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BLOCK 2 EXTREME VALUES AND

OPTIMISATION

This block covers the techniques used for finding optimal values for an objective

function. For that purpose, it divides the themes into three units: Of these, the

first two have many common areas of attaining maximum and minimum values

of a function and would look repetitive. Therefore, it may be necessary to keep

in mind the attempt of solving generalised optimisation problems from an initial

coverage specific to maximum or minimum values. The last unit of the block .

dealing with constraint optimisation is somewhat technical and it would be better

to get familiarise with linear programming approach while covering the theme.

Unit 4, the first theme of the block, explains the basic idea of arriving at a

maximum or minimum point. It starts.with single variable functions and covers

multivariate cases. Unconstrained optimisation is discussed in Unit 5, which

highlights the, method of attaining the optimal values and explains in a fIlore

general framework the maximum and minimum positions covered in its preceding.

unit. The last theme of the block Unit 6 is on constrained optimisation and deals

with the techniques of finding solution to objective funcions when choice

variables have constraints.





UNIT 4 MAXIMA AND MINIMA
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4.0 OBJECTIVES

After going through this unit, you will be able to:

• understand the identification process of maximum and minimum points;

• prove the necessary conditions for maximum and minimum for functions;

• distinguish between a global and local maximum minimum; and

• characterise an extremum and distinguish it from a point of inflexion (or

infection).

4,.1 INTRODUCTION

To begin with, we will introduce the notion of a stationary point. The points, at

which first order derivatives are zero, are called stationary points. At these

points, the function comes to a standstill momentarily. The value's of the

function at those points are called stationary values.

4.2 CONCEPT OF MAXIMA AND MINIMA

To start with, we assume the function y = f(x) is differentiable (and hence

continuous) throughout its range. The function may be represented .by one of

the following types of graphs: ..

o~--~------~--x o~_------,----x
Xl

ii) Monotonically increasing
5

i) Constant
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y
y

c F

o~------~------x
Xl o X~ x, X

iii) Monotonically decreasing iv) Fluctuating

In the first case, the function is the same for all values of x. We shall consider

the values of y as both maximum and minimum value.

"-
In the second case, the value of the function is monotonically increasing. Let us

restrict the ~omain ofx to the interval 0 ::;;X::;; Xl' Then in this closed interval, y

can assume a maximum of Bjx, and a minimum of OB. These maximum and

minimum values of the function are called absolute maximum (global) and

absolute (global) minimum respectively. Such maximum and minimum values

of a function are called extreme values or extrema. Accordingly in the third

case, OC becomes the global maxima and X1C1 the global minima if we restrict

in the interval of x to 0 ::;;X ::;;Xl •

Let us consider the fourth case. Here y oscillates with changes in -x, The

function generates three peaks, D, F and H and two bottoms E and G. The

value of the function at D is the highest in comparison to the values at other

points in its the immediate neighborhood. Symbolically,

f(X
I

- E) < f(x
l
) and f(x

l
+ E) < f(x

l
) as E~ O.

Thus; we can say that the value ofthe function at D is maxima, at least in some

small intervalx, - E< x"< x+ E. Similarly, in another small

interval x, - E< X < X3 + E, the value of the function is maximum at x = X3and

in the neighborhood ofF,

The function attains another maximum in the neighborhood of point F. These

maximum values are called local (relative) maxima. A relative maximum gives

us the information that the value of the function is maximum in the

neighborhood of the maximum point only, and the function can assume higher

values elsewhere. For example, in the fourth figure, points D and H describe

relative maximum, though the function assumes a higher value at F. The

relative maxima are unlike global maxima. The global maximum is the highest

value of the function with reference to its entire domain and hence unique,

A function can have several local maxima and unique global maxima. The

concept of local" minima and global minima can be explained in the same

/



manner. For a continuous function, the global maximum must always be

greater than the global minimum. .

The local extrema always appear as point interior to an interval, however small.

These local extrema are thus strictly interior extrema. In the .following

discussion, we shall consider only these types of extrema.

4.2.1 Identification of Maxima and Minima

Consider the following figure:

y
A

y

U
;B

X X0
(b)

o
(a)

The extremum described by (a) is a maximum, while that of (b) is a minimum.

In Figure (a) the curve y = f(x) takes a turn at point A. To the left of A, the

curve is increasing i.e., l(X»O while to the its right f{x) is decreasing i.e., f '(x)

<0. Thus, at the turning point A, f '(x) must be zero i.e., f'(x») =0. Similarly, at

point B in Figure (b), f ~(Xo)=O. Therefore, we can conclude that an extremum

can take place only at the stationary points where f '(xj=O. The extreme values

are always stationary values.

Let us construct E - neighborhood of the point Xo in Figure (a). As A is local

maximum, we know that in the interval Xo - E <x < Xo + E, the value of fix) at x

= Xo is the highest.

Thus, to the left of xn,

lim f(x) - f(xo)
>o~. >0.

x~x~ X-Xo

Let the value ofthis limit be 12:: O.Then

lim f(x) - f(xo) > 1.

x~x~ X-Xo

To the right of xi,

x> Xo ~ f(x)'<. f(x
o
) ~ f(x) - f(xo) < 0

X-Xo

lim f(x) - f(x )
~ + 0 < 0 = -/2 (say) where, h ;:::0

·x ~ Xo x-xo'

Maxima and

Minima

7
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Thus, we get the result that the right hand limit and left hand limit of x, assume

two different values. Naturally, the limit does not exist. But the curve is smooth

and continuous. So the, limit must exist at Xo also. This can happen, if

lim f(x) - f(xo) .: lim f(x) - f(xo)

x ~ x~ X-Xo x ~ x+ X-Xo'

11 = - h i.e. h + h = O. i.e., if l, = h = o.

The value of the. first derivative at that point is zero is the necessary condition

for a function to be maximum or minimum at that point.

We assume the function to be differentiable everywhere in the domain of its

defmition. To obtain sufficient condition for maxima and minima, we observe

the pattern of change of the slope ofthe curves in (a). We saw that to the left of

point A, f' (x»O and tothe right of A, f' (x) <0. This means that while passing

through the maximum point A, the slope of the curve f' (x) changes its sign

from positive to negative. This is the sufficient condition for maximum. This

condition, along with the necessary condition, gives us the necessary and

'sufficient condition for an extremum to be maximum. Mathematically, the

. s~fficient condition means f" (X<» =0 and above two defmitions are not

equivalent. But we shall assume f" (Xo) assumes a non-zero value.

Let us now summarise the result we have obtained so far.

i) Necessary condition

a) for maxima: f"(x)=O

b) for minima: f' (x)=O

ii) Sufficient condition

a) for maxima: f' (x)=O

f" (x)<O

b) for minima: f' (x)=O

f" (xp-O.

Example: i) Find the maxima and minima for the' following function:

y = 3x
4

- lOx
3 + 6x

2 + 5

Solution:

First order condition (F.O.C.):

12x
3

- 30x
2 + 12x = 0

or, 3x (4x - 2) (x - 2) = O.

Either, x = 0 or, x = 2 or x = Y2.

Second, order condition (S.O.C.):

At x = 0, C(x) = 12>0.

At x = 2,f'(x) = - 9 < O.

Hence the function attains maximum at x = 1- and minimum at x=O and x = 2.
2



iii) Show that for the function y = x +1, maximum value IS less than its
x

minimum value.

I'(x) = 1__1 ,I"(x) = 1-~
X2 x3

1'(x) = 0 ~ x = ~ or -1 .

1"(1) = 2> 0 ~ f(x) has its minima at x = 1 and f(l) = 2

f"(-I) = -2 < 0 ~ f(x) has its minima at x = -1 and f(-I) = -2

Thus, the maximum value is less than its minimum value.

Check Your Progress 1

1) Show that flx) = x3
r-r- 6x

2 + 24x + 4 has neither a maximum nor a

mmlmum .

.......................................................................................

.........................................................................................

..........................................................................................

.......................................................................................

2) Examine whether XlIx possesses a maximum or a minimum value .

.......................................................................................

.......................................................................................

.......................................................................................

,

.........................................................................................

3) Find the maxima and minima of 1 + 2 Sin x + 3 Cos
2

x. (0::; x::; ~).

· ~ .

.......................................................................................

• ~ •••••••••••••• 0 •••••••••••••••••••• '.' ••••••••• 0 •••••••••••••••••••••••••••• 0 ••••••••••

• •••••••••••••••••••••••••••••••••••••••• 0 •••••••••• ~ ••••••• 0.' ••••••••••••••••••• 0 ••••••

4.2.2 Points of InOextion

Now we will consider the cases for which the second derivative is zero. If the

second derivative is zero at a point, the function may have a maximum, a

minimum or a point of inflextion. The point of inflextion is defined as, a point

at which a curve changes.its curvature.

At the point of inflextion, a curve does not change its-direction of movement

but only the nature of its slope. At each inflextion point, the first order

derivative of the curve either reaches a maximum or a minimum. The sufficient

condition for a point of inflextion is

f"(x) = 0 andf"(x) *- o.

Maxima and

Minima

/
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. Thus, if a function hasf'(x)=O,f"(x)=Oandf'lI(x)*Oat the point x, the

point is said to be stationary and inflextional.

At this stage, we state an important result:

If a monotonic function is first convex and then concave, the point of inflextion

generates a maximumf'(x). Similarly, if the function is fIrst concave and then

convex, the point of inflextiongenerates a minimum f '(x) .

Example:

Find the point of inflextion for the function f(x) =x3+2

Here, f '(x) = 3x
2
, f "(x) = 6x and f "'(x) = 6 *°

Whenf"(x) = 6x = 0, x=O. Thus" the function has point of inflextion at the

ongm.

Check Your Progress 2

1) Find the point ofinflextion for the function f(x) = x3 + X2+ x+ 1

.......................................................................................

.......................................................................................

.......................................................................................

.......................................................................................

.........................................................................................

4.2.3 A ConclusiveCriterion

Let us expand the function f(x) around the point x = a.

f(x) - f(a) = / (a)(x - a) + J" (a) (x _ a)2 + + fn (x*) (x- ar
2! n!

where, x* = a +8(x - a), °~8 S 1.

The above series is the Taylor series with Lagrange's form of the remainder.

Form this result we will consider various possible cases:

Case-I: flea) -:/:°
For simplicity, we assume n = 0. By Taylor's expansion,

f(x)- f(a)= f'(x*)(x-a).

Sincef'(a)-:/:O,f'(x*)-:/:O. To the left of x*,(x-a),<O and to it right,

(x-a) > 0. Thus to the left and right ofx = a ,f(x) - f(a) has opposite signs.

