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8.0 OBJECTIVECS 
~ f t &  going through this unit, you will be able to: 

understand the basic cancepts used in life insurance; 

appreciate the underlying principles of premium; and 

analyse the cost and benefit estimation in life insurance with the 
probabilistic approach. 

8.1 INTRODUCT310N 
Life insurance operates on the basis of probabilitic estimation of surrival and 
mortality of the insured: .Consequently the fixation of premiums and making 
provisions for meeting the costs of contract benefits (claims) have to be 
decided taking into account the their probability distributions. The following 
discussion introduces the basic concepts of life insurance and highlights the 
tools used for insurance operations. 



Actuarial Modelling I 8.2 HOW LIFE INSURANCE WORKS 
Life insurance is a form insurance that envisages three parties, viz., the insurer, 
the insured, and the owner of the policy (policyholder). Although the owner 
and the insured are often the same person at times such a view does not hold 
good. For example, if Rita buys a policy on her own life, she is both the owner 
and the insured. But if Adam, her husband, buys a policy for her, he is the 
owner and she is the insured. 

In an insurance transaction there is always a beneficiary. The beneficiary is the 
person who receives the policy proceeds upon the death of the insured. The 
face amount of the policy is normally the amount paid when the policy 
matures, i.e., when the insured dies or reaches a specified age. 

It is important to note that the ;insurer (the life insurance company) calculates 
the policy prices with an intentito recover claims to be paid and administrative 
costs, and to make a profit. To' operate the business, it receives the premiums 
from the policy owner and inv~sts such receipts to create a pool of resources 
from which to pay claims, and to finance the insurance company's operations. 

8.3 TYPES OF LIFE INSURANCE 
Life insurance may be divihed into two basic classes - temporary and 
permanent. I 

Temporary: In case of temporary insurance, there is definite time period 
which is mentioned when the contract is signed. In the case of annual 
renewable term (ART), however, this iractice is not followed as the coverage 
is provided for one year. 

Term: Term life insurance provides for life insurance coverage for a specified 
term of years for a specified premium. The policy does not accumulate cash 
value. In this policy the premium buys protection only in the event of death. 

Permanent: Permanent life insurance remains in force until'the policy matures 
(pays out), and when the owner fails to pay the premium on time the policy 
expires.The owner can access the money in the cash value by withdrawing 
money, borrowing the cash value, or surrendering the policy and receiving the 
surrender value. 

There are three basic types of permanent insurance, viz., whole life, universal 
life, and endowment. 

Whole life insurance provides for a level of premium, and a cash value 
table included in the policy guaranteed by the company. It's features 
include guaranteed death benefits, guaranteed cash values, fixed and 
known annual premiums. Mortality and expense charges do not reduce the 
cash value shown in the policy. 

Universal life insurance is intended to provide permanent insurance 
- coverage with greater t'iexibility in premium .payment and the potential for 

a higher internal rate of return. 

Endowments life insurance policies have provision for the cash value 
build up inside the policy that equals the death benefit (face amount) at a 
certain age. The age at which it commences is called the endowment age. 



In terms of annual premiums endowments are more expensive than either 
whole life or universal life. 

Accidental death 

Accidental death is a limited life insurance. It is designed to cover the insured 
when death occurred due to an accident. In the contract accidents means an 
injury, but not deaths due to health problems or suicide. Because such policies 
cover accidents only, these are less expensive than other life insurances. 

Related Life Insurance Products 

Riders are modifications to the insurance policy added at the time of signing 
the contaract. Such provisions change the basic policy to include some feature 
desired by the policy owner. A common rider is accidental death, which used 
to be commonly referred to as "double indemnity". It pays twice the amount of 
face value or the policy if death results from accidental causes. 

Joint life insurance is either a term or permanent policy that insures two or 
more lives with the proceeds payable on the first death. ..- 
Survivorship life is a whole life policy which insures two lives with the 
proceeds payable on the second (later) death. 

I Single premium whole life is a policy with only one premium that is payable 
at the time the policy is issued. 

Modified whole life is .a policy that charges smaller premiums for a specified 
period of time after which the premiums increase for the remainder of the 
policy. 

Group life insurance is term insurahce that covers a group of people, usually 
employees of an organisation or members of a union or association. Individual 
proof of insurability is not normally a consideration in the underwriting. 
Instead the underwriter takes into account the size and turnover of the group. 
An important feature of Group life insurance is the provision that a member 
exiting the group has the right to buy individual insurance coverage. 

il Prepaid insurance policies are like that of whole life policies. However, these 

I are available at any age and are usually offered to older applicants. This is 
intended in a major way to to cover funeral expenses when the insured person 
dies. 

i 

8.4 PREMIUM PRINCIPLES 

Life insurance 

Rule through which an insurance risk is assigned a premi;m is called premium 
principle. In case of life insurance we focus on tile premium that accounts for 
the monetary payout by the insurer for insurable losses plus fair risk loading. 
Note that the main idea behind the pricing of life insurance is the concept of 
net single premium. It gives the actuarial present value at the time of issuing 
insurance contract keeping in view the product's total fbture costs of benefit. 
Actuaries, on the basis of a list of desirable properties, put forth three methods 
to develop these principles. 



Actuarial Modelling I 8.4.1 Properties of Premium Principles 
(Adopted from the Encyclopedia of Actuarial Science, John 'wile & 
Sons Ltd, 2004) 

Notations: Let Xdenote the set of nonnegative random variables on the 
space (Q F, P) ; this space gives the collection of insurance-loss 

random variable-also called insurance risks. Let X, Y, Z etc. denote elements 
of X . Let H denote the premium principle, or function, from X to the set of 
(extended) nonnegative real numbers. 

- I) Independence: H[X]  depends only on the (de)c&nula\ive distribution 

function of X , namely, S, such that S ,  (t) = P (w E !2 : X(w) > t )  . That 

is, the premium of X depends only on the tail probabilitiesrof X . 

According to this property, the premium depends only on the monetary loss 
of the insurable event. 

2) Risk loading: H [x] 2 EX for all X E ,y. 

Loading for risk is desirable because there has to a rule to charge at least 
the expected payout of the risk X , namely, EX, in exchange for insuring 
the risk. Otherwise, the insurer will lose money on average. 

3) No unjustified risk loading: If a risk E ,y is identically equal to a 

constant c 2 0 (almost everywhere), then H [XI = c. 

4) Maximal loss (or no rip-om: H [x] I sup [x] for all X E ,y 

5) Transaction equivariance: (or transaction invariance): 
H [ X + a ] = H [ ~ ] + a f o r a l l  X ~ ~ a n d a l l  a 2 0 .  

If we increase a risk X by a fixed amount a ,  then Property 5 states that the 
premium for X + a  should be the premium for X increased by that fixed 
amount a .  

6) Scale equivariance (or scale invariance): 

H [ b ~ ]  = bH [H] for all and all X E ,y and all b 2 0. 

Properties 5 and 6 imply Property 3 as long as there exists risk Y such that 
H [Y] < a). See that, if X = c, then 

H [ x ] = H [ ~ ] = H [ o + ~ ] = H [ o ] + ~ = o + ~ .  Wehave H[O]=O because 

H [0] = H [OY] = OH [Y] = 0 .  Scale equivariance is also known as 

homogeneity of degree one. It means the premium for doubling a risk is 
twice the premium of the single risk. 

7) Additivity: H[x+Y]= H [ X ] + H [ Y ] ~ O ~ ~ I I  X Y E X  

8) Subadditivi~: H [X + Y] 2 H [XI + H[Y] for all X, Y E ,y. 

9) Superadditivity:- H[X + Y] 2 H [x] + [Y] for all X, Y E ,y. 



10) Additivity for independent risks: H [X + Y] = H [x] + H [Y] for all 

X , Y E X  

11) Addiriviry for cornonotonic risks: H [X + Y] = H [XI + H [Y] for all 

X, Y E x such that X and Yare comonotonic. 

Next, we consider property of premium rules that require that they preserve 
common orderings of risks 

12) Monotonicity: If X (o) i Y (o) all o E R, then H [x] 5 H [Y] . 

13) Preservesofirst stochastic dolr;rzance (FSD) ordering: If S, (t) I S, for all 

t 2.0, then H [x] I H [Y] . 

14) Preserves stop-loss (SL) ordering: If E [X - d]+ 5 E [Y - d l  for all 

d t 0 , t h e n  H [ x ] ~  H[Y]. 

Finally, we present a technical property that is useful in characterizing 
certain premium principles. 

15) Continuity: Let X E X; then, lim H [max(x - a ,  0)] = H [XI, and 
a+O+ 

lim ~ [ m i n ( x , a ) ]  = H[x]. 
a+O+ 

8.4.2 Important Premium Principles 
Net Premium Principle: The net premium from the above is the special 

case H = E, i.e., H (x) = E(x). 

Expected Value Principle: Take H (x) = (1 + A) E (x) which suggests a 

safety loading proportional to E (x) . 

Variance Principle: '1f H (x) = E (x) + avar (x), then a safety 

loading is proportional to Var (x) . 

Standard Deviation Principle: I f  H (X) = E (x) + pd~ar  (x) then a safety 

loading is proportional to the standard 
deviation of X.. 

Percentile Principle: If H ( x ) = m i n ( ~ ~  P ( x > A ) ~ G ) ,  thenthe 

minimal premium is bound by the probability 
of given level loss. The level is not exceeded 
but the premium is not minimal in'this 
property. 

Exponential Principle: 

Life Insurance 
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Esscher pqemium Princi~le: 

E (XeZ ) 
H [XI = [ ) for some random 

~ ( e "  ) 
variable Z .  

00 

Pro~ortional Hazards Premium Principle: H (X) = IS, (t)Icdr 
0 

for some O< c < 1, H [x] solves the 

equation. 

Princi~le of Esuivalent Utilitv: u(w) = ~ [ u ( o  - x + H)] where u 

is an increasing concave utility 
wealth held by an insurer and w is her 
initial wealth. 

8.5 S U R W A L  DISTRIBUTIONS 
An insurwce policy covers two different types of risk. In some of insurances, 
such as life insurance, often the claim is made at the time specified by the 
.policy. In other types such as auto or casualty the claims vary in both the time 
and amount. 

Determination of the length of the future life of the insured is the central 
problem for a life insurance company. The future lifetime of a newborn is 
usually represented by a random variable X .  For simplicity, assume that the 
distribution function of X is absolutely continuous. The survival function of 
X: denoted by s(x) is defined by the formula, s (x) = P[x > x] = P[X r x] 

and we always assume that s (0) = 1 . 

The simplest way to model the survival function is to resort to DeMoivre Law. 
X 

It is a s s d  that s (x) = 1 - - for 0 < x < w where w is the limiting age by 
w 

which all have died and X has the uniform distribution on the interval (0, w) . 
Life insurance is usually issued on a person who has already attained a certain 
age x .  For notational convenience denote such a life aged x by (x), and 

denote the future lifetime of a life aged x by T(x). Note that T(x) is a 

random variable indexed by x , the age. Thus, T (x) represents the remaining 

life for an individual currently aged x .  The survijal function for (x) ' 

i s p [ ~ ( x )  > t] . , 

W; say, following the actuarial notation,, p, = P [T (x) > l] , i.e., the function 

(, P, )is the probability of surviving to I .  Now we have , q, = P[T (x) 2 t ] to 

represent probability of dying before t . When t = 1, the prefix is omitted to 
be written as P, and q, respectively. 



Conditional Probability of Survival 

If an individual is currently aged x  , then the probability of surviving to age n 
is defined by: 

Remaining Lifetime: An additional note 

The remaining lifetime random variable T, has a probability density function 
I 

(PDF) denoted and defined by: F , ( t )  = I fr ( s ) d s  when the random variable 
0 

)1 

f, ( t )  is continuous, or F, (n )  = Pr[T, = x,  1, if the random variable T, is 
14 

discrete. 

Here x ,  denotes the agzs at which people are "allo@d" to die. For example, 

x, = 70, x ,  = 85 and x, = 95. In this case, T, = (70, 85, 90) and the 
probability mass function (PMF) is used instead of the PDF. A possible 
example would be: 

Life Insurance 

The expected value of the remaining lifetime, which is a random variable (r.v.) 
would be: 

8 3 1 
E[T,]=-*lo+-*25+-'35 =15.833 years 

12 12 12 

Note also that: 

P~[T,  ~ 1 0 ] = 8 / 1 2  

P~[T, 525]=8/12+3/12= 11/12 . 

P~[T,, 535]=8/12+3/12+1/12=1 

For all positive real x  and t  , s  ( x )  - s  ( x  + t  ) gives a life which dies between 

ages x and x+  t ,  and 1 represent the fraction of those alive 

at age x who fail before x  + t :  An evident representation is 

s(x) = f ( t ) d t ,  where f ( t )  = -s ( t )  is called the failure density. Thus, we 

can as well have 
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Correspondingly, 

The density of T ( x )  is given by 

s  ( x  + 1 )  f, ( x  + t ) - - 
T X  ( )  = s ( x )  1 - F~ ( x )  

representing the rate of death of ( x )  at time t. We can define the moments of 
remaining life T (x) . Thus, 

This expectation is called complete expectation of life and denoted by e:. 

Using the same procedure, it can be shown that E [T (+)'I = 2 1 t ,px dt . 

Force of Mortality: We consider the quantity 

which intuitively gives instantaneous rate of death o f ( x )  arid at times used as 

hazard rate. Thus we can pose question like - . 

where the curve d ( s )  0 for all s  3 0, then we. can take d(s)  as the 

instantaneous rate of dcpth at age s. When s = 0, then (, p , )  + 1 ,  and if s 

+ m, then that (, p x )  + 0. Thus, ~ ( s ) d r  + a. Note that by putting u = s  

-5'A(.)dv 

- x, we can re-write equation ( , px ) = e = above as 

Integrating the curve d(s)  from a lower bound of x to an upper bound x  + t is 
mathematically equivalent to integrating the curve starting at d(x + s )  from a 
lower bound of 0 to an upper bound oft. 

From (, p , )  above when you take derivatives of.both sides you get 
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Therefore, fx  ( t )  = (1 - F, (t))A(x + t )  

Ordinary Differential Equation Presentation 

Putting in terms of Ordinary Differential Eqptition (ODE) for the function 
Fx ( t )  displayed above, we can represent the IFM as: 

In (9) above, Fx(t )+ l as t  + oo (everyone dies eventually) and therefore 

A(t) + oo as t  + oo, unless fx ( t )  + 0 in the numerator "faster". 

Further, the relationship implied by equation (9) leads to: 

which imb~ies f x ( t )  = (, px)A(x + t )  (9.2) 

On the basis of the above discussion mortality laws can be written' in two 
different ways: 

We start with a CDF Fx ( t )  = f t ( ,  p , )  and then take the.derii;ative to create 

the PDF f x ( t )  and using equation (9) we get instantaneous forced 

mortality (IFM) A(x) 

Alternatively, we start with the IFM and build the CDF F,(t)= 1- ( , p , )  

using equation (6) and then take derivatives to arrive at the PDF fx ( t ) .  

Que'stion: Using some. of Yhe qualitative features we would expect from the 
IFM curve, can we use any functional form for f,(t)and Fx( t )  or are there 
some natural restrictions on the remaining lifetime random variable? 

Example: The normal distribution we are all familiar with. In this case the 
CDF is: 

Exponential Law of mortality 

Assume that the (IFM) curve .satisfiesA(x + t )  = A ,  which is a constant across 
all ages and times. In such a case, let us "build" FX( t )  and f , ( t )  functions 
using (6). 

