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11.1 INTRODUCTION

A number of physical processes can be described by a partial differential equation or a
systern of partial differential equations. For example, conduction of heat in a rod is
governed by the partial differential equation

2
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where u(x, t)is the temperature of_ the rod at any instant of time and x and t are the
independent variables representing the direction of the rod and time respectively. The
vibrations of an elastic string is governed by the partial differential equation

d%u o2 %u
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where u(x,t) is the displacement of the string at any instant of time and du /8t is the

, 0<x<7, t>0

, 0<x<t ) t>0

velocity of any point on the string. Under suttable initial and boundary conditions, it
1s possible to obtain Fourier series solution of the above problems. :

However there are complex physical processes which can be described by
single/system of partial differential equations in two or three space dimensions for
which it is not always possible to find the closed form solutions. Often, analytical
methods do not exist to solve such problems. In such situations, an alternative is to
solve them numerically. In this unit we shall discuss finite difference methods of
solving partial differential equations.

We have started the unit by briefly reviewing some definitions and concepts of
differential equations and numerical analysis in Sec.11.2. In Sec.11.3 we have derived
five-point difference method for general elliptic equation and used this method to
solve Laplace and Poisson equations under Dirichlet and mixed boundary conditions.
Finite difference methods for solving parabolic and hyperbolic equations are derived
in Sec.11.4 and Sec.11.5 respectively, and the solutions of heat and wave equations
under different types of initial and boundary conditions are obtained. Finally, in
Sec.11.6 conditions for the convergence of finite difference methods are given and
Von Neumann stability analysis to test the stability of difference methods is discussed.

Objectives

After studying this unit you should be able to

* derive finite difference methods to solve general elliptic equation;

e use these methods to solve Laplaoe and Poisson equation under Dirichlet or mixed
boundary conditions;

o derive difference methods to solve parabolic and hyperbolic equations and solve
these equations under different types of initial and boundary conditions;

o derive difference methods and use them to solve more complex problems
occurring in various physical applications;

s examine the stability of the difference method used.
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11.2 PRELIMINARIES

* In this section we shall briefly review the definitions/concepts that are required in this

unit. You must be familiar with these definitions/concepts through your knowledge of
differential equations and numerical analysis which you may have studied at the
undergraduate level (ref. MTE-08 and MTE-10).

Classification of partial differential equations

Consider the general quasilinear second order partial differential equation

2 : 2 2
A6u+2Ba +Ca2 -F[xy, ,au au] 0 (1)
' xdy oy & oy
. . . . , du Ou
in two-dimensional region R , where A, B and C are functions of x, y, u, Ex- and é-y-
When A, B and C are . functions of x, y only and F is a linear function of u, 6x g

then Eqn.(1) reduces to a linear equation. A linear partial differential equation (pde)
can be written as

O'u p 0l o2 B E G0 @)
ox? oxdy oy? ox oy
where A,B,...,G are functions of x, y.
If B2 ~AC>0, forall (x,y) €R,then Eqn.(2) is called a hyperbolic partial
differential equation. In this case, Eqn.(2) has two real characteristics.
If B2~AC=0, forall (x,y) R, then Eqn.(2) is called a parabolic partial
differential equation. In this case, Eqn.(2) has one real characteristic. -
If B2 -AC <0, forall (x,y) €R, then Eqn.(2) is called an elliptic partial
differential equation., In this case, Eqn.(2) has no real charactenstics.

The simplest examples of these equations are given below.

Hyperbolic equations
2 2
0 .. . A
% =c!? Frl (wave equation in one dimension).
u  , [d% o*u . . .
— = + —— |, (wave equation in two dimensions).
at ax 2 ay 2
Parabolic equations
du 62 : . . .
8t ax’ . (heat conduction equation in one dimension).
du 62u d%u
—5 +—5 , (heat conduction equation in two dimensions).
6! o dy?
Elliptic equation
o'u o™

Viu= P —t —a—y— =0, (Laplace equation).

Example 1: - Classify the partial differential equatlon into elliptic, hyperbolic or
parabolic equat:on

o%u. d*u 2. 8%
—_—+ 4x +(1- —_— =0
ox? Moy +a-y) dy?

Solution: Comparing the given equation with Eqn.(2), we find
B? ~AC=4x’ —(1~y?)=4x? + y? —1. Therefore, if 4x* + y? =1 >0, that is,
outside the ellipse 4x? + y? > 1, the given pde is an hyperbolic pde. On the ellipse



4x? +y? =1, the equation is a parabolic pde and inside the ellipse 4x? +y? <1,the

equation is an elliptic pde.
e

The classification of the second order linear pde is very important. It governs the
number and natire of conditions that must be prescribed in the problem in order that a
" unique solution may exist.

Parabolic and hyperbolic problems are classified as initial boundary value problems
. whereas the elliptic problems are classified as boundary value problems (bvp).
Elliptic bvp usually holds inside a closed region (or in an open region which can be
mapped conformally onto a closed region). Elliptic bvp is further classified in the
following way.

() Dirichlet bvp: The pde holds in a region R, bounded by a closed curve C.
On the boundary C, the unknown is prescribed, that is, u(x,y) = f (x,y) on C.

(i1) Neumann bvp: The pde holds in a region R, bounded by a closed curve C.
On the boundary C, the normal derivative is prescribed, that is,

Ju
—=g(x, C
5 g(x,y)on

where n is the unit outward normal to C.
(iii)  Mixed bvp: A simple case is when u(x,y) is prescribed on the part of the

boundary and on the remaining part, %nu_ is prescribed. However, we may
have a general boundary condition like
a(s)u+b (s)—Zni =h(s) onC
where s is the arc length.
Let us now quickly review some of the concepts from numerical analysis.

Finite differences

Consider a function f (x) defined on an interval [a,b]. Subdivide this interval into n
equal parts, such that a =x, <X, <x, <--<x, =b, where x, = x, +1ih,and

h =(b-a)/n. The points X, are called the nodal points. Then, we define the
following.

Shift operator E
We define, Ef (x) =f(x +h). In general, E¥ f (x) = f (x + kh) , where k is any real
number, (integer or a fraction). For example, EV? f(x) = f[x + (h/2)].

Forward difference operator A
We define, Af(x) =f(x +h)-f(x) = Ef(x)~f(x)=(E-1)f(x).
Hence, A=E~-1, or E=1+A.
The second order forward difference is defined as follows.
A f(x) = A[Af (x)] = A[f (x +h) - f(x)] = Af (x + h) = Af (x)
=f(x+2h)-2f(x +h)+f(x).
In general, higher order forward differences are defined by A” f(x) = A[A™™ f(x)].
The coefficients are binomial coefficients with alternating signs.

Backward difference operater V

We define, Vf(x)=f(x)—f(x—h)=f(x)—E_l f(x)=(1-E™")f(x).
Hence, V=1-E  ,or E=(1-V)™".

The second order backward difference is defined as follows.

Finite Difference Methods
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V) =V[VI(x)]=V[f(x)-f(x-h)]=VI(x)-Vf(x-h)
=f(x)-2f(x-h)+f (x-2h).

In general, higher order backward differences are defined by V' f(x)= V[V“ T )).
The coefficients are binomial coefficients with a]tematmg signs.

Central difference operator 8
trre [« B hY) e
We define, of (x)=f, x+5 —f ~x—5 =(E"* =E7"")f (x).

Hence, 8§ =E'2 -E7V2,
The second order central difference is defined as follows.

oo 2o afet]

=f(x+h)-2f(x)+f(x-h).
In general, 8" f (x) = §[6"' f (x)].
Note that the even differences contain the values of f (x) at the nodal points.
Relationship of the difference operators with the derivative operator D: )

o d d?
We define the derivative operators as D = a-—, D’ = —,etc.. We have
- X

X
2 .
Ef(x)=f(x+h)=f(x)+hf'(x)+%f"(x)+---

22

=[l+hD+h +-»}f(x)=eth(x)./

Hence, E=¢™ lor hD =1n(E). Thercfore, we can write
hD =In(E)=In(1+4) =A- (A’ 12)+(A° (3)~--
=In[1-V)"]==In(1-V) =V + (V2 /2)+(V3 /3)+--
5= E'? ~E"2=¢"’2 _¢™™’? = 25inh (hD/2)
or,  hD=2sinh™(5/2).
Therefore, some approximations to f'(x, ), using the forward d:fferences are the
followmg

(x) = Af(xk)— [f(xm)—f(xk)] 3

f’(xk)=1[A—%A2}f(xk)=—1—[2Af(xk_)—A2 f(x)]
=—[ 3 (xi)+4E ()~ (*i2)) o ‘(4)

Using Taylor series expansions, we can show that the error of approx1mat10n in the
formulas (3) and (4) are

Formula(3): ‘E(f,x, )= —-h'f"(‘@)" s X <E<X,
: h2 e : :
Formula(4): E({f, xk)——f"’(é) X, <& <Xy
Therefore, the method (3) is of order 1 or O(h) formula and the method (4) is of order
2 or O(h?) formula. . ,
Similarly, we can write approximations to f'(x, ), using the backward differences as




f'()gk)=%Vf(xk)=l[f(xk)_f(xk—‘)] . (5) * Finite Difference Methods

—_

f'(xk)=%[Vf<xk)+5v2f(xk)1‘=51g[2vf(xk)+v2f(xk)]

: ., |
= 5B ) 41 (0 )+ E(xy0)). ®

The error of approximation in the formula (5) is of order O (h) and the error in the
formula (6) is of order O (h?).
Using the central differences, we have the approximation to f'(x, )as

, 1 i h hy|.
f(xk)=i8f(xk):g{f(xk+—2-J—f(xk ——5]} N N
If we want to use the mesh points, we can write the approximation as
. 1 h h 1. .
f(xk)zﬁ[Sf[xk +—2-J+6f[xk ——ﬂ]:ig[f(xk“)—f(xk_,)] ®)

The error of approximation is of order O(h?). Sometimes, we write this
approximation as

, 1
f'(x, )= 51-8“ f(x,).
where §,, represents central difference with double spacing, thatis, 2(h/2)=h.

Now, we want to write approximations to the second derivative f"(x, ).
We have, (hD)? =[A —(A2/2)+ (A /3) - ]* ete.
Hence, an approximation to f"(x, ), using the forward differences is

F(x0) =8 £ 00) =21 () =2 () + 1) ®)
An approximation to £"(x, ), using the backward differences is

f"(x,) = hLZV2 f(x,) =h—12-[f(xk)—2f(xk_1) +f(x,.,)] (10)
Using the central differences, we have an approximation to f"(x, ) as

(00 = 2780 £00) = 0= 2000,) +£x,0)] (1)

Using Taylor series expansions, we can show that the error of approximation in the
formulas (9) and (10) are of order O (h) and the formula (11) is of order O(h?).

We can extend the above results to higher dimensions, that is, approximations to )
partial derivatives can be written. Let the dependent variable be u(x,y,t), where x, y

denote the space directions and t denotes the time direction. In elliptic problems, the
variable t does not appear.
We superimpose on the region R of interest, a mesh of lines parallel to x and y axis,
The points of intersection of these mesh lines, lying in the region R are called the
nodes or mesh points.
In one-dimensional case, we define x; =a+ jh, j= 0,1,2,..., where h is the mesh size
or mesh length in the x-direction and a is a suitable initial point.
In the two-dimensional case, we define

x; =a+ih,y; =b+jh,,i=01,2,...,j=0,1,2,...
where h,,h, are the mesh lengths in the x and y directions respectively. If we are
considering an initial value problem, then we also have the mesh lines
t, =nk,n =90,1,2,... where k is the mesh length in the t-direction. The mesh and
nodes for a bvp are shown in Fig:1.
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Fig.1: A typical mesh and nodes

In the‘ direction of x-axis, we denote the forward differences by A,,4,,,..., the
backward differences by V,,V,,,...,and the central differences by 6,,8,,,...,. We
shall use similar notations for differences in the y and t directions. We have

h-g—;=th =ln(l+4,)=48, -(& [2)+ (A /3) -~

=ln[(l-Vx)"]=—-ln(l—Vx);V‘+(Vi/2)+(Vi/3)+---
9? .
h’-—z- h’D2 =[In@1+A,)1% =[A, ~(A% /2)+(A> /3)--T°
ox
=A% A+

2
h? — = h2D? =[2sinh™ (3, JDP =82+
.. du .
Therefore, O(h) approximations to = are given by
A, %[u(x+h y,t)—u(x,y,t)] (12)
v, %[u(x y,t)—u(x-h,y, )] (13)

2

Similarly, O(h) approximations to —Z;;‘- are given by

o’u 1 1 ,

Pviivy A u n=-s [u(x +2h,y,t)-2u(x + h,y,t) + u(x,y,t)]. (14)
2w _gryo iy - 2utx—hyot 2h 1s
axz —hz xu"‘hz WX, y,t)—culx —h,Yy, )+U(X— ,)’,t)]' ( )

2
An O(h?) approximation to %‘; is given by

2’u 1
CUd
We can verify the orders using Taylor series expansions in three variables.

Siu=—Bl—z-[u(x+h,,t)-2u(x,y,t)+u(x—h,y,t)]. (16)

An O(k) approximation to %:— is given by

u 1 I | '

| '5; kA U—l‘(’[u(x y;t"'k) U(xa)’,t)] (17)
ou 1 1

==V u=- o ) -u(x,y,t -k (18)

10




—‘

el

El) Using Taylor series, derive the orders of the formulas given in Eqns.(12) to (18). v

In difference methods, the partial derivatives in the differential equation are replaced
by suitable difference quotients, converting the differential equation to a difference
equation at each nodal point. This procedure is called discretization of the
differential equation. The difference equation is applied at each nodal point. The
given data is used to modify the difference equation at the nodes near or on the
boundary. The solution of this algebraic system of equations (consisting of the
difference equation and the initial/boundary conditions) gwes the numerical solution
of the given initial or boundary value problem.

We shall now discuss difference methods for solving elliptic differential équations.

11.3 DIFFERENCE METHODS FOR ELLIPTIC
EQUATIONS

Consider the linear partial differential equation

Lu= A-a—2—+C§-—u-+D2u-+Eéu—+Fu G (19)

x' oyt ox oy

defined in a region R with boundary T", where A,C,...,G are continuous functions of
xand yin Rand on I'. We assume that A >0,C>0 and F <0 (so that the ellipticity
condition and the weak max-min principle are satisfied). Let suitable boundary
conditions (Dirichlet or mixed boundary conditions) be given.
We superimpose on R, a rectangular mesh with step lengths h, and h, in the
directions x and y respectively. The nodal points are given by

X; =X0 +ih‘, l =O,tl,i2,...; yJ =y° +jh2, j=0,tl,i2,--

If all the four neighbouring nodes of a mesh point are inside R, then this node is called
an internal node. Otherwise, it is called a boundary node as shown in Fig.2. Here, we
have represented an internal node by a solid circle and a boundary node by a hollow

circle O.