This implies the extrema ofa function is characterized by f'(x) = 0.

Case-ll: f'(a)::: O,f"(a) * °
Suppose n = 1. From the Taylor series,

f(x)- f(a) = /(a)(x-a)+ j"(x*) (x-a)2=.!. f"(x*)(x-a)2
. 2! 2



Now, (x-a)2 >0 -e sign of f(x)-f(a) depends on the sign of f"(x*) which

again depends on the sign off "(a) .

Thus if i) f"( a) >0, f (x) - f (a) >0 and the curve is minimum at x = a -

ii) f"(a)<O, f(x)- f(a) <0 and the curve is maximum at x = a

Case-Ill:

j'(a) = O,j"(a) = 0

and

jm(a) -:1= 0

Assume n=2.

Here from the Taylorexpansion,

f(x)- f(a) = /(a)(x-a)+ /(a)(x_a)2 + fm(x*) (x-a)3=
. , 2! .' 3!

.!.fm(x*)(x - a)3

6

Here again fm(x*):;t: o and depends on the sign off "'(a) . (x - a)3>0 to the

right of a and <0 to the left ofa. Thus, the whole right hand expression has

opposite signs at the two opposite sides of a. Thus a is not an extrema rather a

point of inflextion.

Case-IV:
\

f'(q) = O,f"(a) == O,fm(a)'= 0

and

f4(a):;t: 0

Here assume n=4. Again by Taylor expansion,

1 4 \ 4
f(x)- f(a) = 24 f (x*)(x-a) .

Since (x-a)4>0, the sign of f(x)- f(a) -depends on the sign of

f4 (x*) which in turn depends on the sign off4 (a) .
.

We can conclude that

i) f4(a»O, f(x) - f(a) >0 and the curve is minimum at x = a

ii) f4(a)<0, f(x) - f(a) <0 and the curve is maximum at x = a

Generalizing the above argument we may conclude,

when f'(a)=O,f"(a) = O r» (a) =O&fn(a):;t:O the point x=a has

i) a maximum if n is even and fn (a) <0

ii) a minimum if n is even and fn (a) >0

iii) an inflextion if n is odd.

Maxima and

Minima

11
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4.3 EXTREME VALUES OF MULTIV ARIATE

FUNCTIONS

Let y = f(x) and the first order condition for optimization is f(x)=O.

Now, dy = f(x). '

Thus, F.O.C. for optimization requires dy = O.
,

To fmd out the extrema of bivariate function, we proceed according to the

same argument.

Consider the bivariate function y = f(XI, X2).

dy = f dx, + f2 dX2.

The first order condition for optimization is

dy= f.dx, + f2 dX2= 0

As both dXI and dX2are not equal to zero, the above equation can hold only

when f = f2= O. .

Hence, F.O.C. for optimum ofa bivariate function are

fi=O and f2~0.

4.3.1 Sufficient Condition for Extreme Values

A function y = f(XI, X2)is said to be at maximum at a point (a, b) iff(a, b»f(xi,

X2) for all values of (XI, X2) in the domain a - 0 < Xl < a + 0 and

b - 0 < x
2

< b + o. When x, "* a, x
2

"* band 0 is a very small quantity, i.e.,

f(a + h, b + k) - f(a, b) < 0

where, Ihl< 0 and Ikl< 0 .

This implies, the function y = f (x., X2)is said to have a maximum at the point

(a, b) if any movement from the point in any direction gives us a lower value of

y.

If dy = 0 at the point of maximum and dy<O else where, we can conclude that

the sufficient condition to have a maximum is that the change in dy should be

diminishing i.e.,

d(dy) < 0 ~ d
2
y< O.

From y = f (XI, X2)we have

dy = fldXI + f2 dX2= 0

. or, d
2
y = d(fldxl + f2 dX2)

i.e., d
2
y = d(fldxl) + d(f2 dX2)

= dfl(dxl) + df2(dx2)

= (fll dXI+ f12dX2)dx, + (f2J dXI+ f22dx2) dx,

By Young's theorem, f12= f21.

Thus, d
2
y < 0 implies
2 2 .

fll (dx.) + 2f12dXI dx, + f22(dX2)<0 -----~--------(i)
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Note that fll' f12 and f22 are derived on any particular point, say (a,b). Thus.

their values can be assumed to be constant. However, dXI and dX2are variables.

Maxima and

YIinima

Let, u = dx., V = dX2,a = fl \, b = f22,h = f12.

The left hand expression of (i) can be written in a quadratic form as

q = au
2

+ 2huy+ b~

(
. 2h h2) ( h2 )

=a u
2
+-;uv+7v2 + ':': v

2

(
.)2 2. h ab+h.

= a u + a v + a (v
2

) •

Since both (u + : v)' and v' are positive, sign of q depends entirely on the

values of the coefficients a, band h. The inequality q<O holds if a < ° and ab-

h2 > 0.

Again, since the product a b must be positive in order to get positive (ab-h"),

both a and b must bear the same sign. Thus, if a<O, b<O and ab-h
2
>0, then q<O.

Alternatively, d2y<0, if fll < 0, f22 < 0 and fll f22 - fl/ > O. This is the

sufficient condition for a maximum.

The sufficient condition for a minimum of a bivariate function is

fll > 0, f22> 0, fll f22- f12
2
> °which can be derived in a similar way.

Let us now consider the case when fl1 f22< (fl2f A stationary point of a

bivariate function, where fl = °= f2 is called

i) A saddle point if

f11f22<fl/and fll and f22have different signs.

ii) An inflexion point iffll f22<fl/and fll' f22have the same sign.

Iffll f22= fl/, the change becomes inconclusive.

Check Your Progress 3

1) Find the stationary values and test whether they are maximum or minimum

for

z = 3x
2

+ 6xy + 7Y

........................................................................................... .

..........................................................................................

...........................................................................................

..........................................................................................

..........................................................................................

2) Show that the only stationary point ofthe function z = 4x
2

- 2y + 7xy is a

saddle point .
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.............................................................................................

3) If y= Xl
3
+ 2xl- 6Xl

2
+ 9x/- 63xl - 60X2- 24

fmd the optimum points and verify the nature for the function.

. \
..........................................................................................

4) Examine y = -X1
3
+ 9Xl - 4x/ for relative extrema.

4.3.2 The Case of Extrema with More than Two Variables

First, consider the case of two variables and take the

expression

q = au
2 + 2huv+ bv'.

= au
2

+ huv + huv + b~.

This may be put in the following matrix form:

q = [v1 [: :J [:]
Since we are not concerned with the value of x and v, matrix of order 2x2 i.e.,

[: : ] supplies us the required CO~ditions for q to be positive or negative.'

i) . q will have positive sign

. a h
If [a]> 0 and > 0

h b

ii) q will have negative .sign

if a hI [a]< 0 and > 0
h b

a h
- Next, consider the position of [a]and

h b



The determinant [a]is the sub-determinant ofH that consists ofthe first element

ofthe principal diagonal and is called the first principal minor ofH.

a h
The determinant can also be considered as sub-determinant ofH. Since

h b

. it involves the first and second elements on the principal diagonal of H, it is

called the second principal minor ofH. In the case of function of two v.ariables,

only two principal minors are available but there will be three if the function

involves three variables.

4.3.3 Function of Three Variables and Extrema

Assume, Z = f(x, y, w).

Then dz = fxdx + fydy + fw<lw.

d
2
z = fxxdx

2
+ fxydxdy + fxwdxdw.+ fy:y(dy)2+ fywdydw + fwxdwd~ +fwydwdy

+fyxdydx + fww(dW)2. .

= [dx dy dw] [;:

fwx

fxy

fyy

fwy

fXW] [dx]
fywdy

fww dw

. [!xX

The determinant of~he matrix ;:

fxy

fyy

fwy E]
. shall have three principal minors namely,

DJ = lfxx], ID21= fxx fifyyXY'
fyx

fxx fxy fxw

and ID31= fyx fyy fyw

fwx fwy fww

Our problem is to determine what restrictions should be placed upon DJ, D2

and D3, so that, for any value of dx and dy.the value of d
2
z will turn out to be

positive or negative.

For this, we once again put the quadratic form of three variables in a way that

the three variables always appeal as components of some square.

Let q = ax2 + by + cv? + 2hxy + 2fyx + 2gwx be

d2z = fxx(dX2)+ fyy(dy) + fww(dW)2+ 2fxydxdy + 2fyw<lydw+ 2fxwdxdw.

We can rewrite q in the form

(
h q)2 ab-h

2
( af-gh)2 (abc-ah-bg2-Ch2+2fgh] 2

q=a x+-y+-W + y+ + W
a a a ab - h2 . . ab - h2

So that
'.

i) for q to be positive, the following must hold:

a > 0, ab - h2 > ~~and

Maxima and

Minima
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abc - af - bg
2

- ch
2 + 2fgh > O.

The above three conditions can be put as the three principal minors of the

matrix

D\>O, D2>Oand D3>0.

Translating these elements in "terms of partial derivatives, we have the

following three conditions for d
2
z to be positive for the given function to

have minimum value.

ii)

fxx
DJ =jfxxj > 0, D2 =

fyx

fxx fxy fxw

D3 = fyx fyy fyw > O.

fwx fwy fww

for q to be negative, following conditions must hold:

a h
D\ =a<O, D2 = h b >0,

fxy 0
> ,

fYY

a h g

D3 = h b f < O.

g f c

or, in terms of partial derivatives for d
2
z to be negative (or the given

function to have maximum value), following conditions must hold

good:

. fxx fxy >0,
.D\ = [fxx] < 0, D2 = .

fyx fYY

fxx fxy

D3 = fox fyy

fwx fwy

fxw

fyw <0.

fww

i.e., the principal minors of the determinant of d
2
z should be

successively negative, positive and negative.

4.3.4 Function of n Variables and Extreina

When there're n in dependent variables, the objective function may be

expressed as

z = f{x\, X2, •... x-).

The total differential will then be.

dz = f\ dx, + --- + fndxn



so that F.O.C. for minimum or maximum will be that all the n first order partial

derivatives must vanish (since dz = 0) and therefore, .

fl = f2 ---- =fn = O.

For the second order condition

i) d
2
z will have positive sign (i.e., function will have the minimum value) if

all the n principal minors of the Hessian determinant:

III 1;n

iHi
-- _/2_1 122 12n ..

are positive;

1nl In2 Inn

ii) d
2
z will have negative sign (i.e., functi~n will have maximum value, if n

principal minors ofH posses alternate signs - the first being negative.