I+, 

We will have: ( ( 4 )  = e-jS A& =e-'I (1 1) 

The integral in the exponept collapses, i.e., it can be solved to produce a linear 
function At. In this case. the current age x does not really impact the 
probability of survival since all that matters is the magnitude of the IFM, A. 



Actuarial Modelling I 

. 
From the above discussion, let us look at following result>; 

The expected remaining lifetime (ERL) is: 

Gompertz-Makeham'Law of Mortality 

The Gompertz-Makeham (GM) law of mortality is derived using the IFM 1 
curve A(x) In GM's case, it is: * 1 

I 

Note that the instantaneous force of mortality is a constant R along with a I 

time-dependent txponential curve. This curve increases with age and goes to 
infinity as t + m. 

i 
i 

Relation between age and GM-IFM curve 1 
i 

When the individual is, x = m years old, GM-IFM curve is R(m) = R + l 1 b; 

(x, c m )  i.e., younger, GM-IFM curve is A(x) c R + 1 1 b ; (x > m) i.e., older, 
GM-IFM curve is R(x) > A+ 1 1  b. Thus, x = m is a special age point on the 
IFM curve. 

There is an alternative representation for the GM law: 

R(t)=h+he4',t  20. 

to see that these functional forms are equivalent, take h = R,h, = l l b  and 
h, = exp (-m 1 b)  1 b. Or move from the (A, m, b )  specification to the (h, h, , h, ) 
specification by the transformation b = 1 I h, and m = -In[h, 1411 h,. 

If we recall from equation (6), the conditional probability of survival under the 
GM@M curve is equal to: * 

! 
By taking derivatives of F,(t) with respect to t, the probability density 
function (PDF) of the remaining lifetime random variable can be derived, I 

which is f ,  (t) = F: (t). 

Using equation (9.1), we derive 



which is the (, px) of the Gompertz-Makeham law multiplied by the IFM 
curve. 

The Expected Remaining Lifetime (ERL) under the Gompertz-Makeham law 
of mortality is: 

br(- Ab, b(Ax - A)) - 
( ~ - x ) A + ~ ( R - R , )  , where, e 

T ( a ,  c )  = e-'t("-')dt . We get an incomplete Gamma function. 

Curtate Future Lifetime 

The curtate future lifetime of (x) ,  is denoted by K(x). It is defined by the 

relation K (x) = [T (x)] . Note that in this formulation [t] is the greatest integer 

function and K (x) is a discrete random variable with density 

The curtate lifetime, K (x), represents the number of complete future years 

lived (x) . 

Check Your Progress 1 

1) Define the terms: whole life insurance and endowment insurance. 

.................................................................................................................. 
List the important Premium Principles. 

.................................................................................................................. 
Write the survival function and 'explain its meaning. 

.................................................................................................................. 

.................................................................................................................. 

.................................................................................................................. 

Life Insurance 



Actuarial Modelling I 4) How do you differentiate between mortality and instantaneous force 
mortality ? 

5) What is the difference between exponential law and Gompertz law of 
mortality? 

8.6 LIFE TABLE 
I n  the following discussion we have adopted a substantial portion of the 
lecture note of J.R. Carey (1999) to discuss the life table and acknowledge 

.the work of the author. 

cWe will use the following terms and concepts while discussing to life table 
techniques. 

Cohort: The basic unit of the life table defined as a group of same-aged 
persons (birth cohort) who experience the same significant event in a 
particular time period (e.g. marriage of graduation cohort). 

Life expectancy: The average number of years remaining to a person of 
specified age 

Life span: The maximal number of years for a given species. 

Cross sectiopal survey: Data gathered from multiple groups over a short 
period of time. 

A life table is a detailed description of the age-specific mortality, survival and 
expectation of life a population. It helps answer questions such as: What is the 
life expectancy of the average newborn? How many years remains for the 
average 75 year old woman in the country? Over what age groups do most 
death occur? What is the probability of dying in the next year given that you 
are aged 18 ? What is this probability at age 85 ? What fraction of all 2000 
newborn will live to age 85 ? What proportion will live from live from age 50 
to age 90 ? 

There are,two general forms of the life table. The first is the cohort life table, 
which includes the mortality experience of a particular cohort from the 
moment of birth through consecutive ages until none remains in the original 
cohort. The second basic form is the current life table, which is cross-sectional. 
This table assumes a hypothetical cohort subject throughout its lifetime to,dhe 



C - 
age-specific 'moitality rates prevailing tor the actual population over a 
:p,ecified period and iS used to construct a synthetic cohort. Both the forms of 
he life'table may be either single decrement or multiple decrements. The first 
f these lumps all forms of death into one and the second disaggtegates death 
jy cause. 

dote the following sample calculations that help use a life table. Remember 
hat these samples may not be obvious when you overlook the probability 

~heory. With your understanding of discrete probability theory it wiil be 
oossible to introduce some new ideas that become5 handy in understanding the 
table. We start with the following notations: 

4, 1 the probability that someone agqd exwtly x *ill die before 

(x + 1)" birthday - - 
7 

. Px : the probability of surviving from age x to age- (̂ k + 1) and 

P, = I  -9, 

Ix  : number of people who survive to age x . Note that this is based 

on starting point of I ,  lives, typically, 100,000. Thus, 

dx  : nunlhcr of' people \vho die aged x 

P :  I x rllc prohab~l i t?  that xomconc aged exactly x will.survive for t 

morc years, 1.c.. live up to at least age x + r years, i.e., 

-. - - . ., . -- - -- - - 

Life Table Functions , - .- - , 
I 

The life tabfe is organised in seven columns starting with an age x cqkunn 
from 0 through the age of the oldest person ever to live around 120 year., 

Table 1:Hypothetical ~ & e  table showing the main Function3 

- 
Life Insurance 

/ 

Expectation 
of life at age 

Mortality 
in interval 

Survival 
from x.to 

Age x ' Death in 
interval x 

+ 
Living at 
age x 

Cohort 
survival to 



Actuarial Modelling 1 1,. = Proportion of all newborn surviving to age X 

" I P, = Pnoportion of individuals alive at age X that survive LO* + 1 

I q ,  = Proportion of individuals alive at age X that die prior to x + 1 

dx = Proportion of all newborn that die in the interval x to x + 1 

ex = Expected lifetime remaining to the average individual age X 

Column 1. The first coiumn of a life table contains all age classes der~ol~rl 
X and ranges from 0 (newborn) through oldest possible age, w 

Column 2. This column gives the number of the original cohort alive X and is 
denoted N, . The initial number is typically 100,000 'and is known as the life 
table radix. 

Column 3. This column contains cohort survival, 1, , defined as the fraction of 
the original cohort surviving to age X . Tlie general formula is given as 

N  r I , = - .  
No 

No 100000 
For example: lo = - = = I .  

No 100000 

and 

d Column 4. The parameter defined in this column is known as period survival, 
P,. , defined as the fraction of individuals alive at age X that survive to age 

* X + 1. The general formula is given as 

For example, the period of survival rates for ages X = 0 and X = 3  from 
Table 1 are 

1 0.90 P o = ~ = - -  - 0.90 and 
1, 1.00 

Thus, the probability of surviving from age 0 to 1 is 0.90 and from age 3 to 
4 is 0.25. 

- Column 5.  This column contains the compliment of period survival. and is 
known as period mortality,*,qx ,,,defined as the fraction of individuals alive at 
age X that die prior to age y + 1 : The general formula is 

'r+l  q, =I--  or, q ,  = l - p X  
l x  * 

A For example, the period of mo&lity rates for ages x = 0 and x = 3  (see 
. ~ a b l e l )  

18. ' I 



q, =I-p ,  =l.00-0.90=0.l0 and Life Insurance 

Thus, the fraction of individuals that are alive at age 0 but die prior to age I is 
0. I0 and fractions that are alive at age 3 but die prior to age 4 is 0.75 

Column 6 .  The parameter contained in this column is the fraction of the 
original cohort that dies in the interval x  to x +  1 and is denoted d,. It is the 
frequency distribution of deaths a d  is given by the formula 

dx = lx -Ix+, 

For example, the value of d, for ages x  = 0 and x  = 3 from Table 1 are 

do =lo-/,  =1.00-0.90 =0.10 and 

i Thus, the fraction of the original cohort that dies in the interval 0 to 1 is 

1 0. 10 and the fraction that dies in the interval 3 to 4 is 0.30 . 
Column 7. This column contains the parameter expectation of life, ex, which 
is defined as, the average number of years (days, weeks) remaifiing to 
individual age X . 

i 
i The general Formula is given by 
I 

1 lx+, + + lx+3 + ......+ I,,, e =-+ 
I 

5 
il For example, the value of dx for ages x  = 0 and x  = 3 from Table 1 are 

Thus the expectation of life at birth, e,, is 2.4 and at age 3 ,  e, , is 0.75 

Current Life Table 

A current life table is based on the concept of a synthetic cohort in which the 
probabilities of dying from one age class to the next are based on the death 
rates of each of the 1 15 + cohorts living at any one time. The idea is based on 
the notion that the probability of surviving to say, age 5 ,  is the probability (or 
fraction) of newborn individual living to age 1 times the probability of age 1 
individuals living to age 2 times the probability of age 2 individuals living to 
age 3and so forth. Thus, the general form for reconstructing a survival curve 
and, in turn, all other life table parameters form period survival (or period 
mortality) data is 

For example, suppose b e  wish to construct a survival curve from the death 
rates prevailing from 1990 to 1991 as in Table 2 .  The probability of an 
individual age 0 in 1990 surviving to age 1 in 1991 is 
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Table 2. Number ofgersons in hypothetiqal census by age class and year. 

Year 

1990 

Thus, a synthetic survival schedule can be constructed by multiplying 
progressively as 

1991 , . -- - 
I 

, Both the cohort life table and the current life table are based on assumptions 
that are violated in reality. The cohort life table is bas'ed on the mortality 
experience of the same group of individuals from birth through the age when 
last individual dies. Thus if we were to use only cohort life tables to 
charactarise longevity in a country then only life tables available would be for 

, cohorts in which all individuals have died, the earliest 'of which would be 
individuals born around 1880. First, there is the.problem of obtaining'.accurate 
records of mortality rates over a century ago and second, there is the problem 
that mortality rates in 1880 were much higher at all age classes than are current 
mortality rates. Third, the centenarians of today through much m&e difficult 
times than will future centenarians. Thus, their mortality rates may be much 
higher than will be the future centenarians. But the current life also ha? 
problems (though many fewer). First, the current life table is cross sectional. 
Thus, every cohort wit1 have a different history. And it is well known +bat 

0 

i I 0,000 

Similarly for the probabilities for ipdi-viduals. surviving from age I' to 2 and . 
age 2 to 3 

92,000 - 

1 

I 2 1,000 

2 

I lo,ooo - 

Nx 1 
1 

100,000 

83,640 

69,120 

1 

3 

-- 

100,000 

-- 
3 -- 0.6347 63,470 

\ - 
1 

, Note that in the above, out of 100,000 individual's age 0, 83640 will survive to 
: age 1. This is b a s q o n  the 1990 to 1991 probability of survival from 0 to 1 

years. Out of these 83,640 individuals alive at age 1, 0.8264 of these or 69, 120 
will survive to age 2:Out of these 69, 120 individuals alive at age 2, 0.91 82 or 
63, 470 will survive to age 3: In other words, the fractions that survive to age 
x equal the product of the fractions (or probabilities) that survive through each 
of the previous age classes. 

10 1,000 

1,. 
-- 

1 .OOOO 

0.8364 

0.69 12 

f'k 

0 

1 

2 

0.8364 

0.8264 

0.9 182 



experiences at younger ages have an impact on mortality rates at older ages 
Take for example two cohorts aged 10 and 50. Sbppose the cohort age50 was 
severely malnourished. When they were aged 10 years assumes that wheri the 

* 10-year-old cohort attabs age 50, they will experience the same mortality rate 
as the 50-year old cohort does this year. Clearly, they have different 
experiences that will have a major bearing on thqir mortality rates at blder 
ages. .- - 

Table 1: Life table for birth for cohort subjected to mortality rates of 1990 U.S flmales 

Year Age Number Survival Survival Mortality Fractian Number Expectation 
Remaining to age From x From x Dying ~ y l n ~  x of life ex 
alive x t o x + l  t o x + l  X t O  t o x + l  

1, - .px . 4,u x + l  D, 
4,. 

, 1970 0 3731000 1.0000 ,%914 .0086 ' '.0086 31975 . 79.9 

1 1971 1 1 1 3699025 1 .9914 1 199%' 1 .0007 1 .0007 1 2537 1 7915 ' 1 
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Actuarial Modelling I 

Source: HDE Lecture Note by J.R.Carey (1999) 
, ,' . *. 

c, 

8 . 7  VALUING CONTINGENT PAYMENTS 
1.n insursltrce the actuarial present value is a result of formulating money to be 

.paid as well as time of such payment as random variables. If the6'random 
+ amount of money is denoted by A  and the random time of payment by T ,  then 

the present value is Av' and its expected value, i.e., E ( A V ' )  is the value 

today of the random future payment. 
, * 

In life insurance, the amount that is paid at the time of death is usually fixed by 
the'policy and is non-random. If the force of interest is constant and known to 
be equat ICJ.~, we simply write T = T (X) . The actuarial present value of an 
i n s u r ~ n c ~ o l i c y  when A  = I at the time of death is given by E [vT] according 
to the contipgent payment defined above. Viewed differently, the actuarial 

I present value of the benefit is equivalent to single premium payment that $an 
- - insurance company with no operating expenses and no desire for profit would 

charge today. For this reason the actuarial present value of a benefit is called 
the net single premium. Thus, the net single premium is the idealised amount 
you would like to pay as a lump sum (single premium) at the time of taking the 
policy. This will exactly compensate for the ayerage of the future payments, 
which the insurer will have to make. 

Thus, if the valuation rate of insurance is r = 5% and the insured person dies 
at time T = 10 years, then the discounted value df the death benefit at,time-. 

- (OOS)lO - zero is: .s - $0.606 P e d a r  of face value. dn other words, an initial _ m& of 0.606 dollars invested ,at a rate of r =5% would be enough to pay 
'the death benefit to the beneficiary. If, on the other hand, the insured person 
dies at time T = 20 years, then the discounted value of the deatb benefit is - ,  
e-(O 0')2" = $0.'368 per dollar-of the fa& value, which is much lower. In this 

- 

case, an initial premium of 0.368&ollars is sufficient. 

Taking the remaining lifetimk as a random variable T,, the stochastic 

discounted - va&e (SDV) of a $1 death-.benefit at a valuation rate T is: 
i A - 

A =-e;'T, - 
X . , 



The standard notation for the associated net single premium is given below. 
We present these following Veeh (2001) and will see more of these notations 
subsequently. In most cases it is assumed that the benefit a_mount is $1, and is 
paid at the time of death. Note that a fixed constant force of interest is assuved 
and v= l / ( l+ i )=e - " .  

Insurances Payable at the Time of Death (see Veeh 2001) 

TY pe Net Single Premium 

n-year pure endowment A 2, =. Ex = E [vn (T)] 
x 3 

n-year term 

whole life 

n-year endowment , = E[v7""] 

m-year deferred n-ye& term minax = '['I l(nt,n+rn) (T)] 

whole life increasing mthly (12)') = E [vT [Tm + I] l m] 

n-year term increasing annually (12)' x n = E[V' [T+ 111~0,~) (T)] 

n-year term decreasing annually (D') x 1 n = E [ v ~  (' - 1'1) 1 ~ 0 : ~ )  (T)] 

In the table above, the bar indicates that an insurance paid at the time of death, 
whereas the subscripts denote the status whose death causes the insurance to be 
paid. These insurances are now reviewed on a case-by-case basis (see Unit 12 
for more notations). 

