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1.1 INTRODUCTION

This unit introduces you to the pre-requisites of probability and statistics, which you
studied as undergraduates. We recall the concepts of conditional probability,
compound probability, Bayes’ theorem, conditional distribution, and conditional
expectations here. These are fundamental to the study of probability and statistics.

The history of probability can be traced back to the beginning of the mankind in the
games of chance. Archaeologists have found evidence of games of chance in
prehistoric digs, showing that gaming and gambling have been a major pastime for the
peoples in Greece, Egypt, China, and India since the dawn of civilization. However, it
wasn’t until the 17" century that a rigorous mathematics of probability was developed
by French mathematicians Pierre de Fermat and Blaise Pascal. The basic concept of
conditional probability and the famous Bayes’ theorem was the pioneer work of
Thomas Bayes (1707-1761). However, it was Laplace, who generalized, completed
and consummated the ideas provided by his predecessors in his book Théorie
analytique des probabilités in 1812. It gave a comprehensive system of probability
theory (The elements of probability calculus — addition, multiplication, division —
were by that time firmly established.).

We shall start our discussion with conditional probability in Sec.1.2. Here, we present
its concept and definition along with some examples. In Sec.1.3, we learn the
Compound Probability Law. In Sec.1.4, we recall the Law of Total Probability along
with the very widely used Bayes’ theorem. In Sec.1.5, we discuss the conditional
distribution. Finally we conclude with defining the conditional expectation of the
‘random variables, which is very important, and give some examples of it.

Objectives

After studying this unit, you should be able to:

¢ define and compute the conditional probability of an event;

¢ distinguish between the conditional and unconditional probability of an event;

e evaluate the change in the probability of an event after the occurrence of another
event;

e apply the Bayes’ theorem in different situations;

¢ apply the concept of conditional distribution and conditional expectation and their
important properties in various problems.

1.2 CONDITIONAL PROBABILITY

Let us start with an example to understand the concept of conditional probability. A
teacher gave two tests in succession to the students of a class. 75% Students of the
class passed the first test, 35% 'of.the class passed the second test and 15% of the
class passed both tests. We may want to find, “What percent of the students, who
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passed the first test passed the second, who passed the second test, not the first test?”
Through this example we shall illustrate the concept of conditional probability.
Suppose we want to find the probability of the event that the second test will be passed
by a student given that he/she had passed first test. Here, it is given that 35% of the |
students passed the second test and therefore, the probability that a student of the class

will pass the second test will be 0.35 . It is an unconditional probability of the event o
that a student passes second test. When we are given prior information that a student

has passed the first test and we want to know the probability of the same event — the

student passes the second test — under this condition, then the probability will not

remain the same. Since out of 75% , of the students who passed the first test only

15x100

15% could pass the second test, therefore, =20% students of those students

who passed the first test passed the second test. It gives the conditional probability of
the event that a student passes the second test given that he/she has passed the first
test, and the probability will be equal to 0.20.

This example can also be shown clearly by a Venn diagram as depicted in Fig.1.

A B
75% 35%
ANB
15%
Fig.1

Let the event A = a student who passed the first test, and the event B = a student who
passed the second test; clearly, the event A B = a student who passed both the tests.

It is given that P(B) =0.35, which is the probability of the event B without any
additional condition, i.e. inconditional probability which means that the probability is

_ evaluated considering a full class of students as the sample space. If we want to find

the probability of the event that, has a student passed the second test, who has already
passed the first test, then our sample space reduces to the set of those students who
have passed the first test, i.e. the event A-. This probability is evaluated as the ratio of
the probability of B included in A (which is P(A mB) ) to the probability of A. This

ratio comes out to be 0.20 or 20% as evaluated above. In this case, this probability

will be termed as the conditional probability of event B (passed second test), given
that the event A (passed the first test) has happened.

This discussion enables us to introduce the following formal definitions. In what
follows we assume that we are given a random experiment with discrete sample space
S, and all relevant events are subsets of S.

Definition 1: Let S be a sample space of an experiment. Let A and B be any two
events defined on this sample space with P(B) >0 (not allowing an event of
probability zero). The conditional probability of an event A , given that the other
event B has happened, is denoted by the symbol P(A |B), and is read as “the
probability of A, giVen B and this conditional probability, P(A|B), is defined as
follows:

P(ANB)

P(AIB):W . P(B) >0 (1)

Similarly, we may define conditional probability of B given A as:




Conditional Probability
P(B|A)=f(—:;‘(%@ ; P(A)>0 Q)

Conditional probability P(A | B) is a set function defined on the subsets of event B.
1t can easily be verified that P(A |B) satisfies all the axioms of Probability.

The probability, which is not conditional, is said to be unconditional probability or
probability. Also, there does not exist any ordinal relationship between conditional
and unconditional probabilities. Depending on the size of the new sample space (here,
we denote it as B) under the condition, and the size of A "B the conditional
probability P(A |B) may be smaller or larger than its unconditional probability P(A).

Now, let us look at some important properties of conditional probability.
Properties of Conditional Probability

From the above definition we may easily verify the following intuitive results for any
three events A, B, and C of a sample space, S. Let us discuss a few properties of

conditional probability.

1. P(A|A)=1, which is the conditional probability of the reduced sample space
itself. P(A]A), the probability of event A when A has happened, is clearly 1.
Also P(A[A)=DADA)
P(A)

normedness of probability measure.

(from (1)) i.e. P(A|A)=1. This is the axiom of

2. P(A|B)>0. Since numerator and denominator both in Eqn.(1) of conditional
probability are non-negative, it is non-negativity axiom of probability.

3. P(AB)<1. Since in Eqn.(1) the event involved in the numerator, AN B is

always a subset to the event involved in the denominator B. Hence, from the
monotone property of probability the result follows.

4. P(A|B)=0;if the events A and B are mutually exclusive. If the events A and

B are mutually exclusive, then A N B will be empty. Then the numerator in the
Eqn.(1) will be zero. Therefore, the result follows.

5. P(¢|B)=0
6. P(S|B)=1

7. P(A°|B)=1-P(A|B)

Proof: From the set theory, we have
B=(ANB)U(A° NB).
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which is also shown in the Venn diagram in Fig.2.

Since (AN B) and (A° N B) are two disjoint events. Therefore using the addition
law of probability for disjoint events, we get.

P(B)=P(A N B)+P(A° NB)

Dividing both sides by P(B), we get
C
1= P(ANB) + P(A~ N B) and
P(B) P(B)
1=P(A|B)+P(A° |B) and we get the result.

8. P(A UBJ|C)=P(A|C)+P(B|C)-P(A N B|C) where P(C)>0. It is parallel to the
addition law of probability.

Proof: From the distributive law of set theory for the three sets A, B, and C, we
know that:
AUB)NC=(ANC)UBNOC).

Using the addition law of the probability of events, we get:
P(AUBYNC)=P(ANC)+PBNC)-PANBNC).
Dividing both sides by P(C), we have:
P(AUB)NC) _PANC) PBNC) P(ANBNC)
P(C) - PO P(C) P(C)
and, hence, we get the result.

In terms of mathematical or classical interpretation of the probability, in case all
outcomes in S are considered equally likely, the conditional probability of an event
A, given the event B, P(A|B), can also be defined as:
ANB
pa[B)=2A0B) . gyxo 3)
n(B)

where n(B) denotes the number of outcomes favorable to event B, and similarly
n(A N B) denotes the number of outcomes favorable to the event ANB.

Let us consider some examples to illustrate the concept of conditional probability.