Let us now summarize the extremum conditions in the tabulated form:

For z = f(XI, X2,--, xn)-to be

Condition

d
2
z>0 i.e., IHII > 0 IH21>0, IH31

>0, ---

Maximum Minimum

F.O.C. dz = 0 i.e., f = f2 =;= •• = fn= 0

d
2
z < 0, i.e., IHd < 0, IH21>

0, IH31> 0, --

S.O.C

Example:

i) Indicate whether the function

Z = f(XI, X2,X3)-= XI
2
- 3xI X2+ 3xl + 4X2X3+ 6x/ has maximum or

minimum value.

F.O.C.

fl = 2xI - 3X2= 0

f2= -3X1+6X2+ 4X3= O.

f3= 4X2+ 12x3= O.

Solving these equations, we get X1=0,X2= 0 and X3= O.

III 1;2 1;3 2 -3 0

iHi= 121 122 123 = -3 6 4

131 132 133 0 4 12

for (XI, X2,X3)= (0; 0, 0).

Where fij= fxixjV i, j = 1,2,4.

IHd=2>0,iH2i=
2 -3

>0
-3 6

?
~

2 -3 0
I

),
-

and iH3i = -3 6 4 > O.I

)

U
0 4 12E

Maxima and

Minima

17
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i.e., all principal minors are positive. Hence, the given function has

minimum value equal to' zero at point (0, 0, 0).

ii) Determine whether the function u = f (x, y, z)

= -x' + 3xz + 2y - i -3z
2
.

F.O.C: fl = _3x
2
+ 3z = 0

f2 = 2 - 2y= 0

f3~ 3x - 6z = 0

'Solving these equations we get x = 0, or 'li; y = 1; z = 0 or K
•.

Thus, there are two stationary points (0, 1, 0) and (112, 1, 1/4) and we

. have to examine whether the given function has maximum or minimum

value at those·points.

ixx ixy in - 6x 0 3

S.O.C: \H\ = r; iyy iyz = 0 -2 0

izx izy izz 3 0 -6

At (0, 1,0)

0 0 3

\H\= 0 -2 0

3 0 -6

{xx= 0 Thus, S.O.c. cannot be fulfilled.

At (1/2, 1, V4),

o 3

-2 0

o -6

-3

\H\= 0

'3

IHd = -3 < 0, IH21= 6 > 0, IH31= -18 < 0

which alternate in sign.

Hence at (1/2, 1, V4),

the given function possesses maximum value which will be !2. .
16

Check Your Progress 4

1) Examine the following functions for maxima or minima.

a) z == 2X2+ xy + 40 + xz + ~ + 2

b) z=e2x_eY+e
z2

_2(x+e)+y.

··f··················································· .

.................................................................................

.................................................................................

.................................................................................



4.4 LET US SUM UP Maxima and

Minima

In this unit, we have discussed the extrema of a function and the condition

under which it attains (relative/ absolute) extrema. We started with single'

variable case for simplicity extended the argument for multivariable cases. The

emphasis was on the technique of how to obtain extrema of a function, which is

differentiable. We have ignored the pathological cases when, the function is

discontinuous or non-differentiable. \

4.5 KEY WORDS

Stationary Polnts: The points, at which first order derivatives are zero, are

called stationary points. The values of the function at those points are called

stationary values. _

Local (relative) Maxima and Global (absolute) Maxima: A function attains

local maximum at 'any particular point in the domain of definition implies that

the value of the function is maximum in the neighborhood of that point only,

and the function can assume higher values elsewhere. This can be non-unique.

The global maximum is the highest value of the function with reference to its

entire domain and hence unique.

Local (relative). Minima and Global (absolute) Minima: A function attains

local minimum at any particular point in the domain of defmition implies that

the value of the function is minimum in the neighborhood of that point only,

and the function can assume lower values elsewhere. This can be non-unique.

The global minimum is the lowest value of the function with reference to its

entire domain and hence unique.

.Points of Inflextion: The point of inflextion is defmed as' a point at which a

curve changes its curvature. The sufficient-condition for a point of inflextion is

f"(x) = 0 and f'"(x) :t= O. .

Thus, if a function has f '(x) = 0, f "(x) == 0 and f "'(x) :t= 0 at the point x, the

point is said to be stationary and inflextional.

4.6 SOME USEFUL BOOKS

Allen, RG.D .. (1938), Mathematical Analysis for Economists, St. Martin's

Press, New York.

Chiang, A.C. (1'974), Fu~damental Methods' of Mathematical Economics, 2
nd

edition, McGrow-Hill Book Company, New York.

Henderson, James M. and Quandt, Richard E. (1980), Microeconomic Theory,

McGrow-Hill Book Company, New York.

.4.7 ANSWER OR IDNTS TO CHECK YOUR

PROGRESS EXERCISES

Check Your Progress 1

1) f'(x)=3(x
2

-4x+8)=3{(x-2)2 +4}>0 '\Ix. Thus, the function does

not have a maximum or a minimum.

19
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2) Examine whether Xlix possesses a maximum or a minimum value.

y = xX ~ log y = .!..logx
x

. 1 dy 1 1 1 '.
"-'-=~--2logx=-2 (l-logx)---(t)

ydx x x x

'. dy
.. when -=O,l-logx=O :.x=e.

dx

-3 +2logx
=

X2
"

di y 11 -3+2 __ ell;;
when x=e -- = e e - 3

, dx" e3 e

which is negative.

.'. for x = e, the function is a maximum and the 'maximum value is el/e.

3) To [md the maxima and minima of 1 + 2 Sin x + 3 Cos
2

X.

(0 ,;x ,; ~) get

f(x) = 1 + 2 Sin x+ 3 Cos
2

x

f(x) = 2 Cos x - 6 Cox x Sin x

f(x) = 0 when 2 Cos x(1 - 3 Sin x) = O.

i.e., when Cos x = O.and when Sin x = -.!..
3

f'(x) =,- 2 Sin x - 6 (CoS
2
x-Sin

2
X)

whenCosx=O, x= 1r :. Sinx=1
2

.: f'(x) = - 2 + 6 = 4 > O.

For Cos x = 0, f(x) is a minimum and the minimum value is 3.

When Sin x =-.!.

3

f"(x) = - 2 Sin x - 6(1 - 2 Sirr'x)

f"(x) 1 =-~-6(1-~)<0
Sinx~- 3 9

3 .

Therefore, for Sin x = -.!.,f(x) is a maximum and the maximum value is 4-.!..

3 .' 3



Check You.r Progress 2

1) x= -1/3 is the point ofinflextion.

Check Your Progress 3

1) Solution:

Here, fx = 6x + 6y, fy = 6x + 14y.

fxx = 6, fxy= 6, fyy = 14.

EO.C. requires fx = fy = 0 i.e.,

6x + 6y= 0 (i)

6x + 14y= 0 .. (ii)

Solving (i) and (ii) for x and y we get, x = 0, y = O.

The given function reaches its minimum value at the stationary point and

its minimum value is zero. This is because

Maxima and"

Minima

fxxx;o =6>0,fyyx=o =14>0.
y=o y=O

,

Also, fxx.fyy - (fxy) 2 x";o
y=o

= 84 - 36 = 48 > 0.'

2) Solution:

Here fx = 8x + 7y, fy = -4y + 7x, fxx = 8, fxy = 7, fyy = - 4

F.O.C. for having stationary values is fx = fy = 0

i.e., 8x + 7y~ 0

-4y+ 7x = 0

Solution of these equations gives us x=O, y = O. Thus, the given function

has only one stationary point at (0, Or Now fxx and fyy have opposite

signs and fxx.fyy - (fxy)2 < 0, the stationary point for the given function

- is a saddlepoint.

3) Xl = -3, X2= 2 saddle point

Xl = 7, X2= -5 saddle point

x, = -3, X2= -5 relative maximum

Xl = 7, X2--= 2 relative minimum

4) The necessary conditions for maximum or minimum are

fl = -3x/ + 0 = 0 ...(i)

f2= -8X2= 0 ...(ii)

from (i) and (ii) we get Xl = ±'.J3, X2= 0."

Thus, we get two stationary points for this function, namely, (.J3 ,0) and

(- .J3,0). At stationary point, (.J3,0) the function has a maximum. At

(- .J3,0) the function has a saddle point.

Check Your Progress 4

1) a) No maxima or minima

b) Maximum at (0,0,0)
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5.0 OBJECTIVES

After going through this unit, we should able to:

• solve simple unconstrained optimisation problems; and

• solve simple economic problems dealing with unconstrained optimisation.

5.1 INTRODUCTION

In this unit, our objective is to find and explain the necessary and sufficient
conditions for any unconstrained optimisation problem. Optimisation in

mathematical sense (and therefore for our purpose) means either maximisation

or, minimisation of different mathematical functions. Optimisation is broadly

distinguishable in two respects viz., Unconstrained Optimisation (which is our .

current focus) and Constrained Optimisation (which we 'discuss in the next

unit). Unconstrained optimisation deals with those problems whose domain is

not compressed by any constrained. We are going to use simple calculus to

solve these kinds of optimisation problems. First, let us we fud and discuss the

necessary first order conditions for unconstrained optimisation before moving

on to the sufficient condition or, the second order condition. In the next section,

we will focus on some simple econoinicapplications that deal with
unconstrained optimisation. .

5.2 UNCONSTRAINED OPTIMISATION

Under optimisationexercise-we either maximise or, minimise some.

.'mathematical functions consists of either one variable or, several variables. To

optimize a mathematical function, we need to fmd necessary' first order

conditions from which the optimum values of the variables can be found. But

to fmd whether the value is maximum or, minimum we have to check the
sufficient second order condition.

22

5.2.1 First Order Condition

Consider the function y = f(x) , which can be plotted as shown below. The

function has the maximum point A and the minimum point B. Note that at

these two points the value of y must be stationary. We can say that it is a



· necessary conditions for an extremum of y that dy = 0 instantaneously as x

varies. This condition is 'known as the differential version of the first order

condition for an extremum and we have already discussed it in the preceding

unit. As we have said earlier, this condition is necessary but not sufficient for

.H~f~U[j [j~rr~~[~~ ~I
eit er A mAXimum 0 ,

order condition for both maxima and minima are the same.

y

Unconstrained .