( i )  n-year Pure Endowment Insurance: It pays the full benefit amount at 
the end of the nth year if the insured survives at least n-years. The 
notation for the net single premium for a benefit amount of 1 is 1, . As 

r;;l 

the payment of benefit is to be made at time n, we can write 

Ex = E [vn l(,,,-, (T (x))] = vn P [T (x) 2 n] = v:pn 

Pure Endowment: In this case, the net single premium happens to be the 
actuarial present value of a lump sum p'ayment made at a future date. 
Thus, you pay one unit at the end of the year of death if death occurs 
wi$in n years. Otherwise pay one unit after n years. 

* 
(ii) n-year Term Insurance: Under this type of contract the net single 

I premium with a benefit of 1 is payable at the time of death for an insured 
(x) and is denoted 2, . So, you pay one unit at the end of the year if 

2.4 

death occurs within n years and pay nothing if the life survives n years. 

(iii) Whole Life Insurance: In this form full benefit is paid at time (K+l) 
after the insured dies. The whole life benefit can be obtained by taking 

Life Insurance 



Actuarial Modelling I the limit as n -+ oo in the n -year term insurance setting. The notation for 
the net single premium for a benefit of 1 is . The random discounted 

value at time 0 is e -b(K+I) and its expected value is E [e-b(K")] which 

happens to be the fair premium. 

Example: (due to Veeh, 2001.) Suppose 'r (x) follows an exponential 
distribution with mean 50. The force of interest is 5%. The net single 
premium for a whole life policy for (x) would be 

6 [ ~ O O O V  (r)] = 11000 e4.O" (&)e - '~~~dt  = 285.71 

if the benefit of $1000 is payable at the moment of death. 

(iv) n-year Endowment Insurance: It has the provision of paying the full 
benefit at the time of death of the insured if this occurs before time n and 
for the payment of the full benefit at time n otherwise. For example, the 
net single premium for a 5 year pure endowment policy for (x)=(30) 
wh& interest rate = 5% is V55p,0 = 0.74091. 

The insurances discussed above carry a fixed constant benefit. However, 
increasing whole life insurance has a provision of benefit, which increases 
linearly in time. Similarly, increasing and decreasing n-year term insurance 
has the provision for linearly increasing (decreasing) benefit over the term of 
the insurance. 

Just as the cases of insurance payable at the time of death there are same types 
of policies available in which the benefit is paid at the end of the year of death. 
The definition and notation for these net single premiums will now be 
introduced. The only difference between these insurances and those already 
described is that these insurances depend on the distribution of the curtate life 
variable K = K (x) instead of T. For the notations used see the following table 
due to Veeh 2001. 

Insurances Payable at the Time of Death 

TY P% Net Single Premium 

n-year term 

whole life Ax = E [vK*'] 

n-year endowment A, = E [v("+')"] 
r J 

m-year deferred n-year term mln AX = ~[~~+'l(rn.n+rn) (K)] 

whole life increasing mthly ( I A ) ~  = E [vK" (K + I)] 

n-year term increasits . ae~ually (IA)~ x , n = E [vK*' (K + 1) I ~ , , ~ )  (K)] 

n-year term decremtng antil,i,lly (DA);.~ = E [vk*l (n - k)' (0, n)K] 



8.8 LIFE ANNUITIES 
Life Insurance 

A Life Anquity contract is an agreement to pay a scheduled paymept to the 
1 

policyholder. It needs to be paid at every interval - of a year while the 
m  

annuitant is alive up to a maximum number of nm payments (see Unit I I for 
more discussion). 

See that these are contingent annuities in which payments are made for a 
random, time interval. To appreciate the idea, suppose that in a life insurance 
policy, (x) pays a premium at the beginning of each year until the time of 
death. Thus, the premium payments represent a life annuity due for (x). Take a 
case in which the payment amount is 1. As the premiums are paid annually, the 
term of this life annuity depends on the curtate life of (x) and there will be 
K (x) + I payments. We can write the actuarial present value of the payments 

as 4 = E [G-] . Thus, 

Note that the above formulation gives the relationship between this life annuity 
due and the net single premium for a whole life policy. 

Let us consider the actuarial present value of a life annuity immediate. Here 
1 

the first payment is made at the - and the last payment at time n  in the case of 
m  

a finite term n  over which the annuitant survives. Thus, 

When a life annuity due in which payments are made m  times per year and 
each payment is l / m  the actuarial present value denoted by ii?). In such a 
case, there are ,T+1 payments. Therefore, 

I fwe take m/l-vi)=di"),  then ~ p ) + d " i i ? )  = I .  

An annuity is called a temporary life annuity, when pension benefits are in the 
form of a life annuity immediate. In this arrangement the insured exercises the 
option of receiving a higher benefit only for a fixed number of years or unit 
death occurs depending on whichever comes first. 

consider a situation of annuities payable continuously. Suppose that the rate of 
benefit payment is constant and is 1 per unit time. Then in a time interval 
(r ,d +dl ) ,  the amount paid is dt and its present value is e--"dt . Thus, the 



- 
Actuarial Modelling: I present value of the continuously paid annuity over a period of n years would 

be 

A life annuity payable continuously will have actuarial present value 

8.9 NET PREMIUMS 
Let us-cdnsider the case of an insurer selling a fully disfrete whole life policy. . It will be paid for by equal annual premium payments during the life of the 
insured. Note that filly discrete refers to the fact that the benefit is to be paid 
at the end of the year of death and the premiums are to be paid on a discrete 
basis as well. We turn to the idea behind the pricing of life insurance, that is, 
premium calculation. A first approximation yields the net premium, which is 
found by the equivalence principle: It says, the premium should be set such 
that the actuarial present value of the benefits paid is equal to the actuarial 
present value of the premiums received. On the basis of this principle, 
therefore, the net premium P should satisfy 

or, Ax-p i i ,=O.  

To find the net premium, p;, , for (30) if i = 0.05, we take the help of a life 

table. It can be shown in that p,, = 4,l qd.= 0.1 02481 15.8561 . YOU many 
extend net premiums for fully discrete insurances. 

8.9.1 Multiple Lives 
There are cases of insurance in which the benefit is paid contingent on the 
death or survival of more than one life. Thus, we have ts study the time of the 
benefit payment that depends on more than one life. Let us define that a status 
as an artificially constructed life form for'which the notice of life and death can 
be related. The simplest type of status is the single life status. The single life 
status, where (x) dies exactly when (x) does. Another artificial life is the 

simple status. This status dies at the end of n vears. The joint life status for 
the n lives (x,), ...( x,) is the status, which survives until the first member of 

the graup dies. This status is denoted by (x,x, ... x,). The last survivor ststus, 

denoted by (x,x, ... x,) is the status, which survives until the last member of the 

group dies. 

For the purpose of insurance, if the constituents of the status are assumed to die 
independently then one way to solve the problem is the treatment of single life 
case. Thus, a fully discrete whale life p a y  issued to the joint status (v), .. 
with the net annual premium to be paid for such) policy is camputed as 
fallows: 



The premium, P  , must satisfy A,, = PaIy .  

When we use the definition of the joint life status, we get 

Moreover, , p,,, = , p ,  , p ,  (due to independences assumption) 

that is, we can use life table ,for computation. 

8.10 MULTIPLE DEGREMENT MODELS .- - - - - - - -- - 

instead of treating ~ ( x )  as a "rate ofdeath" we cap think of i l (x)  as an abstract 
rate at which individuals are "leaving" a group over time. For example, we 
might say that: ~ ( x )  = i l i ( x ) +  i12(x)+ i13(x), in which case we have three 

causes of death, cancer A' ( x )  , strokes i12 ( x )  and heart disease i13 ( x )  . We can 
then model the probability of dyirrg from one cause versus the probability of 
dying from another. 

Multiple decrement models are important in-the context of the analysis of 
pension plans. In such a setting a person may withdraw from the workforce (a 
'death') due to accident, death, or retirement. Different benefits may be 
payable in each of these cases. A common type of insurance in which a 
multiple decrement model is appropriate is in the doubk indemnity life policy. 
In such case the benefit is twice the amount of the policy if the death is 
accidental. 

To analyze the insurance plans take random variable J =  ~ ( x )  which is a 

discrete random.variable denoting the cause of decrement of the status ( x ) .  

-~ssume that J ( x )  takes values 1 ,  . . . , m. For information on these take joint 

distribution of the random variables T ( x )  and ~ ( x )  where the. joint 

distribution is of mixed type since T ( x )  is assumed to be absolutely 

continuous while J ( x )  is discrete. 

Consider ,q!') .; P [ O  < T ( x )  s t ,  . l ( x )  = j] and ,p?) = P [ T ( X )  > j ,  ~ ( x )  = j ]  

where ,q!' is the marginal density of J(x). The probability of death due to all 
causes is represented by-the superscript t . Thus, 

Life Insurance 



Actuarial Modelling 1 and a similar expression for the survival probability holds. Although 
q(') +, P!') = I a similar equation for the individual causes of death fails unless . I x 

m = 1. For the force of mortality from all causes 

(4 and J = f T(X)J (X)  . ( t , j )  "' = P [T (x) > I ]  "'+' P [T (x) > t ]  ' 

While using thest pieces of information, we have to be careful, however. 
Particularly, 

( 6  1 , p:) # exp - &ids is generally true. 

There are problems in the construction of a multiple decrement life table. For 
example, a problem arises when we take of the case of a double indemnity 
whole life policy. To see it, let us assume that the policy will pay an amount $I  
at the end of the year of death if death occurs due to non-accidental causes and 
an amount of $2 if the death is accidental. If we denote the type of decrement 
as 1 and 2 respectively, the present value of the benefit is 

vK'"+' lo, (J (x)) + 2vK(')+' I{,, (J  ( x ) )  = J (x)vK("+' 

To get the net premium we take the expected value of this quantity, which can 
be completed if p:) is known. 

To calculate these probabilities two basic methodologies are used. If a large 
group of people for whom records are maintained is available, the actual 
survival data with the deaths in each year of age broken down by cause would 
also be known. The multiple decrement tables can then be easily constructed. 

Example (modified from Veeh, 2001): An insurance company issues life 
insurance to coal miners. There are three causes of decrement (death): mining 
accidents, lung disease, and other causes. Experience of the company allows it 
construct a decrement (life) table for these three causes of decrement. 
However, the company now wants to enter the life insurance business for salt 
miners where the two causes of decrement (death) are mining accidents and 
other. The problem is how can the information about mining accidents for coal 
miners be used to get iiSeful information about mining accidents for salt 
miners? 

Perhaps a simple approach could be to lift the appropriate column from the 
coal miners life table and use it for the salt miners. However, such an approach 
is not appropriate, as it does not take into account the fact that there are 
competing risks, that is, the accident rate for coal miners is affected by the fact 
that some miners die from lung disease and thus are denied the opportunity to 
die from an accident. The death rate for each cause in the absence of 
competing risk is needed. 

Thus, to solve the multiple decrement process some auxiliary information is 
introduced. Define , q:(" = 1 -, &). 

Such an approach helps because a person cannot simultaneously die of 2 
causes. Thus, there is no competing risk instantaneously. 



Life Insurance 
'The probability , g a ~ )  x is the net probability of decrement (or absolute rate 
of decrement). 

Such probabilities can be used to obtain the desired entries in a multiple 
m 

decrement table as follows: First , p!) = n, p:J). 
j = l  

In case of a single decrement there is the assumption of uniform distribution of 
deaths in the year of death. In th%multiple decrement context this translates 
into the statement that for 0 I t 5 1 , , 92') = tg:(j).~nother approximation that 
can connect single and multiple decrement tables is the life table 

functions Lx = 1 lx+,dt 
c. 

m, = - -lx+' . where is called central death rate at age x .  
Lx 

Check Your Progress 2 

I )  What steps will you take to read a life table? ' 

2) What do you mean by valuation of contingent payment? 

.................................................................................................................. 

.................................................................................................................. 

.................................................................................................................. 
3) How net premium is rela.ted to equivalent principle? 

................................................................................................................... 
4) Define status as a life forr,n. 



I 

Actuarial Modelling I 5 )  Explain the meaning of multiple decrement iq life insurance. 

.................................................................................................................. 

.................................................................................................................. 

.................................................................................................................. 

.................................................................................................................. 

................................................................................... ..& ......................... 

8 . 1  LET US SUM UP 
In this unit we have discussed the basic features of life insurance with a view 
t 6  understanding it's modeling in cases related to single and multiple 
decrements. The presentation comprises, preliminary idea of the working of 
life insdrance, survival distributions and single and multiple decrement 
models. A.life insurance contract has three parties, the insurance contract may 
be for te&borary or permanent life insurance. The permanent life insurance 
are of three basic types- whole life, universal bfe and endowment. Life 
insurance operates by assigning premiums to dltlercn~ categories of risks and 
follows the premium principles. An important issue with insurance company 
is the claims of the insured. The claim could be one time in case life insurance 
or time varying in case of non-life insurance. To determine the claims, the 
company depends a survival function of the insured. This, if an individual is 
presently aged x ,  then it probabilistically defines the survival ofx  . With such 
a for formulation the mortality rate is derived as a complement to survival 
rate. The mortality is modelled by taking future life (the aging process) (De 
Movire Law) o;exponential distribution (Gompertz Makeham Law). 

A life table is used to get information on age specitic mortality, s~~rvival  and 
expectation of life or a population. C 

- -  

8.12 KEY WORDS 
Annuity: A sequence of payments of a limited duration. 

Central Mortality Rate: Probability that a person whose exact age is not 
known but lies in between x and x + I will die within one yea; following the 
attainment of that age, 

Cohort: A hypothetical group of population gradually diminished by deaths. 

Complete Expectation of Life or Complete Future Life Time: The average 
number of years a person of given age can be expected to live under the 
prevailing mortality conditions. It gives the number of years of life entirely 
completed and includes th'e fraction of the year survived in the year in which 
death occurs which on the average is taken as '/z year. So complete future 
life time = curtate future life time + Y2. 

Curtate Future Life Time: Curtate future lifetime is the number of completed 
years l i v d  by a person aged x years. 

Force of Mortality: Ratio of instantaneous rate of decrease in the number of 
persons living at age x to the value of the number of persons living at age x. 



Joint-Life Status: To exist as long as all participating lives survive. 

Last-Survivor Status: It is defined to be an insurance policy remaining intact 
when at least one of all the participating lives survive so that it falls with the 
last death. 

Life Annuity: A series of payments, which are made while the beneficiary (of 
initial age) lives. 

Life Table: A conventional method of expressing the most essential facts 
about the age distribution of mortality in a tabular form and it gives the life 
history of a hypothetical population which is gradually diminished by deaths. It 
is a powerful tool for measuring the probability of life and death at various age 
factors. 

Net Premium Reserve: The net premium reserve at time t is defined as the 
condifional expectation of the difference between the present value of the 
future benefit payments and the present value of the future premium payment 
given that the future life time is greater than the given time. 

Net Premium: The expected value of the loss is zero. 

Net Single Premiuin: The expected value of present value of the payment. 