Example 1: Suppose that A and B are two events in an experiment with
P(A)=1/3, P(B)=1/4, and P(A N B)=1/10. Find each of the following:

a) P(A|B)

b) P(B[A)

¢) P(A°|B)

d) P(A[B%)

e) P(A°|B°)

i
Solution: a) By definition, we have P(A[B)= PANB) 1710 4/10=0.4
P(B) 1/4
b) Similarly, we have P(BIA)=%§)—Bl = %%Q =3/10=0.3

¢) From Property 7 in this section, we have:
P(A°|B)=1-P(A|B)=1-04=06
d) For any two events A and B, we know P(A)=P(A N B)+P(ANB°)




thus P(A AB%) =1/3—-1/10=7/30, and, therefore: Conditional Probability

P(ANB) _ 7/30 _ 7/30 _
PB) 1-P(B) 1-1/4

e) P(A°|B%)=1-P(A|B%)=1-031=0.69 _ ,

*ok ok

0.31

P(A[B®)=

Example 2: In a survey, the question, “Do you smoke?” was asked to 100
people. Results are shown in the following table:

‘ Yes (A) No (A) Total
Male (B) 19 41 60
Female (BC) 12 28 40
Total K] | 69 100

An individual is chosen from them at random. Find:

a) What is the probability that the selected individual smokes?

b) What is the probability that the selected individual is a male and smokes?
¢) What is the probability that the selected individual is a male?

d) What is the probability of selected individual being a smoker if he was found to
be a male?

Solution: Define event A = an individual who smokes, and B = an individual is
male
a) We want to find the probability that the selected individual smokes,
P(A)=31/100=0.31.
b) Here, we want to obtain the probability that the selected individual a male and
he smokes, which is P(AnB)=19/100=0.19

¢) The probability that the selected individual is a male is P(B) which is

ﬂ=O.60.

100
d) Here, we want to find the conditional probability of a selected individual
P(AnB) 019 _ 19

smoking given that he is a male: P(A|B)= = .
P(B) 0.60 60

%ok k

In the example given above, it may be noted that, the difference in part b and d is
that we evaluate P(A N B) when the simultaneous occurrence of both events A and
B is required, whereas, we evaluate P(A | B) whén the chances of occurrence of
event A fromevent B is required as it is the conditional probability.

Example 3: In a card game, suppose a player wants to draw two cards of the same
suit in order to win. Out of a total of 52 cards, there are 13 cards in each suit.
Suppose at first draw, the player draws a diamond. Now, the player wishes to draw a
second diamond to win. What is the probability of his winning?

Solution: Let the event A denotes getting a diamtond at the first draw, and event B
denotes getting a diamond at the second draw. Clearly, we have to find the conditional

probability of B, given A, P(B| A)=m
P(A)
Here, P(A)=13/52=1/4 and P(A nB)=" c, / C, = 13%12 =i
52x51 17
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10

Thus, P(B|A) :%l: 4/17.
We may arrive at this result by reducing the sample space under the condition and by
getting the outcomes favorable to picking a diamond in the reduced space. At the time
of the second draw, one diamond has already been chosen, and there are only 12
diamonds remaining in a deck of remaining 51 cards. Thus, the total number of
possible outcomes will be 51, and the outcomes favorable to picking a diamond will
be 12. Thus, P(B|A)=12/51.

sk

You may now try the following exercises.

El) Supposethat A and B are events in a random experiment with P(B) >0.
Prove each of the following:
a) If BC A, then P(A|B)=1.
b) If BC A, then P(A|B)=P(A)/P(B).
c¢) If A and B are disjoint, then P(A|B)=0.

E2) Suppose that A and B are events in a random experiment, each having positive
probability. Show that: ‘

a) P(A|B)>P(A) © P(B|A)>P(B) < P(AnB)>P(A)P(B).
b) P(A|B)<P(A) & P(B|A)<P(B) < P(ANB)<P(A)P(B).
c) P(A|B)=P(A) < P(B|A)=P(B) < P(ANB)=P(A)P(B).
E3) The probability that it is Friday and that a student is absent is 0.03 . There are

6 school days in a week. What is the probability that a student is absent given
that today is Friday?

E4) Suppose that a bag contains 12 coins of which 5 are fair, 4 are biased, each
with the probability of heads being 1/3; and 3 are two-headed. A coin is
chosen at random from the bag and tossed.

a) Find the probability that the coin is biased.

b) Find the probability that the biased coin was selected and the coin lands
showing a head.

¢) Given that the coin is biased, find the conditional probability of getting a
head.

In the next section, we shall discuss the concept of compound probability.

1.3 COMPOUND PROBABILITY

__From the definition of conditional probability given in Eqn. (1), we can easily derive

the following multiplication rule by cross multiplication

P(A N B)=P(A)P(B|A) “4)
and, similarly from Eqn. (2), we get
P(A N B)=P(B)P(A|B) &)

Now we want to extend it for three events. Let A, B and C be three events, then we
write .
P(ARBAC)=P(A) P(ANB) PIANBNCO)
P(A) P(ANB)
=P(A)P(B|A)P(C|ANB). 6)
The above multiplication rule for three events can easily be extended using induction
for n events A, A,,..., A belonging to a sample space as follows:




e ——————— |

P(A NA, N .NA)=PADPA, |A)DPA, A NAy)... T Conditional Probability
PAL A NA, N.LNA, ) Q)

These relations are called cbmpound probability law or multiplication law. This rule is
applied to find the probability of the concurrent occurrence of two or more events
using conditional probability as illustrated in the following example.

Example 4: A bag contains 5 white balls, and 4 black balls. Two balls are drawn

from the bag randomly, one by one, without replacement. Find the probability that the
first ball is black, and second is white.

Solution: Letevents A = first ball is black, and B = second ball is white. Clearly,
we have to find out P(ANB).

Since P(A)=4/9 and P(B|A)=5/8 (Under the condition that A has happened, the
reduced sample space has a total of 8 outcomes, out of which 5 are favorable to B.)

Thus, using the multiplication law, we get:

45 5
P(ANB)=P(A)PB|A)=—.—=—

sk

Example 5: In a production process, three units are selected randomly without
replacement from lots of 100 units for inspection for quality control. If all three
selected units are found defective then the lot is rejected, otherwise it is accepted. If a
lot contains 15 defective items, then find the probability that this lot will be:

a) rejected

\ b) accepted.

Solution: Let the event A be that the first selected unit is defective. Event B be

equals that the second selected unit is defective, and event C is that the third selected
unit is defective.

a) The lot is rejected if all three units are found defective. Thus, we need to
obtainP(ANBNC).
At the first draw, P(A) =15/100, getting a defective unit from 100 units
containing 15 defeciives units. :
In the second draw, assuming event A, the lot now contains 99 units with 14
defectives units. Thus P(B| A)=14/99.

1 Similarly, P(C|A nB) is the probability of getting a defective unit in the third

draw, given that in both the earlier draws there were defective units. Thus, the lot
now contains 98 units with 13 of which are defectives. Therefore,
P(C/|ANnB)=13/98.
Therefore, using the law of compound probability, we get:
P(ANBNC)=PA)PB|AP(C|ANB)

_15 14 13 13

7100799 98 4620

'b) The lot will be accepted if it is not rejected. Clearly, the probability that the lot
! 13 4604 1151

will be accepted, 1 -P(AnB N C), whichis 1— = or .
4620 4620 1144

Fok ok
. You may now try some exercises.

11




Markov Chains

Fig.3

Bayes’ Theorem was given
by Thomas Bayes a British
Mathematician in 1763.

E5) A box contains 8 balls. Three of them are red and the remaining 5 are blue.
Two balls are drawn successively, at random and without replacement. Find the
probability that, the first draw results in red, and the second draw results in blue:.

E6) 1n a certain population, 30% of the persons smoke, and 8% have a certain type
of heart disease. Moreover, 12% of the persons who smoke have the heart
disease.

a. What percentage of the population smoke and have the heart disease?
b. What percentage of the population with the heart disease smoke?

E7) Consider the experiment that consists of rolling two fair dice. Let X denotes,
the score of the first die, and Y denotes the sum of the scores on both the dice.

a. Find the probability that X =3, and Y =8.
b. Find the probability that X =3, given that Y =8 .
c. Find the probability that Y =8, given that X =3.

In the next section, we shall talk about an important law, which is the law of Total
Probability. It also includes the celebrated Bayes’ Theorem.