Optimisation

A

y=f(x)

B

o x

Fig 5.1: Firs.t order condition for optimum

We will see that the above condition is equivalent to the derivative version of

the first order condition dy = oor, f(x) = o. We· note that when there is no
. dx

change in x (dx = 0), dy will automatically be zero. But this, of course, is not

what the first order condition is all about, What the first order condition

requires is that dy be zero as x is varied,· that is, as arbitrary (positive or,

negative, but not zero) infinitesimal changes ofx occur. In such a context, with

dx :f. 0, dy can be' zero if and only if I (x) = o. Thus, the derivative condition

I (x) = 0 and the differential condition dy = 0 "for arbitrary nonzero values 0f

dx" are indeed equivalent.

·Now suppose y = l(xl'x2 , ••• .x») then in this case, the first order condition for

optimisation i~ given by the n-equation viz., ay = I1 (x) = 0, ,ay = 12 (x) = 0 ,
. Oxl 8X2

· ... , ay = In (x) = o. From these n equations, we can fmd XI" ,X2" , ••. ,Xn".

Ox~

Example: Find the optimal values of y = x3
- x in the domain. -00 < X < -t<X> •

Solution: The necessary first order condition gives :.= 0, which can be .

transformed to 3x
2

-1 = 0 - (I). From equation (I) we get at optimum either

" 1 " 1 Putti h lues of x. we zet onti . "x = + .J3 or, x = - .J3. uttmg t ese va ues 0 x, we get optimum y i.e., y

Example: Find the optimal values of z = l -xy + X2 on the domain

-00 < X < -t<X> and -00 < Y < -t<X> •

23
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8z 8z
Solution: The necessary first order condition gives - = 0 and - = 0, from

8x ay

which we can get -y + 2x = o and 2y - x = O. We solve this and get x' = 0 and

y' = 0 . Finally putting these optimum values into. the original equation we get

z' = o ..

5~2.2Second Order Condition

For the time being, let us assume the function z = f(x,y) can give rise two first

,order partial derivat~ves, /x" :: and j'y" : . Since /x is itself a function of x

(as well as y), we c·~~measure the rate of change of /x with respect to x, while

y remains fixed, by a particular second order (or, second) partial derivative

denoted by either Ixx or, 82~.
.. 8x

In: ~(/x) Or, 82~: ~(8Z). The notation Ixx has a double subscript
8x 8x 8x 8x

signifying that the primitive function f has been differentiated, partially with

r~spect to x twice, whereas the notation 82~,resembles th~t of d
2

: except for
8x dx,

the use of the partial symbol. In a perfectly analogues manner, we can use the

d ' Id' . r . 8 (r) 8
2
z 8 (8Z J . d .. h fsecon parua errvatrve jYY: - jY or, -2 : - -. to enote t e rate 0

ay. ay ay8y .

change of .h with respect to y, while x is held constant.

Recall however, that /x is also a function ofx. Hence, there can be written two

" more partial derivatives: /xy : ,,8
2

Z : ~(8Z J and j'yx: 8
2
Z :~ (8Z) .

. 8xay 8x 8y ay8x 0.' 8x

These are called cross . (or, mixed) partial derivatives because. each measures

the rate of change of one first order partial derivative with respect to the

"other" variable. We can also note that using total differential equation we get

d2z: d(dz): 8(8z)dx+ 8(8z) dy.

. 8x 8y

Using the concept of d2
z, we can state the second order sufficient condition

for a maximum of z = I(x,y) as follows: d
2
z < 0 for arbitrary values of dx and

dy, not both zero .: (a). The rationale behind is very similar to that of the

d
2
z condition for the one variable case and it can be explained by means of a

figure that depicts the bird's-eye view of a surface. Let point A on the surface -

the point lying directly above the point (Ko, Yo) in the domain - satisfy the first

order condition. Then the point A is a prospective eandidate for a maximum.

Whether it -in fact qualifies depends on the surface configuration in the

neighborhood of A. If an infinitesimal movement away from A in any direction

\ along the surface invariable results in a decrease in z - that is, if dz < 0 for

arbitrary values of dx and dy, not both zero - A is a pick of a dome. Given that

. dz = 0 at point A, however, the condition dz < 0 at point in the neighborhood of

A amounts to the stipulation that dz is decreasing, that is, d
2

Z : d (dz) < 0, for

arbitrary values of dx and dy, not both zero. Thus (a) constitutes a sufficient



condition for identifying a stationary value as a maximum of 2. Analogous

reasoning would show that a counterpart second order sufficient condition for

identifying value as a minimum of z = f{x, y) IS as follows: d2
z > 0 for

arbitrary values of dx and dy, not both zero - (b).

The reason why (a) and (b) are sufficient conditions but not necessary

conditions, is that it is again possible for d
2
z to take a zero value at a maximum

or, a minimum. For this reason, second order necessary conditions must be

stated with weak inequalities as follows: For maximum of z: d
2
z:S;; 0 for

arbitrary values of dx and dy, not both zero. For minimum of z: d2z'~Ofor

arbitrary values of dx and dy, not both zero - (c). In the following, however,

we pay more attention to the second order sufficient conditions.

Unconstrained

Optimisation

For .operational convenience, second order differential conditions can be

translated into equivalent conditions on second order derivatives. In the two-

variable case, this would entail restrictions on the signs of the second partial

derivatives fxx,fyyand fry. The actual translation would require knowledge of

quadratic forms. But we may first introduce the main results here: For any

values of dx and dy, not both zero, we have

d2 z < 0 if and only if fxx < 0, fyy < 0 , and fxxjyy > fry
2

d
2
z > 0 if and only if fxx> 0, fyy > 0, and fxxjyy > /xi.

Note that the sign of d
2
z hinges not only on fxx and fyy, which have to do with

the surface configuration around point A,' but also on the cross partial

derivative fry .'The role played by this latter partial derivative is to ensure that

the surface in question will yield (two-dimensional) cross sections with the

same type -of configuration ID all possible directions. '

Table 5.1: Conditions for Relative Extremum: z=f(x, y)

Condition Maximum Minimum

First order necessary condition j; = f = 0

Second order sufficient condition ju, jy~4. 0

and fxxfyy > /x/

/X=jy=o

fxx,jyy > 0

and fxxjyy > /xy 2

The above result, together withthe first order condition, enables us to construct

Table 5.1. It should be understood that all the second partial derivatives therein

are to be evaluated at the stationary point where fx = fy = O. It. should also be

stressed that the second order sufficient condition is, not necessary for an

extremum. In particular, if a stationary value is characterised by fxxjyy = fry
2
in

violation of that condition, that stationary value may nevertheless turn out to be'

an extremum. On the other hand, in the case of another type of violation, with a

stationary point characterised by fxxjyy < fry
2

, we can identify that point as a

saddle point, because the sign of d
2
z will in that case be indefmite (positive for

same values of dx and dy, but negative for others).

For n-variable case we can generalise the above second order condition. The

satisfaction of the first order condition earmarks certain values of z as the

stationary values of the objective function. If at a stationary value of z we find

that d
2
z is positive defmite, this will suffice to establish that value of z asa

25
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muumum, Analogously" the negative definiteness of d
2
z is a sufficient

condition for the stationary value to be maximum.

When there are n choice variables, the objective function may be expressed as

z = l(xpx2, ••• ,xn).

The total differential will then be dz = f.dx, + hdx2 + ...+ /"dxn so that the

necessary condition for extremum (dz = 0 for arbitrary dx.) means that all the n

first order partial derivatives are required to be zero.

The second order differentiald'z will again be a quadratic form, which can be .
expressed as an n x n array. The coefficients of that array, properly arranged,

will now give the (symmetric) Hessian

III J;2, J;n

IHI=
121 122 hn

....
-<

/"1 /"2 /"n

with principle minors 1~I 1=hi' 1H21= [J;I 1;2] ,... , 'I u, 1=1if I. Th~ seco~d
hi h2 '

order sufficient condition for extremum is, as before, that all the n principal

minors be positive (for a minimum in z) and that they duly alternate in sign (for

a maximum in z), the first one being negative.

In summary, then - if we concentrate on the determinantal test - we nave the

criteria as listed in Table 5,2, "'rjch is valid for ::In oojective f..•.l1\;tionof any

number .of choice variables. As special cases, we can have n = 1 or, n = 2.'

When, n = 1, the objective function is z = f{x)" and the condition for

. maximization, J; = 0 and 1HI 1< 0, reduce to r (x) = 0 and r (x) < 0, exactly

as we learned above. Similarly, when n = 2, the objective function is

z = I(XI'x2), so that the first order condition for maximum is J; = 12 = 0 ,

whereas the second order sufficient condition' becomes hi < 0 and

[
hi 112]' -r I' I' 2 0' h' h' . I f h . 1': • "= )11)22 - )12 > , W IC IS mere y a restatement ot e information
hi In ' '

given above.

ITable 5. 2: Determinantal Test for Relative Optimum: z = f (XI' x
2
' ••• , xJ

Condition Maximum Minimum

First order necessary condition J; =/2 = ...=J, J; =/2 = ...=I,

1Hi I> 0 Vi=l, ... ,nSecond order sufficient condition (-1 Y 1Hi I> 0 V i =1,... ,n

Example: Find the extreme valuers) of z = X2 +.xy +2/ +3 and determine

whether they are maximum or, minimum.

Solution: The relevant first order conditions are the following:

. Ix = 2x +y = 0 and Jy = X +4y ~ O. Solving these two equations we get x,*= 0

and y* = O. Note that Ixx =2> 0 and Iyy = 4 > 0 and as Ixy = 1we have

IxxJyy » Ixy 2
• So at x * = 0 and y* = 0 the function z is minimized.



Example: Find the extreme value( s) of z = - X2 + xy -l + 2x + y and

determine whether they are maximum or, minimum.

Unconstrained

Optimisation

Solution: The relevant first order conditions are the following:

Ix = -2x + y + 2 = 0 and h= x - 2y + 1=O. Solving these two equations we get. . . .

x = 5/3 and y = 4/3. Now' note that fxx = -2 < 0 and flY = -2 < 0 and as

fry ~ 1we have fxxhy > fry 2
• So at x * = 5/3 and y* = 4/3 the function z is

maximised.

Check Your Progress 1

1) Find the extreme value/ s) of z = - X2 + xy - y2 + X + 5y and determine

whether they are maximum or, minimum.

2) Find the extreme value(s) of y = X2 -6 and determine whether they are

maxnnum or, mmnnum .

........................................................................................

.. •. •. •. .. •. .. .. •. •. .. •. •. •. .. •. •. .. .. •. •. .. •. •. •. •....• .. .. •. •. .. •. •. .• •. •. .. .. •. .• •. ~.:." ~ .

