
diminishing returns to capital. A major conciusion of the Solow model that growth inan
economy is determined by exogenously given technological change. Thus government
policy, R&D, or human capital has no influence on growth. empiricat evidence across

countries, however, shows that these variables influence economic growth in an economy )

to a large extent. The endogenous growth theory takes into account these factors and
explains growth as a function endogenous variables.

4.13 KEY WORDS

Returns to Scale 1t is the rate at which output increases as all
inputs are increased proportionately. If
outputmore (less) than doubles when inputs
are doubled there is increasing (decreasing)
returns to scale.

Marginal Product It measures the additional output as input
increases by one unit.

Law of Diminishing Marginal Returns The law statcs that when one or more inputs
are fixed a variable input is likely to have a
marginal product that eventually diminishes
as the level of input increases.



Spillover Aspillover is an action taken by one person
or firm that affects another-person or firm..

Classical Convergence The central idea is that diminishing returns
to investment cause the growth rate of a
country to decline as it approaches its
steady state level of capital per unit of
effective labour — implying that, ceferis
' paribus, richer economies grow slower than
poorer economies.

Human Capital - Investments that improves the quality of
: “labour and renders it more productive.
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4.15 ANSWER /HINTS TO CHECK YOUR PROGRESS |

EXERCISES

Check Your Progress 1
1) See Section 4.3 and answer.

2) bee Section 4.15 and answer. Hint: CRS implies a situation where output doubles
when all inputs are doubled. An example of this kind of production function is
Cobb Douglas production function given by F(K,L)=AK*[.> .wherea,b < 1 and
both are constants. When a+b=1= C.R.S. On the other hand, if a+bh> (<)l
= IRS (DRS). -

3) See Section 4.5 and answer.
4) See Section 4.7and answer.

Check Your Progress 2

1) Thedefining characteristic of the new models is that they generate growth of per

capita output endogenously, that is, without assuming that technological change

occurs outside of the model s fraework

2) Slmllar countries m terms of parameters A, s, n and 8 grow at'the same rate
regardless of their level of income. Therefore factor differences in income per capita
are constant over time and there is no tendency for countries to converge.

3)™ See Section 4.7. 4.8 and answer to question 1.

Endogenous Growth Model
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