1.4 BAYES THEOREM

To understand Baye’s theorem, we need another result in probability which is also of
independent interest. Let us first prove that,

The Law of Total Probability

Let us suppose that B,, B,, B,,..., B, are the events of a set which form a partition of

the sample space S. It means that all these events are mutually exclusive and their
union is the sample space.
Symbolically, B; "B, =¢ for i # jand i,j=1,2,3,...,n and and

P(B,)>0,i=1,2,...,n. Let A be another event over the sample space. Then we can

write | JB, =S
i=l
A=ANnS=An {U B, } ={J{AnB;} [using the law of distribution] (8)
i=1 i=1 -

Here, ANB; and Ar\Bj are mutually exclusive for all i# 3,1, j=1,2,3,...,n

Therefore, using the law of addition, we get

P(A)=P[U{A mBi}}zn:P(AmBi):i P(A|B,)P(B,) )
i=1 i=l

i=t /
Relation (9) is called the Law of Total Probability.
Now, We are ready to state Bayes’ Theorem.

Theorem 1 (Bayes Theorem): Let B, B,, B, ,...,B, bea set of events which form a
partition of the sample space, S. Let A be any event with P(A)> 0. Then,

_PBIPAIB) 1t s n (10)

> P(B,)P(A|B,) ‘
i=l

-

P(B, | A)=

Proof: From the definition of conditional probability, for two events A and B,, we
have




___*

_P(An BQ Conditional Probability
T P(A)
P(B,)P(A|B;) i
=t Eqn.(4
P(A) fusing Eqn.(4)]
= ——-———*P(Bi P(ALB) [using Eqn.(9)]

i P(ANB,)
i=]

P(B; |A)

UP(Bi )P(A|B,) [using Eqn.(4)]
Z P(B,)P(A|B))
=]

o’ koK

In the context of Bayes theorem, the probability P(B,) is called a priori probability
of B,, because it exists prior to the happening of event A in the experiment.
The probability P(B, | A) istermed ‘a posteriori probability , because it is

determined after the happening of the event A, i.e. posterior to the event A.
Since the probability P(B, | A) represents the likelihood of the event B, after event

A happens, the probability P(B; | A) is called a ‘likelihood’ of event B; after the
happening of event A .

Let us apply the above results in the following examples to understand this concept.

Example 6: Suppose in a group of individuals 31% were smokers. It was also
observed that 19/31 of smokers and 41/69 of non-smokers were male. An individual
was chosen at random from the group. What is the probability of the selected
individual being a smoker, if he was found to be a male? (Compare with the problem
given in Example 2(d).)

Solution: Let the events B, be individual is smoker, B, be individual is non-
smoker, and A be individual is a male.

Clearly P(B,)=0.31and P(B,)=1-0.31=0.69 and
19 41

P(AiB))=—, P(A|B,)=—

(AlB) N (A|B, 60

Substituting n =2 and i=1 in Eqn.(9) of Bayes’ rule, we get
P(B)P(A|B,) _ P(B,)P(A|B,)

P(B,[A)=7 "~ P(B,)P(A|B,)+P(B,)P(A|B
> P(B,)P(A|B;) ! )+ P(B)P(AIB,)
i=]
0.3 lxg 19
= T 31 o] =—, which is the result in Example 2(d).
0.31x—=-+0.69% —
31 69
dokk
Here you can see that by applying Bayes’ theorem, how easily the problem can be

solved.

Example 7: There are three bags. The first bag contains 6 red balls, and 4 blue
balls. The second bag contains 2 red balls, and 8 blue balls. The third bag contains
5 red balls, and 5 blue balls. A bag was selected at random from the three bags, and
a ball was drawn randomly from it. The ball was found to be blue. What is the
probability that the ball came from second bag?

13
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Markov Chains Solution: Let the events B, be selecting the first bag, B, be selecting the second

bag, B, be selecting the third bag, and A be the ball drawn is blue.

Thus P(B,)=P(B,)=P(B,)=1/3

P(A |B,) = the probability of getting a blue ball from the first bag = 4/10 . Similarly,
P(A|B,)=8/10, P(A|B,)=5/10.

We want to find the probability that the selected bag was second, given that a blue ball
came in the draw, i.e. P(B, | A). Using the Bayes’ theorem, we have

18
P(B,|A) =L BIPAIB) _ 310 -8
’ : 14 18 15 17
> P(B,)P(A|B)) 3163153 0
i=1
¥k kK

You may now try the following exercises.

EB) In adie-coin experiment, a fair die is rolled and then a fair coin is tossed a
number of times, equal to the score on the die,

a) Find the probability that the coin shows head in every toss.

b) Given that the coin shows heads in all tosses, find the probability that the die
scorewas 1, i=1,2,3,4,5,6.

E9) A plant that produces memory chips has 3 assembly lines. Line 1 produces
40% of the chips with a defective rate of 5%, line 2 produces 25% of the
chips with a defective rate of 6% and line 3 produces 35% of the chips with a
defective rate of 3% . A chip is chosen at random from the plant.

a) Find the probability that the chip is defective.

b) Given that the chip is defective, find the probability that the chip was
produced by the Line 3.

So far, we have discussed the conditional probability, compound probability, and
Bayes’ theorem. Now, let us discuss conditional distribution.

1.5 CONDITIONAL DISTRIBUTION

We have learnt about Random Variable in the undergraduate course in detail. We may
recall that a random variable is a mathematical function over the sample space of an
experiment that maps its outcomes to real numbers. Unlike other mathematical
variables, a random variable cannot be assigned a value independently. It only
describes the possible outcomes of an experiment in terms of real numbers. Due to
this, some people consider the name random variable a misnomer.

A probability distribution, more properly called a probability distribution
function, assigns a probability to every interval of the real numbers, so that the
probability axioms are satisfied. The probability distribution of the variable X can be
uniquely described by its cumulative distribution function, F(x), which is defined by

F(x) = P[X £x] for every x in R.
Every random variable gives rise to a probability distribution, and this distribution

contains most of the important information about the variable. If X is a random
variable, the corresponding probability distribution assigns to the interval (a, b}, the

probability Pr{a < X <b], i.e. the probability that the variable X will take a value in
the interval (a, b]. This probability can be expressed in terms of the cumulative
distribution function F(x) .

-
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A probability distribution is called discrete if its cumulative distribution function is a Conditional Probability
step function consisting of a sequence of a countable number of jumps, which means

that it corresponds to a discrete random variable: a variable which can only attain

values from a certain finite, or countable, set. Here, we use probability mass function

(abbreviated p.m.f.) to represent the probability distribution. It gives the probability

that a discrete random variable is exactly equal to some value, that is p.m.f. is

f(x)=P(X=x).

A probability distribution is called continuous if its curulative distribution function is
continuous, which means that it corresponds to a random variable X for which
P[X=x]1=0 forall x in R. In this case, we use a probability density function: a

non-negative function f defined on the real numbers, such that 3

b
Pla<X < b]= _[f(x) dx

for all a and b, to assign the probability that the variable X will take a value in the ]
interval (a, b].

You must have studied conditional distribution in your earlier course. Just to
recaptulate, let us discuss it here again. Let us first discuss the formal definition of
conditional distribution.

Given two jointly distributed random variables X and Y , that is, a two-dimensional

random variable or vector (X, Y), the conditional probability distribution of Y

given X (written “Y |X ™) is the probability distribution of Y when X is known to .
have taken a particular value. =

Definition 2: Let X and Y be two discrete random variables (r.v.s.) associated with
the same random experiment, taking values in countable sets, T, and T, respectively.
The function f(x, y) defined for all ordered pairs (x, y), x€ Ty and ye Ty by the
relation

fix, p=P[X=x, Y =y]
is called the joint probability mass function of X and Y.