.
3) Find the extreme value(s) of y = x

3
- 2X2 + X - 6 and determine whether

they are maximum or, minimum.

.-0..................................................................................................................................... ' ~ .

. . .
......................................... ,. .
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4) Find the extreme value(s) of z = X2 - 2x -l and determine whether they

are maximum or, mrmmum .

• • • • • • • • • • • • • • °
0
' •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

." ....

..................................... \ .

5.3 SOME ECONOMIC PROBLEMS

In this section, we will give some economic application concerning

unconstrained optimisation, Our firxt example is concerning the multi-product

firm who takes the prices as given i.e., she produces under competitive

structure. The second example j..; also regarding multi-product firm but here the

firm acts as a monopolist where she can choose how much to produce and at

what price. In both the cases the firm's objective is to maximise her own profit

where profit is defined as net revenue minus net cost. These objectives ~e take

for simplicity i.e., one can think of other objective of the firm viz., revenue

maximisation, but that is not going to be discussed in this unit. For simplicity

again, we take cost function to be the same in both example.

Example 1: This example is regarding the problem of a multi-product firm, Let

us frrst postulate a two-product firm under circumstances of pure competition.

Since with pure competition the prices of both commodities must be taken as

exogenous, these will be given by P: = 5 and P2 = 3, respectively. Accordingly,

the firm's revenue function will be R = p,q, + P2q2 = 5q, + 3q2, where qi

represents the output level of the ithproduct per unit of time. The frrm's cost

function is assumed to be C = 2q,2 + 2q22+ q,Q2.

Note that 8C = 4ql + q2 (the marginal cost of the frrst product) is a function not
8ql

. only of q, but also of q2. Similarly, the marginal cost of the second product also

depends, in part, on the output level of the frrst product. Thus, according to the

assumed cost function, the two commodities are seen to be technically related

in production.

The profit function of this hypothetical firm can now be written readily as

1r = R -C = Sq. +3q2 _2q12 -2q22 -qlq2' a function oftwo choice variablesIq,

and q2) and two price parameters. It is our task to find the levels of q, and qz,



which in combination, will maximise n . For this purpose: we find the first

order partial derivatives of the profit function:

Unconstrained

Optimisation

Setting these both equal to zero, to satisfy the necessary condition for

maximum, we get the two simultaneous equations 4ql + q2 = 5_and ql + 4q2 = 3,

which yield the unique solution q' = 4PI - P2 =.!2 and q' = 4P2 - PI = ~
I 15 15 2 15 15

Thus, the maximum profit that the firm will get is n' = 5.51 (approx).

To be sure that this does represent a maximum profit, lef us check the second

order condition. The second partial derivatives, obtainable by partial

differentiation of equation (a), give us the following Hessian:

"I H 1= [nil
n21

n12] = [-4 -1]
n22 -1-4

Since 1HI 1= -4 < 0 and 1H21= 15> 0, the Hessian matrix (or, d
2
z) is negative

defmite, and the solution does maximise the profit. In fact, since the 'signs of

the principal minors do not depends on where they are evaluated, d
2
z is in this

case everywhere negative definite. Thus, the objective function must be strictly

concave, and the maximum profit found above is actually a unique absolute
. ,

maximum.

Example 2: This example again regarding a multi-product firm but with the

modification that in earlier case the firm face given price i.e., multi-product-

firm under competitive structure, in this example the multi-product firm is a

monopoly in both the product i.e., the firm can decide how much quantity to be

produced and at the same time she can choose any price for her product. Now

by virtue of this new market-structure assumption, the revenue function must

be modified to reflect the fact that the prices of the two products will now vary

with their output levels" (which are assumed to be identical with their sales

levels, no inventory accumulation being contemplated in the model). The exact

manner in which prices will vary with output levels is, of course, to be found in

the demand functions for the firm's two products.

Suppose that the-demand facing the monopolistic firm, areas follows:

ql = 40 - 2PI + P2 and q2 = 15+ PI - P2 - (a)

These equations reveal that the two commodities are related in consumption;

specifically, they are substitute goods, because an increase in the price of one

will raise the demand for the other. As given, equation (a) expresses the

quantities demanded ql and q2 as functions of prices, but for our present

purposes, it will be more convenient to have prices PI and P2 expressed in terms

of th6 sales volumes ql and q2, that is, to have average revenue functions for

. the two products. Since equation (a) can be rewritten as

-2PI + P2 = ql - 40 and PI - P2 = q2 -15, we may (considering ql and q2 as

parameters) apply Cramer's rule to solve for Pi and P2 as follows:
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These constitute the" desired average-:r;evenue functions, since PI == ARI and

P2 == A~. Consequently, the firm's total-revenue function can be written as:

R = Plql + P2q2

2 2 -
= 55ql + 70q2 - Zq.q, - % - 2q2

If we again assume the total cost function to be C = ql2 +%q2 +q22 , then the

profit function will be:

7r=R-C

" =55ql +70q2 -3qlq2 _2q12 -3/]/ - (c),

which is an objective function with two choice variables. Once the profit

maximizing output levels ql * and q2* are found, however, the optimal prices PI *

and P2* are easy enough to fmd from equation (b).

The objective function yields the following first and second partial derivatives:

1(1 =55-3ql-4q2 7r2 =70-3ql-6q2

7r =-6
22

To satisfy the first order condition for a maximum of tt , we must have

7r1 = 7r2 = 0; that is 4ql + 3q2 = 55 and 3ql + 6q2 = 70, thus the solution

output levels (per unit oftime) are (q/, q2*) = (8, 7'!:..).
3

Upon substitution of this'result into equation (b) and (c), respectively, we find

* 1 * 2 • 1
that PI = 39-P2 = 46- and 7r = 488- (per unit oftime)

333

Inasmuch as the Hessian IS [-4 -3] we have I!!I 1= -4 < 0
-3 -6 '

and 1 H21= 15> 0, so that the value of 7r" does represent the maximumprofit.

Here, the signs of the principle minors are again independent of where they are

evaluated. Thus, the Hessian matrix is everywhere negative defmite, implying

that the objective function is strictly concave and that it has a unique absolute

maximum.

5.4 LET US SUM UP

In this unit we emphasise an important tool, which has enormous application in

economic viz., unconstrained optimisation. Unconstrained. optirnisation

problem deals with optimisation (i.e., either minimisation or, maximisation)

problems where the domain of objective function is not limited by any

constrained. There are" many real life economic problems for which

unconstrained optimisation technique is necessary. Any problem regarding

profit maximisation, we use the technique of unconstrained optirnisation. In

this unit, we emphasise the technique, how to solve unconstrained optimisation

problems. "For that we first introduced the first order necessary conditions for

optimisation. We saw that if there are n choice variables we must have n

number of equality as first order condition to solve the optimum value of each
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variable. We also saw that the first order conditions are same for both

maximisation and minimisation problem, and therefore we can't get whether by

i .putting the optimum values of variables we get maximum or, minimum value

of the objective function. To solve this kind of problem we therefore introduce

second order sufficient condition for optimisation. We saw second order

condition is different for maximisation and minimisation exercise. We also saw

that .for a given objective function and for given optimum values of choice

variables, if the 'corresponding Hessian matrix is negative defmite at optimum

then the optimum values give the maximum value of the objective function.

Analogously, if the Hessian matrix is positive definite at optimum then' the

optimum values give the minimum value of the objective function, Therefore,

from the first order condition (supported by second order condition), we can

determine the maximum or, the minimum value of the objective function.

There is a notion of necessary second order condition which tells that the

necessary second order condition for maximization is that, the Hessian matrix

should be negative semi-defmite and the necessary second order condition for

minimisation is that, the Hessian matrix should be positive semi-definite. '

Finally, we give some interesting economic applications that clear the

techniques of unconstrained optimisation problem. For that our first example is

a problem regarding multi-product firm under competitive structure. Then we

give an example again concerning multi-product firm but now the firm acting

as monopolist in all markets.

Unconstrained

Optimisation

5.5 KEY WORDS

Positive Definite Matrix: A symmetric matrix A is positive definite if it is true

that for every vector x, the real number which results from the multiplication

x'Ax> 0 for all nonzero x. Such a matrix has real positive eigenvalues.

Positive Semi-definite Matrix: A symmetric matrix A is positive definite if it

is true that for every vector x, the real number which results from the

multiplication x'Ax ~ 0 for all nonzero x. .

Negative Definite Matrix: A symmetric matrix A is negative definite if itis

true that for every vector x, the real number which results from the

.multiplication x'Ax ~ 0 for all rionzero x. Such a matrix has real negative

eigenvalues.

Negative Semi-definite Matrix: A symmetric matrix A is negative semi-

definite if it is true that for every vector x, the real number which results from

the multiplication x'AX.~ 0 for all nonzero x.

Stationary Point: In calculus, a stationary point is referred to a point on a

graph where the tangent to the graph is parallel to the x-axis or, equivalently,

where the derivative ofthe function equals zero.

Necessary and Sufficient Condition for Optimum: Given a function

z = f(xl'x2, ...,xJ, the conditions are obtained as the following:

Condition MinimumMaximum

First order necessary condition };=:=h= ..=J,

Second order sufficient condition (...,.IY 1Hi I> 0 Vi =l, ... ,n 1Hi I> 0 V i=l, ... ,n

31
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5.7 ANSWERS OR I{INTS TO CHECK YOUR

PROGRESS EXERCISE

Check Your Progress 1

1) See the example given in Sub-section 5.2.2.

2) The objective function is y = X2 - 6. Therefore, from the first order

condition for optimisation, we get 2x = O. Solving this equation we have

x = O. The second order condition gives that d
2
y = 2 > 0, which is not a

function of x. Therefore, we have d
2
y = 2 at x = O. So at x = 0, we reach

the minima ofthe objective function.

3) The objective function is y = x
3

- 2X2 +x- 6. Therefore, we get the first

order condition 3x2
- 4x + 1= 0 or, either x = .!. or, x = 1. Note that

. .. . 3

d
2
y = 6x-4. So, d

2
y> 0 at x = 1 and d2y < 0 at x = .!.. Therefore, at x =

3

1, we have the minima and at x = .!.
3

4) The objective function isz = X2 - 2x - y2. The necessary first order

'condition yields 2x - 2 = 0 and 2y = O. From these two first order

conditions we get x = 1 and y = O. The corresponding Hessian matrix is

[
2 0] .

1H 1= 0 2 ,so we get that 1HI 1= 2 > 0 and 1H2 1= 4 > O. Therefore, we

have the minimum value ofz at x =1 and y = O.