4

Fig.2: Internal nodes () and boundary nodes (O)

We denote the numerical solution at the nodal point (X;,y;) by u, ;. We write the

following approximations at (x;,Y;) -

au) 1 2\ [ Ou 1
A = 52x Ui +0(hl)’[—) 82 i, +O(h )
[ax T A L 2hy

3y

2 u; +0(h3)

Finite Difference Methods

Max-min principle:
The maximum and
minimum values of
u(x,y) occur inside the

region R.

Weak max-min principle:
The maximum and

~ minimum values of

u(x,y) occur either inside
the region R or/and on the
boundary F.

11
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where . 82xu u1+11 _1 J,S,(u\, 1+1J 2u +u| =1,j etc.

At the nodal point (x;,y;) , the.approximation.to thc differential Eqn.(19), becomes .

1 1 1 1 2
— A Si Ci~82+——Di 8, +—E; 5, +h,F‘--]u-~=G‘~
[h2 . h2 J0Y Zhl g2 2h2 W32y 1] 1) B}
: 1 h ph
or, > {AUS,Z( +p2CLj 8; +—2—’Did-82x +——-2‘ E 8, + Fij]uid. =G
1

h . . g
where, p = h—‘ . Writing the expressions for each term and simplifying, we get
2

—;[ai,jju””+b Ui G U T ~€;;u;;1=Gy; 20)
)]

h
where, a;; = A;; + h' D; b =A,-=D, ;
. : TS

‘J’
ph ph
2 1 . _ 2 1 ;
¢i;=p Cy +TEi,ja d;; =p” G “"2_Ei,,',

Cij =2(Ai,j +P2 Ci,j) —hlz F;

i-1,j

This method is called the five-point formula for the solution of (19). We can also
write the formula as

+bu; o ulj+,+d g —e ., = h,zGi,j. 21

a;u 0%

i+l,)

If the step lengths in both directions, x and y, are same thatis, h; =h, =h, then p= 1
and the coefficients simplify as ’

h‘ : . h .
aig=Ai oDy 5 by = Ay =2 Dy
b . h

Cij =?i,j +'5E’i,j ;4 =Gy _EEi,j;

The difference Eqn.(ZO) is applied at all the internal nodal points in R . When the
difference Eqn.(20) is applied at a node numbered (i, j), it uses the information at the

four neighbouring points (i +1,j), (i~1,j), 4, j+1), and (i, j— 1), which lie on the
mesh lines x =x;and y =y;. We define these five mesh points as the computational

molecule to derive the difference equation at (i, j) .

The computational molecule at (x;,y;) is given in Fig.3.
’ y

Fig.3: Computational molecule for five-point formula
The above formulas simplify when we consider a Poisson equation or a Laplace
equation.

Lét us now derive methods for



2 2
Poisson equation: %‘; + %y—lzi =G (x,Yy).

Let us first consider the corresponding homogeneous equationi.e.,

2 2
Laplace equation: % + (—;y—l: =0,
In these cases, A =1,C =1,D=0=E.=F. ForLaplace equation G =0as well. Then
the coefficients in the five point formula (20) simplify as
a;; =1=b;;; ¢;=p’ =d;;; e,;=2(1+p%),
and the formula becomes

LI L +p2 (v + ui.j—l)_2(1+p2)ui,j = h12 G (23)

ij*
when h, =h, = h, the five point formula simplifies as
-4u;; =h*G;;. (24)

The computational molecule is as given in Fig.3, where a,; =1=b,; =¢;; =d,; and

u,, i +u_ . +u

i+l,§ i-1,j i+ +u

i,j-1

€;; =4. For the Laplace’s equation G =0.

Let us apply the above methods using the following regions and meshes.

(1) Square, 0 <x <3,0<y<3, with h; =h, =1.0. The mesh is as given in
Fig.4. Let the Dirichlet boundary conditions be given, that is, on the
boundary u(X,y)is prescribed. There are four nodes and the above
formulas can be applied as the step lengths on all four sides are equal.

(i1) Rectangle, 0 <x £3.5,0<y <3, with h; =h, =1.0. The mesh is as
given in Fig.5. Let the Dirichlet boundary conditions be given. There are
four nodes numbered 1, 2, 4, 5 for which the step lengths on all sides are
equal and the above formulas can be applied. However, at the nodes
numbered 3 and 6, the mesh lengths on the right and left are 0.5 and 1.0
respectively. Hence, the above formulas cannot be applied at these points,

(iii))  Triangle, 0€x<7,0<y<7,0<x+y<7 with h; =h, =2.0. The
mesh is as given in Fig.6. Let the Dirichlet boundary conditions be given.
There are three nodes inside the triangle. The coordinates of the nodes are
1(2,2),2(4,2),3(2,4).” At the node numbered 1 for which the step lengths

on all sides are equal, the above formulas can be applied. The steps

lengths on the right and left, above and below at the nodes numbered 2

and 3 are 1.0 and 2.0 respectively. Hence, the above formulas cannot be
" applied at these nodes.

Therefore, we need to derive a separate formula to take care of the situations
mentioned in the illustrations (ii) and (iii).

L 3 L4 N\
3
1 2 1 2
Fig.4: Square mesh Fig.5: Rectangular mesh Fig.6: Triangular mesh

Let us now describe how we have drawn the above meshes.
How to draw mesh

We shall describe the method for the problem in (ii), (Fig.5). We first draw the
boundary lines x =0, y=0, x =3.5 and y =3. The region inside this rectangle is the

Finite Difference Methods
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Fig.7: Non-uniform mesh

required region R . The step lengthis h, =h, =1.0. Now, we draw the mesh lines
x=1x=2,x=3, y=1and y=2. The points of intersection of these mesh lires in

R are the nodal points. Since Dirichlet boundary conditions are given, the solutions at
the boundary points are known. Hence, we number the internal nodes from 1 to 6 (in
an ordered way) at which the solutions are to be obtained, the coordinates of these
points are 1(1,1), 2(2,1), 3(3,1), 4(1,2), 5(2,2) and 6(3,2), (see Fig.5).

Difference formula for nodes near the boundary

Let the step lengths on the four sides of the node (x;,y;)be h;,h,,h, and h, (see

Fig.7).
We write the formula as
o*u 8%
[&7+§J =a, u(x,.,yj)+al u(x,; +h,,yj)+azu(xi,yj +h,)
ij :

+aju(x; ~h;,y;)+au(x;,y; —h,). (25)
Writing the Taylor series expansions of the terms on the right hand side, we get

o*u  d%u du h? 9% du h? 9%
é—x-2—+gz—=a0u+al u+hl—a;+7§+-~- +a, u+hzg+—2"a72—+"'
2 2 o 2 2
+a3 u_h]@.’.h:‘_gi_... +a4 u_h42u_+h_4ﬂ_...
, x 2 ox? o 2 o

where all the terms on the right hand side are evaluated at (x;,y;) . Comparing the

coefficients, we get

a,+a, +a,+a;+a, =0. (26)
a,h; -a;h; =0. 27)
a,h, -a,h, =0. (28)
a,h? +a,h} =2. 29
a,h?+a,hl =2 (30)
Multiply Eqn.(27) by h,and subtract it from Eqn.(29) to eliminate a,. We get
a;h? +a,h h, =2, or a, =—2—-.
' _ hy (hy +hy)
From Eqn.(27), we get a, = a.3h3 = 2 .
h,  hy(h +h;)
Multiply Eqn.(28) by h,and subtract it from Eqn.(30) to eliminate a, . We get
: 2
hi+a,h,h, =2, or ——
ah,+a,h,h, a, h,(h, +h,)

From Eqn.(28), we get
ah, 2
aZ = = .
h, h,(h, +hy)
From Eqn.(26), we get
a,=—(a, +a, +a; +a,)

__[ 2 2 2 2 ]
) hy(h; +h;) h,(h, +h,) hy(h, +h;) h,(h, +h,)

=2 I + L .
hh,  h,h,

Substituting the values of ag,a,,...,a, in Eqn.(25), we obtain the required formula. _
When h, =h, and h, =h,, we obtain formula (23) and when h, =h, =h, =h, =h,
we obtain the formula (24). ’




Application of the method

We form the mesh with the given step lengths. We number the unknowns at the nodes
in an ordered way, from left to right and bottom to top, or from left to right and top to
bottom. We apply the method at the nodal points in the same order, that is, first
equation at pointl, second equation at point 2 etc. The difference equations give rise
to a system of algebraic equations for the required number of unknowns. The solution
of this system is obtained numerically by a direct method (Gauss elimination or LU
decomposition) if the system is small and by an iterative method (Gauss-Seidel or any

other suitable method) if the system is large.

We now illustrate the above methods through the following examples.

Example 2: Find the solution of V’u =0 in R subject to the boundary conditions
u(x,y)=x>-y* on T, where R is the square 0 < x <1,0 <y <1, using the five

point formula. Assume uniform step length h = -;— along the axes.

Solution: The mesh is given in Fig.8. We have four mesh points 1, 2, 3, 4 whose
coordinates are (1/3,1/3),(2/3,1/3),(1/3,2/3),(2/3,2/ 3) respectively. Denote the

solutions at these points as u,,u,,u,,u, respectively. From the boundary condition

u(x,y)=x> —y’, we have the following values.

1 2 4
u5=u l,0):— ) u(,:u(—a()]:—’
3 9 3 9

) e
u, =ul=,l|=~=, u,=ul—-,1l=-—.
3 9 3 9

Hence, we obtain the following difference equations using formula (24).

At 1: u, +uy+u; +u; —4u; =0, or —4u, +u, +u; =0.
At2:  ug+u +u +u,-4u, =0, or ul—4u2+u4=—%,
At 3: u,+tu; +ug+u; —4u; =0, or u, —4u; +u, =§-.
At 4: U +u,+uy+u,-4u, =0, or u,+u,;-4u,=0

We have the system of equations Ax =B, where

-4 1 1 0 0

1 -4 0 1 -4/3
A: R b:

1 0 -4 1 ( 4/3

0 1 1 -4 0

We can solve this system by Gauss elimination method. The solution is

u, =0,u, =1/3,u; =-1/3,u, =0.

We also note that u(x,y)=x" -y satisfies the differential equation V*u =0and the

given boundary conditions. Hence, u(x,y)=x? —y?is the exact solution of the bvp.
Hence the numerical solution (u,,u,,u;,u,) obtained is same as the exact solution.

* ok ok

Finite Difference Methods
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Example 3: Find the solution of V?u = x +y.in R subject to the boundary
conditions u(x,y) = (x? + y*)/6on I', where R is the triangle .
0<x<L0<y<l0<x+y<1,using the five point formula. Assume uniform step

length h = :"-‘ along the axes.

Solution: The boundaries of the triangle are x =0, y=0and x + y=1. The mesh
is given in Fig.9. We have three mesh points 1, 2, 3 whose coordinates are -
(1/4,1/4), (1/2,1/4), (1/4,1/2). Denote the solutions at these points as u,,u,,u,
respectively. From the boundary condition, u(x,y)= (x> +¥%)/6, we have the
following values. '

u,4 =u(.1_,0]=L , Ug =u(_l.,0]=_l_,
4" ) 384 2") a8
1 1 3 1 7
Uy =u 0~ |=— , u,=yl=,—|=—,
( 4] 384 (4 4] 96
1 1 1 1 1
us =u 0,_ =— , u9 =yl =, —|=—,
2) 48 2 2) 24

w=d L 327
7474, 96
Hence, we obtain the following difference equations

Atl: uz+u3+u6+u4—4u|=-ll6-(%+%j

1 1 1 5
0r9 —4u]+u2+u3————-——-——-——___
32 384 384 192
1{1 1
At2: +Ug+ U, +us—4u, =—| —+—
o Tl T, T TR 16[2 4}
3 7 1 1 34
or, Ul"'4u2= ——————— — —
64 96 24 48 384’

At3: u9+u,o+u8+u,—4u3=-—1—(—l-+l]

or, u, —-4u,=—-—-—-— - —=——,
64 24 96 48 384

Subtractmg the last two equations, we get u, =u,. Therefore, we have the equations
5 34

—4u,+2u2 =E,u,-—4u2 =- 384

whose solution is u, =1/192,u, =u, =9/384.

gk

You may now try the following exercises.

E2) Find the solution of V21 =0 in R subject to the given R and boundary

conditions using the five point formulas.

a) R:square 0sx=<L0<ys<lu(x,y)=x~yonT. ASSume h=1/3.

b) R:rectangle 0<x<3,0<y<2. u(x,y)=x?-3y? on I'. Assume
h=1.0.

¢). R:triangle 0sx<1,0sy<l,0sx+y<lu(x,y)=x>-y? onl.
Assume h=1/3. '

d) R:rectangle 0<x<5/6,0<y<l.u(x,y)=x-y on I'. Assume
h=1/3.




E3) Find the solution of V2u = G(x,y) in R subject to the given R, G and : Finite Difference Methods
boundary conditions, using the five point formula.
a) R:square 0<x<1,0<y<1.G(x,y) =2x+3y.u(x,y)=x-y on
I'. Assume h=1/3.
b) R :rectangle 0<x<3,0<y<2. G(x,y)=x ~vy. u(x,y)=x% - 3y?
onI'". Assume h=1.0.
c) R: mangle 0<x<1,0<y<],0<x+y<1.G(x,y)=x* +y
u(x,y)=x>~y> on I'. Assume h=1/3.
d) R:rectangle 0<x<5/6,0<y<1.G(x,y)=2x+3y.u(x,y)=x-y on
I'. Assume h=1/3,

E4) Using the Taylor series-expansions, show that the five point formula is of order
O(h} +h2) or O(h?).