Perpetuity: A sequence of payments of a unlimited duration. 
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8.14 ANSWER OR HINTS TO CHECK YOUR 
PROGRESS 

Check Your Progress 1 

1) See Section 8.3 and answer 

2) See Sub-section 8.4.2 and answer 

3) See Section 8.5 and answer 

4) See Equation (5) to (9) in Section 8.5 and answer 

5) See Equations (1 1) to (14) in Section 8.5 and answer 
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Actuarial Modelling I Check Your Progress 2 

1 )  See section 8.6 and answer 

2) See Sub-section 8.7 and answer 

3) See Sectipn 8.9 and answer 

4) See Sub-section 8.9.1 and answer 

5 )  See section 8. PO and answer 



- - -  - 

UNIT 9 COLLECTIVE INSURANCE AND 
COMPANY OPERATIONS 

Structure 

9.0 Objectives 

9.1 Introduction 

9.2 Accounting Practices of Insurance Company 

9.2.1 Insurance Company Operation 

9.2.2 Net Premium Reserve 

9.3 Individual Risk Model 

9.3.1 General Premium Formulae 

9.3.2 Premiums in the Case of the Normal Approximation 

9.4 The Collective Risk Model 

9.4.1 General Premium Formulae 

9.4.2 Normal and Gamma Approximation 

9.4.3 Compound Poisson Distribution 

9.4.4 Compound Negative Binomial Distribution 

9.4.5 Importance of Surplus at Time t 

9.5 Classical Risk Model 

9.6 Stopping Times and Martingales 

9.7 Collective Risk Model and Ruin Problem 

9.7.1 Collective Model of Risk Theory: A Discussion 

9.8 Let Us Sum Up 

9.9 Key Words 

9.10 Some Useful Books 

9.1 1 Answer or Hints to Check Your Progress 

9.0 OBJECTIVES 
After going through this unit, you will be able to: 

understand individual and collective risk models of insurance; and 

apply important techniques used in risk modelling. 

9.1 INTRODUCTION 
lnsurance operations relies on premiums to meet the costs (claims). The claim 
arrivals are random and the ihsurance portfolios need to be designed to cover 
the risks. The following discussion gives the operational tools on which the 
insurance companies rely to take decision. 



Actuarial Modelling I ACCOUNTING PRACTICES OF INSURANCE 
COMPANY 

9.2.1 Insurance Company Operation . 

The goal of insurance modelling is to develop a probability distribution for the 
total amount paid in return as benefits. Such a strategy helps manage 
company's capital account and honour its commitments. It becomes necessary, 
therefore, to understand their overall approach to achieve the basic objective. 
For that purpose we will take up three aspects, viz., 

1) Accounting practices of an insurance company and reserve 

2) Behaviour of the loss characteristics of a groups of similar polices and 

3) Other methods of premium setting for a policy. 

9.2.2 Net Premium Reserve 
To understand the concept of net premium reserves, we need to start with some 
basic terms used in accounting. Suffice it will be to remember five of these: 

1) Asset 

2) Liability 

3) Equity 

4) Reserve and 

5) Surplus 

Broadly speaking the terms are used to mean the following: 

Asset: Tangible and intangible properties owned by the business 

Liability: Payments owed by the business 

Equity: (Assets - liabilities). . 

Reserve: Insurance name of liability 

Surplus: Insurance name of equity 

A major source of liabilities in case of insurance as opposed to other business 
is the payment in return for premiums received from the insured. Therefore an 
insurance company's strategy to run its business successfully always aims at 
measuring the liabilities. In general. it is an accepted principle for a company 
to have 

Reserve at time t = (Actuarial present value at time t of future benefits) 
-(Actuarial present value at time to of future 
premiums). 

In the book of record, the accountant assumes that the premium charged for a 
policy is net level premium and makes provision for reserves accordingly. For 
this reason, the liabilities are measured as the net level premium reserve. 

To understand the idea of reserve adopted in accounting consider the following 
example. 



/ 

Let the income' of a company for the year ending in March 2006 is given as Collective i&rance 

follows: and Co4pany 
Operations 

4. 
1 

Expenses 105 

5. Net income -- 
% I 

1 2. 1 Reserve ( -- 1 700 I 

In addition, let the balance sheet of the company is presented as 

With the information given above, it will be possible for you to fill up the 
missing entries (--) in the tables. We know that net income is, . 

total income - total expenditure 

SO, (200+100) - (105 + 70) = 300 - 175 = 125 

S.No 

1. 

From the balance sheet data reserve at the end of 2005 

2000 - 1400= 600 

The net increase in reserve 

Balance sheet as on . 

The net income = 125 - 100 =25. 

In 2006, surplus = 1400 +25 = 1425 and asset = 700+1425 =2 125. 

Assets 

ln case of prospective reserve formula, the expected size of future loss at time 
K is considered which is based on the evaluation of future performance of the 
insurance portfolio. To appreciate the underlying idea, consider the example of 
a fully discrete whole life policy issued to (x) . Remember that premium under 

March 3 1,2005 
---- 

2000 

this scheme is payable annually and is equal to net premium. To compute the 
reserve at time k ,  where k is an integer, you need to note the following: 
Given the underlying accounting assumption, the amount of reserve at any 
time t can be computed with the help of two methods, viz., prospective 
reserve formula and retrospective reserve formula. . . 
Prospective Reserve Formula = (APV of future benefits) - (APV of future 
assessments), where APV = actuarial present value. A scenario-based on 
stochastic prospective reserve formula is similar, except that the above formula 
is calculated for each scenario on stochastically generated variable. 

- 

March 3 1,2006 

-- 



Actuarial Modelling I Retrospective ~ e s e r v e  Formula = accumulated value of the net premiums 
received based on realised return -accumulated value of completed insurance 
payments. 

Since an insurance company operates with a large number of policies at any 
given time, it has to manage the financial risk involved in such operations. 
Keeping such a possibility in view, we study the problem of risk analysis in 
terms of individual and collective risk models. One of our main tasks in the 
following is to estimate the amount of risk both in terms of its quantification 
and time of occurrence. 

9.3 INDIVIDUAL RISK MODEL 
We cansider a certain portfolio of insurance policies and the total amount of 
claims arising from it during a given period (usually a year). The joint 
premium for the whole portfolio that will cover the accumulated risk connected 
with all policies will be determined at the beginning. 

Let us assume that the portfolio consists of n insurance and the claim (or loss) 
made in respect of the policy K is denoted by X,. Then the total, or 
aggregate, amount of claims (or total risk) is expressed in the form 
S = XI + X, + ...... + X, , where XI, X ,,......, X, are independent random 

variables and XI = loss to the insurer on insured unit i .  There are two types of 
models - closed and open - through which we analyse the probable losses. In 
case of closed model, it is assumed that the number of insured units n is 
known and fixed. On the other hand, the insurance system contains provision 
for inflow and outflow of'the insured units in case if open model. 

The claim amount variablex, for each policy is usually presented 

as X, = I, B, where random variables I , ,  ...., I,, B,, ....., B, are independent. The 

random variable I, indicates whether or not kih policy produced a payment. If 

the claim has occurred, then I, = 1, if not, I, = 0 .  We denoteq, = P(Ik = 1) 

and 1 - q, = P(I, = 0). The random variable B, can have an arbitrary 

distribution and represents the amount of the payment in respect of the KIh 
policy given that the payment was made. 

.9.3.1 General Premium Formulae 
In order to determine the formulae for premiums, let us assume that the 
expectations and variances of B,'S exist and denote 

1 

pk = E(B,) ando2, = Var(B,), k = 1,2 ,...,, n.. Then I 

and the mean of the total loss in the individual risk model is given by 
I 

The variance of X, is 



I Since it is assumed that Xk's are independent, the variance of S is 

With these distributional information, premiums for the individual risk model 
are as follows: 

n 

Pure risk premium: P = x pk qk , 
k = l  

n 

Premium with safety loading: 4 (8) = ( I  + 8 ) x  pkqk, 8 2 0, 
k=l  

Premium with variance loading: 
3 

I Premium with standard deviation loading: 

If we assume that for each k = 1,2, ..., nthe moment generating hnction 
M , k  ( t )  exists, then 

and hence M,y( t )  = n(1- qk + qk Me, ( t ) } .  
k = l  

which gives the exponential premium as 

In the individual risk model, claims of an insurance company are modelled as a 
sum of the claims of many insured individuals. Therefore, to find the quantile 
premium given by 
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the distribution of the sum of independent random variable has to be 
determined. 



Actuarial Modelling I 9.3.2 Premiums in the Case of the Normal Approximation 
The distribution of the total claim in the individual risk model can be 
approximated by means of the central limit theorem. In such a case, it is 
sufficient to evaluate means and variances of the individual loss random 
variables, sum them to obtain the mean and variance of the aggregate loss of 
the insurer and apply the normal approximation. However, it is important to 
remember that the quality of the approximation depends not only on the size of 
the ponfolio, but also on its homogeneity. 

The approximation of the distribution of the total loss S in the individual risk 
model can be applied to find a simple expression for the quantile premium. If 
the distribution of S is approximated by a normal distribution with mean E (S) 
and variance Var (9, the quantile premium can be written as 

where E E (0,l) and @(.) denote the standard normal distribution function. 
Moreover, in the case of this approximation, it is possible to express the 
exponential premium as 

and you may see that such a premium is equal to the one with variance loading 

o f d = $ .  

As the distribution of S is approximately normal with the same mean and 
variance, premiums defined in the expected value of the aggregate claims are 
given by the same formulae as given above. 

To derive the probabilistic properties of the random variable S ,  we take the 
help of conditioning and obtain the formula for the distribution function of a 
sum of independent random variables. For that purpose, look at the following 
example. 

Le there be two independent random variables X and Ywith exponential 
distribution and with parameter 1. By conditioning 

= I -e-' -te-'for t 2.0 

Thus, if X and Y are independent and absolutely continuous, then 

The integral above is called the convolution of the two distribution function 
and is often denoted F, * F, 

Another approach is to appeal to the Central Limit Theorem we have discussed 
above in the context of individual loss model premium. As you may recall, the 



theore111 states that if X,, ......., X,,are independent random variables, then the Collective Insurance 
and Company 

distribution of AX, is approximately the normal distribution with mean Operations 
1 =I 

iE[X,]and variance iVar(X,) .  Thus, you have a case where an 
/ I ,=I 

approximation of normal distribution does not depend on the detailed nature of 
the original distribution but only on the first two moments. 

Note the insight gained from above theorem. If an insurance company has sold 
insurance at the pure premium, it will not achieve break-even and also face 
bankruptcy due to amount of claims arrivals. Therefore, insurance companies 
must charge an amount greater than the pure premium. A common 
lnethodology for the company is to charge (1 +8) times the pure premium. 
When this scheme is followed, 8 is called the relative security loading and the 
amount 8 x (pure premium) is called the security loading. 

9.4 THE COLLECTIVE RISK MODEL 
Let ys consider an alternative model describing the total claim amount in a 
fixed period in a portfoli'o of insurance contracts. 

Let N be the number of claims arising from policies in a given period; XI be 
the amount of the first claim, X2 be the amount of the second claim and so on. 
In the collective risk model, the random sum 

represents the aggregate claims generated by the portfolio for the period under 
study. The number of claims N is a random variable and is associated with the 
frequency of claim. The individual claims XI, X2 ... are identically distributed 
random variable and the random variables N, XI, X, ... are mutually 
independent. 

9.4.1 General Premium. Formulae 
In order to find formulae for premiums based on the expected value of the total 
claim, let us assume that E (X), E (N), Var (4 and Var (N) exist. For the 
collective risk model, expected value of aggregate claims is the product of the 
expected individual claim amount and the expected number of claims, 

'5 @)=E (N) E (X), (9.12) 

while the variance of aggregate claims is the sum of two components where the 
first is attributed to the variability of individual claims amounts and the other 
to the variability of the number of claims: 

Var (S) = E (N) Var(4 + {E (x)12 + Var(N). (9.13) 

Thus, it is easy to obtain the following premium formulae in the collective risk 
model: 

Pure risk premium: P = E (N) E (x) , 
Premium with safety loading: Py,* (8) = (1 +8) E(N) E(x.), 8 2 0 ,  

Premium with variance loading: 
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Premium with standard deviation loading: 

If we assume that M N  ( t )  and M,. ( r )  exist, the moment generating function of 

S can be derived as 

and thus the exponential premium is of the form 

ei ( c )  = 
ln [MN {ln MX (411 

, c > o  
C 

It is often difficult to determine the distribution of the aggregate cIaims and 
this fact causes problems with calculating the quantile premium given by 

Although the distribution function of Scan be expressed by means of the 
distribution of N  and the convolution of the claim amount distribution, this is 
too complicatedS in practical applications. Therefore, approximations for the 
distributian of the aggregate claims are usually cansidered. 

9.4.2 Normal and Gamma Approximations 
I 

In case of individual risk model above we have employed the normal 
approximation as an approximation for the distribution of aggregate claims. 
The same technique can be extended to the callective model when the expected 
number of claims is large. 

As was observed earlier the normal approximation simplifies the calculatians. 
If the distribution of Scan be approximated by a normal distribution with 
mean E ('s) and variance Var (hT) , the quantile premium is giveneby the 

formula 

4) ( E )  = E ( N )  E ( x )  + 0-I (1 - E ) , / E  ( N ) v a r  ( x )  + { E  ( X ) 1 2  var  ( N ) ,  

where E E ( 0 , l )  and ((.) denote the standard normal distribution function. It is 
easy to notice, that this premium is equal to the standard deviation-loaded 
premium With b = 0-' ( 1  - E )  . - 

Moreover, in the case of the normal approximation, it is possible to express the, 
exponential premium as 

4; ( c )  = E ( N )  E ( x ) + ' [ N ] v ~ ~ ( x ) + ( E ( x ) ) ~  v a r ( N )  1, c  > 0, 
2 

C 
which is tlie same premium as resulting from the variance principle with a  = - . 

2 



- - 
Let us also mention that since the mean and variance in tbe case of the normal 
approxi~nation are the same as for the distribution ofS, the premiums based on 
the expected value are given by the general formula. 

Unfortunately, the normal approximation is not usually sufficiently accurate. 
The disadvantage of this approximation lies in the fact that the skewness of the 
~iormal distribution is always zero, as it has a symmetric probability density 
function. Since the distribution of aggregate claims is often skewed, another 
approximation of the distribution of aggregate claims that' accommodates 
skewness is required. 

The distribution function of the translated (shifted) gamma distribution is given 
by 

mhere F (x,a,P) denotes the distribution function of the gamma distribution 

with parameters cz and p 

To apply the approximation, the parameters a ,  P and x, have to be selected 
so that- the first, second, and third central moments of Sequal the 
corresponding items for the translated gamma distribution. This procedure 
leads to the following result: . 

In the case of the translated gamma distribution, it is impossible to give a 
simple analytical formula for the quantile premium. Therefore, in order to find 
this premium a numerical approximation must be used. However, it is worth 
noticing that the exponential premium can be presented as 

9.4.3 Compound Poisson Distribution 
In many applications, the number of claims N is assumed to be described by 
the Poisson distribution with the probability function given by 

. .  
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where it > 0. with this choice of the distribution of N , the distribution of S is 
called a compound Poisson distribution. 

The ,compound Poisson distribution has a number of useful properties. 
Formulae for the exponential premium and for the premiums based on the 

, 
expectation of the aggregate claims simplify because 

E(N) = V a r ( ~ )  = I and M, (t) = exp ((la' - I)] . 

Moreover, for large it ,  the distribution of the compound Poisson can be, 
approximated by a normal distribution with mean AE(X) and variance 

IE(x'), and the quantile premium is given by 

and the exponential premium is of the form 

c< (c) = IE(x)+~AE(x ' ) ,  c > 0 
2 

If the first three central moments of the individual claim distribution exist, the 
compound Poisson distribution can be approximated by the translated gamma 
distribution with the following parameters 

With these parameters one can obtain the formula for the exponential 
premium. 