,
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UNIT 6 CONSTRAINED OPTIMISATION
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6.6 Key Words
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6.8 Answers or Hints to Check Your Progress Exercises

6.0 OBJECTIVES

After going through this unit, you will be able to:

• solve the basic optimisation problems with equality as well as inequality

constraint using Lagrange method; and

• use Kuhn-Tucker method while solving optimisation problems with

inequality constraint.

6.1 INTRODUCTION

When an economic project such as the production of a specified level of output

is to be carried out, there are normally a number of alternative ways of

accomplishing it. One (or more) of these alternatives will, however; be more

desirable than others from the standpoint of a producer. Need, therefore, arises

to choose the best alternative available without compromising the basic

objective of the project. Essentially, the constraint optimisation helps arrive the

decision.

The most common criterion of choice among alternatives in economics is the

goal of maximising something (such as maximising a firm's profit, a

consumer's utility, or the rate of growth offrrm or ofa country's economy) or,

of minimising something (such as minimising the cost of producing a given

output). Economically, we may categorize such maximisation and

minimisation problems under the general heading of optimisation, meaning

"the quest for the best". From a purely mathematical point of view, however,

the terms maximum and minimum do not carry with them any connotation of

optimality. Therefore, the collective term for maximum and minimum, as

mathematical concepts, is the more matter-of-fact designation extremum,

meaning an extreme value.

In formulating an optirnisation problem, the first order of business is to

delineate an objective function in which the dependent variable represents the

object to maximisation or minimisation and in which the set of independent

variables indicates the objects whose magnitudes the economic unit in question

can pick and choose, with a view to optirnising. We shall, therefore, refer to the

independent variables as choice variables. They can also be called decision

variables, or policy variables. The essence of the optimisation process is simply

to fmd the set of values of the choice variables that will yield the desired

extremum of the objective function. 33
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6.2 EQUALITY CONSTRAINED OPTIMISATION

We have been given an objective function f: R" ~ R to-maximise, subject to k

constraints. That is, there are k functions, '

gl :R" ~ R,g2 :R" ~ R, ... .s' :R" ~ R, and we wish to

Maximise f{x) over all x E R" such that g'(xj=O, ... , gk(X)=O.

More compactly; collect the constraint functions (looking them as component'

. functions) into one functiong: R" ~ R, where g(x) = (g'(x), ... ,g~(x)). Then

what we want is to

Maximise f{x) over all x E R" such that g(X)lxk= 81xk.
, - .

The theorem of Lagrange provides the necessary conditions for a local

optimum x*. By local we mean that the value f(x*) is a maximum orminimum

compared to other values f{x) for all x contained in some open set U containing

x* such that x satisfies the k constraints. Thus, the problem considered is to

provide necessary conditions for a maximum or a minimum of f{x) over all

x E S , where S = Un {x E R" I g(x) = O}, for some open set U.

. The following example illustrates the principle of 'no arbitrage' underlying a

maximum. A more general illustration, with more than one constraint, requires

a little bit of the machinery of linear inequalities for the illustration of which is

out of the scope of this unit. However, such inequalities go a long way in

optimisation theories of asset pricing, Nash equilibrium etc.

Example: Suppose x* solves Max Utx], X2)subject to (s.t.), i - P1XI-':P2X2= °
and suppose x* >8. Then reallocating a small amount of income from one good

to the other does not increase utility. Say, income dI > 0 is shifted from good 2

to good 1. So dXI = (dI I PI) > ° and dX2 = - (dI I P2) -: 0. Note that this

reallocation satisfies the budget constraint, since

pl(Xl +dn) + p2(X2+ dx2} = I . The change in utility is dU =Uld:xl +U zdxz , or

dU = [(U I I pI) - (U 2/ p2) ]dI ~ 0, since the change in utility cannot be positive

at a maximum. Therefore, (UII pI)-(U21 p2)~0 -------- (1).

Similarly, dI > ° shifted from good 1 to good 2 does not increase utility, so that

[-(UI I pI) + (U 2 I p2)]dI ~ 0, or [-(UI / pI) + (U 2/ p2)] ~ ° -------(2).

Equations (1) and (2) imply (Ul(x*) / PI) = (U2(x*) / P2) = "A:---:-- (3).

That is, the marginal utility of the last bit of income equals (UI(X*)!PI)=

(U2(X*)!P2) at the optimum. Also, (3) implies UI(X*)="A:PI,U2(X:*)="A:P2.Along

with PIX\+P2X*2=I, these are the first order conditions of the Lagrangean

function -

)

Max L(x, A) = U(x!, X2)t~[I - PlXI - P2X2]

More generally, suppose F: R" ~ Rand G :R" ~ R, and suppose x* solves

Max F(x) S.t.c - G(x) = 0.

Contemplate a change dx in x* that respects the constraint G(x) = c.

That is, dG = GIXl+G2X2= 0.
'"

Therefore, GIXl = -G2X2= de and dXI = (dc/Gi), dx, = (dc/Gs). If dc>O, then

change dx implies dXl>O,dX2<0.F does not increase at the maximum, x*. So,

dF = FIXI+F2X2 ~ 0,
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Therefore,

(FI(x')/ GI(X'») = (F2(x')/ G2(X')) = A' ----------- (4).

Caveat: We have assumed that GI(X*)and G2(X') are not both zero at x*. This is

called the constraint qualification. Again, note that equation (4) can be taken as

the first order condition (FONC) ofthe problem

Max L(x, A) = F(x) + A [c - G(x)].

Let's go back to the utility example. At the optimum (x*, A*), suppose you

increase income by ~I. Buying more XI implies utility increases by (UI(x*)/

PI) ~I,approximately. Buying more X2 implies utility increases by (U2(x'v
.P2) ~I. At the optimum, (UI(X·)/PI) = (U2(X*)/P2)= A*.So in either case, utility

increases by A*~I, where A* gives the change in the objective (here, the

objective is utility), at an optimum that results from relaxing the constraint a

little bit.

The .interpretation is the same in the more general case: If G(x) = c, and c is

increased by ~c. Suppose XIalone is then increased,

so;~G = gidx, = ~c,

or, dx, = (~C/GI).

That means, at x*; F increases by dF = Fidx, = (FI(x*)/GI(x*))~c = A*~c. If

instead X2is changed, F increases by dF = F2dx2= (F2(X*)/G2(X*))~c= A*~C.

Now we discuss the Lagrange theorem in detail. The set up is the following:

f :R" ~ R is the objective function, s', R" ~ R, i = l, ... ,n k, k<n are the

constraint functions.

Let g: R" ~ Rk be the function given by g(x) = (g'(x), , lex)).

Df(x) = (8f(x)/ ful, ... ,8f(x)/ fun).

. ((8gl(~)/ 8xl) .: (8
gl

(X!/8Xn)] (Dg:(X)]

Dg(x) = : .. : =:

(8g
k
(x)/ ful) (8g

k
(x)/ fun) Dgk(X)

Thus, Dg(x) is a k x n matrix.

The theorem below provides a necessary condition for a local maximum or

local minimum. Note that x* is a local maximum (respectively, minimum) of f

on the constraint set {x E R" Igi (x) = O,i = l, ... ,k} if f(x') ~f(x)(respectively

for ~ f(x)) for all x E U for some open set U containing x*, s.t. g'(x) = 0, i =

l, ... ,k. Thus x* is a ~aximum on the setS = U n {x E R" I gi(X) = O,i = l, ... ,k}.

Theorem of Lagrange: Let

f i R" ~Randgl .R" ~R,g2 .R" ~R, ....s' .R" ~R, k <n be once

continuously differentiable functions. Suppose X*is a maximum or a minimum

offon the setS =U n {x E R" Igi(X) = O,i = l, ...,k}, forsome opensetU c R",

Then there exists real numbers Jl*,A1*'.. "Ak*,not all zero, such that

pDf(x') + L~=IA;"Dg
i

(x') =81 x n.

35
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Moreover, ifrank (Dg(x*)) = k, then we may put Jl = 1.

Notes:

I) The condition rank (Dg(x*)) = k is 'called the constraint qualification, The

first part of the theorem says that at a local maximum or minimum, under

the assumption of continuous differentiability of f and gi, i = 1,... , k, the

vectors Df(x*), Dg1(x*), ... , Dgk(x*) are linearly dependent. The constraint

qualification (CQ) basically assumes that the vectors Dg
1
(x*), ... , Dgk(X*)

are linearly independent. In that case, pDf (x *)+ L ~=IA/ Dgi (1"*) = 81 x 11

implies that Jl cannot equal to zero, for then L:=, A/ Dgi (x") = 81 X",

which along with linear independence implies At = 0, i = I, ... : k. This

cannot be. So, if the CQ holds, then Jl =f:. 0, and we can divide through

by Jl.

2) In most applications, the CQ holds. We usually check first whether it

holds, and then proceed. Suppose it does hold. Note that

pDf(x*) + L:=,A/Dgi (x*) = 81 x n subsumes the following n equations:

(8f(x*)!8xj)+ L:=IAi"(8gi(xi)/mj)=0,j=I, ... ,n. Note also that this

leads to the 'usual' procedure for fmding equality constrained maximum

or minimum, by setting up a Lagrangean function:

L(X,A) = f(x) + L:=, Aigi(X),

and solving the FONC

(8L(x, A) 18xi) = (t'./( v) !rx.) -I-L~IA.;(rg' (v) 1(,\,) - 0, j = 1,,." 11

(8L(x,A)/8Ai)=gi(X)=0,i=I, ... ,k which is (n+k) equations in (n+k)

variables Xj , •.• , xn, AI,... , Ak.

Second order condition: These conditions are characterised by defmiteness or

semi-definiteness of the Hessian of the Lagrangean function, which is the

appropriate function to look at in this constrained optimisation problem. In

addition, we don't have to check the appropriate inequality for the quadratic

form for all x; only those x are relevant that satisfy the constraints. Second

order conditions in general captures the change of the curvature of. the

objective function around the local maximum or minimum, i.e., how the graph

curves as we move from x* to a nearby x. In constrained optimisation, we

cannot move from x* to any arbitrary x nearby; the move must be to an x,

which satisfies the constraints. That is, such a move must leave all g'(x) at 0. In

other words, dg'(x) = Dg'(xj.dx = 0; where dx is a vector x.:...x* that must be

orthogonal to Dg'(x), Thus, it is suffices to evaluate the appropriate quadratic

form at all vectors X'that are orthogonal to all the gradients of the constraint

functions.