Treatment of mixed boundary conditions

If the mixed boundary condition is prescribed at a nodal point on the boundary, then
the solution at this point is also to be determined. To apply the mixed boundary
condition at a nodal point on the boundary, we need an approximation to the normal
derivative du/dn . If the region R is a square or a rectangle, then the normal to the
boundary is in the direction of x or y axis (see Fig.10). Since the order of the formula
being used at the nodal points inside R is of order O(h? +hZ2) or O(h?),itis
preferable to use same order approximations to du/dx or du/dy, so that the totality

of the difference equations are of order O(h? + h2) or O (h?). However, in the case

of curved boundaries like a circle, we may use O (h) approximation. O(h?)

y
approximations to the first partial derivative are given as follows (see Eqns.(4), (6), % Tau /3y
(8)).
ou) 3 : 1
rel __Zh—[ u(x,,yj)+4u(x,+,,yj) u(x;2,¥))] G < L
Ou : ' : : ou / Ox
(T&J -E}TDU(X,,Y )—4u(x;,y;)+u(x,,y;)] (32) } .
1) v O ’ A x
N 1 | Fig.10: Normal to the boundary
[Sx_)., N )= 89) 33)

_ Similar expressions hold for du/dy. Approximations (31) and (32) are one sided
approximations (uses the nodal point on the boundary and nodal points inside R) and
approximation (33) uses a nodal point outside the region. The nodal point which is
outside R can be eliminated by using both the difference approximation (as if it 1s a
point inside) and the boundary approximation (33) at that nodal point.

Let us illustrate this procedure through an example.

Example 4:  Find the solution of V’u=0QinR, where R is the square yT
0<x <1, 0<y<1, subject to the boundary conditions : ‘ 8 7
u(x,y)=x*-y’ onx=0,y=0,y=l;u+%xu-=x2+’2x—y2 onx=1 !
Y
using the five point formula. Use central difference approximation in the boundary
condition. Assume uniform step ]ength h =1/ 2 along the axes. -
0 3 4 X

Solution: The mesh, with h=1/2,is as given in Fig:11. There are two unknowns,
at the nodal points 1 and 2 having coordinates (1/2,1/2),(1,1/2). Denote the , Fig.11: Mesh in Example 4
unknowns at these points as u,, u,. Note that u, is inside R and u, is on the '

boundary. If we apply the central difference approximatidn (33) at the point 2, then

we require an external point 8(u,), which is at a distance of h from 2 (along the line
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parallel to x-axis). Using the bbundary conditions, we get
u,(1/2,0)=1/4,u,(1,0)=1,us(0,1/2)=-1/4,
u,(1/2,1)=-3/4,u,(1,1)=0.
We obtain the following difference equations.
At 1: The step lengths on all four sides are the same (h =1/2).
u, +ug +us +u, —4u, =0,
or, u2—3—1+l—4u,=0, or i—4ul+u2=-3i. _
: 4 4 4 4
At 2: Using the central difference approximation (33) to du/ox, and the boundary
condition at the point (1,1/2), we get

1 1

o - 1
utr—=u, +—U; —uy)=u, +ug—u, =1+2-—=—.
ax g (e Tt =t 4 4
Applying the finite dlfference scheme at 2, we get
“Ugtu,+u;+u,—4u, =0
Eliminating u;, we get
11 15
u, -u, +7+0+u,+l 4u2-0 or 2u,——5u2——7

The solution is u, =0, u, =3/4.

1 *kk

Example 5:  Find the solution of Viu=12x,0<x <5, 0Sy <4, subject to the
boundary conditions u(x,y) =x’ +3xy’ on x=1,y=0, y=1and

2u +;% = 3y2 on x =0, using the five point formula. Use central difference

approximation in the boundary condition. Assume uniform step length h =2.0

along the axes.

Solution: The mesh, with h =2.0, is as given in Fig. 12. There are three unknowns
1, 2, 3 at the nodal points (0,2),(2, 2) (4,2) . Denote the unknowns at these points as

u,;,u,,u;. Using the boundary conditions, we have
u,(0,0) =0, uy(2,0) =8, uy(4,0) =64,
u,(5,2) =185, ugy(0,4) =0,

u,(2,4) =104, u((4,4) = 256.

We obtain the following difference equations.
At 2: Step lengths on all four sides are the same (h = 2.0).

u, +ug +u, +uy —4u, =24h? =96,
or, u, ~4u, +u; =96-8-104=-16.
At 3: At the point (4,2) , we use the formula (25) since h, =1.0, h, =h; =h, =2.0.

We have
IR =_2[1+1]=_z,al=___2___=3,
hh, Y 2 4 2 h,(h, +h,) 3
2 2 1 2 2 1
az=——-—=-——=—’a3=—-———=——=-—’
h,(h,+h,) 8 4 hy(h, +hy) 6 3
2 2 1
a4= —_—— e

h,(h,+h,) 8 4
Therefore, we have at the point (4,2)
a,u; +3,U, +3,U,, +a,u, +a,u, =48,

or, - %u, +%(l’785')+—1~(25'6)'+%u2 +l(64)=48~,
or, -l—uz—-:iu3—48—ﬂ—64 16=—f—6—§ 2u; -%u, =-932.
377772 3 3



At 1: Using the central difference approximation (33) for du/0x , and boundary
conditions at the point (0, 2), we get

2u, +:11—(u2 -u;,)=12, oru,, =8u, +u, —48.

Applying the finite difference scheme at 1 and eliminating u,,, we gét
u, +u; +u,,+u, —41@, =4(0)=0,

or, : u2+(8u,+u2—48)-4u,=0, or 2u, +u, =24,

We have the system of equations

2 1 0 u, 24
1 -4 1 {{u,|{=]|-16}
0 2 -9||u, -932

The solution of this system is u, =—3.3766, u, = 30.7532, u, =110.3896.

You may now try the following exercises.

E5) Find the solution of V*u =0in R, where R is the square 0<x<1,0<y<1,
’ subject to the boundary conditions

u(x,y)=x2 —y? onx='0,y=0,y=1;u+gu;(-=x2+2x—y2 onx=1

using the five point formula. Use central difference approximation in
-the boundary condition. Assume uniform step length h = 1/3 along the axes.

E6) Find the solution of V*u =0 in R, where R is the square
0<x<1,0<yx<1,subject to the boundary conditions

u(x,y)=x+yon X,=0,y=0,y=1;u+—gux—=l+x+yonx:l

using the five point formula. Use central difference approximation in the
boundary condition. Assume uniform step length h =1/2 along the axes.

E7) Find the solution Vlu=x?+y? 0<x<1,0<y<]I, subject to the boundary
conditions u(x,y) =(x* +y*)/12on x=1,y=0,y = land

12u +gu—=x4 +y* +—;—x3, on x =0, using the five point formula. Use
X

central difference approximation in the boundary condition. Assume uniform
step length h =1/2 along the axes.

E8) The nine-point formula, with the same step length along x and y axis (see
Fig.13), for the solution of

(a) the Laplace equation V’u =0inR is given by
4S‘ +S2 - 20ul.] = 0 .

(b) the Poisson equation V’u=G(x,y) in R is given by
2
48, +S, —20u; ; = 6h’ {GM +—hEV2 Gid}

where S; =u;,,;+u,_;+u; ;, +u,,,,and

S, = umm‘*‘“:]m"‘“ Hu

i+l )= -, )1

- Using Taylor series expansions, show that the above formulas are of order
O(h*).

Finite Difference Methods
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Fig.13: Mesh for Nine point formula
E9) . Use the formulas in E8) to solve the problems in the sets E2)a and E3)a.

In the above section, we have derived difference methods for the solution of the
eiliptic boundary value problems. We shall derive in the next two sections methods
for the solution of parabolic and hyperbolic equations.

Let us first consider methods for the solution of parabolic equation.

11.4 DIFFERENCE METHODS FOR PARABOLIC
EQUATIONS

Here we shall be illustrating the methods considering the one dimensional heat
conduction equation

ou _ d’u
& ox’
inaregion R(a < x <b)and 0 <t < T, with suitable initial and boundary conditions.
Superimpose on this region a rectangular network of mpsh lines defined by
x; =a+ih,1=0,1,2,.. ., M; x, =a,xy =b,h=(b-2a)/M; t, =nk,n=0,1,2,... At
any point (i, n), we denote the exact solution by u(x;,t,) and the numerical solution

(34)

by u!.

Now, approximate
auY' 1 1 : :
— | *r=Au! == -u] see Eqn.(17 35
[atl A = fur -u] (see Eqn.(17) (35)
uY 1. U .,

and {asz zFSi u =h_z[ui+l -2u] +ui_,] (see Eqn.(16)) (36)

Then, applying Eqn.(34) at the point (1,n), we obtain the formula
1 n+ n 1 n n n
'];[ui - ]‘_'h—g[um -2y, +ui—l]

or, u=ul+ )»[ui"+l —-2u{ + u;‘_,] : 37)
where A =k/h?is called the mesh ratio parameter. The computational molecule is
given in Fig.14. The formula is called a two level formula as it involves values on
two levels of time, n and n+1. The formula computes explicitly, the solution on the
current level n+1, using the values on the previous level n. Hence, it is an explicit
method called the Schmidt method.

i, n+1
= level n+1
i-1.n in i+1,n
level n
Fig.14: Schmidt method
Now, approximate
Y 1 1 4
— | ==Vu'=—Wu-u’ see Eqn.(18 8
[atlk.lk[. "] (seeBan(18) (38)

5

d°u

and use the same approximation for —-.

Then applying Eqn.(34) at (1,n +1), we



obtain the formula Finite Difference Methods
—Au™ e @+ 20)uM! Al =uf (39)

where A = k/h?is the mesh ratio parameter. The computational molecule is given
in Fig.15. The formula is a two level formula. The formula contains three unknowns

n+l n+l n+l

on the current level n+1, which are u', u/™', ul'. Setting 1=0,1,2,....M, or
i=1,2,...,M =1, depending on the given boundary conditions, we obtain a system of
equations for the required unknowns. Therefore, the solution is being computed .
implicitly and the method is an implicit method called the Laasonen method. Itis
sometimes called a purely implicit method.

i+1, n+1
k—— — level N+l

level n

A

Fig.15: Laasonen method

. 1
Now, we write an approximation to Eqn.(34) at [I, n+ —?jj as

1 i

N+ n+— 1 n+ n

8 T =8l s sl
(40)

The right hand side is the mean of 82 on the two levels n,n+1. Simplifying, we get

(1 —&Si ju,“” =[1+&8i]u{‘
2 2

+ n+ 7" n+ >" n n }" n
or, —%u}‘_l' +(1+2) u '—Eum' =Eui_,+(l—7k)ui Ul 1)
This formula is a two level implicit formula. It is called the Crank-Nicolson method.
It is one of the most famous methods as the concept involved is used to derive
difference formulas for many partial differential equations. The computational
molecule is given in Fig.16.

-1, n+1 i, n+1 i+1, A+
> > - level n+1

1.0 Ln i+, n
> 2 - leveln

Fig.16: Crank-Nicolson method

It is interesting to note that the above three methods for the solution of the one-

dimensional heat equation can be combined as

i =l + [0 82 urt 4 (1-0) 87 u?] 42)
where 0<6<1. When 6=0,1, 1/2, we get Schmidt method, Laasonen method and
Crank-Nicolson method respectively. '

Truncation error and order of a method

Consider the formula (37). The truncation error T at the node (i,n +1)is defined as
Ti" = u(xi’tm»l) - u(xi’tn )“}‘-[U(Xi_, ’tn) -ZU(Xi,tn) + u(xiH’ tn )] (43)

The order of the method is defined by k™' T;". (Note that we have multiplied the

equations by k to obtain the formulas). ‘

Substituting the Taylor series expansions of each term about (x,,t_)on the right hand

side of (43) and simplifying, we obtain the truncation error (T.E). However, it would
be easier to obtain the T.E, if we find the contributions from the terms

Au(x;,t,),82 u(x;,t,). We have

21
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Bu(x;,t,) = u(X,,,,t, ) = 2u(x,, t,) +u(x, .t,)

_ ou h* @%u : du h’ 3%
_Hu-rh—a;wfz—;wm -2u+ u—hé;+— —} (x;,t,)

2 &?
62 4 4
={:h2 u+h 5 u+.“} (xi’tn)
Atu(xi’tn):u(xiitnvl)_u(xi/tn)

2 2
:{k_@+k_.a_f_+} (Xi’tn)

o 2 &
Hence,
T =Au(x;,t,) - A8 u(x,,t,)

1>°n

_ k8u+k2 82u+m _k h262u h* o*
ot ) 2 . 2 >t Tt
ot h % 12 ox o)

Lk u  8'u)] k* d%u kh? 8% :
- —_— +_.__2_+...._ 4+...}
2 & 12 ox )
Since from the differential equation
au 32 82 a2 2 4
Yand 2 ¥ 9 [;?}:Zx‘: , we obtain the T.E as

= —and -—=
ot ox° ot ax?

d%u

4

Ti“=L—k2~(6k~h2) +} =0( + kh?) (@4)
(xi.ty)

The T.E. is of order O(k? + kh?) and hence the order of the method is
k™'T" =O(k +h?). Fora fixed value of A, thatis A =k/h”, we have k = Ah” or
k=0(h?). Hence, for a fixed A , the method behaves like an O(h”) method. Now,
for A =1/6, or k =h”/6, the first term on the right hand side in (44) vanishes.
Therefore, for this value of A, the T.E is of order O(k® +kh* ) or, the order of the
method is O(k”> +h*).
Example 6: Find the solution of the heat conduction equation subject to the given
Initial and boundary conditions

%— = g}—i%, 0<x <1, u(x,0)=smn(nx), 0<x <1, u(0,t) =0 =u(lt)

using (i) Schmidt method, (i1) Laasonen method and (iii) Crank-Nicolson method,
with h=1/3and A =1/6. Integrate for two time levels. Find the maximum absolute

errors on each time level, if the exact solution is u(x,t) = c‘"z‘ sin(nx) .
Solution: The mesh is given in Fig.17.
t
Tué u? ul u?
2/54
LIS Y u; u}
1/54
u; uy uj us X
—p
o) 1/3 2/3 1

Fig.17: Mesh in Example 6

The nodal points are given by x; =ih = é—,i =0,1,2,3,and t, =nk =5i},n =0,1,2.



There are two unknowns on each time level, on the lines x =1/3 and x=2/3.

Boundary conditions give ug =0=uj , n=0,1,2.
Initial condition gives

u) =u(0,0)=0,uj = u(—;—,OJ = sin[ij =[3—,

3 2
ul = u[—z—,()j = sm[zn] ——\/—3 uj =u(l,0) =sinn =0.
2703 3) 2
(i) Schmidt method For A =1/6, we have the method as

n+f
u.

v = ul el - 2u ul)
1 n n n
:'g(ui—l +4u; g

Onlevel 1, n=0: u =é~(u?‘, +4ul +ul ), i=1,2.

