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BLOCKINTRODUCTION

The present block deals with Natural and Environmental Resource economics. The
scope includes marketed and non marketed ‘renewable’ and ‘non-renewable’ resources
and environmental resources. Under renewable resources, we consider in particular
natural resources like fish and forests. Such resources can be harvested with due
regard to their regenerative capacity whereby their usage becomes sustainable. Non-
renewable resources include resources like minerals which are limited in their quantity
and are available within a given time period. They are useful for human activity and are
therefore capable ofbeing exhausted due to over exploitative use. Their regeneration
sometimes take very long time running up to millions of'years. The usage of such non-
renewable resources can however be made sustainable within the human activity horizon
only in the sense of alternative resource development (i.e. development of substitutes)
for which technological innovation becomes crucial. Such resources are treated in
literature as ‘scarce resources’. Such non-renewable resources can only be subjected
to more economic and judicial usage by employing economic instruments like price,
rent, substitutes and public policy and to that extent, the inter generational efficiency
and equity can then be ensured. Policies have to be therefore designed so that extraction
of non-renewable resources are made with due regard to their exhaustible nature.

Unit 10 deals with the theme of Demand for Natural and Environmental Resources.
Using the theory of Dynamic Optimisation and Control, the unit deals with the economics
ofnon-renewable (i.e. exhaustible) resources for two timeframes viz. discrete timeframe
and continuous time frame. Under these, various alternative scenarios like: monopoly
mine, competitive mining, extraction with constant marginal cost, extraction with stock
effect, extraction with technical change, etc. are considered. Under each, conditions of
optimal extraction are derived/explained.

Given that for environmental resources, there is almost a non-existent market mechanism
for a well defined allocation, we need to pay special attention for their protection. In
view of'this, Unit 11 deals with the issue of Valuation of Environment. The concept of
‘Total Economic Value’ of environment is first explained. Different valuation tools like:
market prices, shadow prices, hedonic pricing, travel cost, constructed market
techniques, etc. are subsequently described. In a manner of overall generalisation, the
issue of Valuation of Biodiversity is discussed in conclusion.

Unit 12 focuses on the theme of Determinants of Renewable Resources. Like in Unit
10, this unit also employs the approach of ‘dynamic optimization’. Two cases of fishery
and forestry are elaborated for economic analysis. Under the former, the bio-economics
of fishery is explained by a reference to conditions like open access and common
property solution so as to arrive at an optimal biomass. Under the latter, concepts like
rotation age and optimal rotation are explained. The unit concludes with a discussion
on the topic of ‘investment under uncertainty’.
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10.0 OBJECTIVES

After going through this unit, you will be able to:

o specify the fundamental challenges of using the non-renewable resources
optimally;

o state the basis of a resource taxonomy (classification system) that is used
to distinguish various categories/measures of resource availability and
scarcity;

o explain the relevance of dynamic optimization in natural resource
economics and the basic concept of Optimal Control Theory;

o state the fundamental principle of exhaustible resources under Discrete
and Continuous Time Frameworks;

o derive the Hotelling rule (for different market structures and different
assumptions on the cost of extraction) for optimal rate of extraction of
non-renewable resources; and

o discuss the concept of resource scarcity and the various dimensions of
economic rent.

10.1 INTRODUCTION

This unit mostly deals with the economics of exhaustible resources. Hence in
dealing with the economics of natural resource use in particular, the main focus
of this unit is to analyze how society should optimally extract such resources
over time? It revolves around the basic questions like: are we as a society
using them too fast? Are there sufficient non-renewable resources to maintain
our economic wellbeing for the foreseeable future? Thus, much of the unit
examines the dynamics of the extraction costs and mineral prices under various
assumptions. We will see that the presence of user cost or opportunity cost is
central to the economics of exhaustible resources.

Traditional usage of natural resources confines the term to the environmental
and ecological systems that are useful to mankind or could be useful under
feasible technological, economic, and social circumstances. Examples of such
natural resources are forest land and its flow of multiple products and services
(e.g. timber, wild-life habitat, etc.), natural land areas preserved for aesthetic,
recreational, or scientific purposes (e.g. silent valley of Kerala, wet lands of
eastern Kolkata, etc.), the fresh and salt water fisheries, mineral resources that
include mineral fuels and non-fuels (e.g. coal, aluminium, etc.), other energy
sources such as solar, tidal, wind, and geo-thermal systems, water resources,
and the waste-assimilative capacity of the environment and ecological systems.
These examples make it clear that what we perceive as natural resources
depend on the conditions we have inherited from the past, current or foreseen
technologies, economic conditions, and tastes. For instance, a century ago, not
much was known about benefits of wetlands or about uranium. Hence, in
dealing with the economics of natural resource use, we analyze in particular
how society should use a resource efficiently and for this what is the rate at
which a rational agent should extract such resource through time. A distinction
is made between resource and environmental economics, where the latter is
focused here only on the ways in which the wastes are to be disposed of (as it



results in the quality of air, water, soil, etc. which together serve as waste
receptors), for the conservation of natural environment and biodiversity.

10.2 TAXONOMY OF RESOURCES

Three separate concepts are normally used to classify the stock of
exhaustible/depletable resource. They are (1) current resources, (2) potential
resources, and (3) resource endowment. Current reserves are defined as
known resources that can profitably be extracted at current prices. Their
magnitude can be expressed as a number. The amount of potential reserves,
on the other hand, depends upon the price people are willing to pay for those
resources — the higher the price, the larger the amount of reserves potentially
available. For instance, techniques, more expensive than conventional ones,
generally allow greater amount of a resource to be recovered. As the price of
extraction per unit increases, the amount of a resource that can be economically
recovered also increases. Thus, potential reserves can be defined as a function
rather than a number. The natural occurrence of resources in the earth’s crust
represents resource endowment. It represents the upper limit on the
availability of terrestrial resources. Since the size of the resource endowment
does not, in any way, depend on the price, it is a geological rather than an
economic concept.