Since L(X,A) = f(x) + L:=IAigi(X),

D
2
L(x, A)" x n = D

2
f(x)n x n +z;AJ)2 gi (x)» x n,
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!"I(X) + I~=IAiginI(X) fnn(x) + I:=IAigi"n(X)

second order derivative of L with respect to the x variables. Note that

D2 L( X, A) is symmetric, so we may work with this quadratic form.

IS the

At a given x_*E R" ~Dg(x *)k x n = [Dg

1

:( x *)J. SO the set of all vectors x that are

Dgk(X*)

orthogonal to all the gradient vectors of the constraint functions at x* is the

Null Space of Dgtx"), N(Dg(x*)) = {x E R" I Dg(x*)x = (h x I}.

Theorem of Second Order Optimum:

Suppose there exists (x *n x I, A*k xl) such that Rank (Dg( x*))=k

and Df(x*)+ I:=IDgi(X*)=O.

i) A necessary condition: If f has a local maximum (respectively, local

minimum) on S at point x*, then XTD2 L(X*,A*)X ~ 0, (respectively 2: 0)

for all x E N(Dg(x*)).

ii) A sufficient condition: If XTD2 L(x *,A*)x < 0, (respectively for >0), for

all x E N(Dg(x*)), x:t: e, then x* is a strict local maximum (respectively

for strict local minimum) of f on S.

Note the theorem means that for maximum the second order condition should

be that the bordered Hessian matrix of the problem is negative semi-definite

(necessary) or negative defmite (sufficient) given the FONC and for minimum

it should be positive semi-defmite (necessary) or positive definite (sufficient

given the FONC), where the bordered Hessian is the matrix of second

derivatives ofL(x, A) with respect to x and A.

Check Your Progress 1

1) Let U(x, y) = x2y and Px=2, py=l. 1=200. Find out x*.and y*, if l=p.x+p.y

holds .

.......................................................................................

.......................................................................................

••••••••••••••••••••••••••••••••••••••••••••••••••••• l •••••••••••••••••••••••••••••••••

.......................................................................................

................ .............~ " " ." " " " " " " " ." " .. "." " " " ." " " " " .

2) Let U(x, y) = x2+y and Px=2, py=1. 1=200. Find out x· and y., if

l=p-x+pcy holds.

37
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6.3 INEQUALITY CONSTRAINED OPTIMISATION

The problem is to fmd the maximum or the minimum of f :R" ~ R on the set

{x E R" I g'(x) 2:: O,i = 1,...,k}, where g' :R" ~ R are the k constraint functions.

At the optimum, the constraints are now allowed to be binding (or tight or

effective), i.e., g'(x) = 0, as before, or slack (or non-binding), i.e., g'(x) > 0.

Example: Max U(x\, X2) S.t. xi> 0, X22: 0, I - p.x, - P2X2. If we do not know
whether x = 0, for some I, at the utility maximum, or whether Xi > 0, then

_r- clearly we cannot use the theorem of Lagrange. Similarly, if there is a bliss

point, then we do not know in advance whether there at the budget constrained

optimum the budget constraint is binding or slack. Again, w«.cannot then use

the theorem of Lagrange, to use which we need to be assured that the constraint
is binding.

Note the general nature of a constraint of the form gj(x)2:0. If we have a

constraint h(x)~O, this is equivalent to -h(x)~O. And something like hex) ~c

is equivalent to c - hex) ~ 0.

We use Kuhn-Tucker Theory to address optimisation problems with inequality

constraints. The main result is a first order necessary condition that is slightly

different from that of the theorem of Lagrange; the main difference is that the

first order condition g'(x) = 0; i = 1,... ,k in the theorem of Lagrange are

replaced by the conditions Ai g'(x) = 0, i'= 1,... ,k in Kuhn-Tucker theory.

Kuhn- Tucker Theory:

Recall that the problem IS to fmd the maximum or the minimum of

f i R" -v Rou the set {xERn I gi(X) 2::0,i=I, ...,k}, where g; .R" -v Rese the

k constraint functions. The main theorem deals with local maxima and minima,

though.

Suppose that I of the k constraints bind at the optimum x*. Denote the

corresponding constraint functions as (gi)i E <I> , where <I> is the set of indexes

of the- binding constraints. Let get>:R" ~ RI be the function whose I

components are the constraint functions of the binding constraints. That is,

get>(X) = (gi (X))i E et>.

. [Dgi(X)] .
Dg<JI(x) = : , where i,... , m are the indexes of the binding constraints.

Dgm(x)

So, Dget>(x)is a I xn'matrix.

We now state FONC for the problem. The theorem below is a consolidation of
the Fritz-John and the Kuhn-Tucker theorems.
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The Kuhn- Tucker (KT) Theorem: Let

f i R" ~R, and s' .R" ~R, i= 1,... , k

be once continuously differentiable functions. Suppose x" is a maximum of f on
~~ .
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s = U (l {x ER" I gi (x) ~ O,i = 1,...,k}, for some open set U c R" .

Then there exist real numbers u, AI", ..., .Ak*, not all zero such that

f.1Df(x·) + I:=IA/Dgi (x") = 01x n •

Moreover, if g'(x") > 0 for some i, then Ai"= O. If in addition,

rarikDgll>(x*)= 1, then we may take fJ. to be equal to 1. Furthermore, Ai*~ 0, i =

1, ... , k and At> 0 for some I implies g'(x") = O.

Suppose the constraint qualification, RankDgll>(x*)= 1, is met at the optimum.

Then the KT equations are the following (n+k) equations in the n+k variables

XI, ... , xn, A!, ... , Ak.

Aigi
(x") ~ O,i = 1,...,k,A/ ~ O,gi (x') ~ 0 with complementary slackness ----(1)

* ",k . ; *
Df(x ) + L..ti=1Ai Dg (x ) = 0 ------------- (2)

If x· is a local minimum of f on S, then -f{x*) attains a local maximum value.

Thus fOJminimisation, while equation (1) stays the same, equation (2) changes

to -Df(x') + L::=l A/Dgi (x') = 0 ------------ (2')

Equation (1) and (2) are known as the Kuhn- Tucker conditions. Note fmally

that since the conditions of KT theorem are not sufficient conditions for local

optima, there may be points that satisfy equations (1) and (2) or (2') without

being local optima." This method does not require checking for concavity of

objective functions and constraints, and does not require checking any second

order condition. .
.

Next, we give one useful theorem that gives some link between local and

global maxima, where the crucial assumption is that the objective function is

concave.

Theorem: Suppose Sc R" is a convex set, and f: S~ R is concave. Then

1) Any local maximum offis a global maximum off

2) The set of maximizers of f on S, argmax{f(x) I x E S} is either empty or

convex.

Check Your Progress 2

1) Consider the following utility maximisation problem, in which the utility

function of the consumer is given by - U(x, y) = xo.
s
/.
s
. The consumer

income is I = 100 and it is given to him that px = 2 and py = 3. Find the

utility maximising x and y when the budget constraint of the consumer

mayor may not bind. (Apply the Kuhn- Tucker method).
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2) In this problem you have to maximise Vex, y) = (x - 3)(y - 2) subject to

the following constraint~-

i) x ~ O.

ii) y ~ O.

iii) 5x+3y :S 50.

.............................................................................................................. ~ .

6.4 SIMPLE ECONOMIC PROBLEMS

In this section, we present two simple util~ty maximi~ation problems.

Example 1: In this problem our objective is to

maximise V(XI, X2)= XI+ X2,

over the set {x = (xi.xr) E R
2 I Xl ~ 0,X2 ~ 0,1 - PlXl- PlX2 = O},

where I > 0, PI > 0 and P2> 0 are given.

So there are three inequality constraints:

gl(Xl,X2) = Xl ~ 0, g2(Xl,X2) = X2 ~ 0 and g3(Xl,X2) = 1-pixi= P2X2 ~ 0

At the maximum x*, any combination of these three could bind; so there are

eight possibilities. However, since V is strictly increasing, the budget constraint

binds at the maximum, therefore g3(x*)= O.Moreover, g'(x") = g\x*} = 0 is not

possible since consuming 0 of .both goods gives utility equal to 0, which is

clearly not a maximum.

Therefore, we have to check just three possibilities out of the eight.

Case (1) gl(X*}> 0, g2(X*)> 0, g3(X*)= 0

Case (2) g'(x") = 0, g2(X*)> 0; g3(X*)= 0

Case (3) gl(X*)> 0, g2(X*)= 0, g3(x*}= 0

Before using the KT conditions, we verify that -

i) A global max exists (here, because the utility function is continuous and

the budget set is compact).

ii) The CQ holds at all three relevant combinations of binding constraints
described above.'



Indeed, for Case (1), Dg<l>(x)= Dg'(x) = (-PI. '-P2), so Rank[Dg
3
(x)] = 1,

'so CQ holds. For Case (2),.Dg<l>(x) =(Dg:(X)]=( 1 0 J, so
Dg (x) -:Pt -P2

-Rank[Dg<l>(x)]= 2. For Case (3), Dg<l>(x)=(Dg:(X»)=( 0 1), so
. Dg (x) -PI -P2

Rank[Dg<l>(x)]= 2.

Thus for the maximum, x*, there exists a 'A: such that (x*, 'A:) will be a

solution to the KT FONCs. Of course, there could be other (x, A)'S that

are solutions as well, but a simple comparison of U(x) for all candidate

solutions will isolate for us the maximum.

L(x, A) = xi + X2+ AIXI+ A2X2+ A3(I- PIXI - P2X2)

The KT conditions are -

Constrained

Optimisation

A, (8L I 8A,) = A,XI = O,A, ~ O,x
l
~-O, with CS

~(8LI8~)=~X2 =O,~ ~0,X2 ~O, with CS

... (1)

... (2)

with CS

(8L I 8xl) = 1+ A, - ~PI = 0

(8LI &2) = I+~ -~P2 = 0

... (3)

... (4)

... (5)

Since we don't know which of these three cases select the constraints that

bind- at the maximum, we must try all three.

Case 1: Since Xl > 0, X2> 0, (1) and (2) imply Al = A2= O. Plugging these in

equation (4) and (5), we have I =: A3*PI = A3*P2.Since utility is strictly

increasing, relaxing the budget constraint will increase utility. So the marginal

utility of income, A3*> O.Thus A3*PI= A3*P2implies PI = P2. Fromequation (4)

it can also be seen that A3*= lIPI > O. .

Therefore, if at a local maximum both Xl and X2are strictly positive, then it

must be that their prices are equal. All (x., X2) that solve equation (3) are

solutions. The utility in any such case equals Xl + «(1- PIXI)/p2) = Up, where p

= PI = P2' Note that in this case, (Ut/PI) = (U2/P2)= lip.