Fori.—_l: U::—é«[ug+4u?+ug]
=20+4 B +—‘E =——5I¢072169
6 2 2
For i=2: u‘l:%(ut’+4ug+u2)
-1 £+4 ﬁ +0 :~—5ﬁ=0.72169.
6( 2 2 12

We have t, =k =1/54.

Exact SOlUllOl’l is u| = l ]—u[—z—7£ —l-] e ﬁ =0.72136.
54 3754 2

Maximum absolute error on level 1 = | 0.72169-0.72136 | = 0.00033.

Onlevel 2, n=1: u (u 1+4u +ul ), i=1,2.

1+1

For i=1: u; :—é—(uz, +4u] +u})
%[O+4(072169)+072169] 0.60141.

We find u3 =u; =0.60141.

We have t, =2k=1/27.

Exact solution is u (E i} =u [E,l] = e"‘: 27 [3- =0.60087.
54 354 2

Maximum absolute error on level 2 = | 0.60141 - 0.60087| =0.00054.

Note that for A =1/6, Schmidt method is of order O (k? +h*).

(if) Laasonen method For A =1/6. we have the method as
n+l

_u +8un+l —u"+l—6u".

1+1
Onlevel 1. n=0: —uj_ +8uj —uj, =6u,i=12
Fori=1: - +8u,‘u,—6u?a6[\/~] W3

or, 8ul —u} =33 . since u,=0.
For i=2: —uj +8u} —u} =6u} =33

Finite Difference Methods
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or, ~u} +8ub =33, since u} =0.
We have the system of equations

M [RiR ke

-1 uzJ [3‘[— J

Subtracting the two equations, we get u; = u}.

3f

Hence, uy=uj = =0.74231.

Maximum absolute error on level 1=10.74231-0.72136| = 0.02095.

Onlevel 2, n=1: —ul, +8u —u}, =6ul ,i=12,
For i=1: ~u¢ +8uf —ul =6u; =4.45386

or, 8u; —uj =4.45386, since u; =0.

For i=2: ~u; +8ul ~ul=6u} =4.45386

or, ~ —u} +8uj =4.45386, since ul =0.

We obtain u} = uj = 0.63627.
Maximum absolute error on level 2 = l 0.63627 - 0.60087) = 0.0354.

(iii) Crank-Nicolson Method For A =1/6, we have the method as

n+l n+l n+l

n
—u} +14u™ —ull =ul, +10u] +ul,,.

Onlevel 1, n=0:-u! ,+14u —ul =ul, +10u) +uf, ,i=12.

i+1

For i=1:-uy +14u| —u} =uf +10u; +u?
or, 14u] —u} :-l—ll/—g—.
2
For i=2:-u, +14u} —u} =u? +10ud +u!
1
or, ~uj +14u} =IT"/§.
We have the system of equations
14 =1[u)|_ 1143/2
-1 140l | 132
, 11[

The solution of the system is u} =u}) = =0.73279.

Maximum absolute error on level 1= | 0.73279 - 0.72136| =0.01143.

Onlevel2, n=1:-u’, +14u} —v?, =ul, +10u} +ul,,,i=1,2.

For i=1:-u] +14u} —ul =u} +10u] +u} =11(0.73279) = 8.06069,

o, 14u; - u; = 8.06069.
For i=2:-u’ +14u —u? =u! +10u), + u} =11(0.73279) = 8.06069,
or, —u} +14u3 = 8.06069.

We have the system of equations
14 ~1]lu;| |8.06069
~1 14]|u2| | 8.06069

‘ : . 8.06069
The solution of this system is u; =u3 =

=0.62005.
Maximum absolute error on level 2 = ( 0.62005 - 0.60087( = 0.0918.

You may now try the following exercises.




E10) Show that the Laasonen method is of order O(k + h?). Finite Difference Methods

E11) Show that the Crank-Nicolson methbd is of order O(k? + h?).

E12) Find the solution of the following initial boundary value problem,
subject to the given initial and boundary conditions.
u_d'w
ER
u(0,t)=0= u(l,t).
Use h =0.2. (Note the symmetry in the problem and the solution about
x =1/2). Solve using (i) Schmidt method with A =1/6 and 1/4. (ii)

Laasonen method with A =1/2. (iii) Crank-Nicolson method with A =1/2,
Integrate for two time levels.

5, u(x,0) = 2x for x €[0,1/2] and 2(1-x) for [1/2 1],

E13) Find the solution of the following initial boundary value problem, subject to the
given initial and boundary conditions.
ou 6 u
o
Assume h =0.25. Solve using (i) Schmidt method with A =1/6 and 1/4. (ii)
Laasonen method with A = 0.6. (iii) Crank-Nicloson method with A =0.6.
Integrate for two time levels.

, 0<x <1, u(x,0) =sin(2nx), 0 < x <1, u(0,t) = 0 = u(l,t).

After having derived difference methods for elliptic and parabohc equations, we shall
now derive methods for hyperbolic equations.

11.5 DIFFERENCE METHODS FOR HYPERBOLIC
EQUATIONS

Let us consider the one dimensional wave equation

d’u 9%

o ax’
inaregion R(a<x <b)and 0 <t < T, subject to the initial conditions
u(x,0) = f(x),(Bu/t) (x,0) = g(x) and suitable boundary conditions. Superimpose
on this region a rectangular network of mesh lines defined by
x; =a+ih,1=0,12,..., M;xs =a,xy =b,h =(b-a)/M; t, =nk,n=0,1,2,...
At any point (i,n), we denote the exact solution by u(x;,t, ) and the numerical

(45)

solution by u;.
Now, approximate

azu " 1 o+ n' n— :
[?], sl = [l - 2ul +ul] (“46)
azu 1 ) | n n

and [Ex—’] ~h—2_82 hz[“m 2ui +ui,] @7

Then, we obtain the formula
87l =1’82u}
where r = k/his called the mesh ratio parameter. Simplifying, we get

n+l

ul —2u! +u =’ [ul, - 2ul +ul,]

or, u =2u! —u! +r?[ul, - 2u? +ul,] (48)
[ ]
The computational molecule is given in Fig.18. Note that a minimum of three levels is

required. The formula computes explicitly, the solution on the current level n +1,
using the values on the previous levelsnand n-1.

-
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level n+1

3 leveln

level n-1

Fig.18: Computational molecule for explicit method (48)

Truncation error
We have
62u(x,,t )=u(X,,t,) —2ulx;,t,)+ulx;,t,)

_[pp 2, bt ot
a1zt

62u(xl,t )=u(x;,t,.;)—2u(x;,t,)+ux;,t,,)
, 0% . k* 2%u
=k ——
.ot 12 ot it

T" =82 u(x,;,t,) -r’d2u(x,,t,)

, 0%u k‘ d*u k2| ,d%u h* 8%
kS —— — e h" —+— — 4 ...
atZ 12 at4 h2 ax2 12 ax4 )

2 2 2 4
=kzﬂ_ﬂ +k_kza zau+..
atZ aXZ 12 ax4 ax4 i)

4
[k {kZ a h2 a u]+ ”:l =O(k4 +k2h2) (49)
(xl tI‘I)

Hence

12 at 4 ax 4
where we have used the differential Eqn.(45).
The T.E is of order O(k* + k*h?) and hence the order of the method is

kT" =O(k* + h?). (Note that we have multiplied the equation by k? to obtain the
method). For a fixed value of , that is, r =k/h, we have k =rth or k=0(h).

Hence, for a fixed value of r, the method behaves like an O(h?) method.

Implementation of the method

To start the computations, we need the data on two lines n=0 and n=-1. At n=0,
initial condition is prescribed. The information required on the line n =—1 is obtained

by using suitable approximation to % =g(x),at t=0. We may use the

approximation
@_—‘_Lsnu + O(kz)’ or u” =u! _Zkgi’ (50)
o 2k b

The value of u; ! obtained from Eqn.(50) may be used in Eqn.(48) for n=0.

Using the ideas introduced in the previous section (see Eqn.(42)), we write a general
three level scheme as

82ul =r282[0ul" +(1-20)u! +6u’'] (51)
For 6 =0, we get the explicit method (48). For 6 = 0, we get an implicit method.
The method is of order O(k? + h?) for all values of 6. For 6 =1/2, we get the
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2
87u’ =£2-5§ [0 +u™] (52)
and for 0 =1, we get the method

dul =282 [uf! —ul +ul] (53)

i

Example 7: Find the solution of the initial-boundary value problem
2 2
% = %121 0<x<l1
. Ou
u(x,0) =sin(nx),0<x <1 Et_ (x,0)=0,0<x <1,

u(0,t)=0, u(l,t)=0,t>0
by using the (i) explicit scheme (48) and (ii) the implicit scheme (52). Use the central
difference approximation to the derivative to obtain initial condition. Assume
h=1/4,r=1/2. Integrate for one time step. Compare with the exact solution
u(x,t) =sin(n x) cos(m t).
Solution: For h=1/4,r=1/2, we have k =rh =1/8. The nodal points are given
by x;, =ih,1=0,1,2,3,4, and t, =nk,n =0,1,2,....
The initial conditions give the values ui0 =sin(n1/4),1=0,1,2,3,4. The boundary

conditions give ul =0, i=4. The mesh is given in Fig.19.

t /F
2 2 2 2 | 2
U, W, u, Uy Uy
2/8
1 1 1 1
Yo U U u; Lu:‘
1/8
0 0 0 ] 0
uO u| u2 u3 u,
—X

o 174 1/2 3/4 1 7
Fig.19: Mesh in Example 7

(1) The explicit method (48) gives

n+l

3 .
u ==u! +%(u;‘_1 +ul,)-uli=12,3.

1 2 1+
Since,u,(x,0) =0, we get u;' =u;,i=12,3.
For n =0, we get

3 0.1 4 0 -
U =—u; +Z(ui—l +Ui,) -y

Substituting the initial values, we get

3 1 .
u; ==u) +=(ug +ud) = %sm[—}]wt %(on) =0.65533,

4 '8
3, 1 . A

=200 e Loy =201 sm[E]Hm 3012092678,
47738 4 8 |4 4
3, 1 3 (3n) 1

uj =Zu2 +§(ug +ul) =Zsm[7] +§(1+0) =0.65593.

we have t, =k =]/8.

27
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The exact solution is

u —1—,-1-]=u —31,—1— =0.65328, u —l-,l = 0.92388.
48 48 2 8

(i1) The implicit method is given by
2
w2207~ 4 8T [l ur ]

From the initial condition u,(x,0) =0, we get u;' =u!. Hence, we get

cul 4 olul - Tl =2,
4 4 4

. For 1=1,2,3, we get the system of equations

! ug +149u{ ——‘liu'z =2u? = 2sin(n/4) =2

4
- -};u: +149u'2 —-}iu'} =2u) = 2sin(n/2) =2

1 10 , .1 . [ 3n
- -4-u'2 +—4—u'3 —-Zuk =2u) = Zsm(—z-J=\/5.

Substituting u}, =0,u), =0, we get
10 -1 0][u] |42
-1 10 —1{|u}|=| 8
0 -1 10||ul] |42
The solution of this system is (solve by Gauss elimination)
u} =uj =0.65886, u} =0.93177.

Try the following exercises now.

E14) Show that the method (51) is of order k? +h?.

E15) Solve Example 7, with h=1/4and r =1/3. Integrate for one time
step. Compare with the exact solution u(x,t) =sin(rx)cos(nt).

In the previous two sections, we have derived difference methods for elliptic boundary
value problems and initial value problems (IVP). It is important to know whether
these methods always converge to the exact solution or not. If not, then what are the
conditions under which the methods may converge? Moreover, in the case of TVPs,
we perform computations for a very large number of time steps (theoretically infinite
cycles of computations). Therefore, it is important to know whether all the errors
(truncation error, round of errors, and other errors) are under control, that is, either
they decay or at least bounded. To answer these question we shall now discuss
consistency, convergence and stability for IVPs.

11.6 CONSISTENCY, CONVERGENCE AND
STABILITY OF THE METHODS

A method for solving an IVP is said to be consistent if T.E — 0 as h — 0 and
k — 0 and the finite difference approximation converges to the corresponding
differential equation. Consider the one-dimensional parabolic equation

Qu_ =Lu

ot
where L is the differential operator in the space directions and let L, ube the

difference approximation to Lu. Then, the consistency condition can be written as
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u(x,t+k)—u(x,t)

ok
Consistency does not guarantee that the solution of the difference equation
approximates the solution of the differential equation. If the solution of the difference
equation tends to the solution of the differential equation as h — 0-and k — 0, then
the difference equation is said to be convergent.

>0 ash—-50,k—>0.

-L,u

Numerical solutions always contain round off and other errors like computational
mistakes. The cumulative effect of all these errors should be controlled in order to
have meaningful results. If these errors do not increase exponentially with increasing
number of time steps, then the method is said to be stable. This means that none of
the components of the initial solution, say, u(x,0) = f(x) should be amplified
infinitely during the infinite cycles of computation. We often test a method only for
consistency and stability due to the following theorem of Lax:

For a properly posed IVP and a finite difference equation to it that satisfies the
consistency condition, stability is the necessary and sufficient condition for
convergence of the solution.

We now discuss, very briefly, the analysis of stability.

Von Neumann (Fourier series) stability analysis

"We are considering a constant coefficient partial differential equation in one space
dimension and a consistent difference approximation to it. Let U] be the numerical
solution of this difference equation. Then, we can write

u =u! +¢g) (54)
where € is the error due to round off and/or a computational mistake. We can show

that the difference equation itself governs the propagation of errors, that is, the
difference equation can be considered as the error equation. Further, for difference
equations with constant coefficients, the error can be expanded in a finite Fourier
series. The error in the initial condition can be expanded as

83, =ZAJOeiDjmh (55)
)

where 3; = jn/(b—a). Wenow seeka solution of the error equation such that it
reduces to Eqn.(55) at time t = 0 (that is for n =0). We write

en =) ALE (e ™ (56)
J

where & is an arbitrary real or complex number. Since, for linear homogeneous

equations, the sum of linearly independent solutions is also a solution, it is sufficient
to consider a single term as

8:] - AEJ“ (j)eleh (57)
where (is a real number and A is an arbitrary constant. In order that the initial error

0 . S .
£, does not grow as n increases, it 1s necessary and sufficient that

lef=<t (58)
If this condition is satisfied then the difference scheme is said to be stable. The
number & is called the amplification factor of the scheme.