Natural resources, include renewable resources such as fish population and
forests and non-renewable exhaustible resources such as oil reserves and
mineral deposits.  Here, we adopt the convention that classifies natural
resources as renewable and exhaustible depending on their rates of
regeneration. Oil is exhaustible because its formation requires millions of
years which is not an economically meaningful time frame. Trees and fishes
are renewable because they can grow to maturity within a reasonably short
span of time. Thus, it is possible, though not inevitable, that a flow of these
resources could be maintained over time. It needs to be remembered, however,
that for some renewable resources, the continuation and volume of their flow
depend crucially on human interventions. Overharvesting reduces the stock of
fish, which in turn reduces the rate of natural regeneration of the fish
population. This may even lead to extinction of the otherwise renewable
resource. For other renewable resources, such as solar energy, the amount
consumed by one generation does not reduce the amount available to the
generations that follow. Managing natural resources of either kind has its own
challenge. The challenge for exhaustible resources involves allocating
dwindling stocks among generations. In contrast, the challenge for managing
renewable resources involves the maintenance of an efficient and sustainable
flow over time. At an analytical level, however, both the resource categories
may be thought of to have a common foundation. The stock of natural
resources (e.g. the population of fish in a lake or the number of tons of coal
remaining in a coal field) measures the state of a resource. Stocks of renewable
resources like fish, grow through regeneration; while exhaustible resources like
coal are available in fixed quantities. During a particular time period, the stock
depletes at the rate of harvesting or extraction per period. These attributes of
natural resources have much in common with man-made capital. Just as
investment increases and depreciation reduces the stock of man-made capital,
growth through regeneration increases and harvesting or extraction depletes the
stock of natural resources. The central issue in the allocation of natural
resources is therefore how much of the resources should be harvested

Demand for Natural
and Environmental
Resources
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(extracted) today? Finding a best allocation of natural resources over time can
be regarded as a problem ‘dynamic optimization’.

10.3 DYNAMIC OPTIMIZATION

All natural systems are dynamic in the sense that their stock change over time.
The important point is that while there is obvious direct dependence between
human wellbeing and natural resources, the functioning of the economic
system itself is interrelated with, and threatened by, natural resource depletion.
The difficulty is that many of these ‘external costs’ will be displaced in both
space and time as they are inter-temporal and lateral external costs. Therefore,
looking at the direct and immediate cost of resource use will almost certainly
understate the true costs of resource depletion. The supply of non-renewable
resources can be viewed as a three stage process with complicated dynamic
relationship. First, current decisions are related to past decisions as well as to
expectations of the future prices and the costs. Second, it is assumed that
producers take these inter-temporal cost decisions into account in planning
their decision at each stage of the process. Thus, the current rate of extraction
affects the amount that may be extracted in future periods. Consequently, costs
of extracting a unit of, say, mineral today depends not only on the current level
of mineral usage and necessary inputs and their prices, but also on the level of
input usage in the past as well as on the impact of current extraction on the
profitability of the deposit. For instance, for a given inventory of discovered
sites, a decision to develop relatively low cost sites today leaves only higher
cost sites for the future. In view of this, third, any reduction in the total stock
of resource bearing sites and the tendency for the earlier discovery of large and
more accessible sites, leads to increased exploration costs over time.

Dynamic optimization is an important method of analysis in environmental and
resource economics. In such problems, it is common to try to maximize some
measures of net economic value, over some future horizon, subject to the
dynamics of the harvested resource and any other relevant constraints. The
solution of the dynamic optimization of a natural resource would be a schedule
of ‘time path’ indicating the optimal amount of harvest (or extraction) in each
period.

For continuous time problems, a frequently used method is optimal control.
The optimization problem requires an understanding of what variables are
under control. The choice of such variables, called control variables,
determines the size of the state variables that are determined within the
dynamic optimization model. The constraint to the problem include both
dynamic constraints that represent how the state variables change over time and
boundary conditions that specify the initial or starting values of the state
variables, and possibly their value at the end of the programme. If the objective
function is differentiable and strictly concave in the control variable, no direct
constraints are imposed on the value of the control variable and the functions
that govern how the state variables change over time. Such dynamic
constraints in optimal control are both differentiable and concave.

10.3.1 Optimal Control Theory

Optimal control provides a set of necessary conditions, sometime called the
maximization principle, used to solve for optimal paths or trajectories for the
control and state variables. Consider an inter-temporal objective functional — V



(1.e. objective function set across the time period 0 to T) without discounting as Demand for Natural
follows: and Environmental
Resources

MaxV = [ fla(®),x(Oldt .......... (1),
Subject to = = gfa(t), X(t), ] ............. 2),

where x(t) = Control Variable, a(t) = State Variable and

1.  The dynamic constraint Z—? of equation (2) says how the state variables

change over time.

2. The boundary constraint of equation (3) represents the initial value of
the state variable where the terminal value of the state variable may also
be specified as boundary constraint in some problem.

The solution to this optimization problem involves setting up a Hamiltonian
function consisting of the objective functional plus the dynamic constraint,
multiplied by the co-state variables[or adjoint variables (A)] — a function of
time. The co-state variables can be interpreted as the shadow or imputed price
of the state variable at a given instant of time (analogous to the notion of
lagrangian multiplier in static optimization). At the end of the terminal period
T, it must be the case that A(t) = 0, if a(t) > 0, for otherwise, we would not
have optimal path and we would not be maximizing the objective functional
subject to the constraint. In case both a(t) and A(t) are positive (i.e.>0), it
represents a sub-optimal situation. This implies that although the state variable
has positive value [since A(t) >0], we have yet chosen to leave some of it at the
end of the programme. The reason being that decreasing the amount of state
variable a(t) at the terminal period would simultaneously increase the objective
functional (V).

Therefore the Hamiltonian functional is:
Ha(t), x(t), Mt), t] = f[[a(t), x(0), t] + MB)[g{at), x(D),t}] ........... 4)
The assumptions we make are:

(1) no constraint on the control variable; and (ii) objective functional is
differentiable in control variable.