Case 2: Xl = 0 implies, from equation (3), that X2= (Up2). Since this is greater

than 0, equation (2) implies A2= O. Hence from equation (5), A3*P2= 1. Since

AI*~O, equation (4) and (5) imply A3*PI= 1 + Al ~ 1 = A3*P2..Moreover, since

A3*> 0, this implies PI ~ P2.

That is, if it is the case that at the maximum, Xl*= O~X2*> 0, then it must be .

that PI ~ P2. Note that is this case, . .

(U2/p2) = (lIP2) ~ (Ut/PI) = (lIPI).

For completeness sake, equation (5) implies A3*= (lIP2). So from equation (4),

i.I*=.(pl/p2) - ~. So the unique critical point ofL(x, A) is

(X*,A*)= (x, *,x/, Al*,A2-,A3*)= (0, (Up2), (Pl/p2) - 1,0, (lIP2»'
f •

Case 3: This case is similar, and we get that X2* = 0, xi * > 0 occurs only if

PI ~P2. We have (x', A*)= «I1P2), 0, 0, (P2/PI) - 1, lIPI).
41



Extreme Values

and Optimisation

42

We see that which cases apply depends upon the price ratio (P2/PI). If (P2/PI) =

1, then all these three cases are relevant; and all (xi, X2)E R;
2

such that the

budget constraint binds are utility maxima. But if (P2/PI) > 1, then only Case

(2) is applies, and the solution to the KT conditions in that case is the utility

maximum. Similarly, if (P2/PI) < 1, only Case (3) applies.

Example 2: Max U(Xl, X2)= (Xtl(l+XI))+(X2/(1+XI)), subject to Xl ~ 0, X2~ 0,

PIxr +P2X2~I.

Check that the indifference curves are downward sloping, convex arid that they

cut the axes. This last condition is due to the additive form of the utility

function, and may result in 0 consumption of one of the goods at the utility

maximum. Exactly as in Example 1, we are assured that a global max exists,

that the CQ is met at the optimum, and that there are only three relevant cases

of binding constraints to check.

The Kuhn- Tucker conditions are:

A,(8L 18A,) = A,XI =O,A, ~O,XI ~O, with CS (1)

~(8LI8~)=~X2 =O,~ ~0,X2 ~O, with CS (2)

~(8LI 8~) = ~(/ - PIXI - PIXI) = O,A, ~ 0,(/ - PIXI - PIXI) ~ 0,

with CS ... (3)

- 1
( 8L I&1 ) = ( 2 ) +A, - ~Pl = 0 ... (4)

(1+xl)

(8LI &2) = ( 1 2)+~ -~h - 0 ... (5)
(1 +X2)

Case 1: XI > 0, X2> 0 implies A,I= A,2= O.Equation (4) implies A,3> 0, so that
I

equation (4) and (5) give ( ~: : ~~ J ~ (;: J' .

Using equation (3), which gives X2= (( I- PIXI )J, above, we get

. P2

(
(P2 +1 - PIXI)] (p J~

( ( ))
= _I , so simple consumptions yield

. P2 l+xl P2

(1+ P2 -(PIP2)~)

X =~,-----~

I (PI +(PIP2)~)

(1+ PI -(PIP2)~)

x2 = I

(P2 + (PIP2)2 )



I I

X(> 0, X2> ° implies 1> (PIP2)2 - pp1 ~ (PIP2)2 - P2 . If either of these fails,

then we are not in the regime of Case (1).

Case 2: XI= ° with equation (3) implies x2 = ~. Since this is positive, A2= 0,
P2

Constrained

Optimisation

so equation (5) implies 1,.~(I+(~Jf'.
AI = A3PI- 1 (from XI = ° and equation (4)). A,= PIP2 2 -1. For this to be

. . (p2+1)

I

greater than zero it is required that PIP2 2 ~ 1, that is 1~(PIP2)2 - P2 .
(P2 +1)

Utility equals ( x2 )= ( 1 ).
. 1+X2 P2 +1

Case (3): By symmetry, the solution is

I

and for this case to hold it is necessary that PIP2 2 ~ I , or 1~(PIP2)2 - PI .

(PI +1)

To summarise, suppose PI = P2 = p, then (PIP2)1I2- PI = (PIP2)1I2- P2.= 0. So

since I > 0, we are in the regime of Case I, and XI = X2 = (I/2p) at the

maximum. Suppose on the other hand that PI < P2 (the contrary can be worked

out similarly). Then P2 > (PIP2)1I2>il. Thus earlier I> (PIP2,1/2 - PI, in which

case we use Case (l), or I ~ (PIPd - PI in which case we use Case (3). Case

(2), that in which a positive amount of good 2 and zero amount of good 1 is

consumed at the maximum, does not apply.

6.S LET US SUM UP

In this unit, we emphasise the basic theory of constrained optimisation, with its

division into two main parts viz., constrained optimisation in case of equality

constraints and constrained optimisation in case of inequality constraints. We

consider two different techniques for solving these two different types of

problems. In case of optimisation under equality constraints, we apply

Lagrangean method to solve those problems, and in the later case, that is, in the

case for optimisation under inequality constraints, we apply the Kuhn- Tucker

theory. We saw that this theory is different in many respects. First of all, the

first order conditions of Lagrangean theory and the Kuhn- Tucker theory are

different. Secondly, in Kuhn- Tucker theory there is no need to check the

second order condition, while in case of Lagrangean case one must check it to

ensure whether the optimum value (that we get from first order condition) is

maximum or minimum. Finally, in Kuhn- Tucker theory there is a new set of 43
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conditions called "complementary slackness condition", which does not exist

in Lagrangean method. It can be noted that if objective function is concave and

constraint set is convex, the local maxima is same as global maxima, which

proves that equality of local and global maxima under certain conditions. For

the second order condition of Lagrangean method one can notice that the

necessary second order condition for maxima is that the corresponding

bordered Hessian matrix should be negative semi-definite and the sufficient

second order condition for maxima is that the same matrix should be negative

definite. For the case of minima, the necessary second order condition is that

the bordered Hessian matrix should be positive .semi-definite and the sufficient

second order condition is that the same matrix is positive defmite.· We then

present two examples of optimisation under inequality constraints with

increasing difficulty. We solve both the problems using Kuhn-Tucker method.

For this method, it can be seen that for any optimisation problem if the number

of variables is n and the number of constraint is k, then the first order condition

for optimisation should have 2(n+k)cinequality and (n+k) equality and the first

order condition for maxima and minima are different in Kuhn- Tucker theory.

Therefore, there is no need tocheck second order condition.

6.6 KEY WORDS

Theorem of Lagrange:

Let f i R" ~Randg' i R" ~R,g2 .R" ~R, ....s' .R" ~R, k < n be once

continuously differentiable functions. Suppose x* is a Max or a Min of f on the

setS = Un {x E R" I s' (x) = O,i = 1,... ,k}, for some open setU eR". T~:.~there

exist real numbers /-l*, A.I ' •.. " j"k·, not all zero. such that

f.1Df(x') +2::=,l."D:/ (x') = (}I, •.

Moreover ifrank(Dg(x*)) = k, then we may put /-l = 1.

Theorem of Second Order Optimum:

Suppose there exists (x'nxl,l\xl)such that

rank(Dg(x*)) = k and Df(x') + 2::=1Dgi(x*) = () .
. ,

i) A necessary condition: If''f has a local maximum (respectively for looal

minimum) on S at point x*, then XTD2 L(x' ,A*)X:::; 0, (respectively for ~O)

for all x E N(Dg(x*)).

ii) A sufficient c~ndition: ILxTD2L(x',A')x<0, (respectively for >0), for

. all x E N(Dg(x*)), xiS, then x* is a strict local maximum (respectively

for strict local minimum) of f on S.

The Kuhn-Tucker (KT) Theorem:

Let f: R" ~ R, and gi: R" ~ R, i = 1,... , k be once continuously

differentiable functions. Suppose x* is a maximum of f on the set

S = Un {x E R" I gi(X) ~ 0,; = 1,...,k}, for some open set U ci R", Then there

exist real numbers /-l, Al*, ... ,Ak*, not all zero such that

f.1Df(x*) + 2::=1 A;*Dgi (x") = ()I x n •

Moreover, if gi(x') .> 0 for some i, then Ai* = O.If in addition, RankDgtl>(x*) = 1,

then we may take /-l to be equal to 1. Furthermore, Ai* 2 0, i= 1,.. ·., k, and Ai*>

o for some I implies g'(x *) = o.
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6.8 ANSWERS OR IDNTS TO CHECK YOUR

PROGRESS EXERCISES

Check Your Progress 1

1) The Lagrange function of the problem: L(x,A) = x2y + A [200 - 2x - y]

The FONC for this problem are: .

2xy = 2A -(1), X2= A -(2) and 200 = 2x + Y -(3). Solving these three

equations, we get x' = (200/3), y' = (200/3) and A' = (200/3)2.

Note that CQ satisfied because px > 0 and Pv > O.

The second order condition of this problem is-

1H 1= (~2 2(2~~ / 3) 2(2~~ / 3)J. One can check that this matrix IS

-1 2(200/3) 0

negative defmite. Therefore, second order condition fulfilled.

2) The problem can be solved exactly the same way as done in the previous

one .

.Check Your Progress 2

1) See the method of solving optiniisation problem under inequality

constraint in Section 6.3. You should able to get x* = 25 and y' = (50/3).

Note that Lagrangean function is

L(x, y, A) = xo,sl-s + A [100 ~ 2x - 3x]

The first order Kuhn- Tucker conditions are:

0.5x-D.5yo.s- 2A ~ 0, x ~ 0, x[0.5x·o,sl.5 - 2A] = 0

0.5xo.sy'0's- 3A ~ 0, y ~ 0, y[0.5xo.sy'0.s - 3A] = 0

100-2x-3x ~ O,A ~ 0,A[100-2x-3x]

2) See the method of solving optimisation problem under inequality

constraint in Section 6.3. You should able toget x· = 6.1 and y' = 6.5.

Note that the Lagrangean function is

L(x, y, A) = (x - 3)(y - 2) + A [50 - 5x - 3y]

The first order Kuhn- Tucker conditions are:

(y-2)-5A ~ O,x ~ 0,x[(y-2)-5A]=0

(x - 3) - 3A ~ 0, y ~ 0, y[(x - 3) - 3A] = 0

[50 - 5x - 3y] ~ 0, A ~ 0, A[50 - 5x - 3y] = o·
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