It is worth mentioning that the compound Poisson distribution has many 
attractive features. Modelling for ex&nple, the combination of a number of 
portfolios, each of which has a compound Poisson distribution of aggregate 
claims, also has a compound Poisson distribution of aggregate claims. 
Moreover, this distribution can be used to approximate the distribution of total 
claims in the individual model. Although the compound Poisson distribution is 
normally appropriate in :ife insurance modelling, it sometimes does not 
provide an adequate fit to insurance data in other coverage. 

9.4.4 Compound Negative Bindmial Distribution 
When the of the number of claims exceeds its mean, the Poisson 
distribution is not appropriate. In this situation, the use of the negative 
binomial distribution with the probability function given by 



where r > 0,O < p < 1, and q = 1 - p . is suggested. In many cases it provides a 
significantly improved fit to that of the Poisson distribution. When a negative 
binomial distribution is selected for N ,  the distribution of S i s  called a 
compound negative binomial distribution. 

Since for the negati$e binomial distribution we have 
/ 

and 

the formulae for the exponential premium and for the premiums based on the 
expectation of the aggregate claims simplify. 

For large r ,  the distribution of the compound negative binomial can be 
'-4 approximated by a normal distribution with the mean -E(X) and variance 
P 

'-4 - Var (X) + {E ( x ) } ~  . In this case the quantile premium is given by 
P P 

and the exponential premium is of the form 

It is worth mentioning that the negative binomial distribution arises as a mixed 
Poisson variate. More precisely, various distributions for the number of claims 
can be generated by assuming that the Poisson parameter A is a random 
variable with probability distribution function u(A), A > 0, and that the 

conditional distribution of N , given A = A , is Poisson with parameter A. In 
such a case the distribution of S i s  called a compound mixed Poisson 
distribution. This choice might be useful. For example, when we consider a 
population of insured where various classes of insured within the population 
generate number of claims according to the Poisson distribution. But the 
Poisson parameters may be different for the various classes. The negative 
binomial distribution can be derived in this fashion whenu ( A )  is the gamma 

probability density function. 

9.4.5 Importance of Surplus at Time t 

As seen above in the collective risk model, the time at whch claims are made 
is taken into account. Here the aggregate claims up to time t is assumed to be 
given by C,N=':' X, , where X, , X, , .. . are independent identically distributed 
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Actuarial Modelling I random variables representing the sizes of the respective claims, ~ ( t )  is 

. stochastic process representing the number of claims up to time t , and N and 
the X'S  are independent. It is important to note the insurer's surplus at time t ,  

N ( l )  

denoted by U(t), which is assumed to be of the form U(t) = u + ct - C Xk , 
k= l  

where u is the surplus at timet = 0 ,  and c represents the rate of premium 
income. 

Special attention will have to be paid to the problem of estimating the 
probability that the insurance company has negative surplus at some time t 
since this would mean that the company is ruined. To gain familiarity with 
some of the ideas involved, the classical gambler's ruin problem is studied 
below. 

Check Your Progress 1 

1) Write the meaning of net premium reserve in life insurance. 

.................................................................................................................. 

Differentiate between prospective reserve and reserve formulae. 

.................................................................................................................. 

What is the meaning of individual risk model in life insurance? 

.................................................................................................................. 

How collective risk model is different from individual risk model in life 
insurance? - 



Collective insurance .................................................................................................................. 

5) How will you compute the formula of compound Poisson distribution 
and Company 

Operations 
in life insurance premium? 

9.5 CLASSICAL RISK MODEL 
The Classical Model 

Suppose we model a risk process as follows: The occurrence of the claims is 
described by a point process and the amount of money to be paid by the 
company at each claim by a sequence of random variables. The company 
receives a certain amount of premium of cover is liability and the difference 
between the premium income and the (average) cost for the claims is the 
'safety loading' r  . 

In the classical Cramer-Lundberg-model the claim sizes , Y , . are 
independent identically distributed (iid) positive random variables with 
distribution function F and finite mean p = E ( I . ; ) .  The claims Y ,  arrive at 

time T, = Dl +...+ Dk according to a homogenous Poisson process, where the 

inter-occumence times D, , D2 .... are independent exponentially distributed 
random variables with intensity a . If the corresponding claim number is 
N ( t )  = sup f k 2 1 : Tk 2 t )  , t  2 0 ,  then the capital at time t is 

where u is initial capital, V ( t )  = c N(o % the total claim amount until time t  
n=l 

and c > 0 is the premium income rate. The ruin probability in infinite time is 
then defined by 

For the case of exponentially distributed claim sizes Y ,  there exists an explicit 
formula for the ruin probability first established by [Lundberg 19031: 

N 

1 -- ( u )  = -e a'") 
l + r  (1) 

C 
where r  = - - 1 is the safety loading, which is positive for a reasonable 

aP 
insurance policy. Using an empirical value for p and a , a desired value for 
the ruin probability can in practice (under the assumption of independence 

'between the claims) be approximated by choosing a suitable risk premium 
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, 

rateC (this procedure relies on the law of large numbers which!only holds for 
independent events). 

In the more general case of q ,  Y, , ... being identically distributed according to 
an arbitrary (but exponentially bounded) distribution function F , there exists 
the famous Cramer-Lundberg approximation 

where C is a constant and the so-called Lundberg exponent R depends on F 
and is given by a functional equation. 

This asymptotic result (2) is only proved for exponentially distributed D l .  
However, the theorem shows below that it holds for a still wider class of 
distributions. 

For further purposes it is convenient to rewrite the process in the form of a 
random walk '. 

where XI = I: - cD, , so the process direction is reversed (starting at U (t) = 0 

and causing ruin, if U (t) = u ). In the classical model, X, , X,, ... is an iid 

sequence of random variables. Note that for a reasonable choice of the 
premium rate c, E (X,)  < 0 ,  so the random walk has negative drift. Using.-this 

notation the ruin probability can equivalently be defined by 

w ( u )  = ~ ( m a x  (o,s,,s ,,...) L u )  (4) 

If the distribution function F is normal with mean p and variance 02, then 
the random walk S, can be seen as discrete equidistant points taken from its 

continuous analog to the well-known Wiener process W ( t )  . But for a Wiener 

process W (t) , it is known that the ruin probability is 

2 ~u -- 
( u ( u ) = ~  max OW t -,ut >U =T c2 , 

(,a[ 0 I ) 
so there exists a Lundberg exponent R = 2,u / a' for the continuous case. For 
our discrete random walk with normal distribution, the kollowing theorem 
applies and hence shows the existence of a Lundberg exponent R: 

,Theorem 1 Let F be the cdmmon (compound) distribution function of the 
iid X,  . If F is such that there exists a constant V with 

then the Cramer-Lundberg approximation 

lim e " " ~  (u) = C 
11 +m 

holds for some constant C . 



9.6 STOPPING TIMES AND MARTINGALES 
Let us see the problem as given in Veeh (2001) 

Discrete time collective risk model: We start with the gambler's ruin problem 
in which a gambler enters a casino with z dslars and plays a game of chance. 
She wins with probability p and her loss is $]with probability q = l  - p .  
Suppose also that the gambler will quit playing if her fortune ever reaches 
a > z and will be forced to quit by being ruined if her fortune reaches 0 .  Note 
that in this problem, we are interested to find the probability that the gambler is 
ultimately ruined. 

I 
Consider a simple case p = q = -. Let xI be the amount won or lost on the 

2 
j I h  play of the game. When there is no restriction on quitting this game, the 
fortune of the gambler after k plays of the game is given by 
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When the actual game is played the gambler either reaches her goal or is 
ruined..Let T be the game on which this occurs. So we write 

where t = random time. Note that for this event [T I k] depends only on the 
random variables XI, ....... X, . and in order to decide at time k whether or not 
necessary to look into the future. Such special random times are called 
stopping times. Thus XI,  X,, ... are random variables and T is a nonnegative 
integer valued random variable with the property that for each integer k the 
event [TI  kldepends only on X ,,....... X, . Then T is said to be a slopping 

tinie (relative to the sequence XI X,...) 

The random variable z +C:=, X, gives the gambler's fortune when she leaves 

the casino, which is either a or 0 .  LetY(z) be probability that the gambler 
leaves the casino with 0 '. Then by direct computation 

The rnin probability Y(z) can be obtained by computing the expectation in 

another way. Since each of the random variables XI takes values 1 and -I  

with equal probability, EIXl] = 0. Hence for any integer k, E[C:,, XI] = 0 .  So 

it is at least plausible that E[x:., X,] = 0 and E [z + x:=, x1] = z . Using the 

z above result, we get z = a(1- Y(z)). Thus Y(z) = 1 -- for 0 5 z 5 a are the 
a 

ruin probabilities. 

To compute the ruin probabilities we rely on stopping time T and fair game 
I feature of gambling which givesp = q = - . Close to the notion of a fair game 
2 



Actuarial Modelling I is the idea behind a martingale. To appreciate the idea you need to recall that a 
sequence of random variable Mo,M1 ....... M, is a martingale if 

E[M,IM, -,........ M,] = M,-, for all k 2 1 .  In the context of the gambling, if Mk 

is the gambler's fortun$ after k plays of a fair game, then given Mk-, the 
expected fortune after one more play is still Mk-1. 

Example 1. 

With Mo=Z is a martingale. Because X, ....... XK-, give the same information as 

that of M,, M, , M2 . .. we have 

6 

as X,, ..... Xk-, are independent variable the expectation on these is zero. 

Example 2. 

The sequence M, = z2 and M, = (z + C:=, XI)' - k for k 2 1 is a martingale, if 

knowing M, ,... Mk-, is the same as knowing X ,,..., Xk-, and X'S are 
independent. To see why, write 

On taking conditional expectation and recalling that XK is independent of 

other X 's ,  we get E(x,) = 0 ,  E ( x ~ )  = 0 and above results follow. 

Optional Stopping Theorem: 

It states that if (M,) is martingale and T is a stopping time, then 

E[M,.] = E[M,]. In the gambling context, this concept shows gambling 

strategyT can make a fair game biased. We can obtain the duration of gambler 

stay in the casino using the martirigale M, = z2 and M, = (i + Z:=, XI)' - k for 

k 2 1 along with the same stopping timeT. The expected value of the random 

variable M, = (z + ~ ~ ,  ~ , ) i  - T can be computed directly as 

E [M,. ] = a2(1 - Y(z) - E(T). By the optional stopping theorem, 

E [M,. ] = E [M, ] = zZ . When these two expressions are compared we get, 
2 2 E[T]=U~(I-Y(z) ) -z  =az-z  . 

This is the expected duration of the game. 
' 

To derive the appropriate martingale, we often take the help of Wald's 
martingale. This formulation is also known'as exponential martingale. To get 
this, take XI,  X, ..... as independent and identically distributed random variables 
to define 
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I I I I ~ I ~ " l 1  

Note that in the denominator above we have the moment generating function 

I of the sum evaluated at t .  For each fixed t the sequence W, is a martingale 

(here Wo = 1). This follows if X and Y are independent and that 

E [ e " X + y ' ]  = E [ e l X ]  E [ e n ]  which is Wald's martingale (or the exponential 
J 
r I 

martingale) for the X sequence. The independence assumption result in 

b 

and (w, : k t 0 )  is a martingale irrespective of any fixed value of t . 
A non-zero value of t can be found in many cases so that the denominator of 
the Wald martingale is 1 .  Use of this particular value of t makes application of 
the Optional Stopping Theorem easy. 

We use the above technique for analysing the collective risk model. Our 
objective is to derive ruin probability Y(t) . Let the insurer has initial reserve 
z and that premium income is collected at the rate of c per unit time. 
Let X, be the claims that are payablt: at time k ,  and the X' s  are independent 

and identically distributed random variables. Then the insurers reserve at time 
k is z + ck - C:=, X i  = z + C:=, ( c  - X i )  if t denotes the time of ruin, we can 

write 

In the above formulation if E[c- X I ]  < 0 ,  then ruin is guaranteed since 

premium income in each period is not adequate to balance the average amount 
Y of claims in the period. Thus, to arrive at meaningful result let us assume that 

E[c-X , ]>O.  

F' 
l ( c - X 1 )  If we suppose there is a number r such that E [e ] = 1, we will have 

Wald's martingale with the denominator 1. Moreover. we will get 

which is martingale. Taking expectation of M,. and using the Optional 

Stopping Theorem, we have E[M,.] = EIMo] = eT' . Direct computation of it is, 
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Note that if t < 0 ,  the denominator of above fraction is greater than 1. Hence 
Y ( z )  5 e x .  Consequently, the ruin probability decays exponentially as the 
initial reserve increases. If we put R = -t as an adjustment coefficient,. then 
we have I,Y(Z) 5 e-'" and a large adjustment coefficient implies that the ruin 

probability declines rapidly as the initial reserve increases: 

9.7 COLLECTIVE RISK MODEL AND RUIN 
PROBLEM 

We will use the gambler's ruin problem discussed above to compute the ruin 
probability in collective risk model. Instead of discrete time being used so far, 
we will take the help of continuous time t  and calculate the ruin probability. 
The discussion that follows takes into account development of the collective 
risk model using martingale framework and adopts the notations as given by 
Veeh (2001). 

To understand technical derivation there, we have discussed these separately. 
,. 8 

Let us take the claim process as X X ~  where X, .Y, ..... are independent 
k- l  

identically distributed random variables representing the sizes of the 
formulation N ( t )  is number of claims up to time t  which is a stock size 

process. Let N and X '  be independent and take insurance surplus as 
h(1)  

u( t )  = u  + ct - X ,  where u > 0 is the surplus at time t  = 0; c > 0 = rate of 
& - = I  

premium arrival per unit of time. We denote the probability of ruin with initial 
surplus by u .  As has been done above in case of discrete time, the Wald 
martingale will be used with Optional Stopping Theorem to derive the 
information on ruin probability. 

As in disc~ete time setting the Wald martingale will be ua'd together with the 
Optional Stopping Theorem in order to obtain information about the ruin 
probability. See that the denominator of the Wald martingale is E[ev""'],  so 
first step is to find a v + 0 such that 

t.(ct-x;:;)xk ) 

e 
] = 1 irrespective of the value of r .  

Consider the Wald martingale as the random sum Cf.!:) X, . For each moment 
generating function, this sum can be easily computed by conditioning on the 
value of the discrete random variable N ( t )  . 



collective Insurance 
and Company 

Operations 

v ( L I - ~ ~ ~ ~ x ~  

[ . ] = I  if and only if *Hence there exlsrs a v z 0 so that E e 
b 

eW'MN,,, In(Mx (-v))) = 1  for all t. 

If there is numb& R > 0. so that e-R"MN,,,(ln(Mx(R))) = 1 for all t ,  R is 

calied the adjustment coefficient. Using -Ras the value of v in Wald's 
martingale we have 

-R u+ci- wi = e  [ Z':'xh) is a martingale. 

Define a stopping time Ta and Ta = inf{s : u + cs - x:: Xk I 0 or 2 a) where 

a is an arbitrary fixed positive number. Intuitivety: Ta is stopping time. By the 

Optional Stopping Theorem, E[WT0 ] = e-R". which gives 
I 

- R ( U + C T ~ - C ~ = ~ ' X ~  ) N(T,) N(T,) 
E[N,,] = E[e lu+cTa- c Xk S0]qu+cTa-  c Xk SO] 

k=l k=l 

Since this equation is valid for any fixed positive a ,  and as R > 0 ,  we can set 

limits as a +a. Since lim P[u+cT, - ~ : ~ l " ~ k )  < 0 = Y(u) and lime-" = O  
a+- a - r m  

the following result is obtained. 
J Theorem. 