Note: By definition,
f(x,y)=0

>3 fxp ) =1

xe€Tx yeTy
Moreover, we should clarify that [X = x, Y = y] really stands for the event
[(X=x]N[Y =y], and that {X =x, Y =y] is a simplified and accepted way of
expressing the intersection of the two events, [X=x] and [Y =y].

and

Let us consider the following example.

Example 8: A committee of two persons, is formed by selecting them at random and
without replacement from a group of 10 persons, of whom 2 are mathematicians, 4
are statisticians and 4 are engineers. Let X and Y denote the number of
mathematicians and statisticians, respectively, in the committee. The possible values
of X are 0, 1, 2, which are also the possible values of Y. Thus, all the ordered pairs

(x, y) of the values of X and Y are

(0, 0), (0,1), (0, 2), (1, O, (1, 1), (2, 0), (1, 2), (2,1) and (2, 2).

The total number of ways of selecting two persons from a group of 10 persons is
9C, =45. Since the persons are selected at random, each of these 45 ways has the

same probability LS . Consider the event [X =1, Y =1] that a committee has one

mathematician and one statistician. One mathematician can be selected from two in

15
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Markov Chains 2C, =2 ways, and one statistician can be selected from 4 statisticians in ‘C =4

ways. Hence, the total number of committees with 1 mathematician and 1 statistician

is 2x4=8. Thus, P[x =1, Y=lj=4%.

To obtain the probability of the event [X =0, Y =1], observe that if X =0, Y =1, this

means that 1 statistician is on the committee, and that no mathematician is on it.
Then, the other person on the committee has to be one of the 4 engineers. This

engineer can be selected in “C, =4 ways. Hence,

4 4
C
PX=0, Y=1]=—2X G _16
45 45
, Similarly, we can obtain
L 4
i . P[X=0,Y=0]= C,_6
! , 45 45
| ‘C, 6
5 Pix=0, Y=21= 2 -~
4 Lx=0, ] 45 45
2, x*c, 8
P[X=1 Y=0]=—"t—=—
45 45
2
PIX=2,Y=0]= G, =L
45

Since the comunittee has only two members, it is obvious that there are no sample
points corresponding to the events [X =1, Y =2, [{X=2, Y=1] and [X=2, Y =2].
Hence, the probabilities P[X =1, Y=2]=P[X=2,Y =1]=P[{X =2, ¥ =2]=0.

We now summarise these calculations in the following table.

Table1: P[X=x, Y=y] for x,y=0,1, 2.

i6

y 0 1 2
X
0 6/45 16/45 6/45
1 8/45 8/45 0
2 1/45 i 0 0

Note: If we denote probability P[X=x, Y =y] by f(x, y), then the function f(x, y)

is defined for all pairs (x, y) for values x and y of X and Y, respectively.

Moreover,
f(x,y)=20
and
2 2
Z Z f(X, y) =1
x=0 y=0

We say that the function f(x, y) is the joint probability mass function of the r.v.s. X,

Y, or random vector (X, Y).

We now define the p.m.f. of the marginal distribution.

Let X 'and Y be r.v.s. taking values x € Ty and ye Ty, respectively and joint p.m.f.

f(x,y)=P[X=x,Y=y].




——“

We define new functions, g and h , as follows: Conditional Probability
gx)= ) f(x,y) (11)
yeTy
and  h(y)= D f(x.y) (12)
xeTy

In Eqn.(11), we keep the value x of X fixed and sum f(x, y) over all values y of
Y. On the other hand, in Eqn.(12), y is kept fixed and {(x, y) is summed over all
values of X. We wish to interpret the function g(x) defined for all value, x of X
and the function h(y) defined for all values y of Y. Notice that both g and h,
being sums of non-negative numbers, are themselves non-negative. Further,

Z g(x):Z z f(x, y)=1

xeTfy xeTy yeTy
Thus, g(x) has all the properties of a p.m.f. of one=dimensional r.v. Similarly, you
can verify that h(y) also has all the properties of a p.m.f. We call these the p.m.f. of
the marginal distribution of X and Y respectively, as you can see from the following
definition.
Definition 3: The function g(x) defined for all values xe T, of the r.v. X by the
relation

gx)= " f(x,y)

yeTy
is called the p.m.f. of the marginal distribution of X . Similarly, h(y) defined for all
the values ye T, of ther.v. Y by the relation
hiy)=Y" £f(x.y)

xe Ty
is called the p.m.f. of the marginal distribution of Y .
Definition 4: As usual, assume a random experiment that has a sample space S and a
probability function P on S. Suppose that X and Y be two discrete random
variables for the experiment, taking values in the sets Ty, Ty respectively. For
discrete random variables (X, Y), the conditional probability mass function Y given
X =x, xe Ty can be written as P(Y =y|X =x), ye T, . From the definition of
conditional probability,
P[Y=y|X =x] =P[Y=y,X=x]
P{X =x]
and if f, , (x,y) be the joint probability mass function of X and Y, and f,(x)(>0)
be the marginal probability mass function of X, then the conditional probability mass
function P(Y =y|X =x), for a given x & T, can be expressed as
fx v (X,9)
fx(x)
Similarly, if X and Y be continuous random variables for an experiment, then letting
£y ¢ (x,y) to be the joint probability density function of X and Y, and f, (x), f{(y)
be the marginal probability density function of X and Y respectively, then the
conditional probability density function of Y given X =x can be written as
fyx (y1X), and is defined by

£, (X,y) -
fY:x(Y|X)=’_Xl'(EL)" —ea<y<oo as)

£ (x)

, provided P[X=x]>0 13)

PlY=y|X=x] = . YeT, (14)

provided f, (x)>0.

. - H = be
Likewise, the conditional probability density function of X given Y=Yy can

denoted as fyy(x|y) andcan be defined by y
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- fev(X,Y)
£ (xly)=2—— —o L K< oo (16)
X[y fY(Y)

provided f, (y)>0.

(We will use the notation f, , (x,y) for joint probability density function (p.d.f.) and

for joint probability mass function (p.m.f.), both. In the examples and exercises, for
simplicity, f(x, y) has been used to represent fy ,(X,y).

Definition 5: For two-dimensional discrete random variable (X, Y), the conditional

cumulative distribution function of a discrete random variable Y, given X =x, is
defined as

Fy]x(Y|X)=ZP[Y=uIX=x] —-oo"(y<oo (17)

usy
and the conditional cumulative distribution function of random variable X, given
Y =y, is defined as

Fgy(x1y)= P[X=u|Y=y] ~00 < X <00 (18)-
usx
Similarly, if (X,Y) is two-dimensional continuous r.v., the conditional cumulative

distribution function of random variable Y , given X =x , is defined as
y .
Fy)x(Y|X)= Iinx(UlX)du —o<y< ™ (19)

and conditional cumulative distribution function of random variable X , given Y =y,
is defined as ‘ '

. X
FXIY(xly):' jf)qy(uly)du —oo L X < o0 (20)

The conditional probability mass functions and conditional probability density
functions of random variables also satisfy properties of unconditional probability
distributions. They are non=negative on the basis of being the ratio of non=negative
and positive functions. It can easily be shown that they also sum up, or integrate to 1.

Theorem 2: For any pair of discrete random variable, X, Y
Y PlY=y|X=x]=1

yeTy

Proof: Z P[Y = y'X - X] - Z fx,Y (XaY)
yeTy yeTy fx (X)

> Ay (xy)

- yETy
£ (x)
£, (x)

%% ¥

Theorem 3: For a pair of continuous random variables, X, Y,

frax(yindy =1

fX,Y (x’ Y) d
£y (x)

Proof: e]fm (yix)dy = ]




Conditional Probability

Ifx,Y (x, y)dy
AT
_ R0,
£ (x)
sk ok ok

Definition 6: Two discrete random variables, X and Y , are called indépendent if,
and only if ‘
fx v (X, y)=fx (x)fy (y), forall xe T,,and allye T, ()

where f, | (x,y) is the joint probability mass function of X and Y, and f, (x), fy (x)

are the marginal probability mass functions of X and Y respectively. Likewise, two
continuous random variables, X and Y are called independent, if and only if
fx v(X, Y)=fx (x) fy(y), ~c0<X<oo, —w<y<oo (22)

where f, {(X,y) is the joint probability density function of X and Y, and

f, (x), £y (y) are the marginal probability density functions of random variables X and
Y , respectively.