The necessary condition, therefore, is given by:

7]
ax’(’t) =0 e (5)
%: - azl(qt) >0, ... (6), (since% < 0)
2= g{a(®),x(0,8 ... (7)
a(0) = Ay wvv ver vee ee v (8)
MO =0ifat) > 0, e ee e e (9)
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Interpretation:

1.  Equation (5) implies that the optimal path requires the partial derivative
of the Hamiltonian w.r.t. the control variable x(t) must be zero at each
point of time.

2. Equation (6) implies that the partial change in the co-state variable w.r.t
time must be the negative of the partial derivative of the Hamiltonian
function w.r.t. the state variable.

3. Equation (7) and (8) recover the dynamic constraints of equation (2) and
boundary condition of equation (3) in the original problem.

4.  Equation (9) is called the Transversality Condition which ensures the
trajectories are optimal at the terminal time T.

Since the conditions (5 — 9) are using the variables that are functions of ‘t’,
finding the optimal path for the control, state and co-state variables involve
solving the differential equations. Quantitative analysis of optimal paths are
done through phase diagrams, which trace out the points where dz—(:) = dz—(tt) =
0. Phase diagram helps to analyse the steady state of the dynamic system and

the potential trajectories to the steady state.

10.4 ECONOMICS OF NON-RENEWABLE RESOURCES

Non-renewable/exhaustible resources form the basis of modern economy.
Without metal or fossil fuels, modern industrial society would not have
sustained. The fundamental difference between the economics of mine and that
of renewable resources such as fisheries or forests is that a mineral is a sterile
asset, for which the natural replenishment feedback loop can be safely ignored.
Or the rate of replenishment of these resources is so low that it does not offer a
potential for augmenting the stock in any reasonable time frame. Thus, an
exhaustible (depletable) resource has a limited stock, constrained by geological
processes, but whose current reserves can be augmented by new
exploration/discovery, economic replenishment and recycling. Stimulant of
economic replenishment includes: price and technological progress. Another
side of the depletable resources is that their potential reserves can be exhausted
owing to demand for and durability of the products built within the resource. In
most of the cases, the size of potential reserves of depletable resources depend
explicitly on our ability to store the resource (e.g. helium). Not all depletable
resources permit recycling or reuse (e.g. coal, oil and gas) which once
combusted turns into heat energy. The heat dissipated into the atmosphere
becomes non-recoverable. Even if most of them are recyclable (e.g. copper) the
theoretical upper limit on recycling is less than 100 percent.

In the following section, we examine the economics of extracting a non-
renewable resource. In particular, we derive the extraction path that maximizes
the present value rents from a mine. As we know, the natural resource
economics treats resources in the ground as capital assets. By leaving resources
in the ground (preserving them), the resource owner can expect capital gain, as
the resource price rises through time. In case of zero extraction cost, the owner
will be indifferent between holding the resources in the ground and extracting

it, if the rate of capital gain (g = %/P) equals the rate of discount
(approximated by market rate of interest).



10.4.1 Exhaustible Resource Use: Discrete Time Frame

Various techniques and approaches have been used to model the dynamics of
the environment and natural resources. Difference equations are used in
modelling systems where change occurs at discrete points of time.

10.4.1.1 Single Period Extraction

Recall the equilibrium condition for a price taking firm, producing reproducible
goods: P = MC, for each period. If P > MC, the firm will increase
production to maximize profit. But in the case of the firm extracting
exhaustible resources such behaviour of equating P = MC implies extraction of
more stocks than what is profitable. The equilibrium condition of extraction or
sale of a unit of exhaustible resource needs some modification over this
standard approach of reproducible goods because it involves opportunity
costs[usually called the user cost (UC)]. User cost does not exist for the
conventional reproducible goods because the production of a unit today does
not reduce the quantity that can be produced in the future. Given the limitations
of physical stock, there is a trade-off between the present and the future profits.
Thus, the implication for a producer extracting or selling a unit of exhaustible
resource today is equivalent to foregoing the value or profit that might have
been obtained in the future date. For instance, a barrel of oil extracted today is
equivalent to a barrel unavailable for extraction in the future. Therefore, in
deciding whether to extract and sell an extra barrel today, the extractor must
consider not only the cost of pumping the barrel but also the cost of foregoing
the higher return that could be earned if the oil is extracted and sold in the
future. Thus, instead of the usual efficiency condition P = MC, we need to
define the condition for optimal extraction at each period of time for a
competitive resource owner firm as: P = AMC = MC + UC, where AMC is
the Augmented Marginal Cost. This may be treated as the first condition of
optimal depletion of resources. As Figure 10.1 shows, given the demand
function P = P(y), only Y" units (rather than Y™, where P = MC) will be
extracted by the price taking firm, seeking to allocate extraction efficiently
over time. This leaves positive difference AB (the opportunity cost/user cost)
between P and MC. Thus, the current extraction rate of a private owner of a
natural resource depends not only on the current price (as in standard theory),
but also on the expected future prices, which determines the opportunity cost of
additional current extraction. Hence, a competitive supplier that

Price

A

MC

P =P(y)

*

Y Y""Quantity

Figure 10.1: Optimal Extraction of Exhaustible Resources
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Note: Here AB = User Cost/Opportunity Cost; YY" Competitive equilibrium
at P = MC expects future prices to be sufficiently low compared to the current
price (i.e. the opportunity cost of extraction is small) may extract and sale
intensively in the current period. But if future price are expected to be
sufficiently high, the same current price may induce no extraction today.

10.4.1.2 Two Period Extraction

Consider a scenario where the resource owner may extract and sale the
resource in current period (t = 0) or retain it till next period t = 1. Let p, and the
p1 be the unit prices in the current period (t = 0) and next period (t = 1)
respectively. Let ‘c’ be the constant unit cost of extraction (i.e. it does not vary
in the two periods). The stock being fixed, any unit sold in period t=0 will
reduce the quantity that can be sold in period t = 1.Hence, net revenue in
current period (t = 0) is (po — ¢), but in that case there will be a foregone
revenue: (p; — ¢) in the period t = 1. Thus, the present value of the net revenue
foregone in period 1 is: % , where & is the discount rate (approximated as
the market rate of interest).Hence, the Opportunity cost/User cost of selling a

(gi—g,the return from selling a unit at the current period, will
(P1—¢)
be: (p,- ¢) - (11 5

unit today being

[1f extended for T periods, then the present value of the stream of benefits (B,,
B, By ........ By, received in period 0, 1, 2, ...... , T" periods) over a period of
T years is:

PV (B, By, B; ...... By) = XiZ6B. /(1 + 6Y) ]

1. If(p,-¢)> (gi_;)),the resource owners would be better off by selling and

extracting the resources at the current period.