Let us discuss the stability of the methods that we have derived earlier.

Consider the explicit scheme (37) for the solution of the one dimensional heat
conduction equation. The error satisfies the equation (since the error equation is the
same as the difference scheme)

n+l __ n n n n
€y = m"')“[8 _28m+8m—l } (59)

m+!
(We are using m in place of 1 to avoid confusion with the imaginary number i ).
Substituting £, given by Eqn.(57) in Eqn.(59), we get
29
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A§“+leiam - Aénemmh + X[Ag“eip(m‘ﬂ)h _ ZA(\;nCiBmh + Agneiﬁ(m—l)h ]
Cancelling A£"¢™®™ on both sides, we obtain the amplification factor as

E=1+A[eP =24 ¢ P" =14 A[2cos(Bh) - 2]
=14 2A[cos(Bh)~1]=1-4Asin*(Bh/2)
The method is stable if

le| <1, or,[1—4xsm2(ﬁh/2)|s1

or, -1<1-4Asin*(Bh/2)<1.
The right inequality is satisfied automatically. The left inequality gives

~1<1—-4hsin? (Bh/2), or A S — .

2sin? (Bh/2)
Since 0 <sin? (Bh/2) <1, we get the stability condition as 0 <A <1/2, that is, the.
mesh ratio satisfies the condition (k/h?) < (1/2). For any value of A greater that
1/2, the computations would blow up.

Consider, now, the Laasonen method (39). Substituting €, given by Eqn.(57) in
Eqn.(39), we get
_ R‘Aén-ﬂeiﬁ(m-l)h + (1 + 2)~)A§n+leil3mh _ AA§n+leiB(m+l)h - Aénei[}mh.
Canceling AL e'P™ on both sides, we obtain
[=Me™ —2+e®") e =1, or [1-A{2cos(Bh)-2} £ =1
1
1+4Asin?(Bh/2)

Since A >0, we find that ‘él <1always. Hence, the Laasonen scheme is stable for all

or, [1+4Asin’(Bh/2)}E=1,0r & =

values of the mesh ratio parameter A . Such a scheme is called an unconditionally
stable scheme.

You may now try the following exercises.

E16) Show that the Crank-Nicolson scheme (41) for the solution of the one
dimensional heat equation is unconditionally stable.

E17) The heat conduction equation u, = u,, is approximated by

1 n+ n- 1 n n n
EE(um] -um]) ='h_2(um—l —Zum + um+l)

(i)  Determine the truncation error of the method.
(ii) Investigate the stability using the Von Neumann method.

E18) The heat conduction equationu, = u,, is approximated by
™ =ul +A[082u +(1-0)32ul], 0<0<1.
Investigate the stability using the Von Neumann method.

E19) The wave equation u, =u,, is approximated by

rZ
Bhur =8l +ur)
where r = k/h. Investigate the stability using the Von Neumann method.

E20) The wave equation u, = u,, is approximated by
87ul =r282[0ul™ +(1-20)u! +0ul]
where r =k/h. Investigate the stability using the Von Neumann method.

We now end this unit by giving a summary of what we have covered in it.




11.7 SUMMARY

‘We have covered the following points in this umt.

1. Finite difference method for solving
2 2
a) Laplace equation Q_u + _3_1 =
ax 2 ayz
2 2
b) Poisson equation 8_1_1_ + _a_u =G(x,y)
ax 2 ayz

¢) General elliptic equation
2 2
A28, e p® N -G
ox? oy’ ox oy
are derived.
2. Solved the above equations under Dirichlet or mixed boundary conditions using

the five point formula in a given region R .

3, Derived finite difference methods for solving parabolic and hyperbolic
equations.

4. Solved the one-dimensional heat equation and wave equation under different
types of initial and boundary conditions using explicit or implicit finite
difference methods.

5. Discussed the Von Neumann stability analysis to test the stability of finite
difference methods.

11.8 SOLUTIONS/ANSWERS

El) We use the following Taylor series expansions
u(x+h,y,t):u(x,y,t)+h%+%§‘: +h_632;‘3‘ +‘2‘_;Z;f
u(x—h,y,t)=u(x,y,t)—h%ux—+%gig _Eg_gi‘; +2_;‘;::‘ _

2 A2 3 43 4 a4
- Bhg 0 a0 n 2 G Dy G Py @' 2

: du k¥ d%u
uXx,y,t+ kK =uX,y,0+k—+——+
(x,y,t+k)=u(x,y,t) %2 o
du kg%
wx,y,t -k)=ulx,y,t) —k—+ — —+
(x,y )=u(x,y,t) PR
substituting the above relations in the formulas (12) and (18), we obtain the
orders as
. hdlu h 8%u
formula (12) : Eaz-+---=0(h),formula(l3): —-EEX—Z+-~-=O(h),
63 ‘ 63
formula (14) : hax—l:+---=0(h),formula(lS):-hEX—?-+---=O(h),
~ h? 8% 2 k 8%u
formula (16) : -l-i——a-x—;‘-+---=0(h ),formula(l?):—2—?+~~-=O(k),
k 3%u
formula(18) : ——t— 4 ...=0(k).
a8 o (k)

E2)a) Equispaced on all four sides for the points 1, 2, 3 and 4. (see Fig.20)

Atl: -4u, +u, +u;=0

Finite Difference Methods
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Fig.21

Fig.22
- 1/6

3 4
- 1/6

I 2

Fig.23
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b)

d)

E3)a)

b)

c)

d)

E4)

At2: u,-4u, +u,=-4/3
At3: v, —-4u;+u,=4/3
At4: u,+u;-4u,=0

The solutionis u; =0,u, =1/3, u; =-1/3, u, =0.

Equispaced on all sides for both the points 1 and 2. (see Fig.21)
Atl: —4u, +u,=-(1-11-3)=13.

At2: u, ~4u,=-(4+6-8)=-2.

The solutionis u; =-10/3, u, =-1/3.

.Equispaced on all sides for the pomt 1. (see Fig.22)
-4y, +l—l—l+—1-=0 gives u; =0
3 39 9

Equispaced on all sides for the points 1 and 3. (See Fig.23) At the points 2
and 4, the mesh spacing on the right hand side is 1/6, while the other mesh.
spacing are 1/3. We use formula (25) at the points 2 and 4.
Atl: -4u,+u, +u;=0 ,
At2:  12u, —-54u, +%u, =-18
At3: u,-4u;+u,=4/3
At4:  9u, +12u; - 54u, =-1.
The solution is u, =0, u, =1/3, u; =-1/3,u, =0.
See Fig.20. We use the formula (24) with h=1/3and
G(x,y)=2x+3y.
Atl: - —4du +u, +u; =5/27
At2:  u,-4u, +u, =-29/27
Atd: u,-4u;+u, =44/27
At4: u, +u,-4u, =10/27
25 - 43 103 35

The solutionis U, =———, U4, =——, Yy =———, U, =—
o Bh T o M T 2160 T 216

See Fig.21, with h=1.0and G(x,y)=Xx-Y¥
Atl: —4u, +u, =13 ‘

At2: u, —4u,=-1

The solution is u; =-17/5, u, =-3/5.

See Fig.22, with h=1/3and G(x,y)=x2 +y’

At -4y ei-t 111 -1~+1J or —du, ==
339 9 99 9 81

We get , u, =-1/162,

See Fig.23, with h =1/3and G(x,y) =2x +3y.

Atl: —4u,+u, +uy; =5/27

At2: 12u, - S4u2 +9u, =—479/27

At3: u, -4u, +u,=44/27

At4: 9u, +12u;—54u, =-17/27.

The solution is u, = -0.078902, u, =0.305289, u,; = -0.435703,
+ =—0.034281(use Gauss elimination).

For the formula (24), we have
TE=u(x,,y;) +u(xi,y))+ u(xi,)’jﬂ)"‘ u(x;, ¥ja)
—4u(x|,yj)—'h2G(x‘,yJ)



P

" r—

ngg—

ES)

E6)

E7)

=[e"™x +e7™x 1" 4 e ~4Ju(x;,y;) - h2G(x,,Y;)

. h4
=[h2(D“ +Dy)+ = (Do +Dm,y)+...:|u(xi,yj)—h2G(xi,yj)

~

2
where, D, = %, D, = %2- , etc. Using the differential equation

Uy + Uy =G'(x,y),wi’e get

4 i
T.E=[};—2—(Dxm +Dym)+--} u(x;,y;)

Therefore, T.E =O(h*) and order of the method =h™(T.E)=0O(h?®). Similarly
for the formula (3), we obtain
T.E =0(h; +h} h})and order of the method =h;*(T.E) =O(h} + h3),

. . . Y a

We have the following equations (see Fig.24) 1 15 16

Atl: —4u, +u, +u, =0

At2: u, -4u, +u, +u,=-4/9 12 5 13
At 3: Using central difference approximation, 4 6

s we obtain from the boundary condition 10 . 3 el

52 .
_——— — 5 X
tnEyr T T R B B a—
Fig.24

Using the five point formula at 3 and eliminating u,,,
we get

2u, —1?4,u3 +u, =-79/27
At4: u, —4u, +u, =12/9

At5: u, +u, —-4us +ug=5/9
At 6: Using the central difference approximation, we obtain from the boundary

condition
U = 46 +u, - 3u
13 27 5 3 6 -
Using the five point formula at 6 and eliminating u,;, we get

14 46
u; +2ug —Tuﬁ =_E

Solving the above system by Gauss elimination, we obtain the solution as
u, =0.000087, u, =0.333555, u; =0.889267,

u, =-0.333207, u, =0.0004172, u, =0.556880.

We have the following equations (see Fig.25)
Atl: -4u, +u,=-5/2 ’
At 2: Using the central difference approximation, we obtain from the boundary
condition
Uy =u; —u, + 3
2
Using the five points formula at 2 and eliminating u,, we get

2u, —5u, =—1—21

The solutionis u, =1, u, =3/2

We have the following equations (see Fig,26)
At 1. From boundary condition:

Finite Difference Methods
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Fig.25
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6
2
4
Fig.26
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or, u5=12u,+u2——1—6—

Using the five point formula at 1

1
u, +—+ 12u,+‘,uz———1—]—4u,=l[l , Or 4u,+u2=L
12 16 . 4\4 48

11 1{1
At 2: —+J—+u,+i—4u2=—[— , Or u,—4u2=——11—.
192 192 192 24 192
The solution is u, =—5—,u2 =i.
3264 68
E8) S, =u(x; +hy;)+u(x; —h,y;)+u(x;,y; +h)+u(x;,y; —h)

h4
:{4+h2(Di+D§)+l—2—(D1+D‘;)+-«1 u(x;,y;)

0’ 0!

where Di:aleD?‘:ax"

etc.

'S, =u(x; +h,y; +h)+u(x; ~h,yi+ h)+ u(x; + h,y; —h) + u(x; —h,yj -h)

4
=[4+2h2(D§ +D§)+%(Di +6D; D} +D;)+“1 u(x;,y;)

4
4S, +8, —20u, ={6hZV2u+h7V4u+O(h°)}
i
For V2u=0: 4S, +S, —20u; ; =O(h®).
Hence, T.E = O(h®) and the order of the method is 4 or O(h*).

4
For V’'u=G:4S, +8, - 20u, ; =6h°G, ; Jr%vz(},,j +0(h®).

Hence, T.E =O(h®)and the order of the method is 4 or O(h*).

E9)a) Refer Fig.20. Wehave u=x—-yonT and h=1/3. We have the following
equations
Atl: -20u, +4u, +4u; +u, =0
At2:  4u, -20u, +u; +4u, =-7
At3: 4u, +u, —-20u; +4u, =7
At4: u,+4u, +4u; -20u, =0
The solutionis u, =0, u, =1/3,u; =-1/3,u, =0.

b) Refer again to Fig.20. We have G=2x+3y,u=x-yon I'and h=1/3.

Also, V2G =0. We have the following equations.
2
4Sl + SZ —2011"] :EGL_‘-

At1l: -20u, +4u, +4u; +u, =10/9

At2:  4u, —20u, +u; +4u, =77/9

At3: 4u; +u, -20u, +4u,=79/9

At4: u,+4u, +4u; —20u, =20/9

The solution is

u, =-0.31361, u, =-0.59404, u, =-0.60462,u, =-0.36652.
E10) Using the Taylor series expansions, we get




TE=u(X;,t;,) ~ Mu(Xipstn) = 20, ) +u(X o, t ) 1= ulx,,t,) Finite Difference Methods

”'n

u 8%u) ko . 8% ) kn?a%u "
=k{————+— -2 - ST
ot oxt? 2 & oxot 12 ox*t .

Using the differential equation, we get the order of the method as

II(—(T.E)=O(k+h2).

E11) Using Taylor series expansions, we get

T‘Ez[u(xi’tnﬂ)—_z—:_z{u(xiﬂ s tn+])~2(xi’tn+1)+ u(xi—l’ tn+l) }:|
—{U(Xi’tn)+-21;_2'{u(xi+l’tn)_2u(xi7tn)+u(xi—-l’tu)}:l ’

Hau azu] kza[éu 82u] kh? 2%y k* o%u }
=k — | — ] — - - ~ N

d oax?) 2ol ox?) 12 ax' 4 axlat?
Using the differential equation, we get

TE=0(k’ +kh?), and the order of the method is %(T.E) ~O(k? +h?).

E12) Because of symmetry of the differential equation and initial conditions about

X = %, we have u(0.2) =u(0.8)and u(0.4) =u(0.6) (see Fig.27). Itis sufficient

to solve for u(0.2) and u(0.4). The conditions give |

ug -0, u? =0.4, u(2) =0,8=u2, ug =O=u;', n>0. Fig.27: Initial conditions

i+l

1
Schmidt method k=g ul* =y +%(u3‘ -2ul +uly).

We get u) =0.4, ul =0.73333, u; =0.38889, u2 =0.677775.
Similarly, solve for A=1/4.

e e e e — — —

1 1 1
Laasonen method A=—: ——u +2u;" ——u; P il 2l il 4
2 2 2

n=0 :Fori=land i=2, we get Fig.27: Mesh
2u, —lu'2 =04, —lu; -kiu'2 =0.8
2 2 2
whose solution is u! =0.363638, u} =0.65455.
n=1:Fori=1land i=2, we get

2u, ~Lu —0.363638, ~lu,2 +3u§ =0.65455
27 2 2

whose solution is u? =0.31736, uj =0.54215.