Suppose that in the collective risk model the adjustment coefficient R > 0 
is satisfies e-"'M,(,,(I~(M,(R))) = 1 for all t. Let T inf{s: u +cs - ~~~~x~ s 0) 

be the random time at which ruin occurs. Then 

As in the case of discrete time model, the existence of an adjustment 
I coefficient guarantees that the ruin probability decreases exponentially as the 

I 
initial surplus u increases. To see how it works, we considsr a Poisson process 



Actuarial Modelling 1 with constant intensity A>O and suppose , W ,  are independent 

1 identically distributed exponential random variables with mean' - and 
A 

common density ~ e - " l ~ , . ~ , ( x ) .  Let W ' s  be the waiting times between claims. 

The Poisson process can then be viewed as the number of claims that arrive up 

to time t . This means that N(r) = inf[k : x::: W, > r )  and it can be shown thar 

for any fixed t the random variable, N(t) has independent increments. Thus, 
whenever t, < t, < .. ... < t,, are fixed real numbers, the random variables 

N(t,) - N(t, ).. ... N(t,) - N(I,, , ) are independent. Using this, we can get 

From the moment generating function of N(t) , we derive a simple formula for 
the adjustment coefficient in this case. The general equation for the adjustment 
coefficient was earlier found to be e - R c ' ~ , , , , ( l n ( ~ ,  (R))) = 1 . Taking 

logarithms and using the corm of the moment generating function of N(t) 
shows that the adjustment coefficient is the positive solution of the equation 

If we take N(t) as a Poisson process, more specific results can be generated. 

To do this define a stopping time T,, = inf{s : U(s) < u )  to be the first time that 

the surplus falls below its initial level and denote by L, = u - U(T,,), the 
amount by which the surplus falls below its initial level. Then 

There are two useful consequences of the above formula. First, by taking 
y = 0, the probability that the surplus ever drops below its initial level is 
1 /(I +8). Second, an explicit formula for the size of the drop below the initial 
level is obtained as 

which can be evaluated in specific cases. 

Consider a random variable L , which represents the maximum aggregate loss, 
and is defined by 



Note that P[L  I u] = 1 - Y(u) from which the distribution of L has 
discontinuity at the origin of size 1 - Y(0) = 9 /(I+ O), and is continuous 
otherwise. In fact a reasonably explicit formula for the moment generating 
function of L can be obtained. 

I f  N ( t )  is a Poisson process and L = rnax,,, {c:' X, - c t )  , then 

BE[X]v 
M1,(v) = I + (1 + 9)E[X]v - M ,  (v) ' 

This formula for the moment generating function of L can sometimes be used 
to find an explicit formula for the distribution function of L ,  and hence 
Y(u) = 1 - P[L  4 u]. 

Example. Suppose X is exponential with mean 1 and that 8 = 1. Then 
substitution gives . 

after using long division (or partial fractions). The second term is half of the 
1 

moment generating function of an exponential random variable with mean - 
2 ' 

while the first term is half the moment generating function of a random 
variable that is degenerate at zero. The ruin probability is therefore 

1 
9 (u) = P[L > u] = eJu  / 2 for u > 0. Notice that Y (0) = -. 

2 
N 

The analysis of random sums of the form EX, in which the X's  are 
/ = I  

independent and identically distributed has played a key role in the preceding 
analysis. The distribution of such a sum is called a compound distribution, with 
N ,  as the compounding variable and X as the compounded variable. The 
conditioning method used earlier shows that the moment generating function 
of such a sum is M, (In M, ( t )  . 

The first two moments are E X ,  = E [ N ] a X ]  and [: I 
A iar(tlom variable S has the compound Poisson distribution with Poisson 
parameter Aand mixing distribution F ( x ) ,  denoted S =CP(A,F), if S has 

the same distribution as ELl X ,  where x,,'X,, ... are independent identically 

distributed random variables with common distribution hnction F and N  is " 
random variable which is independent of the X's  and has a Poisson 
distribution with parameter A .  

Example. For each fixed t ,  the aggregate claims process CP(I , ,  F,). 

Collective Insurance 
and Company 

Operations 



Actuarial Modelling I Example. If S has the CP(R, F)distribution then the, moment generating 
function of S is 

This folldws from the earlier general derivation of the moment generating 
function of a random sum. 

Suppose that Shas the CP(R,F)distribution and Thas the 
CP(S, G) distribution and that S and T are independent. Then S + T has the 

R 
CP(R + 6, - F+- G) distribution. 

R + 6  /2+6 

This property is very useful in the insurance and results of the analysis of 
different policy types can be easily combined into one grand analysis of the 
company's prospects as a whole. A compound Poisson distribution can also be 
decomposed. 

Example. Suppose each claim is either for $1 or $2, each event having 
probability 0.5. If the number of claims is Poisson with parameter R then the 
amount of total claims, S ,  is compound Poisson distributed with moment 
generating hnction 

M,(v) = exp{0.5R(ev - 1) t0.5R(e2" - 1)). A 

Hence S has the same di&ibutioi as I; +2Y, where and Y, are 
independent Poisson rando ' '&viable With mean R /2 .  Thus the number of 
claims of each size are indekapnt  

r#-wr 

Example. The collective risk mdel  can be used as an approximation to the 
individual risk model. In the individual risk a product often represents model 
the claims amount BJXJ in which B is a Bernoulli random variable which 
represent whether a claim is paid or not and X is the amount of the claim. 
Then 

where N has a Poisson distribution with parameter P[B = 11 and Xi, x;, ... are 

independent random variable each having the same distribution as X. Thus the 
distribution of BX may be approximated by the CP(P[B = I], F,)distribution. 

' 

+ The analysis of the aggregate loss random variable L introduced the idea of 
mixing. A mixture of distributions ofien arises when the outcome of an 
experiment is the result of a two-step process. 

9.7.1 ~oll ixtive Model of Risk Theory: A Discussion 
The followirng discussion is taken from Mackova, Monika (2005). 

The collective risk model is a stochastic model that uses losses as'random 
variables in ceitain portfolio of insurance policies. 

The basic mathematical assumptions of the model are 



- The number of individual claims (losses) within a certain portfolio of 
insurance policies during a certain period of time, denoted as N , ig a non- 
negative, integer valued random variable, called frequency. 

The individual claims (losses) qccurring during this period, denoted as X,, 
for i = 1 ,. . ., N , are positive random variables, stochastical1,y independent, 
identically distributed, 

\ - The individual claims (ldsses) X, ,  ..., X, &k independent also from 
frequency N . 

- If N=O then X , + X , +  ...+ XN =O. 

Then the random variable 
N 

s=Cxl.  
t # = I  

is called compound variable and describes the aggregate claim or aggregate 
loss for the some fixed period (o,T] under consideration (mostly T = 1 year) 

for a (collective) insurance contract. , 

We do not restrict assumption only to the discrete random variable X. By 
extending to continuous variable, we can make a resealing. Thus, we work 
with E[s ]=E[E[s IN]]=E[~~N]= p , E [ ~ ] , . f u r p ,  = E[x], and 

.- 
' 

Var [s] = E [Var (S I N)] + var (E [S I N]) = E [ N V ~ ~ X ]  + ~ a r ( ~ ,  -. N) 

That is, the expected value of aggregate claim depends ou expected value of 
individual claim and the expected number of individual claims; a similar logic 
applies to the variance. 

It may be useful to note that the period under consideration is mostly one year. 
We suppose that distribution of individual claims IS not changing within this 
period of time. Therefore, the model is much more used for non-life insurance 
contract. 

A frequently used distribution of X is Gamma, log-Gamma or log-normal 
distribution. In case of N, the distribution are assumed to be N Poisson, 
binomial, negative binomial. 

Let us look at the notations dsed. 

If the probability distributions for the claims (losses) Xl,i =I,.., N are 

continuous with a density f~nction (df) then f gives cumulative 
r 

distribution function ' (cdf) F , which is given by F (x) = If (u)  du, x 2 0 . 
0 

The corresponding survival function ( f )  is given by 
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,. 

F ( x ) = i - F ( + ) =  [f(upL4.x t o .  



Actuarial Modelling I If the probability distribution for the claims (losses) X ,  i = I,.., N  are 

discrete with a probability function {f,, j  E Ns.t. f ,  = f  ( j )  : p  (x,  = j ) }  , 

then. a cumulative distribution function ( c d f )  F is given by 

F ( x )  = P (x ,  5 x )  for x  2 0, and 0 otherwise. The corresponding survival 

function ( s f )  is given by F ( x )  = 1 - F ( x )  . 

The cdf of the aggregate claim (loss) G is given by ~ ( x )  = P ( S  5 x )  with a 

density function g  or probability function 
i g k , k €  N .sr.gk = g ( k ) = ~ ( ~ = k ) ) .  

The ccmpounding probability function of N  is denoted as 
( p n , n s  No.s.t.pn = P ( N  = n) }  . 

Discretisation or Scaling 

When the distribution function of random variable X is continuous we often 
use discretisation for numerical simulation (convolution, Panjer recursion, fast 
Fourier transform, etc.). 

Let us write 

with A > 0 and with probabilities 

Then the discretised aggregate claim loss *SA has the probability generating 

fLInction v,s, ( s )  = C, (v,) (4) , I s  Is 1 . 

Convolution Method 

To compute the aggregate claim distribution in the collective risk model we 
introduce recursive methods - the convolution principle. 

As in the collective risk model we are looking for the compound distribution 
function G ( x )  of random variable S, the distribution of aggregate claim 

losses, S for any discrete distribution of individual losses, r.v. X can be written 
as: 

where F*" denotes the n-fold convolution of F . So, 



F * " ( x ) =  P ( S I X ) =  P ( X ,  +...+ Xn I X ) .  

Denote: f  *" ( x )  = F*" ( x )  - F*" ( x  - 1). 

Collective Insurance 
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For the continuous random variable X, we use integral version of convolution. 

Step 1: 

In practice we often assume that the individual claims have positive integer 
value. So, for the discrete r.v. X we evaluate following expressions: 

If the value of each claim is greater then 1, we decrease the upper bound of the 
sum operator to level k  : 

gk=, = P ( S  = o ) =  p ( N  = o ) =  p, 
k 

gk = P ( S  = k )  = C p ( ~  = n ) .  f b n ( k )  k=l, 2, ... 
n=l 

The computation difficulty of the modified formula is confined to only k 2 .  

Step 2: 

Consider the discrete r.v. X,, i=l, ..., N, which reaches the values x, with 

probability function f ,  = P ( X ,  = x , )  , as probability generating function 

Then it holds for qn ( z )  = (f;zxt  + f,zxl + ...r 
If r.v. X I  are i.i.d. then the polynomial term ( f ~ . z " ) ~  of probability 

generating function implies that by the occurrence of n  losses the aggregate 

, claim value will be ( z q ) n  with the probability ( f ~ ) ~ .  Then the probability of 

aggregate claims value reaches x, which we derive in following steps: 

I )  exponentiate the probability generating fuilction (with power from1 to x, ) ,  

2) sum the exponent coefficieht of term x, , and 

3 )  obtain following formula: 



Actuarial Modelling I Panjer Recursion . , 

Panjer presented results for some specific distributions, when the claim amount 
is discrete and the recursive definition can be used to compute the aggregate 
claims distribution without the use of convolution. 

Panjer Theorem 

Consider the family of claim number distribution satisfying the recursion: 

-. .. p, = P ( N = n ) = ( a + b l ~ l ) , ~ , ,  n=1,2 ,... a , b ~ R  . , . . ,  
where, p;l denotes the probability that-exactly n claim occurs in the fixed time 
i riterval; Consider the compdUntf distribution function 

f i r  grbitrary claim ainount distribution F (x), x > 0 .  Consider the continuous 

- .. Wiiction (corresponding results will be given for the disc~ete case as well). 
. . ,Then the density of totat claim is: 

' when f ( x )  is the density associated with F (x) . Then the following recursion 
holds: 

If the claim amount distribution is discrete and defined on the positive integers, 
the corresponding recursive definition of total claims is: 

The formula for computing gk is only k .  In comparison to convolution, the 

computation the modified convolution formula is equal to k 2 .  Therefore the 
Panjer recursion formula is much more eff~cient. 

Members of the family of claim number distribution satisfying the recursion: 
8 

pn = P ( N = n ) = ( a + b l n ) ~ ~ ,  n=1,2, ... a , b c ' ~  

are Poisson distributioi, binomial distribution, negative. binomial distribution 
and geometric distribution (as a special type of negative binomial). 

Let us drive the recursive definition of the density of total claims: 

If random variable N is a ~ d s s o n  distribution, then: 



C 

If random variable N is a binomial distribution, then 

.I If random variable N. is a negative binomial distribution, then 

Collective Iosuranee 
and Company 

dperations 

r If candom variable N is a geometric distribution, then 

Probability of Ruin and Panjer Recursion - 

In- the following we- will evaluate upper and lower bound of the probability of 
ruin under nssumption of the classical risk model.- 

The following discussion illustrate the typical behavior of the insurer's surplus 
# process: 

The Surplus Process I 

Our interest in ruin theory is in the ruin probability for the insurer, i.e., the ! 

probability that at some point in time the claims exceed the premium income. 

We formulate this by considering the following three elements: 

.the initial surplus of the insurer - a fixed amount, 

the income flow of the premium - in the simplest case we consider here, 
aggregate premium income is a linear function of time t, 

the outflow of aggregate claims amount. 
. . . The insurer's surplus at time t is: 

R ( ~ ) = R , ,  + ~ ( t ) - s ( t )  
I. 

where R(t)denotes the insurer's surplus at time t ,  R,, reprevnts the initial 

insurer's surplus at time t = 0; P (t) represenis insurer's premium income. 

Assume determiiistic premium incomer P (t) = Pr,  where P is a constant at 
time t. @ 

Hence, we have R (t) = R,, + P.t - S (t) 

\ 
)1 

Let ~ ( t )  be the qumber of claim that has occurred up to time t. Then 

S (t) denotes the aggregate clams up to time t, S (t) = X ,  + X ,  + ... + XN:. 
Random variable X, denotes the individual claim (loss) at the time t, 

t, = + T, + ... + . Individual claims amounts have a continuous distribution 

with distribution function P (x) and the mean . (p )  . 



Since ( N  ( r  ) : / r 0) and {S ( r  ) : / t 0; are stochastic processes. i.e.. families of. 

random variables, fc>r fixed t, N(t) and S(t) we have exactly the set-up of a 
collective risk model. 

Note that the process { s ( I )  : t t 0 / is called the aggregate claims process. It .is 

in fact a compound Poisson process with parameter A. When we have fixed t. 
S(t) has a coinpound Poisson distribution. 

The insurer's premium income per unit time to coverithe risk is P = (1 + 0) R p  . 
a 

where B is a relative security loading factor, R is Poisson parameter and p is 
the mean of individual claipia The classtcal risk model uses equalit] 
y / (R, , )= l / ( l+Q) .  

- - I  

The probability of ruin is: - 

When the surplus become negative for the tirst time it does not mean that. [ l ~ c  
company becomes bankrupt. The initial capital is interpreted as the capital rllC 

company ii willing to risk. If ruin occurs at this point, the company has t o  t ~ h c  
action so that the business becomes profitable. 

We may also define the surplus process in terms of the aggregate loss procc.r. 
( L ( I ) ]  . where 

In this formulat~on. lor a tiked value 0 1 . 1 .  1.11/ represents the accumulated 103s 

up to time I. . 

For R,, L 0 to holcls. 

Hence left side of the equation is equivalent to P [ L  I R,] and we get 

The term on the left sida ' .- ( 2 , )  can be interpreted as a distribution function 

of random variable L. 