2. If(p,-c) < ((i_;)),the resource owners would be better off by foregoing

extraction for the future period.

_ (1=c) - (P1=¢) _
3. If (po- ¢) = L thenp, = c + 155 MC + UC. The resource

owners would be indifferent between extracting today or foregoing it in
the current period for the future extraction. Optimal extraction will take
place at this point where the current price of the resource extraction is
equal to the marginal cost (MC) plus the user cost (UC).

Thus, the condition% =14+ 8orp,—c)= (p,— c) (1 + 6)is the

Second Condition for the optimal depletion of resources in which the net
future resource price is growing at the rate §.This is the famous Hotelling
condition, after an important demonstration by Harold Hotelling in 1931
(which will be re-examined in the next section in the continuous time
framework).Hotelling condition states that along the optimum extraction path,
where the resource owner is indifferent as to the options of extracting or
leaving the resource in ground, the price of the resource, net of marginal
extraction costs (i.e., the user cost) has to rise at a rate equal to the discount
rate.

If the MC of extraction is small relative to the price of the resource (i.e. ¢ = 0,

for simplicity) then, 5—1 = (14 8) or p; = p,(1+ &). Thus, along the



optimal path, resource price grows at the discount rate and higher the discount

rate faster will be the price of the resource rise along the optimal path. And

higher the value of §, lower is the user cost of resources. UC = % implies

depletion will take place at a faster rate. Similarly, smaller the value of §,
higher is the value of UC and the resource owner will postpone extraction for
the future period rather than satisfying the current demand.

Consider a situation of two countries having approximately same underground
reserves as also the same costs of extraction and the selling price of the
resources in the global market. If credit is rationed more tightly in one country
[i.e. higher rate of interest = higher discount rate = lower user cost of
resources],the current price would reflect more extraction in the short run so as
to maximize national wealth.  Since both the countries are facing same
sequence of initial current price in the world market, assuming countries are
small i.e. they are both price taker in the world market.

Consider a situation when the mine operator is asked to shut down a highly
valued or polluting mine (with some grace period permitted to mitigate the
dislocation caused by the closure). During the grace period, premature closing
lowers the user cost of an additional unit. Thus, it lowers the AMC in each
period before the date of closure as compared to the preceding periods of
policy announcement. If the sequence of world price is unchanged, the mine
operator will find it profitable to intensify mining throughout the grace period.

10.4.1.3 Availability of a Substitute (Backstop)

The above discussion of optimal depletion of exhaustible resource was based
on the absence of available substitutes (or backstop as it is sometimes called).
However, it may happen that some substitute renewable resource is available at
a constant MC. For instance, one may consider an optimal depletion problem
of oil or natural gas with solar substitute. Society would opt for the switch-over
by renewable resources whenever it is cheaper to do so. Hence, the Augmented
Marginal Cost (AMC) cannot exceed the MC of the backstop. Suppose p
=a — cq is the inverse demand faced by the resource owner. Hence, p + cq=a
is the maximum willingness to pay (called the Choke price) for a unit
resource, which sets the upper limit on AMC when no substitute is available.
We know that the resource price:

fort=1is: py=MC+ (p, —MC) (1+7),
fort=2,itis p,=MC+(p;, —MC) (1+71)
= MC + [{MC + (p, —MC)(1+1)}—MCO)] (1+71)
=MC+ (p, —MC)(1+ r)?& so on.
Hence the resource price for t=nis:p, = MC + (p, — MC)(1 + r)"

With time, p, moves away from MC, rising at a rate that approaches the rate of
interest ‘r’, as the user cost (UC) component dominates the fixed MC of
extraction.

Demand for Natural
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Price / UC
___________________________ 5= MG,
P | o e
/T ime

Figure 10.2: Time Path of Price and AMC

Does the price rise continue indefinitely when a substitute is available? A limit
on the rise of AMC and price will be set by the cost of a substitute or backstop
(See Figure 10.2). Consider the example of solar energy whose marginal cost is
MC,. If p = AMC = MC, (since unlimited solar resource stock cannot have
any user cost),suppose the switch or transition from oil to backstop takes place

at time T. Price at time T is given by pr = MC + (po —MC)(1 +7)T.
But wunlimited solar energy without any UC implies pr = MGy,
Therefore, (p, — MC) = %. This implies that at the initial user cost
att=0, (po — MC) is the difference between the cost of the backstop
and the cost of oil, discounted back from the date of transition T. Substituting
the expression for (p, — MC) into the equation pr = MC + (p, —
MC)(1 + 7)t, we get
(MCp,- MC)
=M —(1 t
Pt C+ (1+7)7 1 +7r)p,
_ (MCp-MC)
=MC + LTt v T<t.

The above equation gives the expression for the price of oil in terms of the cost
of backstop (and the cost of oil) at any time t < T. It moderates the increase in
AMC and price due to the presence of backstop technology.

10.4.1.4 Technological Progress

In principle, the extraction cost would rise over time as initial lower cost of
extraction would deplete the reserves faster and higher cost of extraction would
leave the reserves to be exploited in future. Since the search for newer
resources involves costs, the more easily accessible resources are first
exhausted and then the extraction activity moves to less accessible areas (such
as bottom of the ocean or high slopes of the mountain). This suggests that the
marginal cost of exploration would rise over time. Rising AMC of a resource
induces the society towards exploration activities where technological progress
would yield reductions in the cost of extraction. If the MC of extraction of
newly explored field is sufficiently low, this could lower or at least moderate
the increase in AMC and price. However, with a finite amount of a particular
exhaustible resource, a fall in AMC would not last indefinitely. Technical



progress would thus reduce the cost of extraction initially, thereby reducing the
AMC for a transition period, but ultimately it would have to increase.