Crank-Nicolson method A = —;—

1 n+1 3 n+l 1 n+i 1 n 1 n Y n
Uy FTUp sl = U ol Ry
4 2 4 4 2 4
n=0:For i=1landi=2, we get

5
-3-u: —lu'2 =04, -lu; +=ul =07
2 4 4 4 7

whose solution is u, =0.37241, u}, =0.63448 .

n=1:Fori=1andi=2, we get

iuf —-l-ug =0.344825, —1u,2 +£u3‘ =0.56896
o4 T4 4 °
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E13)

Fig.28. Initial condition

36

Fig.28. Mesh

E14)

E15)

whose solution is u; =0.31629, uj =0.51843.
See Fig.28. The conditions give
ug=0,ul =1, ud=0,u) =-1,uf =0, uj =0=uj.

1
Schmidt method X=g, ul' =u! +-16—(u?_, -2ui +ui,).

We obtain the following results: u| =—2~, uy =0, u} = ——2—.
‘ 3 3
4 4
u]2 :—9—’ ug :O’ u§ =—_-—,
Laasonen method A =0.6: —0.6ul} +2.2uf -0.6u},, =u}.

i+l

n=0: 2.2u; ~0.6u} =1, -0.6u; +2.2u} - 0.6u} =0,
- 0.6u} +2.2u} =-1.

Solution is u} = 0.454545, u}. =0, u} =—u| =0.454545 .

Similarly, obtain for level 2.

Crank-Nicolson method A =0.6.
-03uM +1.6u™ —0.3u™! =0.3u?, +0.4u” +03u”,
n=0:1.6u; —0.3u} =0.4, ~0.3u} +1.6u} ~0.3u} =0.
-0.3u) +1.6u} =-04.

Solution is u] = 0.25, u}, =0, u} = -u] =0.25.
Similarly, obtain for level 2.

u, =u,. The methodis
§ul =128} [9u}"' +(1-20)u; +9u;"1]
=128} [u}‘ +063u?]

Using Taylor series expansions, we get

k4
32! =|k’D} +ED? 4] ul

4 2 ; 2
8u! =[h2Di +%D: + }u,“ , where D? =%,D2 =%, etc.

X

1

2
T.E=[k2(Df —Di)+k2[—1——9]D: —LD: +~-]u."
12 12

2 2

Using the differential equation u, = u,, , thatis — =——, we get

order = kl—, (TE)

2
=[kz[%—9]131 _I_Z_D: +...Ju;' =0(k” +h?).

k= —113 . Initial and boundary conditions give

0 NEIA n n
u, :sm[—;}l =0,1,2,3,4; u, =0=uy, nx1.
(see Fig.19). Also, u;' =u!.

i i

Explicit method u"' =2u! -y} +—;-(u;‘_' +ul).



‘ Finite Difference Methods
n=0:u =2u ~u' + —(u_,+u,*,'

1
or ul =u§’+§(u?_, +ul)).

We get u; 20.76266, u}, =1.07857, u} =0.76266.
Exact solution : u(—!-,i—J = sin(ﬂ)cos( ) 0.68301
4712 4 12

u(}- —-I—J 0.68301, u-l- 1 cos( J 0.96593.
4 12 2 12 12

Implicit method
W =2u? —upt e[ ur e o2 urt | ¢ 2yt - L
18 18 9 18
=2u} —u]” +il—8—(u,"_’,' 20wyl
using the initial condition for n =0, u;' =u}, we get the system

185 18
20u) —u) =—=, ~u] +20u} —u} =18, ~u} +20u} =—=
N 2

The solution is u} =u} =0.68482, u} =0.96848.

E16) Substitute f = AE"e®™  (Note that the given difference scheme is the same as
the error equation). The method is

(1--’15 o —(1+58§)u;
2 2

substituting for e, , we get
8i e"m”:Aé"”em"“ [eph -2+ e—ﬂh]

= AE"eP™ [2c0s B - 2]= —4AE™eP™ sin 2(%}‘)

Similarly, 82 en=-4At"e iBrih smz(%} |

Substituting in the method and simplifying, we get

[1+2ksin (Bz )]AE_," ipmh [l—-stm (Bz HA&“ ipreh

s 2
or, €=1-—2Xsm (ﬁhlz)sl,always
1+ 2Asin?(Bh/2)

since sinz(%}lJz 0 and A > 0. Therefore, Crank-Nicolson scheme is

unconditionally stable.

E17) The given method is ul' —ul' = hz 82
Expanding in Taylor series, we get
3 ) 4
TE= 2k§“-+-'5—1)3+--- uﬁ,-Z—k—- h’D? +£—D: +oe
a3 h? 12
|y f2u 2 K% kh?atu "
ot 6x2 3 atB 6 axlt i
=0(k* + kh?)

Substituting € = A£"e™™ we get the characteristic equation as

-7 Jagre®m™ = 2]~ 4sin? placn ™ +
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We get, §=%[— 8Asin’ ¢ + {6417 sin® ¢ + 4]

Now, 64A% sin* ¢ +4>4. Therefore, there is at least one root (with signs of
both the terms in the numerator taken as negative) for which |&| >1. Therefore,
the method is unstable.

E18) Replace suffix i by m. Substituting e','n=A§“ei“""‘ and canceling AZ"e®™™ |

we get
i +420sin? ot =1~ 4A(1~ 8)sin? ¢, where ¢=%_
- - 2
or, §=M,where s=sin¢.
1+ 4A0s

" For stability, we require {£{<1, or
I )
1+ 4A8s
or, —1-4x0s<1-4Ar(1-0)s® <1+4A0s’ ,
The right inequality gives A > 0, which is true. The left inequality gives
~2-40(20-1)s*<0. '

For62> % , this result is always true. Hence, the method is unconditionally

stable for0 2%. For B < -;— , we write — 2 + 4A(1-20)s® <0.
Using the maximum value of sin¢, we get —2+4A(1~20)<0,0or

A< M’ which is the stability condition. For =0 (explicit scheme), we

1
et L <—.
& 2

E19) Substituting e, = AE"e®™ we get the characteristic equation as A

G-2+87) =17 (-257) (5 +£ ), where s:sin[pz_h]
or, E*(1+2r’s?)~25+(1+2r’8%)=0
|
or, 2 _2B¢ +1=0, where B=———u-
: : 1+ 2r2s?

The roots are §=[Bi VB’ —1}.

If |B| > 1, one of the roots is always greater than 1.

If |IBl =1, |&§] =1.

If |B| <1, then & is a complex pair £ =B+ (vB? —1) i, whose magnitude is
|&]<1. Hence, for stability, we require |B|<1. Therefore, we require

—15——1-2—2‘s1,or -1-2r’s’ <t1<1+ 21’
1+2r%s

The right inequality is always true. The left inequality gives — 2 — 2r’s> <0
which is also true. Hence, the method is unconditionally stable.

E20) Following problem E19), the characteristic equation is obtained as

38
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g £ -2BE+1=0.where B=l -———"7+, s=sin(—-).
! 1+46r-s”
For stability, we require |B|<1 or,
PP P I MY
L+406r°s”
The right inequality is always true. The left inequality gives
-2< —-—is;,—, or 1+r’s7(46-1)20.
1+40r7s”

This is always satisfied for 6 > -‘II Therefore, the method is unconditionally

stable for 6> % For 0< G <.:l‘-, we get the stability condition as r’ < TR

-—x—
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N — PRACTICAL ASSIGNEMENTS

Sessions 4 & §:

1. Write a program to solve

(a) Laplace equation V?u=0 on (i) a square of side a (ii) a rectangle of side.
a,b.

(b) Poisson equation V?u =G(x,y) on (i) a square of side a (ii) a rectangle of
side a, b.

Use Dirichlet boundary conditions. Use a method of second order and uniform

step length h along x and y directions. Solve the resulting equations by Gauss

elimination method. Test your program on exercises E2) and E3).

2. Write a program to solve
ou_9’u
Fara
u(x, 0)=f(x), u@,t)=A, u(a,t)=B.

O<x<a, t20

using

(1)  Schmidt method
(1) Laasonen method
(iii)) Crank-Nicolson method.

Input h, k and number of steps n. Solve the tridiagonal systems in (ii) and (iii)

above by using Gauss elimination method. Test your program on exercises E12)
and E13).

3. Write a program to solve
o’u 9%
atZ ax2 ’
Su
u(x, 0)=1(x), > (x, 0)=g(x)
u@,t)=A, u(,t)=B.
using
(i)  explicit scheme
(i1)  implicit scheme.
Input h, k and number of steps. Solve the tridiagonal system in (3i) using Gauss

elimination method. Use central difference approximation to (%tl] (x, 0). Test

e
-

your program on Example 7 and E15).
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12.5  Solutions/ Answers , 55

12.1 IN TRODUCTION

In Unit 11, we have discussed the finite difference method for finding solutions of
partial differential equations. - In particular, we have solved the Laplace equation,
Poisson equation and one- -dimensional heat and wave equations. In this unit, we shall
introduce another popular numerical method called finite element method for solving
partial differential equations. Finite element methods are applicable to both initial and
boundary value problems of ordinary and partial differential equations. However, we
shall confine our discussion to the boundary value problems and in particular, discuss

finite element methods for solving Laplace and Poisson equations in two dimensions.

Finite element methods have some advantages over finite difference methods. One
advantage of the finite element method over finite difference method is the relative
ease with which the boundary conditions of the problem are handled. Irregularly
shaped boundaries are handled in a natural manner by the finite element method in
comparison to the finite difference method; where special formulas have to be
developed for the boundaries.

In Sec.12.2, we have started the discussion by defining triangular and rectangular
finite elements usually used in the case of two-dimensional problems. ‘In Sec.12.3
Galerkin’s finite element method which is a weighted residual method is discussed
and its application to the Dirichlet boundary value problem for Poisson equation and
Laplace equation is illustrated. Variational formulation of the Laplace and Poisson
equations are also given in this section.

Objectives
After studying this unit you should be able to

¢ discretize a given two dimensional domam usmg triangular and rectangular finite
elements;

o derive finite element Galerkin method for the solution of Laplace and Poisson-
equations with Dirichlet boundary conditions.

12.2 FINITE ELEMENTS

In finite element methods, we generate difference equations by using the variational
principle or weighted residual methods. The closed domain R; where the given partial
differential equation holds is divided into a finite number of non-overlapping
subdomains R,,R,,...,R. These subdomains are called the finite elements. We
use the straight line elements in the one dimensional case (see F1g 1), that is in solving
ordinary differential equations. In Fig.1, the interval [a, b]is subdivided into three
straight line elements ¢,,¢,,¢,. Generally, in two dimensions, we use the triangular or
rectangular elements (see Figs.2, 3). In Fig.2, we have eight triangular elements
numbered €,,¢,,...,¢5. In Fig.3, we have four rectangular elements numbered

€,,€,,€5,€,. The curved boundaries are handled in a natural manner.
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Fig.4: Triangular element
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€ [
8 6
(A €,
& & €, c ©s *
‘ € 1 1
a 1
b € € €,
€, €,
Fig.1: Straight line element Fig.2: Triangular element Fig.3: Rectangular element

In each of the elements e, we approximate the solution by a function say w , which is
continuous and defined in terms of the nodal values belonging to that element. At the
boundaries of the clements called the interfaces, the inter element conditions are to be
satisfied. The general requirement at the interface is that the approximating function
and its partial derivatives upto order one less than the highest order derivative
occurring in the partial differential equation or its variational form must be continuous.
The approximate solution w is then substituted in the differential equation and the
weighted residual method is applied. Alternatively, solution w is substituted in the
variational form of the partial differential equation. This gives rise to a system of
linear or non-linear difference equations. The solution of this system gives the
approximate solution of the partial differential equation at the nodal points in R . For
simple networks, the difference equations derived by the finite difference and finite
element methods are identical. As we have mentioned earlier, in this unit, we shall
consider only the solution of Laplace and Poisson equations in two dimensions. The
simple finite elements that can be used in this case are triangular and rectangular
elements.

Triangular and Rectangular Elements

As you know, line segment elements (see Fig.1) are used to solve ordinary differential
equations. For solving partial differential equations, the two basic elements that are
used are triangular or rectangular elements. That is, the two dimensional domam Ris
subdivided into triangular or rectangular elements.

Assemblage of triangles can always represent a two dimensional domain of any shape.
Normally, we use equilateral triangles.

Triangular element

Consider the triangular element with comners at (x;,y;),(X;,¥;),(X,,Yy), taken in the

anti=clockwise direction. This type of element is called a three node triangle. We
have three degrees of freedom (three nodal values at the corners), (see Fig.4). We
write a linear approximation inside each element of the form

u® (x,y)=a,+a,x+a,y 1)
At the nodes, we get

u, =a, +a,x; +a;y;

u;=a +a,x;+a,y;

u, =a, +a,Xx, +a;y,

For the solution of a,,a,,a;, we have the system

1 x; yi||a i
1 Xj yJ az = Uj
1 x, yella, u,

Using Cramer’s rule, the solution of this system is obtained as
A A

LTI .

28 2A 2A

where A is the area of the triangle and

a, =




1 A Finite Element Methods

: Xi Y
2A =2(area of triangle)=|1 x; 'y,
7 1 xk. Y
=(Xi“xk)(}’j“}’k)_(xj_xk)()’i_Yk)
u; Xy

s
i
=

i Xj Yj=ui(xjyk—xk)’j)‘uj(xi}’k"Yixk)+u.k(xi}’j—xj}’i)

u, Xy Yy

1 i Y

Ay=|1 uy vy, =ui(Yj—Yk)+uj(YK—Yi)+uk(Yi_Yj)
1 ou vy
1 x; i

Ay =1 x; vy =ui(xk—xj)+uj(xi—xk)+uk(xj—xi)
I X, uy

Substituting the values of a,,a,,a, in Eqn.(1) and simplifying we obtain the
approximation as

. 1
u’ ’(x,y)z—(A, +A,Xx+AyY)

(2)
=N (x,y)u, +N(e’(x Yy, + N (x,y ),
where,
N{(x, Y)—_[(X iYk — ij)*'(Yj*Yk)x*'(xk"xj)Y],
Nﬁe)(x’}’):_[(xk}’i =X Y) H (Y YD x+H(X, _Xk))’], (3)

N©(x, y)=—[(xy, Xy + (¥ —yx+(x; - x)y].