It may be easily verified that the following conditions with usual notations are

equivalent for the independent random variables, X and Y , both for discrete and
continuous case.

a. fx,Y(x|y)=fx(x)
b. lex(y|x)=fY(y)

C. fX,Y(x’ y)=£,(Of, (y)
for all —co <X <0, —c0<y <o,

Now, look at-some examples.

Example 9: The random variables, X and Y, have the following joint probability
mass function f, | (x,y) in the cells of a bivariate probability table.

xy) |0 1 2
0 2/9 173 | 1/15
1 2/9 | 2/15
2 1/45

Find
(i)  The conditional probability distribution of Y given X

(i) The conditional probability distribution of X given Y
(iii) Are X and Y independent?

Solution: (i) Here, T, ={0, 1, 2}, Ty ={0, 1, 2}

Clearly, marginal probability mass function of X , may be evaluatsd a3 follows:

fy(x) = Z fyy(X,¥)

- yeTy

2
=D fey(x,y)
y=0

=y (%, 0) + £, (X, D+, (x,2)
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fi (0) =Ty v (0, 0)+fy (0, D+fy (x,2)
=2/9+1/3+1/15=28/45

fe () =fy y(L 0)+fy y (1, D+Fy (1, 2)
=2/9+2/15+0=16/45

fx(Q)=fy ¢ (2,0)+fy v(2, D+, 4(2,2)
=1/45+0+0=1/45

These are basically row totals in the bivariate table. Similarly, column totals give
fy (y).

xy |0 1 2 fy (x)
0 2/9 1/3 | 1/15 | 28/45
1 2/9 2/15 1 16/45
2 1/45 1/45
f.(y) [21/45|7/15 | 1/15 | 1

The conditional probability distribution of Y, given X =x, x € T, , may be calculated
as follows:
for (Xy)

P[Y=y|X=x] =fXT, yeT,

P[Y=y|X=OJ=%’)ﬁ=%§fX_Y(O,y); y=0,12
P[Y=y!X=1,]=ﬂ"T’;(:’1)y—)=%fx,Y(l,y); y=0,1,2
P[Y=y|X=2]=M=£fX,Y(2,y); y=0,1,2

£ 1

Thus, conditional probability distribution of Y, given X, are found as shown in the
rows of the following table.

P[Y =y|X=x]
xy) 0 1 7 Total
0 (45/28)(2/9) =5/14 | (45/28)(1/3) = 15/28 | (45/28)(1/15) = 3/28 1
1 (45/16)(2/9) = 5/8 (45/16)(2/15) = 3/8 (45/16)(0)=0 1
2 45 (1/45) =1 450)=0 450 =0 1

(ii) In a similar way, we may obtain conditional probability distribution of X given
Y. ,
(iii) Since f, , (0,0) # £, (0)f, (0), therefore, X and Y are not independent.

HqeR

Example 10:  Suppose that (X, Y) has joint density function
X+y, ifO0<x<l, O<y<l1

f(X’Y)={0

, otherwise
a) Find the conditional density of X given Y=y.

b) Find the conditional density of Y given X =x.
¢) Are X and Y independent?
d) Compute P[0<X <1/2|Y =1/3].

Solution: The marginal probability density function of X




oo Conditional Probability
fy(x)= Ifx,y (x,y)dy

1
= [+ ydy
0

2 A
2. y=0

x+1/2, if0<x<l
fx x)=

or, ]
0, otherwise

The marginal probability density function of Y

£, = [y (o y)dx

1

= I(x + y)dx
0

2 x=1
= X—+yx =—l~+y and f,(y)=0 otherwise
2 o 2

1/2+y, ifO<y<l1

0, otherwise

fy (Y)={

a) The conditional probability density function of X given Y=y, O0<y<1 will be

f (X )
fyy (x]y) == —— ~oo <X <00
£,(y)
X+y , 0<x<l1
or fyy(xjy)=qy+1/2
0 otherwise

b) The conditional probability density function of Y, given X =x, 0<x <1, will

/ be
v (X, )
! fux (YIX)=—2—"—,  —oo<y<oo
| Y|X £, (x)
X+y
, O<y<l1
or leX(y|x)= x+1/2 Y
0, otherwise

c) Since fy (x,y) #f, (x)f;(y), the random variables are not independent.

d) Now, the P[0<X<1/2|Y =1/3] will be obtained by integrating the

conditional probability density function of X given Y =1/3 over [0, 1/2].
112
PO<X<1/2]Y=1/3]= [fy,(x[1/3)dx
0

X+y
y+1/2y=1/3

x+1/3

Since, fy, (x|1/3)=

—é(x+l/3)

T1/3+1/2 5
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Thus, P[0< X <1/2]Y =1/3]= Ig(x+1/3)dx

0

6 7_17
524 20
dedek

Example 11:  Suppose that random variable (X, Y) has joint probability density
function, f as given below
2(x+y), if0<x<yxl
f(x,y)= .
0, otherwise
a) Find the conditional density of X, given Y=y.

b) Find the conditional density of Y, given X =x.
c) Are X and Y independent?

Solution: The marginal probability density function of X

£ (x)= j £,y (%, y)dy

\{
=1J.2(x+y)dy 1 0</x<y<]
x ; . o, 7
= +—
oot ,
=2(x+—;———z—x2)=l+2x—3x2,if 0<x<l ¥
and f,(x)=0 , otherwise 0 —>
The marginal probability density function of Y Fig.4

f (y)= Ifx.y(x,y)dx

b
= J' 2(x + y)dx
i}

T
=2 X
[2 +yx} A

x=0
, .
=2(—%—+y2)=3y?, if O<y<l

and f,(y) = O, otherwise

a) The conditional probability density function of X, given Y=y, 0<y<1 willbe

fi (X, 9)
gy (X|y)=———, —o<X<eoo
X _ ()
:.2_'.(}.__:’_}.,_).’ O<x<y
3y
and fay (X1¥)=0, otherwise

22




e — ]

b) The conditional probability density function of Y, given X =x, 0<x <1 will be Conditional Probability
fyy (X, Y)
f x) =27 s —oc0<y< oo
Yix (YI ) fx ) y
= _Qﬁ_y_)_? , x<y< 1
1+2x-3x
and fyx (v1x)=0, otherwise

c)  Since f, ,(X,y) #f, (x)f,(y), 0<x<y<]1, the random variables X and Y are

not independent.
Fkok

You may now try the exercises that follow.

E10) Two dice are thrown. Let X denotes the sum of the scores on two diceand Y
denotes the absolute value of their difference.
a) Find the joint probability mass function of X and Y.
b) Find the marginal probability mass function of X.
¢) Find the marginal probability mass functionof Y .
d) Find the conditional probability mass function of Y given X =x .
e) Find the conditional probability mass function of X given Y=y.

f) Are X and Y independent?

E11) Suppose that the random variables X and Y have a joint probability density
function f as given below

£(x.y) (x+y)/4, ifO0<x<y<2
X,y) =
y 0, otherwise

a) Find the conditional density of X ,given Y=y,

b) Find the conditional density of Y, given X =x .
¢) Are X and Y independent?

E12) Suppose that the random variables X and Y have a joint probability density
function f as given below
e Y, if0<x<oo, O<y<eo

f(x,y)=<{0 )

otherwise

a) Find the conditional density of X, given Y=y.
b) Find the conditional density of Y, given X =x.
¢) Find P[X <1], P[X< Y], and P[X+Y <1]

E13) Suppose that the random variables X and Y have a joint probability density
function f as given below

25
f(x,y)={

0, otherwise

if0<x<yxl

a) Check whether or not independence of X and Y holds.
b) Find P[X<0.2|Y >0.1], P[0.1< Y <04].