Check Your Progress 1 (answer the question in about 100 words within the
space given)

1. In the taxonomy of natural resources, distinguish between the terms
‘current reserves’ and ‘potential reserves’.

2. State the dynamic three stage process involved in the supply of non-
renewable natural resources.

3. State the objective functional set across the time period ‘0 to T defining
in particular the dynamic and boundary constraints.

4. Do you think that the stock of an exhaustible/depletable resource can be
augmented? How? What factors acts as ‘stimulants’ in this regard?

5. State the first condition of ‘optimal depletion of resources’. In what way
the usual efficiency condition P = MC is different in the case of a
competitive resource owner firm?

6.  Given that the rate of depletion is &, state the Hotelling condition for the
optimal depletion of resources in a discrete two period extraction model.
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10.4.2 Exhaustible Resource Use: Continuous Time Frame

Another way to model the dynamics of natural resource optimisation is to
assume that the change occurs continuously rather than at discrete points in
time. We will first examine this problem from the perspective of an individual
mine operating in a competitive market with costless extraction and then
proceed to study the variants of the situation.

10.4.2.1 Individual Competitive Mine

Consider a single price taking owner of natural resources (having an
insignificant market share to influence the market price). In its simplest
framework, we assume zero extraction cost, a competitive market for the
mineral, perfect information in terms of resource stock and prices, and that the
extracted mineral will be completely sold in the period it is mined. Let x be the
extraction rate chosen to maximize the present value of rents from extraction,
as given by the equations:

MaxV = ftho e Ot Pxdt,............ (10), subject to,
db
E— 0 QRS S O (11)
by = [ xdt.......... (12)

In this case, the choice or control variable is the rate of extraction (x) defined
as some quantity per time period (t). P is the unit resource (mineral) price, § is
the discount rate by the firm, b,is the initial reserve, which is a known
quantity. The rate of extraction on the right hand side of equation (11)
determines the rate at which the remaining reserves (b) given on the left hand
side of equation changes with respect to time. The greater is the extraction rate,
the faster will be the decline in the remaining reserves (b). Equation (12)
ensures that the cumulative extraction can never exceed the quantity available.
We assume here that the time horizon for the mine is given i.e. T is known.

To determine the optimal extraction path we can set up a function that
incorporates the objective functional in (10) with the dynamic constraint given
by (11) using the present value Hamiltonian (H):

H = e % Px + A(-X) -------- (13)

where P, x and A are the functions of time and A is the present value of the
shadow price of the resource stock. Since the firm is maximizing the present
value of its rent over time, at any instant of time we must have:

g—: =e%tp —A=0o0orA=Pe % . .. ... (14)

The cost of extraction being zero, and as there is no benefit on the cost side
from delaying extraction, the shadow price of the resource at any period t is
equal to the present value of the resource price. The owner of the resource
would therefore be indifferent between a unit of resource at price P now and



the same unit at Pe ~%¢ in t years. Since the price it receives for its production

1s given, the optimal rate of extraction is determined solely by the rate at which
the resource price changes over time and the discount rate §. If the resource
price is constant, it would be optimal to extract all the remaining reserves of the
mineral at the earliest possible moment (provided§ > 0)as any delay in
extraction would lower the present value of the rents from the mine.

If the resource price was increasing over time such that P = e* P(0),
P(0)being the price at t = 0, there are three possibilities:

1. y<é: it would be optimal to extract all the minerals at the earliest
possible moment because any delay in extraction would reduce the
present value of the returns from extraction (with the present value of the
resource price declining over time).

2. Yy > §: the present value of the resource price being increasing over time,
it would be optimal to wait to the last possible moment (just before T) to
extract the remaining reserves of mineral. In this case, although the
mineral is a sterile asset, it would pay to keep it in the ground for as long
as possible, because delaying extraction allows the firm to sell the
mineral at the highest possible price.

3.y = 4: the present value of the resource price being the same at any
point of time, the firm would be indifferent between extracting now or
later provided all the resource would be extracted by time T. In this case,
the rate of increase in the mineral price would be exactly equal to the
discount rate i.e.

Equation (15) is similar to the one derived in the discrete time case i.e. the
Hotelling rule. Hotelling rule is thus the equilibrium condition, when at each
point in time the demand for mineral at the prevailing price exactly equals the
amount extracted. Hotelling rule can come in different forms, as we shall see,
depending on the assumption on the cost of extraction

For non-renewable resources, the terminal time or transversality conditions
also play an important role in determining the optimal rate of extraction. In the
above problem, it will always pay to extract and sell the mineral reserves
because the extraction costs are zero. In reality the costs of extraction being
always positive, it is possible for some of the mineral at the terminal time T to
be left in the mine because it is not profitable to extract it. The other possibility
is that at the terminal time T, the mineral is completely exhausted. In this case,
the transversality condition given by (16) and (17) below helps to ensure
optimal extraction and determine whether the mine is completely exhausted or
not at T.

H=Pxe "+ A(=x)=0................ (16)
e OEAD(T) =0 oo, (17)

Condition (16) can be called a performance test and requires that at the
terminal time T, it is no longer profitable to extract the mineral. If this were not
the case (H > 0) it would imply that some mineral had been left in the ground
while it was still profitable to extract it. In other words, the extraction path
would not be optimal. Condition (17) is the so called asset test and requires that
the product of the current value of the shadow price (e =% A) of the resource
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and the remaining reserves denoted by b(T) be zero at T. This can be satisfied
if either the current value of the shadow price is zero, or the mineral has been
completely exhausted (b = 0). In the first case, it is no longer worth while to
extract the mineral, and in the second, the mine has been exhausted and there is
no more mineral left to extract.

10.4.2.2 Competitive Mining Industry

Here we assume that the industry’s inverse demand for the mineral is given by
(18) below, where the time subscripts on the market price (p) and the industry
level of extraction (x) have been dropped for convenience and a and g are
parameters.