Ruin occurs on the first masion so that the aggregate loss exceeds R,, . Hence, 
the variable N denotes ihe number of occasion that the aggregate loss process 
reaches a new record value. In this context N has geometric distribution with 
probability function: 



The distribution function of i.i.d. random variables X I  is independent of N has 
the distribution function: 
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Next. we can use Panjer recursion. by replacing F ( x )  by a discrete function, 

p [ ~ ,  +X,+...+X, i x ] =  F*", 

F" = 1 for x  2 0 ,  otherwise 0 .  

Hence N has geometric distribution and we get the relationship for I// ( R , )  : 

I - V (  R , ) = ~ ~ ( o ~ ( I - ~ / ( o ) ) .  F " * ( R , , ) .  
1 1 = 0  

Now detine two discrete distribution which have the probability functions 
1 ( x )  and u ( x )  . Taking the relevant distribution function L  ( x )  and U ( x )  as: 

for a very small h, near zero. 

From these definitions we have L  ( x )  5 F ( x )  5 U ( x )  

Then L"' ( x )  5 F"' ( x )  l u"' ( x )  , 

where 1,'" and u*" denote the n- fold convolution. I-lence, 

Since L ( x )  and u ( x )  are discrete function (discretisation of ~ ( x )  ). we 

apply Pailjer recursion and derive the lower and the upper bounds for the ruin 
probability y / ,  i .e., evaluate values for t,v (, jh) . i = 0.1.. .. 

Check Your Progress 2 

1 )  What is Cramer-Lundberg approximation in classical risk theory? 



Actuarial Mdelling I 2) How do you explain the individual risk in insuiance GJh gambler's 
ruin problem? ' " 

3) Why. martingale is used whi~e'modellin~ individyal risk in life 
insdance? 

4) What framework yo; will use <o model the collective risk'in life 
insurance? , 

a9 

...................................................... i" ......................................................... 
--. 

5 )  How convolution method is helphi in collective risk modelling? 
+. 

6) - At which point of collective risk modelling you will make use bf~anje r  
recursion. 
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9.8 LET US SUM UP - Cdlective Insurance - 
and Company 

In this unit we have discussed the insurance companies' operational tools for Operations 

dealing with individual and collective risks. The probability distribution of 
claims has been developed, which help comp'any's decision-making process to 
honour its commitments. The individual risk model considers a specific 
portfolio of insurance policies. The premium collection under such a model is 
discussed by introducing normal distribution. Necessary formulae for premium 
setting under expected value of total claims have been highlighted. This line of 
discussion has been extended to normal and gamma approximation's as well as 
to the class of distributions such as compound Poisson and negative binomial. 
Classical gambler's ruin probability problem is discussed and risk modelling 
with martingales has been included. From individual risk model, the analysis is 
broadened for collective risk model. The collective risk model uses losses as 
random variables in certain portfolio of insurance pdlices. Under this theme, 
we have covered the probability distribution of aggregate claims and 
compound the ruin probability. 

9.9 KEY WORDS . . 

i 
b 3 

Conditioning: A measure on problem's amenability to digital computation. For 
example, the condition number associated with the linear equation Ax = b gives a 
bound indicating degree of the inaccurate the solution given by x .  Also, you may 
think of the condition number as an approximate rate at which the solution, x, wilt 
change with respect to a change in b. That is, if the condition number-is large, a small 
error in b may cause a large error in x. On the contrary, with a smaU condition 
number, the error in x will not be much bigger than the error in b. 

. . 
Convolution: A mathematical operator which kkes two functions f and'g 
and produces a third function that in'a sense represents the amount of develop 
between f and a reversed and translated version of g . A convolution is a kind 
of very general moving average as one can see by taking one of the functions 
to be an indicator fun~tion of an interval. 

Discretisation: The process of transferring continuous models and equations 
into discrete counterparts, This process usually carried out as a first s t p  
toward making them suitable for numerical evaluation. 

Net Level Premium Reserves (orbenefit reserves]: A premium value ofihe 
reserve such that at time zero is it is equal to :zero. The net lever premium 
reserve is found by taking the expected value of the loss random variable. 

Recursion: A method of defining functions in which the function being 
defined may be used within its own definition. 

Scaling: A linear transformation that enlarges dr diminishes objects. 
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9.11 ANSWER OR HINTS TO CHECK YOUR 
PIROGRESS 

Check Your Progress 1 

1) See Section 9.2 and answer. 

2) See Section 9.2 and answer. 

3) See Section 9.3 and answer. 

4) See Section 9.4 and answer. 

5) See Section 9.4.3 and answer. 

Check Your Progress 2 

1) See Section 9.5 and answer. 

2) See Section.9.6 and answer. 

3) See Section 9.6 and answer. 

4) See Section 9.7 and answer. 

5) See Section 9.7 and answer. 

6) See Section 9.7 and answer. 
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10.0 OBJECTIVES 
After going through this unit, you will be able to: 

understand the basics of insurance pricing from the perspective finance- 
theory; and 

apply the non-arbitragipricing principles to insurance. 

10.1 INTRODUCTION 

Pricing Insurance 

We have seen in Block 2 risks involved in financial and insurance markets can 
be covered jointly. However, these two markets differ in terms of their 
eatures. Whereas insurance market is a warehousing of risk, financial market 
s an intermediation of risk. Consequently, fixation of price in each differs. In 
eneral, insurance pricing is based on classical theory of risk while that o f '  
nance relies on non-arbitrage pricing. 

lote that the insurance market operates mostly with conditions that are neither 
quid nor efficient. In contrast, non-arbitrage pricing is based on efficient 
~arket conditions as well as with good deal of liquidity. Despite these 
ifferences a part of the risk in insurance can be transferred to the financial 
~arkets or even insurance risk can be traded. .The following discussion is 
ased on the work of Kull (2002). We have used the equations as well as 
lterpretations of the work. I n  view of the overall introductory scope of the . 

\ 



Actuarial Modelling I will be useful to see the entire discussion 'bf the paper as your reference 
reading. 

10.2 BASICS OR INSURANCE PRICING 
- -  - - -  

We know tKat pricing of insurance contracts is based on the principle'of 
equivalence. It considers the probabilities of loss events. Thus, inone period 
case, the premium for an insurance contract covering losses X is ,- 

premimum =LEP [ X I  + s [ X I  
l+q 

where E'[x] is the loss-expectation calculated under the real probability 
- measure P, discounted with a risk-discount rate r, chosen according to 

actuarial judgement. S[X] is the safety loading or risk premium. The choice of 
. r, and S [ X ~  is based on the overall risk related to the contract, the risk-free . 

interest ;ate, the cost of capital, the expected invesJment return, market 
conditions etc. 

10.3 FINANCE PRICING 

,- In finance, the non-arbitrage pricing principle is adhered to which shifts away 
from the real probability measure P to equivalent martingale measures Q. 
Valuation of a future (stochastic) cash flow F under the equivalent martingale 
measure Q can be written as 

1 
price = - 

1 .+ rq 
Ef PI 

where E y e ]  denotes Jhe expectation operator under the measure Q . See that 
this pricing again takes into account the equivalence principle. However, it 
corresponds to the equivalent martingale measure Q instead of probability. 
Under this changed formulat.ion, discounting is performed' with the directly 
observable risk-free interest rate r,, and there is no modification due to a 

loading: A useful feature of (1.2) is that. with the knowledge s f  equivalent 
martingale measure Q ,  the valuation of the cash flow F can be undertaken 
without taking reco'urse to subjective criteria. And a non-arbitrage pricing can ' 

be justified due to the existence of a hedge portfolio that creates an overall 
risk-less position. A hekige portfolio in turn relies on prevalence of liquid and 

. efficient market. ' I 

We may note the main difference between classical risk theory and the non- 1 

arbitrage approach to pricing: the non-arbitrage approach substitutes real 
probabilities and kno&ledge for 'preference-free' probabilities that comply with 
the assumptions of non-arbitrage. What is common in both the pricing 
approaches is to find the corresponding probabilities. i 
In the following discussion we will focus on the procedure of insurance 
contracts. When this is done, we must remember that the performance of 
martingale based price will have to depend on financial markets. Since the 
insurance market is incoinplete, equivalent martingale probabilities cannot be 
uniquely defined: Moreover, since the return distribution of insurance contract 
is fdndamentally different from that of asset returns ('heavy tails'), we have to 



resolve the problem that will be encountered from martingale based pricing. Pricing Insurance 
Thus we cannot apply the standard financial techniques as is done by the 
Black-Scholes and Merton. The information theoretical maximum entropy 
principle will have to be relied on while choosing a particular equivalent 
martingale measure for pricing the insurance products. 

The role of investment opportunities for insurance operations will be crucial 
while working for a solution. It will be important to decide between risk free 
investment and a risky investment of the insurance premiums received. We 
will show that these are connected to the Esscher measure of premium 
calculation principle. 

10.4 INTEGRATION OF INSURANCE AND 
FIANCE PRICING 

To bride up the gap between financial and insurance pricing, we take the help 
of modern finance and information theories. The concepts of non-arbitrage 
pricing and equivalent martingale probabilities are important. Note that non- 
arbitrage pricing relies on the insight that, in the absence of arbitrage 
opportunities, the price (or premium) of some contingent claim should match 
the price for a position perfectly hedging its risk. As has first been shown by 
Cox and Ross (1976) and Harrison and Kreps (1979), this insight can be . 
reformulated mathematically in terms of 'equivalent martingale probabilities', 
i.e., in terms of a probability measure Q satisf;ing for a given random process 
X 

E" [X,] = X, (2.1) 

The Equation (?. 1 ) stlo\% s . the best forecast of future values X, at T > t is 

the observed value X 

Two considerations are importantLwhen pricing contingent claims in the non- 
arbitrage framework: First, equivalent martingale probabilities substitute the 
'real' probabilities P that can be derived from historical data. It is, again 
necessary to keep in mind that equivalent martingale probabilities emerge as a 
consequence of the non-arbitrage assumption which are 'artificial' as they do 

. not need to correspond to any real probabilities or beliefs. Second, it is 
hportant to note that there exists a unique equivalent martingale measure for 
complete and efficient markets. In incomplete markets, equivalent martingale 
measures are not uniquely defined and we cannot hedge contingent claims 
fully. 

In the presence of incomplete insurance markets, you can use the basic 
concepts of information theory. A particular equivalent martingale measure Q 
has to be selected from the infinite possibilities to provide a measure of the 
information on equivalent martingale measure Q .  In the absence of 
information other than the non-arbitrage assumption, the rationale is to choose 
the distribution that embodies least additional information. In a discrete setting, 
we have to use the method of Information theoretical maximum Entropy 
Principle and formulate 



Actuarial Modelling 1 ' where the 9,'s are the probabilities associated with a particular equivalent 
martingale measure Q . 

I l0.4,1 Non-Arbitrage Constraint 
Take a simplest form of insurance such that: An insurer accepts the liability to 
pay fbr the compound loss 

occurring over a period [O,q where L, is the (random) jth claim amount 
during the time period and N is the random number of claims. Moreover, we 
assume that the claim amounts L, are independently and identically distributed 

and L, = L refers to the claim distribution without deductible or limit. In 

exchange for this liability, the insurer receives a premium b . It is assumed that 
there are no costs or investment returns and payments made at time T only. 
Them, the premium b can be interpreted as a risky asset generating one-period 
returns D 

where R is ,insurance related return. It depends on b. SO we will have 
realisations XI an r, of the compound loss X and return R respectively. 

As the non-arbitrage theorem is developed in different ways, Kull (2005) 
presents an intuitive formulation of it in a discrete setting. Let there be 
different states i of the world, each of which is characterised by a set of 
payoffs. These payoffs originate from assets, (in our case from the premium b ' 
or a risk-free bond). To formulate the non-arbitrage condition, iealisations 
I,,, And n, of the single claim amount L and the claim number N are 

considered. These can be translated by (3.1) and (3.2) into realisations x, and 

r, af the compound loss X and R respectively. In addition, a risk-free bond 

with return rf is considered. Let us take (1 + r , )  and (1 + r,) as the insurance 

and bind related payoffs in the ith state. When the payoffs are grouped in a 
matrix D E !R2' where K is the total number of states, we have 

Then the non-arbitrage theorem states that if there is no arbitrage, positive 
constants yl, exist such that 

holds. With q, = yl, -(l + r,) relation (3.4) becomes 
. - 
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From (3.5) it is evident that the quantities q, can be interpreted as probabilities 

(see that first component qlls  sum up to one). The 9,'s are interpreted as 'risk-. 
adjusted' or 'risk-neutral' probabilities. From (3.5) it follows that under the 
probability measure Q we have 

* 

So under the measure Q, (1 + R)  l(1 + r, ) is a martingale and the q, ' s  are 

equivalent martingale probabilities. 

Given the probabilities q, ,  you can have the qrbitrage-free pricing of an 
arbitrary insurance contract referring to the losses L and the claim number N. 
Thus 1 

. . 
1 

non-arbitrage premium = - E~ [ f (L, N)] 
1 + r, 

(3 -7) 

where f(L, N) = loss amount to be paid. 

Note that (3.7) is identical to (1.2) and the relationship shows that nQn- 
arbitrage premium value is calculated under the equivalent martingald.~m$asure 
Q,  discounted by the risk-free interest rate r, . Since ihe risk adjustment is 

internalis4 by the change of the probability measure we have not added ,the 
risk premium. ~ h u s  pricing any insurance contract whose loss can be written as 
f(L,N), which is equal to the equivalent martingale probabilities q, . 

In complete and efficimtcrnarkets, the non-arbitrage premiurb contained in 
(3.7)coincides with the - overall risk-less position.' In incomplete insurance 

markets, on the other hand, the situation is more complex. It can be shown that 
no unique and perfect hedging portfolio exists. For this reason, the equivalent 
martingale probabilities q, cannot be uniquely defined. A major task before us, 
therefore, is to define the martingale probabilities. In other words, we most 
have a particular equivalent martingale measure Q chosen out of the infinitely 
many possibilities. 

10.4.2 Equivale-nt Martingale Measure 
The insurance market is neither liquid effective nor complete. As a result, 
pricing contingent claims by their replication cost is ~ o t  ~ossible. It implies 
that no unique equivalent martingale measure exists. There are also practical 
difficulties in this approach since the loss distribution of L is fundamentally 
different from that of asset returns. In particular, the loss distribution L may 
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Actuarial Modelling I often show heavy tails, i.e., relatively high probabilities of large losses. For 
example, consider a straightforward application of standard financial 
techniques like the Black-Scholes-Merton which implicitly relies on complete 
markets and log-normally distributed random variables. In view of this, we 
need to identify the properties of non-arbitrage pricing that can be applied to 
insurance market. 

The non-arbitrage assumption in (3.5) above gives the equivalent martingale 
probabilitiesq, which can be reduced to a linear system of two equations and 

K unknowns ql . Then we write 

For given S = [l,l]land D (specified by K realisations r , )  , q is not 

determined uniquely. On the other hand, there exist an infinite number of 
soiuti'hs for ql reflecting market incompleteness. 

The EquationV(4. 1) above is known as the 'Inverse Problem'. This problem can 
be dealt with a number of methods. We discuss one provided by the maximum 
entropy principle of information theory, which we will present below. 