The exercises in this section would have given you enough practice to compute the
density functions and distribution functions of bivariate random variables. Next, we
shall discuss measures of central tendency of the probability distribution of bivariate
random vectors.
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1.6 CONDITIONAL EXPECTATIONS

We shall begin this section with the definition of the conditional expectation of a
function of one random variable, given that the other variable has taken a given value.

Definition 7: Assume a random experiment has a sample space S, and a probability
function, P on S. Let that X and Y be two discrete random variables for the
experiment, taking values in the countable sets, Ty and T, (being subsets of R),
respectively. Let f,  (x,y) be the joint probability mass function of random variables
X and Y, and f, (x), fy(y), be the marginal probability mass functions of X and
Y , respectively. Then, the conditional expectation of Y, given X =x, denoted by
E(Y|X=x),or E(Y|X) is defined as

fx v (X,¥)

E(Y|X=Xx)= B (23)
[X=x é;iy £ 00

provided the series on right hand side of Eqn. (23) is absolutely convergent. Here,
E(Y|X =x) is a function of x sincex can take any value in T, , and the
conditional expectation of X, given Y =y, denoted by E(X|Y =y) or E(X}y) is
defined as
EX|Y=y)= 3 x2rY)
xe Ty fY (Y)
provided right hand side of Eqn. (24) converges absolutely. Here, E(X|Y=y) isa

(24)

function of y, since y can take any value in T, . Similarly, if X and Y be
continuous random variables for the experiment, having f,  (X,y) as the joint
probability density function and f, (x), fy(y) be the marginal probability density

functions of X and Y, respectively, then the conditional expectation of Y , given
X =x, is defined as
(x,y)
E(Y|X=x)= y~X—Y———~—d
e

prov1ded the integral on right hand side of Eqn. (25) converges absolutely, and the
conditional expectation of X, given Y =y, is defined as

(25)

Fv () ) 4

o 5y
provided the right hand side of Eqn. (24) is absolutely convergent. Here, again we
note that E(Y|X =x) is a function of x, and E(X|Y =y) is a function of y, as both
x and y canvary in R. The conditional expectation of a function of a random

variable can also be defined in similar way. For the discrete random variables, X and
Y , as specified above, the conditional expectation of ¢(Y), a function of random

EX|Y=y)= [x (26)

variable Y, given X =x, will be

EGWIX=x)= T oy 2 &Y. 27)
yeTy f ( )

and for the continuous random variables, X and Y , as specified above, this
conditional expectation will be

* £, (%,Y) \
EOW|X=x)= [on)*"""dy (28)
i £y (x)
The conditional variance of X, given Y =y, can now be defined as
VXY =y)=E{X-EX|Y=y)P|Y =y) (29)
It can be easily shown that the above expression has following equivalent form
VX|Y =y)=EX*{Y=y)-{(EX|Y=y)}’ (30)




Example 12:  For the problem discussed in Example 9, obtain Conditional Probability
(i) Expectation of Y, given X =1. ‘
(ii) Expectation of Y, given X=x, i.e., E(Y|X=x).
(iii)Expeétation of the expectation of Y, given X =x i.e., E(E(Y|X))
(iv)Find V(X|Y =0) ‘
Solution: (i) Since,

fx Y (1’ Y)
E(Y[X=D)=Y y Xl
yeZTy fx(l)

X, Y 1’
=7 (l)yﬂo M)

=—(0 ey LO)+1. f (LD +2.f,, (1,2))

45[0 Z+1 3+2 0] 3
16 9 15 3

.. f (X,y)
Gi) E(Y|X=x)= Y yXX-27
Z oo

. fx,Y (x,y)

S X0 +1L 1, (%, 1)+2 fiy(x,2)

— X,Y (Xv Y)
(iid) E(E(Y'X))_E(y;y Y )

f (X) (X,y)

2
2

Z fxv (X, 1)+220fxy(x ,2)= —+2 E=5

which is the same as E(Y) . Since,
2

E(Y)=)y.P(Y=y)

(0 Sy 00+, (XD +20 6, L (X,2) ), (X)

y=0
=0.P(Y=0)+1.P(Y=D+2.P(Y=2)
=0+1.l+2.—1—=§
15 15 5

(iv) VX|Y=0)=EX?|Y =0)-{EX]|Y=0)}

: 2
X +(x,0) fyy(x,0)
2w {Zx £, (0) }

X€ TX xsTX

= 1 1.f,,Q, . L0} -
fY(0){0 xx 0,0 +1.£,,(1,00+4 .1, ,(2,0)}

2
{f O £y (0,00 +1. f, ,(1,0)+2. fXY(20)}} :

25
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1 Xk

Example 13: Let the continuous random variables, X and Y , have the following
joint probability density function

£(x.y) 8xy, ifO<x<yx«l
X,y) =
y 0 , otherwise

(i) Find the expectation of Y, given X =x,i.e., E(Y|X =x)
(i) Find V(Y |X=x)
Solution: (i) Since

£ 0= [fy (% y)dy

1
=I8xy dy
=4x(1-x*)for0<x <1, and f,(x)=0, otherwise
Therefore, ’
oo f ,
E(Y|X=x)= Iy_.__”(x Y 4
= K®)
: 8xy 2 |y 1
= dy= L
;[y4x(1—x2) Y 1—x2{3:|x
_2(14x+x*
3 1+x
(i) Since
- £ o
E(Y?|X=x)= Iyz—_’”(x Y 4
BN ¢9)

1

2 8xy
= ——d
;[y 4x(1-x2) Y

C1f1=x*) 1+x?
21 1-x2 2
Therefore,

V(Y[X =x)=E(Y?|X =x) - {E(Y | X =x))?

_1+x? 4 1+x+x2 )
2 9 1+x

ok ok

You must have seen in (iii) part of Example 12, that E(E(y|x)) and E(y) both attain
the same value, 3/5. Now let us try to prove this in the theorem that follows.

Theorem 4: The expectation of the conditional expectation of Y, given X, is equal
to the expectation of Y i.e. E(E(Y|X)) = E(Y).




- —————eees

Proof: Suppose X and Y are discrete random variables. Therefore, from Eqn.(23), Conditional Probability
we have

f ,
E(Y|X=x)= Z y—i‘—‘i—(—x——y—)—, which is a function of x .
) veTy fx(X) '

Thus,

fx Y (X’ Y)
EEX|X)=E e
| {Zyy £00 }

_ fov (%)
=y JLZ yw}fx(n

x€Ty |ye Ty

=Y e { > st (w)}fx )

xeTy X yeTy

= z {Z vEy ¢ (X, y)} (changing the order of summation)
yeTy XETX ’ .

=3 y{z fey 6= Y ¥ (1 =E(Y)

) yeTy xeTx yeTy

This result holds for the continuous random variables also. In similar way, the result
can be proved for the continuous random variables also.
Aok

Now let us prove another theorem.

Theorem 5: Prove that V(X) =E(V(X|Y))+ V(EX}Y))

Proof: We have proved that E(E(Y|X)) = E(Y). We can prove, similarly, that
EEX|Y) = E(X) and E(E(X*Y)) = E(X?)
We start from right hand side of the statement,
E(V(X|Y)+ V(EX]|Y)
=E{EX’ | V) - (E(X| YD)’} +E{EX | )}’ ~ (EEBX]| Y))?
=E(E(X* | )} -E(EX | ¥))’ + E{E(X| )}’ - {E(X))’
=E(X?) - {E(X)}’ = V(X), the left hand side.
In the proof, we used the fact that
E(EXY)) = EX?)
. £ ok ok 4
You may now try the following exercises based on these discussions.

E14) Suppose that (X, Y) is uniformly distributed on the square
R={(x,y):=6<x<6,-6<y<6}. Thatis, the joint probability density of
(X,Y) is

1
—,—06<Xx<6,-6<y<6
fx\y(xs y)= 144 Y .