P=A—gX ,eeeiiieiinnannne. (18)

At the terminal time T, when the mineral from all the mines has been extracted,
it has to be the case that p = a, where a is called the choke price i.e. the price at
which the quantity demanded is zero (which may be explained by the existence
of readily available substitutes at the choke price). Such substitutes may exist
from a readily available technology, often called a back-stop technology, that
can supply a perfect substitute at a choke price. If the value to the society from
the mineral after its extraction is equal to the present value of the area under the
imverse demand curve, then the rate of extraction that maximizes this value is
the solution to the problem:

MaxV = ftio{fox(o)(a — gx)dx}e~%tdt .............. (19) subject to
b/ o= =X oo, (20)
by = [ xdt oo, Q1)

The expression in the curly bracket in (19) represents the area under the
industry inverse demand curve. The lower limit of integration is the industry
demand at the choke price and

N

Price

170) N

—_

O x(0) Quantity demand of mineral

Figure 10.3: Area Under the Inverse Demand Curve

the upper limit of integration x(0) is the industry demand at the initial price of
the mineral p(0) (Figure 10.3). Here, the area under the inverse demand curve
1s defined by the area bounded by the vertices 0, a, d and x(0).

The present value Hamiltonian for the problem defined in (19) — (21) is:

H= {fox(o)(a —gx)dx} e 0t + A(=X) ooiiiin (22)



Since the optimal rate of extraction must ensure that the present value
Hamiltonian is maximized at each point in time we have:

0H
;= (@a—gne™® —1=10= 2= (a—gne™® = L= pe™™

~p=Aet ... (23)

Condition (23) must be satisfied at each moment in time and is identical to the
optimal rate of extraction for the individual mine in (14), with the exception
that x now refers to the industry demand for the mineral supplied by all the
mines. Unlike the individual mine problem, however, we cannot treat the price
of the mineral as given because it is determined by the amount extracted by all
the mines. To understand how the price of the mineral must change to
maximize (19), we can examine a number of possible price paths. Suppose the
industry price path is:

p=2eVp0) .....o.eininn (24)
Consider the three situations:

1. Y < §ie e ’tp(0) <Ael®. Thisimplies that the growth rate of the
resource price is rising at a rate less than the discount rate. It will be
possible to increase the present value of the consumer surplus by
increasing the extraction rate of the industry since extracting more today
gives greater return than leaving the marginal unit in the ground.

2. Y > 6 i.e p(0)>2Ae’. This implies that the growth rate of the resource
price is rising at a rate more than the discount rate. It will be possible to
increase the present value of the consumer surplus by decreasing the
industry level of extraction because extracting marginally less of mineral
would generate a greater return.

3. Y =41e e ¥Pp0) = Ae’. This implies that the growth rate of
resource price is rising at the same rate as the discount rate. This will
ensure the maximization of the present value of consumer surplus. All
the mine owners are indifferent between extracting today and that in the

future period.
Hence,% =—ye 7t p(0)
dp , _—ye''p@
or —/p= el § (say)
1 d_p =
e —- /Ip=8 ... (25)

To determine the industry rate of extraction at each point of time we can
substitute (24) i.e., p = e Y!p(0) into the demand equation (18) p = a — gx =
e’ p(0) = a—gx> x={a— e p(0)}/ g. Industry rate of
extraction at the optimal path (y = §) is:

x={a— e p0)}/g ............ (26)
Since the extraction is costless, the mineral reserve will be totally extracted by
the terminal time T= fOT xdt=by ............ (27).

Given the Hotelling rule:dem = 6 and differentiating the inverse demand

function w.r.t. t :

d_p:_ d—x = — d—x
= =-g_e. pd g ;o1
dx
E— -p 5/g ................ (28)
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To derive the optimal extraction path for x we have to solve for the initial and
terminal conditions given by initial price p(0) and terminal time T. Substituting
equation (26) into (27) :

Ta-e % po) , Ta p) (T _s _
fO—g dt_bO:fOEdt_Tfoe tdt= b,

a1 PO enT_ A1 POTST _ = p oo
= ST-S2[e%i=by = “T-==[e’ —1] = b, (29)

We know that the price of the mineral at the terminal time is equal to the choke
price i.e.e®tp(0)=q ........ (30).

Thus, equation (29) and (30) can be solved for 2 unknowns p(0)and T for
specific values of 6, b,, a, g.

Sensitivity analysis shows a rise in initial reserves (b,), increases T, but
decreases p(0). While a rise in the discount rate & lowers both T and
p(0),under a perfectly competitive situation with price taker firms, perfect
information about p(0), p = e~"* p(0), and mineral reserves, and absence of
externality (in both production and consumption), the Hotelling rule suggests
that the rate of extraction will raise the mineral price.

10.4.2.3 Monopoly Mine and the Rate of Extraction

Observation on mining industry indicates that market structure is mostly non-
competitive. For many minerals like bauxite, nickel, iron, manganese, copper,
molybdenum, etc. the industry is captured by small number of large mine
owners that are either state owned enterprises or large MNCs. So we need to
understand the effect of market structure on the rate of extraction. In the case of
monopoly mine owner, the rate of extraction affects the resource price it
receives for the mineral it sells. Thus, the problem of the Monopolist is:

Max V = [ th ) e %t xp(x)dt , subject to the conditions:
() L=xand (i) b, 2 J_,xdt.
Present value Hamiltonian for the monopolist’s problem is:
H=xPx)e T+ AM(=x)=0..ccovvrrrrrnn.. (30)

The optimal rate of extraction for a monopolist must ensure that the present
value of the rent in the Hamiltonian is maximized at each point in time i.e.