N N N{* are called the shape functions of the approximation. Setting
X =X;, y=y, in Eqn.(2), we get

u(e)(xi’Yi) =,

:N:e)(xiin)ui + Nge)(xn}’i)uj + N(ke) (x;,y)uy
Hence, N¥(x,,y,)=1,

Nje)(xi,yi):o )

NP (x;,y1)=0.
Similarly, substituting x =x;,y=y; and x =x,,y =y, in Eqn(2), we find that the
shape functions satisfy ,

Nﬂe)(xi ¥i)=1= Nge)(xj,}’j) = N{(e)(xk Y
and N9(x,,y,)=0,form=r,r=1ijk.

We can verify these results directly from Eqn(3) also.

In vector notation, we can write Eqn.(2) as

u;
u®(x,y) =[Ni” NP Ni&J
Uy

where [N']=[N® N N7 and u®}=[u, u; u,]".

=[NYT{u} 4

If the domain contains K elements, the representatlon of the solution variable over the
whole domain is given by
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of PDEs u(x,y)= i u®(x,y)= Z[N(e’ 1{u*} 5)
e=] e=1
On the interfaces, that is, the sides of the triangles, u(x,y) has no discontinuities. The
elements that we are considering here are called conforming elements. Two
adjoining elements are conforming if the value of u is determined uniquely on their
common edge.

Rectangular element

Let the domain R be divided into rectangular elements. Assume that the sides of the
element are parallel to x and y axes respectively. Since there are four vertices for a

y . rectangle a piecewise lihear approximation of the type (1), (which has only three
m k parameters) is not possible. Hence, we choose the piecewise polynomial in the form
Siym)  ROpYL) u(x,y)=a, +a,Xx+a, y+a,xy (6)
P(xvj) Qv ) Let i,j,k and mdenote the corners P(x;,y;), Q (x;,y;), R(x;,y,)and S(x;,y.),
i j P (see Fig. 5). We call these the nodes of the rectangle. At the
0 nodes, (setting (X,¥) =(x;,¥;), (X, ¥) =(x;, ¥ (X, ) =(X;,¥n), 06¥)=(X;,¥y),
Fig.5: Rectangular element Eqn.(6)), we get
u; =a, +a,X; +a,;y; +a,X;y; - @)
U; =2, +3,X;+3,;Y; +a,XYy; (8)
u, =a, +a,X; +a,y, +a,x;y, : )]
u, =a, +azxi tay, taXiyy, (10)

Subtracting Eqn.(10) from Eqn.(7), we get
(Yi =Ym) 33 +X(y; —¥qn) 34 =U; ~ Uy,
Ui —Up
Yi = ¥m
Subtracting Eqn.(9) from Eqn.(8), we get
a;(y; = Ym) +X;(¥i —Ym) 3, =4 - U,

an

of, a,t+a,x; =

u;—u,

Yi ™ ¥Ym ‘

Subtracting Eqn.(12) from Eqn.(11), we obtain

u;-u, -u;+u,
Yi=Ym

u;—u, —u;+u,

(X ~x;) (Y = Yu)
u;, —u,
Hence, a, =——™ ~a x;.
Yi —_ym
Subtracting Eqn.(8) from Eqn.(7), we obtain
az(xi .;xj)+a4yi(xi -)(j)zui —u;.

(12)

or, a,+a,x;=

a,(x;~x;)=

or, a,

u; —u;

Hence, a, = -a,y;.

X; = X;
From Eqn.(7), we get
8 =U; =8, X —23 Y, —3, XY '
Substituting these values of a,,a,,a,and a,in Eqn.(6) and simplifying, we get
u(x,y)=a, +a,x+a,y+a, xy

—N© (e) () (e)
=N; ui+Nj uj+Nk u, + N> u,

(13)

where,
| N© = (x"xj) (y-)’m)

44 X =% (Yi —Ym)

& _ (x=x) (Y-Yu)
o (xj_xi)()’i—bym)

3
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N© - x-x)(y-vy:) N© = (x-x;) (y-vy;) ' _

‘ (xj_xi)(ym—yi)’ " (xi_x_j)(ym_yi)-
Note that the nodes are P(xi,yi),Q(xj,y,»),R(xj,ym)and S(Xi,¥m)-

(14

At the node P(x;,y;), we have

N (x,y) =1L N (x;,y,) =0, N{¥(x;,y,)=0, N& (x;, y,)=0.
At Q(x;,y;), we have

N{(x;,y) =0, NS (x},y ) =1, NP (x;,y,) =0, N& (x;, y;) =0.
At R(x;,y,,), we get

N, Ym) =0, N (x,y,) =0, NP (x;,¥,) =L, N&(x;,¥,)=0.
At S(x;,¥,.), We get

N (x,y,) =0, N9x,,y,) =0, N{V(x;,y,) =0, N (x;,y,) =1.

Therefore, the shape functions have the value 1 at the node where it is defined and
have the value 0 at all the other nodes.

In general, when the sides of the rectangle are not parallel to the axes, the shape
functions satisfy the condition

N (x,,y) =1, for r=s
=0, forr=s.

Note that the shape functions derived in Eqn.(14) are the Lagrange bivariate-
interpolations. It is important that the interpolation polynomial u(x,y) is not confused

with the shape or interpolation functions N® . The interpolation polynomial u(x,y)

applies to an element, whereas N (x,y) is the shape functions for u, in an element.

Let R be a two-dimensional domain. Consider a typical node i, called an apex node.
It is the node which is common to all the neighbouring elements. The nodes marked e
in Fig.2 and 3 are apex nodes. In Fig.2, the apex 1 is common to six triangular
elements. In Fig.3, the apex iis common to four rectangular elements. The piecewise
approximating function u(x,y) over the whole domain R can be written as

M

u(xy) = Y Nixy)u, (15)

i=1
where M is the number of nodes contained in R, N; are the interpolating functions
and u; are the values at the nodes. The shape functions N;(x,y)are defined by

N; (x,y) = N® (x,y), given by Eqns.(3) or (14) if (x,y) isin € and has ias an apex
=0, otherwise. : :

Since we have defined some elements that can be used in the two dimensional domain,
we are ready to introduce finite element methods for the solution of Laplace and
Poisson equations. Finite element method can be applied-either to extremize the
variational form of the partial differential equation or directly through the use of a
‘weighted residual method. Galerkin’s method uses the weighted residual approach.

In the next section, we shall discuss the Galerkin method and derive the finite element
Galerkin method. Here we shall be giving the method for two-dimensional boundary
value problem although the method can be generalized to any dimension.

12.3 GALERKIN METHOD

Consider the boundary value problem
L(w)=f(x,y); x,yeR : - (16)
B[u]=g;(x,y); x,yel (17)
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where L is the second order linear differential operator, I is the boundary of R and
B, are the boundary conditions. We assume the solution of the partial differential
equation in the form

U(X, Y) ~ W(X, Y’al’ab'--’am) =¢0 (X, Y)+Zai¢i (xsy) (18)
i=1

which depends on the parameters a,,a,,...,a,, and ¢;(x,y) are basis functions

satisfying the boundary conditions and taken from a complete set of functions (can be
taken as polynomials, orthogonal functions etc).

Normally, ¢,(x,y) satisfies the inhomogeneous boundary conditions and
¢;(x,y)i=12,...,m satisfy the homogeneous boundary conditions

Bi[¢o]=8; , Bi{$;]=0,j=12,...m
The error in satisfying the differential equation is given by

E(x,y, a)=L[w(x,y, a)]-f(x,y) (19)
where a=[a,a,,...,a ] .
In the Galerkm method, the error is made orthogonal over the whole domain, to the
functions ¢,(x,y), i=12,...,m. In other words,

[J By, 000, (xy)dx dy =0, j=1,2,...,m (20)
% \ ;
This gives a m x msystem of equations for the solution of a,,a,,...,a .

Let us now consider the application of the method to the solution of the boundary -
value problem defined by Eqns.(16), (17). Let k be the number of nodes in an
element. We write the approximation in an element e as

K
u(x,y) = ZNiu,- =N©@y® [¥3))
i=1 :

where N =[N, N,...N,] and u® =[u, u,...u,]". The residual is
E=L(u)-f

Here, we choose the weight function as N,. Therefore, we require
J’J’ [L(u)-f] N, dxdy=0,i=12,...k (22)

Since the region is divided into M elements, similar equation holds for cach element
j [L(u)-fIN, dx dy=0,i=12,... .k, j=1,2,..,.M (23)
€

where N; are now the shape functions in the element and u; are the values of the

variable at the nodes in the element. The elemental equations are assembled (the
contribution of all the common elements at an apex i) and the fixed boundary
conditions are applied.

Let us consider the application of this method to the Dirichlet boundary value problem
for the Poisson equation défined by .
Lu+G(x,y)=u,, +u,, +G(x,y)=0 in R (24)

u(x,y)=0 onT (25)

Let R containM elements, each element with k nodes. We write the approximation
in the whole domain as (see Eqn.(15))

M
ux,y) = ZN,- (x,¥) u; (26)

Substituting u(x,y)in the Eqn.(24) and using Eqn.(22), we obtain
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H{(N Do + (N, IN dxdy | u, +IG(x YN dxdy=0,j=1,2,...,M (27)
1

i=

Let R bc the domain as given in Fig.6.

R is bounded by the curves CDA and ABC.

Equation of curve CDA : x=h,(y).
Equation of curve ABC: x=h,(y).
Therefore, R is defined as
‘ R: p,sysp,, h(y)sx<h,(y) (28)
We can also say that R is bounded by the curves DAB and BCD.
Equation of curve DAB : y=g,(x).
Equation of curve BCD : y=g,(x). x
Therefore, R is also defined as
R: q,£X5q,, §(X)sysg,(x) 29)

Integrating the first term of Eqn.(27) and using the definition of R as given by
Eqn (28) ,we get (see. Fig.6)

”(N) N dxdy= jj:”y (N,). N,dxdy
y=m
1

j[(N N T dy - ﬂ(N ), (N;), dx dy

P,

= (N N;dr - [fg), Ny, dx dy (30)

r R
The first integral is integration along the boundary I (line integral).

Similarly, using the definition of R as gwcn by Eqn.(29), the second term of Eqn.(27)
gives

[N, N dxdy =N, N, dr - [[N), (N, dxdy 31)

R
The contributions of the first term on the right hand side of Eqns(30) and (31) are zero
for all the elements inside. Only the elements which have a part of the boundary as its
sides, have contributions from the natural boundary conditions. When no natural
boundary conditions are given, the contributions of the first terms are taken as zero.
For the boundary value problems that we are studying, we take the contribution of
these terms as zero. Thus, from Eqns.(27), (30) and (31), we obtain

H{(N) (N)), +(N;),(N)), }dx dy |u; —J'J'GN dxdy, j=1,2,....M.  (32)

For the Laplace equation VZu =0, we have G(x,y) =0 on the right hand side of
Eqn.(32). The integrals are evaluated for each element. The element equations are
then assembled. The equation at each node i (apex i) is written from the contribution
of all the elements common to it. The coefficient matnx of the final system is a band
matrix.

We shall now illustrate the method through examples.
Example 1: Find the solution of the boundary value problem
Viu=x*+y* 0sxsl, 0<ys<l
= -113()(4 +y*) on the boundary
using the Galerkin method with (i) triangular elements, (ii) rectangular elements and

one internal node (h=1/2). 47
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Solution: (i) Triangular elements: The mesh is given in Fig.7. At the apex 1, six
triangular elements ¢,,€,,€;,e,,€; and €, contribute. '
The boundary values are :

u, =u(0,0) =0, u, =u(%, O]:-———:us’

1y 17 : 1
u, =u l, = |=——=u;, vy =u(l,l) ==
¢ [ 2] 192 ¥ tLh=5

Comparmg the gwen equation with Eqn (24) we have 1in this case

G(x,y)=— (x? +y?). We use Eqn. (32) for obtaining the difference equation at 1he
node 1. We have

g
M

z“j{(Nm)x(Ni)x +(Nm)y(Ni)y}dxdy}um + [fex? +y N dxay (33)
R

m=1 R

Let us now obtain the contribution of each element. The apex node is always denoted
by iand the remaining nodes are numbered as j, k' in the anti-clockwise direction.

The shape functions N, NJ and Nk are given as follows (see Eqn.(3))

1 - .

N; = 2~A—[(x Y =X Y )+ (Y — YO X+ (X = x5)y]
1

N;= _X[(XRYI xi)’k)""(yk_yl‘)x"'(xi‘—x‘k))']
1

N, = A —I(xy; - Xj}’,‘)"’(Yi‘Yj)’“‘“j“"i)Y]

where A =area of thc trlangle

Now, we evaluate the mtegrals in Eqn.(33) for each element

Element ¢,: i=(1,l), i=(0,0), k:(l, o) A=
22 2
i 1 1Y (1) (-1
N7 9]-2 NJ‘-:“MEJ (50

We have (N,), =0, (N,), =2, (N}), =-2, (N}), =0

1 X
—. (see Fig.8
2 ( g.8)

(N, =2, (N, =-2.

Substituting the above values in Eqn(33), we obtain

. L" 4dx (ti}’}l]. .+ {jf(())dx dyi\ug + {J.J‘—- 4dx dylu, + ‘( (x.?‘ + yz)(zy) dx dy‘ N
Now, J.J.f(X, y)dx dy = lf{ ]'f(X, y) dyjdx

¢ x=01\ y=0

Carrying out the integrations, we get

1 1 3 1 1 11 301 13
d=lu, 4 =+ 2= || —= =W S| "o s s M Y Toon
8 8 4 0160, 2 2\192) 320 2 1920




Element ¢, : i =[15J JZ(% , 0), k :[1, —;—J A =%. (see Fig.9)

We have, (Ni)‘=;2,(Ni)y=2,(Nj) =0,(N)), =-2,(Ny), =2.(N,), =0.

Substituting these values in Eqn.(33), we’obtain y
{ [[-2 2+ @ @1 dy}ul + [[e2 @ dy}u; |
-{J (2) (—2)dxdy}u6 + J (x? +y?) (1-2x +2y)dxdy
. 1 112
Now, ”f(x, y)dxdy = j If(x, y)dy |dx
e- x=1"2] y=x-1:2
Carrying out the integrations, we get , :
’ e 3
(S)L}-Ju' _4Ll ) [_1_]_4(1J ij+i =u, - 2.
8 8,\192 8§/ 192) 480 960
11

Element ¢,: [—2— —Z—J j= ] k= (1,1),-'A =—;~. (see Fig.10)
.