0, otherwise
Then find
(i)  Expectationof Y given X =x,i.e., E(Y|X=x)
(i) Expectation of X given Y=y, ie., E(X|Y =y)
Gii) V(Y|X=x)

@ VX|Y=y -

e




Markov Chains E15) Suppose that arandom vector (X, Y) has a joint probability density function, f
as given below

f(x,y)={

() Find k.
(i) Find E(Y|X=x).
(i) Find V(Y|X=x).

kxy, ifO<y<x<l

0, otherwise

Here, we close the discussion on conditional probability. We hope that you have
gained considerable knowledge about conditional probability, and conditional
distribution. Now let us summarise what we discussed in this unit.

1.7 SUMMARY

In this unit, we have covered the following points.

1. We illustrated the idea of conditional probability, and presented some examples to
elaborate its concept. The conditional probability of an event is obtained on the
basis of prior knowledge of the happening of another event. For the evaluation of
the conditional probability of an event, the sample space gets reduced to the event
whose occurrence has taken place.

2. We attempted to describe conditional probability. Conditional probability is
influenced by the happening of another event if the events are dependent,
otherwise, it is not influenced and the events are called independent.

3. We studied some basic properties of conditional probability. They were similar to
the general properties of a probability function on a sample space.

4. We stated and proved the famous Bayes’ theorem. We presented simple examples
to illustrate it.

5. We have acquainted you with the concept of conditional distribution with some
examples.

6. We have defined conditional expectation of a random vector, and some important
properties. Finally, we defined conditional variance.

1.8 SOLUTIONS/ANSWERS

El) a) If BCA,then A B=B, therefore, we have
PANB)_PB) _,
P(B) PB)
b) If AcB then ANB=A, therefore, we get
P(ANB) _P(A)
PB) P(B)
c) If A and B are disjoint then A " B=¢), therefore, we get
P(AnB) _P(9) _
P(B) P(B)

P(A|B) =

P(A|B)=

P(AB) = 0

E2) a) Since, P(A)>0, and P(B) >0
P(A[B)>P(A)
P(ANB)
>
P(B)

P(A)




E3)

E4)

ES)

E6)

Conditional Probability
P(;\(—Z)B) >P(B) & P(AnB)>P(AP(B) © P(B|A) > P(B) °

b) Proof is left for you.
¢) Since, P(A)>0,andP(B) >0, thus
P(A|B)=P(A)
o P(ANB) _
P(B)
P(A N B)
P(A)
P(ANB)
P(B)

P(A)
=P(B) <& P(B|A)=P(B)

and =P(A) & P(A nB)=P(A)P(B)

Let event A = the student is absent, and the event B = today is Friday.
Since there are six school days, thus, P(B)=1/6, and P(A n"B)=0.03.

Therefore, the required probability is
P(AIB) = P(ANB) _ 0.03
P(B) 1/6

=0.18.

Let event A =the coin is biased, and the event B = the coin lands heads up.
The bag contains 12 coins: 5 fair, 4 biased, each with probability of heads
1/3; and, 3 two-headed.

a) P (coinis biased)=P(A)=4/12=1/3.
b) P(coin is biased and it lands head) =—;5

c) P (the coin lands heads, given that it is biased)_

—pB|A)=LANE) _1/9_, ),
P(A)  1/3 '

A box contains 8 balls:3 of them are red, and the remaining 5 are blue. Two
balls are drawn successively, at random, and without replacement. Let the event
A be that a red ball is drawn in the first draw and event B be that the blue ball
is drawn in the second draw. The required probability is P(A nB), and
35 15
P(ANB)=PA) PB|A) == ="
( )=P(A) P(B|A) 57" 36

Event A =a person smokes, and event B = a person has heart disease.
We are given
P(A)=0.3, P(B)=0.08
P(B|A)=0.12
a) We require P(ANB)
P(ANB)=P(A) P(B|A)
=0.3%0.12

=0.036
Thus, the percentage of population that smoke is 3.6% .
b) We require P(A|B) here
P(ANB)

P(A|B)= > ®)

=003 _ 45

0.08
Therefore the percentage of smokers with heart disease is . 45% .

29
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E7) The sample spaceis S={(a,b):a,b=1,2,...,6}, where a and bare scores on

E8)

the first and second die, respectively. X =3 and Y =8 means that the score at
first die 3, and the score at second die is 5, i.e. the outcome is (3, 5) . Event

Y =8 may occur if the outcomes be either of, the following
(2,6),(3,5), (4,4), (5 3), (6,2). Thus, P(Y =8)=5/36, assuming 36
outcomes in S are equally likely.

a) P(X=3and Y=8)=P{@3,5)}=1/36

P(X=3and Y=8) 1/36

b) P(X=3]Y=8)= =
P(Y =8) 5/36

=1/5

P(X=3andY=8) 1/36 _

o) PY=8X=3)= P(X=3)  6/36

176

Let the events B, = the score on the die is i, where i=1, 2, 3,4, 5, 6, and event
A = all tosses of coin show heads

Clearly, P(B,)=1/6,i=1,2,3,4,5,6 and
P(A|B,)=1/2,P(A|B,)=(1/2)(1/2)=1/4, P(A|B,)=(1/2)(1/2)(1/2) =1/8
P(A|B,)=(1/2)(1/2)(1/2)(1/2)=1/16 similarly
P(A|B,)=1/32,P(A|B,)=1/64.

6
a) P(A)=) P(B)P(A|B,)

i=1

1111 1 1 1

=—(=+—+—-+—+—+—)
62 4 8 16 32 64
_ 6 _2
6.64 128
b) Since '
P(B; IA)=M2; i=1,2,3,4,5,6 thus
P(A)
1 1
| P(B))P(AIB)) ¢ 2 32
PB A= = =
(B,1A) A 3T =63
128
1 1
P(B,)P(AB,) ¢ 4 _16
(B,|A) TN "6
128
11
P(B;)P(AB,) 6 '8 _ 8
BalA=="p ) 21 63
128
1 1
_PBYPAB,) _§ 16 _ 4
PB A= =05
128
1 1
P(B;)P(AB;) ¢ 32 _ 2
(B;|A) s P
128
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P(Bg|A)=

11
PBHP(AB,) _ 6 64 _
P(A) 21

2t 63
128

E9) Let the events B, =the chip is produced by line i, where i=1, 2, 3 and
event A = the chip is defective.
P(B,)=0.40, P(B,)=0.25, P(B,)=0.35
P(A|B)=0.05, P(A|B,)=0.06, P(A|B,)=0.03

3
a) P(A)=> P(B,)P(A|B,)

i=l

=(0.40)(0.05) +(0.25)(0.06) + (0.35) (0.03)
=0,0455
b) The chip was produced from the Line 3, given that the chip is defective

p (BlAx P(B,)P(AB;) _ (0.35) (0.03) _ 0.2308
: P(A) 0.0455 e

E10) The sample space, as given below, consists of 36 equally likely outcomes.