0H d d
—=[P(x)+—px]e‘5t— A=0 > A= [P(x)+—px]e‘5t
0x dx dx

where, [P(x) + Z_Z x] is the marginal revenue (MR)of the monopolist.
Thus, A = MR e % or MR = Ae*%t,

dMR dMR A Setdt
Therefore, —= =Ade*dt > — /MR="—5 =6
The result is similar to that of the competitive mine except that the growth rate
of the marginal revenue of the monopolist must rise at the rate of discount, if
the present value of the return from extraction are to be maximized. In the case
of the monopolist, he practices inter-temporal price discrimination to ensure
that the present value of his marginal revenue is the same at each point of time.
By contrast, the competitive industry in equilibrium ensures that the present
value of its resource price is the same at any point of time. The effect of the
market structure on the rate of extraction depends on the industry demand for
the mineral. For a standard inverse demand function: p = a — gx, price



elasticity of demand varies with the rate of extraction. It pays the monopolist to
set the extraction profile so as to maximize the MR he receives. Hence, there is
a tendency to lengthen the extraction profile and reduce the initial rate of
extraction at t = 0 (as compared with the competitive industry).

We  know  that MR = p[l-ﬁ], where  Ed =
Z—Zg is the Price Elasticity of demand. Since the monopolist will never

operate at the inelastic part of the Ed (1Ed1<1) = ﬁ >1 = MR

0. This implies that a marginal increase in the rate of extraction will reduce
total revenue. Thus, for a linear demand where the absolute value of the price
elasticity of demand varies from 0 when p = 0 to co when p = a, the monopolist
can increase the present value of the rents, by establishing a different extraction
profile to the competitive industry. In particular, the monopolist will supply
relatively less on the least elastic portion of the demand curve and supply
relatively more on the more elastic part of the demand (thus receiving a higher
price) in comparison to a competitive industry (Figure 10.4: p-23). Thus, in the
face of more elastic demand, the monopolist stretches out the extraction
profile by supplying a very small amount of mineral over a larger period of
time when the demand is more elastic. As a result, for the same linear inverse
demand function and initial reserves, a monopolist will exhaust the mine at a
later date than a competitive industry. However, extraction profile of the
competitive industry and monopoly will not always be different as it depends
critically on industry inverse demand. If the industry demand is iso-elastic
like an inverse demand (i.e. p= ax~9), the price elasticity being the same, the
extraction profile of the monopolist and competitive industry will be identical
for whatever the price.  Thus, the monopolist is unable to practice price
discrimination by changing the rate of extraction.

Rate of extraction of mineral

N\
x(0), > Extraction path of competitive industry

x(0)m

Extraction path of monopolist

/

v

T, T, Time (Years)
Figure 10.4: Optimal Extraction Path of Competitive Industry

Note: x(0). and x(0),, are initial rate of extraction of a competitive and a
monopolist industry. T.and T, are terminal point and the shut down point of the
competitive industry and a monopoly.
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10.4.2.4 Extraction with Constant Marginal Cost

In reality, the total cost of extraction will increase with the rate of extraction
(i.e. increasing the marginal costs of extraction). As a result, for a given level
of extraction, not only the cost of extraction will be higher, there will be a
depletion effect reducing the stock of remaining reserves. One factor which
can offset this effect is technical change that could reduce the costs of
production in the future for a given level of extraction and remaining reserves.
Together, these factors have important implications for the optimal extraction
of non-renewable resources. In the earlier instances considered above, we have
seen that the present value of the shadow price equals the price of the mineral
as positive marginal extraction costs place a wedge between the two prices. In
the present case, the shadow price (more precisely the current value of the
shadow price or A e~%%) is called the net price or rent or marginal user cost. It
represents the marginal value of the mineral in situ i.e. in the ground.

In the current instance, we assume that the marginal cost of extraction is
constant (say c), so that the stock effect is zero, and that there is no
technological change. Hence, the maximization problem for a competitive mine
will be:

MaxV = [_ e (P(x)—cx)dt,........... (31)
. db _
subject to - =-X . 31
T
8 > i .. B (32)

The present value Hamiltonian (H) for this problem is:
H= e%(p—c)x+A(X) - (33),

A being the present value of the shadow price of the resource stock. If the firm
1s maximizing the present value of its rent over time, then at any instant of time
it must have:

g—:ze‘&(p—c) —A=0o0r
A= —0c)e ™0 ........ (34)
Multiplying both sides of the equations of (34) by e?¢:
Alt=(p—-c)=q .............. (35)

Where q is the net price of the resource. For the firm to be indifferent between
extracting the mineral now versus the future, equation (35) implies that the
growth rate in the net price must increase at the discount rate i.e.:

d
CD/A=8 oo, (36)

Equation (36) is equivalent to the Hotelling rule we previously found in
equation (15) (in 10.4.2.1) except that the growth rate of net price equals the
discount rate. Indeed, in this special case, where the marginal costs of
extraction is unaffected by either the rate of extraction or the remaining
reserves or technological progress, the growth rate in the resource price will
also be equal to the discount rate. This is illustrated in the Figure 10.5 for an
inverse linear demand as can also be seen from (35) where by differentiating
w.r.t. time (t) we have:

d d dc . dc
Ly 2 with =0
dt dt dt dt



Price 1
____Choke price
p(0)
q(0)
T Time

Figure 10.5: Resource and Net Price Path with Linear Inverse Demand

With the initial and net resource prices defined as q(0) and p(0) and the
terminal time T as A, the resource price equals the choke price and the net
price equals the choke price less the constant marginal cost of extraction ‘c’.
Assuming that all markets are competitive, all mines have the same private rate
of discount (equal to the social rate of discount) and all mine owners have
perfect information about current and future prices and reserves. Then, (36) is
an equilibrium condition. In other words, the growth rate of the net price equals
the discount rate ensuring that supply of the minerals exactly equals the
demand for the mineral at all points in time. The assumption critical to this
result is therefore that the mine owners have perfect information regarding
reserves and future prices. However, in reality there is a whole lot of
uncertainty with future markets, long term mineral supply contracts and prices.
Thus, the expectation about the future prices has an important effect on current
and future supply of non-renewable resources. If extraction is costly, it is
possible that the reserve is still not exhausted by the time T. Equation (36) can
then be rewritten as:

dq __
== Q0o ... (37)

The LHS represents the instantaneous return from leaving a marginal amount
of the mineral in the ground — which is the increase in the net price of the
resource. The RHS represents the instantaneous return from extracting a
marginal amount of the mineral, the return put in a bank earning an interest
equal to the rate of discount. Thus, if the LHS (the instantaneous return from
investing in the resource) equals the RHS (the instantaneous return from
disinvesting or extracting the resource), the firm’s extraction rate maximizes
the present value of rents from the mine.