= [ ——-+ ——l x}—Z(l—x)

[1—— ( H=2<x—y),
(L)L Lo

We have (N;), =-2, (N)), =0, (N)), =2,(N;j), =-2,(N,), =0,(Ny), :'2_.

l |

N;

Substituting these values in Eqn.(33), we obtain

{'Uétdx dy}ll +['U— 4dx dy}u6 +(O)u, +2 II(XE +y)(1-x)dxdy

€z €3

Now, ”f(x,y)dxdy: T{]f(x.y)dy}dx |

€3 x=1 2| v=1 2

Carrying out the integrations, we get

] 1 [39Y 1 1/17) 39 1 7
A
3 8 %60, 2 ' 21192, 960 2" 1920

Finite Element Methods

] Fig.9

Fig.10
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Element ¢, : |=G-;-) j=(,1), k=(%,l), A=%. (see Fig.lrl)
We obtain .
N;i=2(1-y), N; =-1+2x, N, =2(-x +Y)
and (N;)y =0, (Nj), ==2, (N;), =2,(N}), =0,(N;), ==2,(N,), =2.

Substituting the above values in Eqn.(33), we obtain
”4dx dy]u, + (O)U{ H— 4dxdy}us + J' I(xz +y%)2 (1-y)dxdy
€4 €4

Now, Hf(x, y)dxdy = ‘I { ‘If(x,y)dy}dx.

x=]/21 y=x

Carrying out the integrations, we get
S CA MR ETAA NE N T
8 8)\192, 960 2 1920

(11 1 1 1 .
El teti=|—~|j=|=,1,k=]0,~], A=~. Fig.12
ement €: 1 (2 2)_1 (2 J ( 2) . (see Fig.12)
We obtain o
N; =1+2x -2y, N;=-1+2y, N, =1-2x.

and  (N)), =2, (N)), ==2, (N;), =0,(N,), =2,(N,), =-2,(N,), =0.

Substituting these values in Eqn.(33), we obtain

Hmdy}u, [ 1o dy}us [ j -Wdy}us

[ es

+ -U(xz +y?)(1+2x - 2y)dx dy

€s

1/2) (1+2x)/2 )
Now, ”f(x,y)dxdy= _|' [ J)f(x,y)dy}dx
s

x=20| y=1/2

Carrying out the integrations, we get
1 1Y 17 1 1 11 23
= -4 =||—|-4 == |+—=u, ——.
“(8)"' (8)(192) [3](192) 480 ' 960

1 1 1 1 .
Element e,: i=|— — |, j={0,—=[, k=(0,0), A=—. (see Fig.13
8961(22)1(2] (0,0) 8(elg)
We obtain ;

And  (N)), =2, (N)), =0, (N;), =-2,(N;), =2,(Ny), =0,(N,), =-2.

Substituting these values in Eqn.(33), we obtain

lijj4d)(d)’}u| +|:Ij~4dXdY}us+ (O)u, J‘I(xz +y?)2x dxdy
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Now, j' Jf(x,y)dxdyz | Jf(x,y)dy dx

x=0| y=x

Carrying out the integrations, we get

(4) l u|_4 l _l~ +._9_=lul+_l3__..
8 8/\192) 960 2 1920

Adding all the contributions, we obtain the difference equation at the node 1 as
1 11 1 13- 23 7 7 23 13
—+lt ==+l +|— ===+ ——|=0
2 2 2 2 1920 960 1920 1920 960 1920

or, ,4u,—51‘—4-=0.

Hence, u, =1/96.

It may be noted that for the given problem, u(x,y) = (x* +y*) /12 satisfies both the

differential equation and the boundary condition. Hence, u = x* + y") / 12is the
exact solution. Note that we have obtained (coincidentally) the finite ¢lement solution

which is the same as the exact solution u(-l—,lJ = —1~— .
22, 96

Now we solve Example 1 using rectangular elements.

(ii) Rectangular elements: The mesh is given in Fig.14. At the apex 1, four
rectangular elements contribute. The boundary values are same as earlier, and in

. i . i
addition we have u, =u(1,0) = ' =u,. Let us now obtain the contribution of each 8 9

clement. The apex node is always denoted by i and the remaining nodes “j, k, m are

numbered in the anti-clockwise direction. The shape functions N, N ;» N, and s 6

N, are given as follows (see Eqn.(14)). 5 € )
o 3 4 X

Fig.14: Rectangular clements

N = BTG 7Ya) | RoX) (oY)
(x; =%;)) (¥i = Ym) : (x;=x)(¥; = ¥Ym)

= (x-x;) (y-vy;) _ (x—xj)(y‘Yi)

* " (X =%;) (¥Ym — i)

(X =%) (Y -y

P L D IS P B I _(1 - j i
Elemente,.x—[z,zj,_] (O, 2],1( (0, 0), m (2,0) (see Fig.15) u; u
1
= (y=-0)
(=0 (y-0) _(" 2) 9k -
N2 Ty any NS Oy ary TRy
k m

1 1Y/ | uy Uy
B Y A Fig.15

Ty g S & @y-D

1

X-0)|y-=
) (x-0) (y 2)

" 1/2)(-1/2)
substituting these values in Eqn.(33), we obtain 51

=-2x(2y~-1)
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of PDE; [f 160 + y?ydxdy fu, +| [[1-4y)@y) - 22x - 1)dx)}ix dy ju,
¥ { [freay-nay +20x - 1)2X}Ju2 + { [ft=22y - 1) @dyy-ax(4x))ax dy}ul
+ J.J.(x2 + yz) (4xy) dx dy |
" ‘ 1/2 i/Z
Now, ”f(x y)dx dy = I jf(x y)dxdy
e[ ' x=0y=0 . ’
Carrying out the integrations, we get
[1] 1(1) 1(1)12 1
16| — Ju, ——| ——= | =0 ~| — |+ —==u, + —.
24 61192 6l192) 64 3 ' 72
u, l - u, Element ¢ 1—(1 l} ):(—1— 0] k=1, 0) mz(l lJ(seeFig 16)
?t 272 27 ) T 2 o
' N; =—4(x -y ,N, =2(x - 1) 2y - 1)
N, ==(2x-1) Qy-1), N, =2(2x - )y.
Eqn.(33), yields '
H j o {J.J.{(—4y)2 +16(x —l)z}dxdy}u, { [[t-2y -1 @y)+ 4x - 1)-4) (x - D)}dx dy}%
Fig.16 €2 e

{J. - 2(2y 1) (~4Y) 2(2x =1 (—4)(X~1)}ddeJU4

<2

n { [[iay-4y)+ 225 1) (-4) (x - D3ax dy}6 + [fo +3°) (4 (x -1y dxdy

€ €2

Now, j'f(x,y)dx dy = f {”f(* y)ddex

€, x=1/2 Ly=0

Carrying out the integrations, we get
2 1{ 1 1)1 ,1(17} 7 2 1
-~~~ || === |t ===y, -
3 6192 3;\12) 6\192,) 192 3 144
Element ¢.: i=[~, + | j=[1, L k=(1),m= L (see Fig.17)
us U, 3«17 2’2 ’J'_ ’2 s =\ 4 - 2, g.

N, =-4(x-D)(y-1) ,N;==2(x-1) (y -1

=(2x-1) 2y-1, N, =-2(x-1) 2y -1).
Eqn.(33), yields

: ;o “J' 16(y -1)2 +16(x-1)2}dxdy}ﬁ, +[U{—16(y—1)2 -2 (2x«1)(4)‘(x—1)}dxdy}uﬁ

Fig.17
+ Ii ” 2Ry~-1)4) (y-1D+22x-1)(4) (x -Djdx dy}u9
Uf{ 202y -1) @A)y D=4 (x=1) (&) (x~ 1)}dxdy}ug
U(x +¥?) (@ (x =) (y- ) dxdy

52
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Carrying out the integrations, we get inite Element Methods

2 (17 (1) (17, i 2 1
T%%li02) 3 s) sl 19z, T T2 T3 36

1 )
Element €: i [1 1) j= [%,1),}; =(0,1), 1n= [0, Ej (see Fig.18).

22
We obtain u7k j N
N, =—4(y-D) (y-1 ,N;=2Qy-D
=—(2x-1)Q2y-1), N, =22x-1) (y - D).

Eqn.(33) gives B |
Us 1

[ fJasty-17 +16x° }dxdy]ua +[ [[r2@y -4 (/- +ax (~4x)3ax dy]us - !

r * Fig.18

+ [ f _[ =22y —1)(=4) (y 1)~ 2(2x — 1) (~4x) }dx dy]u7

[ jjwy 1) (<8)(y -1) + 2 (2x ~ 1) (~4x)}dx dy}us

j (x7+y") (-4 (y-1) dxdy

Carrying out the integrations, we get

2, - (17] 1[L]_1(L A A
370 6\192 12 6l192) " 102 T3 T Taa

Adding all the contributions, we obtain the difference equation at the node 1 as

(2 2 2 2] 1 1 11
+or =+ b ——— o ———=0
72 144 36 144

. 1 o .
We obtain u, = % which is the same as the exact solution.

Remark: In Example 1, coincidentally, the finite element solution obtained in both
the cases are the same as the exact solution. However, in practice, large number of
elements (triangular or rectangular) are required in order to obtain accurate solutions
which in turn, increase the number of computations and level of difficulty for
obtaining the elemental equations manually. Normally, we solve the problem with
say, M elements. We compute the problem again by increasing the number of
elements. Convergence of the solution values at the nodes can be studied to stop the
computations.

As we have mentioned earlier finite element methods can be applied to extremise the
variational form of partial differential equations. We now give here the variational
form of Laplace and Poisson equation.

Variational Forms

First, consider a functional in one independent variable X in the form

I(w)= [Fuu,,u,)dx (34)
The problerﬁ is to find u(x), called an extremal, so as to extremise the functional in

Eqn.(34). From the theory of variations, we can show that u(x) that extremises (34)
53
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of PDEs - @ B —d— aF . dZ aF B 0
u  dxlou, ) dx*léu, ) (33)

Therefore, the solution of the partial differential Eqn.(35) extremises the functional
(34) and the function extremising (34) is the solution of the partial differential
Eqn.(35). Geometric considerations can be used to find whether it gives a minimum
of Eqn.(34) or not, Now, consider a functional in two independent variable X,y in the
form

I(u):.”.F(X’y’u’ux’uy’uxx’uxy’uyy) dA (36)
A .
The corresponding Euler-Lagrange equation can be written as

gg_i{g_}__a_ Ok | o (oF ) o [0F ) & [0F | o
au oxl\ou, ) oylam, ) ox*lu, ) ay*lou, | axdylon,, | G»

XX

In deriving the variational form and hence the Euler-Lagrange form , we require that
the following conditions are satisfied.

oF d oF 7 oF |
= =) 2 -0 and =0.
fiaux dx(&uxxﬂ o {au“:! 0
X

X1

These conditions are called the natural boundary conditions of the problem.

Example 2: Consider a functional as

I(u):‘[fl:[%] {g"y-} —2uf(x,y)}dA (38)

Then, using Eqn.(37), the Euler-Lagrange.equation is given by

d{,0u) 0O},0u
2 . - —
- f———{Z——}——{Z-——}-O oru, +u, +f(x,y)=0 39)

which is the Poisson equation.
If we set f =0, then we get

= ] jﬂ%}z +(%ﬂdA | (40)

and its Euler-Lagrange equation is the Laplace equation u,, +u w =0.

Eqns.(40) and (38) are respectively called the variational formulations of the Laplace -
equation u,, +u, =0and the Poisson equation u,, +u,, + f(x,y)=0. -
) *kok

Note that the variational form contains partial derivatives that are one order lower than
the order of the partial differential equation. This is an advantage of the variational
formulation. However, in practice, it is not easy to write the variational form of a
given partial differential equation. In the case of a boundary value problem as defined
by Eqn.(16) if the operator L is self adjoint, then application of the classical
variational principle and the Galerkin’s method lead to the same matrix system.
Thus, for the Laplace and Poisson equations, both these methods yield the same result.
However, if the differential equation considered is not self adjoint, then the difference
equations obtained by the two methods are different. In this unit, since we are
discussing the solution of only the Laplace and Poisson equations, application of
Galerkin’s method 1s sufficient for our purpose. ‘

You may now try the following exercises.

E1) Find the solution of the boundary value problem
Viu=4, 0<x<1, 0<y<1

54 u=x?+y?, on the boundary
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b
f

|

E2)

E3)

E4)

using the Galerkin method with (i) triangular elements, (ii) rectangular
elements and one internal node (h =1/2).

Find the solution of the boundary value problem
Phu=x%+2y%,0<x<1,0<y<]
u= Tli(x4 +2y*), on the boundary
using the Galerkin method with (i) triangular elements (i1) rectangular

eléments and one internal node (h = %] .

Find the solution of the boundary value problem
Viu=x+y, 0sx<},0<y<l

u= %(x3 +y*), on the boundary

using the Galerkin’s method with rectangular elements and one internal node

" (h=1/2).

Find the solution of the boundary value problem

Viu=0,0<x<1,05y<1
u = x + y, on the boundary

using the Galerkin method with triangular elements and one internal node
(h=1/2).

We now end this unit by giving a summary of what we have covered in it.

12.4 SUMMARY

In this Unit, we have learnt the following points.

1.

_ In finite element methods of solving a partial differential equation in 2 domain

R, we generate difference equations by dividing R into a finite number of non
overlapping sub-domains called finite elements.

Straight line elements are used in the case of one-dimensional problems
whereas, triangular or rectangular elements are used in two dimensions.

The required solution is approximated by piecewise continuous polynomials
defined in terms of nodal values at the vertices. At each nodal point, difference
equation is obtained. The solution of these equations gives the numerical
solution of the differential equation.

In finite element methods, difference equations can be generated by using the
variational principle or weighted residual methods.

Finite element Galerkin method is a weighted residual method and does not
require the variational form of the given differential equation.

If the given pde is self-adjoint then application of the variational principle and
the Galerkin’s method lead to the same matrix system.

12.5 SOLUTIONS/ANSWERS

El)

E2)

(i 1\ 1
U, =u| =, = |==.
2°2) 2

[1 1 1
u, =ul —,—|=—.
2'2) 64

Finite Element Methods

55




Numerical Solutions
of PDEs

56

2) 247
E4) u,:u(i,-l-]=l
22
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