10.4.2.1 Determination of Equivalent Martingale Probabilities 

Kull (2005) depends on the information available about the equivalent 
martingale probabilities q, it is the non-arbitrage constraint as specified by 

(3.5) and the assumption that all realisations r, are equally likely. Any other 
additional information like the volatility of the equivalent martingale 
probabilities q, would be imposed on the martingale probabilities q, without 
justification as the relation (3.5) is the only constraint defining properties of the 
equivalent martingale probabilities. A choice that is consistent along this line is 
the additional information a particular distribution that has to be added to the 
constraint (3.5) and try to minimise it. Minimising additional information is 
equivalent to maximise the entropy 

associated with a particular distribution { q, ). This information on theoretical 
Maximum Entropy Principle guarantees the chosen distribution to incorporate 
no information other than specified by the constraint (3.5). It is equivalent to 
choose the distribution that is 'most unbiased' or is 'embodying least structure'. 

4 

The problem of maximising the entropy associated with the distribution q, is a 1 

constraint maximising problem: 1 

max s = -C q,.ln[q,] 

under the constraints: 

I. Z q , = l  (normalisation) . (4.4) 
i 

11. q, 2 0, Vi (positivity) (4.5) I 
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111. @ [ ~ ] = - x q i ( l + r ) = l  l+r- l+r- . (non-arbitrage condition) (4.6) 

For solution use Lagrangian multiplier techniqu'es, i.e., maximise the 
expression 

where, y and/? represent the Lagrangian multipliers associated with the 
constraints (4.4) and (4.6). Maximising (4.7) yields 

E x p [ f x ] j  1 + r,, 

where iti = Exp[? (1 + <)/(I + rq )] from constraint (4.4). The parameter 7 
1 is to be determined numerically by the non-arbitrage constraint (4.6). Since the 

distribution (4.8) is an exponential, constraint (4.5) is automatically fulfilled. f 
In the above distribution (4.8) is the maximum entropy probability distribution. 

I It has been deduced from the maximum entropy principle and the non-arbitrage 
\ 

)I 
constraint. By construction, the probabilities (4.8) are equivalent martingale 
probabilities. Their distribution is consistent with the non-arbitrage theorem 

t and without any other subjective probability assumptions. 
f 

10.4.2.2 Information Theoretical Justification 
i Note that (4.8) is equivalent to a special case of the Esscher Transform 
1 

where me parameter y can be chosen to be consistent with a non-arbitrage 
cofidition similar to (4.6). For discrete probabilities q, as discussed here, the 

r 
Esscher ~ransform becomes 

When y = y , (4.10) is consistent with the non-arbitrage constraint. This shows 
that the Esscher equation is such that it is transformed to be equivalent to the 
maximum entropy probability distribution. 1n this sense, the Esscher 
transformation (4.1 O), which is essentially the well-known Esscher premium 

-principle, has an information theoretical justific,ation. 



Actuarial Modelling I check Your Progress 1 

1) Write the equation of equivalent principle used in insurance premium. 
* 

2) What is the equation for valuation of a future ca~h~f low under 
equivalent martingale measure? 

.................................................................................................................. 

3) What is equivalent martingale probability? 

4) How do you formulate the equation of arbitrage-free pricing of an 
arbitrary insurance given losses are claim number? 

.................................................................................................................. 

5) What is the meaning of maximum entropy principle? 

.................................................................................................................. 
t 

10.4.3 Costs and Investment Return 
As in case of any other economic activity costs and investments are crucial for 
the profitabRity of insurance operations. Remember that costs enter premium 
calculations in a straightforward way, and this feature is less obvious for 



investments. Pricing of contracts and assessing reserves depends directly on Pricing insurance 
the anticipated investment return. Usually, investment opportunities are taken 
into account by a risk-adjusted discounting factor in (1.1). We need to consider 
arbitrage-free pricing of insurance operations that reflects and incorporates 
investment possibilities. 

The maximum entropy approach provides a way to account for investment 
returns and cost simply by modifying or adding constraints. Fixed costs c 
modifi the return related to insurance (risky asset b ) so that, 

It is assumed that the insurer is investing the amount b during the period [O,T] 
in which no payments are made in a risky asset with (stochastic) return Y, the 
overall return of the insurance operation can be'written as ' 

where return R'"' is the over all return. It includes the diversification effects that 
are present due to the non (or only partially) correlated nature of the returns R 
and Y. - 
We can also calculate equivalent martingale probabilities as is discussed in 
Sections 10.4 and 10.5. The only differences afe that the constraint (4.6) is 
modified to reflect the cost c and that a new non-arbitrage constraint 

is added to capture the investment return. Linearity property ensures that 
(1 + R"' ) l(1 + r, ) is a martingale, and no modification for R" is required. 

Maximising the entropy as in case of (4.7) yields a martingale 

@ 

where the parameters y, and y, are determined by the constraints (4.6) and 
(5.3), respectively. What is attempted here is to develop the non-arbitrage 
value of an insurance contract according to (3.7). In this m'odified formulation 
the discounting is done with respect to the risk-free interest rate rrt , i.e., the 

dependence'on the investment return is internalised. 

You can compare (3.7) with the equivalent martingale measure (5.4) and 
consider the role of investment opportunities. Specifically, it yields the non- 
arbitrage value of the combination of insuranqe and investment operation. 
Through this, we could present the market price of the overall risk. The non- 
arbitrage pricing principle (3.7) together with the equivalent martingale 
measure (5.4) provides a unified valuation of assets and liabilities as a result. 

Look at the diversification effects due to the non (or only partially) correlated 
nature of the returns R and Y present in the equivalent measure of martingale 



Actuarial Modelling I (5.4). To see this, consider that (5.4) depends on the correlation between the 
non-arbitrage premium of R and Y .  However, it is difficult to discern the 
effect of correlation. See that it depends on the parameters y,  and y, that in 
turn would depend on the correlation themselves. From (5.4) it can be inferred 
that for negative, fixed 7, and f 2 ,  a positive correlation between R and Y 
will have to be produced by putting relatively more weight on low returns. On 
the contraw, no correlation, positive or negative, will decrease the relative 
weight on low returns. Such a feature of (5.4) can be interpreted in terms of a 
portfolio which we will take up separately in the following. 

Thus, we have seen that (5.4) can be interpreted as a generalisation of the 
Esscher transformation (4.10). The transformed measure Q in (5.3) depends 
not on a single measure P but on two measures 4 and P2 related to insurance 
and investment returns. 

10.4.4 Valuation and Implied Discounting 
In the preceding discussion we have seen that in comparison to real 
probabilities P , the equivalent martingale probabilities Q would put more 
weight on low returns. This feature is related to the concept of the safety 
loading. In fact common premium and loading principles can be obtained by 
suitably choosing martingale probabilities if we take the case of a compound 
Poisson process. Two different conditions included in the process of new 
formulation are as follows: First, in addition to the insurance return, the 
stochastic investment return is considered. Second, a discounting factor is 
included that is implied by the overall non-arbitrage value of the contract and a 
particular loading. Why? Because, in finance, the non-arbitrage value 
coincides with the (unique) market price in the presence of liquidity, 
effectiveness and completeness of the market. These conditions are not found 
in the current case. However, the implied discounting rate may shed some light 
on how the discounting factor in (6.1) has to be chosen. 

To obtain the implied discounting factor, solve the equation 

for (1 + r , )  where f(L) stands for the loss incurred by an insurance structure. 

Such a formulation comes closer to the actuarial and financial view as it is 
consistent with the loading principle and the market value of the overall risk of 
insurance and investment operation as implied by non-arbitrage pricing. 

An examination of (6.1) shows that it has defined the implied discounting 
factor (1 + r , )  in a unique way. While interpreting it, however, you must 

remember that its right hand side depends on the martingale measure Q ,  which 
is not uniquely defined since insurance market is incomplete. Moreover, Q is 
linked by construction to the reference premium b .  Thus, the implied 
discounting factor (1 + r , )  is relative to the reference premium b as defined in 

. (6.1 ) and we have 



Alternative definitions for b can be considered in a real life situation. A 
reference premium could be considered that is based on EP [.I' (L)] and 

i 

It 

1 Example. Simple Reinsurance Structures 
In reinsurance contracts, premiums are calculated under the assumption of an 
arbitrage-free reinsurance market and in the context of the continuous 
Lundberg model. Discounted cash flows based on stochastic interest rates link 
the insurance and finance side. However, there is no explicit non-arbitrage 
condition for investments in financial assets. 

We will consider two simple reinsurance, structures, one of which is related to 
compound claim amounts X (stop-loss insurance) and the other one to single 
claim arnountsL,(excess of loss insurance). These two have the same 
underlying asset b and the one-period returns defined by (3.2) are derived 
probabilistically . 
Stop-Loss Reinsurance 

In stop-loss reinsurance, an insurer cedes the risk of being exposed to 
compound losses X surpassing some threshold d to a reinsurer. For 
simplicity, we will assume that no payments are made in the time period[0,~] . 
Our objective is to find the non-arbitrage value of reinsurance in this situation 
and its relation to the premium b . The incurred loss, which at time T is ceded 
to the reinsurer, is given by 

f ( L ,  N) = f (x) = ma(*-d,0) (7.1) 

where d is the deductible. On the other hand, the insurer incurs the loss 

I 
Taking the expected value of (7.1) with respect to the equivalent martingale 

t measure Q and discounting with the risk-free rate, the non-arbitrage 
reinsurance premium is worked out to be 

Because of the relation, 
t 
i m a ( X - d , 0 ) =  X-min(x ,d)  = X-(d-max(d-x,o)) " (7.4) 

1 the reinsurance premium bre,,,, can also be expressed as 

(b--d) EQ[max(d-x,o)] 
b . =,--- 

re1n.v + 
1 + r,, l+r6 

In (7.3, the first term is the discounted value of a cash amount (b - d)  whiie 

the second term corresponds to the value of a 'put optiori or, insured losses' 
with strike d .  That means the value of reinsurance for the insurer equals to 
holding (or lending) the cash amount (b - d )  at the risk-free rate r,, and 

selling a put option with strike d . Recall that the equivalent martingale 

Pricing Insurance 



Actuarial Modelling I measure Q expression (7.3) (or (7.5)) for the reinsurance premium brew, 
implicitly takes into account the investment return Y .  Such a result indicates 
the equivalent martingale measure Q depends on the insurance return related 
to X and the investment return Y .  

From Equation (7.3, the interconnection between the insurance premium b 
and reinsurance premium b,, ,  is established when no arbitrage is present. The 
'call-put parity' in finance following from (7.4) can also be deduced such that 

To get the premium b and the deductibled, we return to Equation (6.6). It 
may be seen that these are related to the value of put and call options with 
equal strike (i.e., deductible) on compound losses X. 

Excess4of-Loss Reinsurance 

We have been considering a compound claim amount X so far. However, in 
insurance and reinsurance, the amount to be paid depends on single claim 

, amounts. As an example, consider excess~of-loss reinsurance where the 
amount for the ith claim to be paid by the reinsurer is 

max (L, - d, 0) (7.7) 

The total amount paid in the period [0, T] is obtained by 

where, N is the (random) number of claims occurring in the period [o,T] . If 
we assume (7.8) as a payoff function f (L, N)of the underlying asset b , then 

non-arbitrage premium can be calculated by taking the expected value of (7.9) 
with respect to the equivalent martingale measure Q 

EQ [g rnax (L, - d, 0) 
- 1=1 

b,,m - I . (7.9) 
1 + r, 

The expectation value E".] in Equation (7.9) can be written 

and, from discussion of stop-loss-reinsurance above, an equivalent expression 

can be obtained. Similarly, relation (7.6) now becomes 



The interpretation of (7.12) is 'similar to the one in the cas6 of compound 
losses. With respect to the premium b ,  the deductible' d and the expected 
value of number of claims evaluated under the equivalent martingale measure 
Q, Equation (7.12) interconnects the value of put and call options with equal 
strike (i.e., deductible) on individual losses. L, . 
10.4.5 Multi-Period Contracts 
The-one-period settihg considered so far is easily generalised to the multi- 
period case. Basically, the constraints (3.6) and (5.3) have to'capture multi- 
period payoffs. In addition the discounting with respect to the risk-free interest 
rate rd would also account for multiple periods. For example, in the simplest 
case where no term structure is present, constraint (3.6) becomes 

Check Your Progress 2 

n-c-X 
1) Interpret the equation R = given for arbitrage-free pricing.of 

b 
insurance. 

................................................................................................................... 

.................................................................................................................. 

................................................................................................................. 

.................................................................................................................. 
2) Write the generalisation equation of ~sschertransformation. 

3) How would you find an equation for non-arbitrage value of stop-loss 
reinsurance? 

4) How will you formulate the problem of non-arbitrage premium of 
excess-of-loss reinsurance? 

................................................................................................................... 
. . ...................................................... ........................................................... 

Pricing Insurance 
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5 )  What is the difference between single and multi-period contract 
equations of nm-arbitrage insurance premium? 

.................................................................................................................. 

................................................................................................................... 

10.5 LET US SUM UP 
In this unit we have .discussed the method of using the insight gained in the 
finance theory to insurance. It is seen that in finance the arbitrage-free pricing 
relies on the liquidity and efficient market conditions. However, liquidity and 
efficiency are not the features of the insurance market in general and thus the 
non-arbitrage approach to pricing of insurance contracts may be inadequate. 
When insurance risk is traded or transferred to the financial markets, the non- 
arbitrage approach may be satisfied due to hedging. Even for then, traditional 
insurance structures the financial risk due to investments may not be 
comparable to the insurance risk itself. In such cases, the price for the overall 
risk would reflect the price financial markets are putting on risk. This problem 
is examined by extending the non-arbitrage principle to the insurance side. Due 
to incompleteness of the insurance market. no unique equivalent martingale 
measure exists and the information theoretical maximum entropy principle can 
be applied to make a choice. 

Equivalent martingale probabilities consistent with the combined non-arbitrage 
conditions for insurance and investment operations for a one-period horizon 
have been discussed. Their relations with a generalised form of the Esscher 
measure have been highlighted. The latter illustrates the presence of a portfolio 
effect. 

10.6 KEY WORDS 
- 

Complete Market: The complete set of possible gambles on future states-of- 
the-world can be constructed with existing assets. 

Compound Poisson Process: A process with rate h > 0 and jwnp size 

distribution G in a continuous-time stochastic process 

where, { ~ ( t ) : t  > 0} 

is a Poisson process with rate 1, and (D, : i 2 1) are independent and identically 

distributed random variables, with distribution function G, which are also 

independent of 



Efficient Market Hypothesis: I'he financial markets are "efficient", or that Pricing Insurance 
prices on traded assets, e.g., stocks, bonds, or property, already reflect all 
known information and therefore are unbiased in the sense that they reflect the 
collective beliefs of all investors about future prospects. 

Hedge: An investment made to reduce or cancel out the risk in another 
investment. Hedging strategy is used to minimise exposure to an unwanted 
business risk, while still allowing the business to profit from an investment 
activity. 

Poisson distributions: A distribution of discrete random variables. Usually, a 
Poisson random variable is a count of the number of events that occur in a 
certain time interval or spatial area. 

Principle of Maximum Entropy: A method for analysing the available 

information to determine a unique probability distribution. 
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Actuarial Modelling I 10.8 ANSWER OR HINTS TO CHECK YOUR 
PROGRESS 

Check Your Progress 1 

1) See Section 10.2 and answer. 

2) See Section 10.3 and answer. 

3) See Section 10.4 and answer. 

4) See Sub-section 10.4.1 and answer. 

5 )  See Sub-section 10.4.2.1 and answer. 

Check Your Progress 2 

1) Read sub-section 10.4.3 and answer. 

2) Read Sub-section 10.4.3 and answer. 

3) See Sub-section 10.4.4 and answer. 

4) See Sub-section 10.4.4 and answer. 

5 )  Read carefully Sub-section 1 0.4.4.2 and answer. 