10.4.2.5 Extraction (with Stock Effect)

If the cost of extraction rise with a decline in the remaining stock of reserves,
the stock effect represents an additional return from investing (or not
extracting) a marginal amount of the resource. The extra return represents the
cost of savings from having a larger amount of the resource in the future,
resulting in a lower marginal extraction cost. Thus, if we have to write the total
cost of extraction as c(x, b) then the marginal cost (MC) of extraction would
be dc(x,b)

5 Of equivalently written as ¢, (x, b). Further, given that extraction cost

Demand for Natural
and Environmental
Resources

23



Economics of
Environment

24

is increasing with the decline in the remaining stock of reserves we have

acgjc'b) < 0 orc,(x,b) < 0. This represents the stock effect or the additional

return (due to lower extraction costs in the future) from not extracting a
marginal unit of the resource. It can be shown that, if the stock effect for a firm
were to be indifferent from extracting (or not extracting) a marginal amount of
the resource, the following condition must hold:

6_q+6c:(x,b) _
ot ob

Equation (38) is called the modified Hotelling Rule. In the presence of stock
effect, it is possible to have the mine shut down before all the remaining
reserves are exhausted. To understand this, note that as the reserves of stock b
approaches 0, the marginal cost of extraction may become so high that the net
price q also approaches 0. When the net price is zero, it is no longer profitable
to extract the resource. This is the so called shut down point. Thus, whether or
not the mine shuts down depends on the characteristics of the cost function
c(x, b). If the mine does shut down with incomplete extraction, the net price
must be decreasing over time. Moreover, the rate of extraction is also declining
over time until the shut down point. To show this, we can use two necessary
conditions that must be satisfied along the optimal extraction path: the
performance test at the terminal time and the partial derivative of the current
value Hamiltonian with respect to the rate of extraction set equal to zero. That
is:

(px —c(x,b)) + q(=x) =0 @t T ... e .c. (39)

(p— ce(x,b))=q, YVt ..o (40)

At the shutdown point q = 0 (and b > 0), from (39) we have p = c(x, b)/x.
This implies that the average cost (AC) of extraction equals the resource price.
From (40), at q = 0, we havep = c¢,(x,b). This means the marginal cost of
production equals the resource price. Thus (39) and (40) taken together imply
that AC = MC. Prior to the shut down point, however, (px — c(x, b)) +
q(—x) > 0, so that AC is not at its minimum point and therefore MC > AC.
For well behaved cost functions with monotonically increasing marginal costs,
this implies that the rate of extraction is higher when recovery of the mines
begins, and as q declines, MC converges to AC, thus implying the rate of
extraction declines.

10.4.2.6 Extraction with Stock Effect and Technical Change

Here we examine what may happen to the net price and the resource price if
there is both technological progress (that tends to reduce costs over time) and
an offsetting stock effect. In this case, we assume the extraction cost
function:c(x, b, t), where C(x,b,t) >0, ) (x,b,t) >0, Cpp(x, b, t) <
0, and c,;(x,b,t) < 0.The associated present value Hamiltonian for a
competitive firm with such a cost function will be:

H = e‘&(Px —c(x, b, t)) +A(-X).
A necessary condition for the firm to maximize the present value of the rent
from extraction is therefore:

0H

Py e 5 (p —c(x,b,t)) —A=0= (p — c,(x,b, 1)) = q (= Ae*%?)
............. (41)



where ¢, (x,b,t) = MC. Differentiating (41) w. r. t. time we get,

dp _ dq , amc
dt ~ dt dt

where, d;”—tc = Cye(x, b, t) -t Cxp (X, b, t) + Cyt (X, b, t)

Rewriting (38), the modified Hotelling Rule, which must also hold true along
the optimal extraction path in terms of% and substituting into (42) we obtain:

‘Z’ 5q—cb(xbt)+dM—tC +cb(xbt)—dM—C 8G oo

dt
(43)

Equation (43) 1s a portfolio balance equation called the fundamental equation
of non-renewable resources. The LHS of (43) is the instantaneous return from
investing in the resource or not extracting a marginal amount of the resource. It
consists of any rise in the resource price, lower marginal costs of extraction in
the future from having marginally greater remaining reserves and lower
marginal costs in the future associated with technological progress. The RHS is
the instantaneous return from extracting a marginal amount of the resource and
putting it in a bank to receive a rate of return equal to the discount rate.

Depending on the relative magnitude of ¢, (x, b, t)and d;w—tc, the resource and the

net price may be rising or falling over time. Thus, depending on the form of
technical change, the resource price, the extraction cost and the user cost may
move in different direction.

10.4.2.7 Variable Quality of Reserves

So far we have assumed that all the mines have same quality of ore. However
in reality, the quality of mines differ across and over time for any given mine.
Moreover, in many cases the quality or the grade of the ore extracted at any
point in time is partly determined by the mine owner. Thus, when choosing an
optimal extraction path the mine owner faces two decisions: (i) the rate of
extraction (how much of the resources to be removed); and (ii) the quality of
the ore to be extracted.

We would expect the highest-grade ore with the highest user costs to be
extracted first and the more marginal deposit be extracted later, if the present
value of the resource price is rising over time. This is because the rising
resource price will eventually make the marginal deposit profitable to extract
(as compared to the preceding period) — an insight first made by David Ricardo
around two hundred years ago. Indeed, as we expect, the trend for most of the
mineral is for the quality of ore to decline over time.

Check Your Progress 2 (answer the question in about 100 words within the
space given)

1.  State the transversality conditions for the ‘performance test’ and the
‘asset test’ in the case of a individual competitive mine. When are these
conditions satisfied and what are its implication to the miner?
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2. What is ‘choke price’? To what factor, does the existence of choke price
may be explained?

3. State the equilibrium condition for the c