@) G2 1,3) 1,4 @15 1,6)]
D (22 23 24 25 26
G 32y 33 3.4 35 @36 {
“4.Dn 42 43 44 45 4,6)
. 5.2y 5,3 5,4 (5,5 (5,6)
0,D (6,2) (6,3) (6,4 (6,5 (6,6)]

a., b, ¢. Since random variable X = sum of scores on the two faces,

Y = absolute difference of scores on the two faces. Clearly, X takes values
2,3,...,12 and Y takes values 0, 1, 2,..., 5. Joint pm.f. f, (x,y)of Xand Y

and their marginal p.m.f. may be very easily obtained from the bivariate
probability table as shown in the following table:

xy) |0 1 2 3 4 5 £, (x)
2 136 1/36
3 2/36 2/36
4 1136 | - 2/36 3/36
5 2/36 2/36 4/36
6 1/36 -2/36 2/36 5/36
7 2/36 2136 | 2/36 | 6/36
8 1/36 2/36 2136 5136
9 2136 2/36 4/36
10 1/36 2/36 3/36
11 2/36 2/36
12 1/36 1/36
f,(y) |6/36 |10/36 {836 |6/36 |4/36 |1/36 |1

d) Conditional p.m.fs of Y, given X, X, P[Y =y| X =x], are given in the
table below: ) 31




Markov Chains Total
PY=y|X=x]= fey & ¥)
fy(x)

xy) |0 |1 2 REEE

2 1 1
3 1 1

4 1/3 2/3 1

5 1/2 ' 1/2 1

6 1/5 2/5 2/5 1

7 1/3 1/3 1/3 1

8 1/5 2/5 2/5 1 ]

9 1/2 1/2 1

10 1/3 2/3 1

11 1 1
12 |1 i

e) Similarly, conditional pmf of X given Y, can be obtained.

f) Since f, , (x,y) 2, (x)f,(y).say for x =2, y=0, therefore X and Y are
not independent.

e

E11) The marginal probability density function of X

f00= [fy(x,y)dy

2
= fx+y)/4dy

2P
=—[xy+y—} —§(4+4x—3x2), if O0<x<2
and f, (x)=0 , otherwise

The marginal probability density function of Y

Fo ()= [y (x y)x

y
=j(x+y)/4dx
(1}
i X2 Y 3 2
==| Xy +— ==y° . if O<y<?2
and f,(y)=0, otherwise

a) The conditional probability density function of X, given Y=y,0<y<2

will be .
- f. . (x,
fx[Y(xly)?iLy_)_, —00<X<00:M)_/21’ 0<x<y
£, (y) (3/8)y
fyy (x/y)=0, otherwise

b) The conditional probability density function of Y, given X=x,0<x <2
will be

32




Conditional Probability
fey (X, ¥)
o (y1x) ==, ~co < y< oo
YiX fx (X)
= x+y)/ j’ , Xx<y<2
(4+4x -3x°)/8
=0 otherwise

c) Since f, ((x,y)#f, (x)f,(y), 0<x <y<2, the random variables X and Y
are not independent.

E12) The marginal probability density function of X

f(x)= Ifx,Y (x, y)dy

oo

_ J'e"””dy
0
= [—e‘(“” ]ym =e* if0<x <oo
y=0
and f,(x)=0 otherwise

The marginal probability density function of Y

£, = [y (xy)dx

oo

= le"**Vdx
[\]
—f et T oy ; oo
—[ e :'x=0 e 1f‘0<y<
and f,(y)=0 otherwise

a) The conditional probability density function of X , given Y =y, will be

f, . (x,
fx[Y(X(Y)r“ﬂ“_Y)', —oo<X <00
fv (y)
-(x+y) '
=L =e™", O0<x <o
e Y
=0 otherwise

b) The conditional probability density function of Y, given X =x, will be

fe v (%,y)
fox (yix) =" , —co<y< oo
wx (Y 1X) £ (o) y
e (x+y)
= =e7, D<y<eo
e-X P
=0 otherwise

1
¢) PX<D= J.e"‘ dx
0

=[—e™" ]:) =]-e
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P(X<Y)= ]-]. fx y(x, y) dxdy

>

X<y

—>

©, D

=™ -e")dx
=[-e " ~xe'] =1-2¢! 0
EI3)f, (0= [f,,(x,y)dy
1
= IZdy
=2[x]'" =2(1-%) if0<x<l1
and f, (x)=0 otherwise

£, = [t (6 y)dx
y
= [2dx
0

=2[x]'7 =2y if O<y<1
and f, (y)=0 otherwise

a) Since f,  (x,y) 2, (X)f,(y), 0<x <y <1, the random variabies, X and

Y , are not independent.

P[X<0.2,Y>0.1]

b) P[X<0.2]Y>0.1]1=

P{Y>0.1]




‘_—

oo Conditienal Probability
P[Y >0.1]= ij (y)dy
0.1

1
= f2ydy=[y2]1 =0.99 [x<02,y>0.1]
o " Y x=02
ort 021 A /
P[X<0.2,Y>0.1]= J' J'z dxdy + “‘2 dxdy o.n / (1, 1)
0 0.t 0.1 % ’ \l /

2y dx + I2y y
0.1
0.1 0.2

—18jdx+2j'(1 x)dx

0.1

o._‘__

S
A\ oy 2

, 102 i
~0.18+2/x—>—| =035  y=01 . |
2 |, Fig.7 i

P[X<0.2,¥>0.11 035

P[X<0.2[Y>0.1]= -
P[Y>0.1] 0.99

=0.3535

P[0.1<Y<0.4] =0f £, (y)dy
= I2ydy [y ] =0.15

E14) Let the joint probability density function of X and Y be as follows

£ xy) ; ~6<x,y<6
X, y)=
xy %Y 0 elsewhere
Since,
j f f, (X, y)dxdy = J' jkdxdy i
66

therefore, k=1/144
Again,

£ ()= [fey(x )y

6
= J' (1/144)dy
s

=12(1/144)=1/12  for-6<x <6

. (x,y)
i) EX|[X=x)= —Y—‘y
i’ fx (X)
6 Y
1144 . 1]y
= |y dy=—| L
e @ 12[2}
=0
(i) Wemay get E(X]Y =y)=0 in similar way.

-6

(i) V(Y|X=x)=E(Y*|X=x)-{B(Y}X =x)}?

35
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6
1/12 31,
= l(432) =12
(iv) We may get V(X|Y =y)=12 in similar way.

E15) Since
oo oo 1x
J i xyiaxdy = [ frydsdy
—0 00

1 yz * 1X3
- Ujkx[?L dx =k0j—2~dx

therefore

1 k=8
() f00= [f, (xy)dy

= J‘Sxydy =4x%, O<x<l
0

frv(X,y) dy

E(Y|X=x)= jy e

T ooy (XY
E Y2 X:: = Z_Z('Y_~d
(i) E(Y?] X) :[y 0 y

e
z_a[y_“}"zixz
x4 2

V(Y [X=)=E(Y? X =) {E(Y | X =x))? =——x __( 5 :ligxz

_X——-
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2.1 INTRODUCTION

The Markov chain is named after Andrey Markov (1856 — 1922), a Russian
mathematician. It is a discrete-time stochastic process with the Markov property.
Andrey Markov produced the first results in 1906 for these processes having finite
state space. A generalization to countably infinite state spaces was given by
Kolmogorov. Further work was done by W. Doeblin, W. Feller, K. L. Chung and
others. In most of our study of probability so far, we have dealt with independent trials
processes as a sequence of identically and independently distributed random variables.
These processes are the basis of classical probability theory, and much of statistics.
We have discussed two of the principal theorems for these processes: the Law of
Large Numbers, and the Central Limit Theorem. We have seen that when a sequence
of repeated chance experiments forms an independent trials process, the possible
outcomes for each experiment are the same and occur with the same probability.
Further, knowledge of the outcomes of the previous experiments does not influence
our predictions for the outcomes of the present or future experiment.

In many cases in real life, we observe a sequence of chance experiments where all of
the outcomes in the past experiments may influence our predictions for the next
experiment. The sequence of random variables associated with the sequence of such
experiments may not be identically and independently distributed. For example, this
will happen in predicting a student’s grades on a sequence of exams in a course. But to
allow too much generality makes the processes mathematically difficult to handle. A.
Markov studied this type of chance process where the outcome of current experiment
(not previous experiments) can only affect the outcome of the next experiment. This
type of process is called a Markov process, a particular case of which, when state
space is discrete, is called a Markov chain.

Markovian systems appear extensively in physics. Markov chains can also be used to
model various processes in queuing theory. The Page Rank of a webpage as used by
Google is defined by a Markov chain. Markov chain methods have also become very
important for generating sequences of random numbers to accurately reflect very
complicated desired probability distributions — a process called Markov chain Monte
Carlo, or MCMC for short. Markov chains also have many applications in biological
modeling, particularly population processes, which are useful in modeling processes
that are (at least) analogous to biological populations. The Leslie matrix is one such
example, though some of its entries are not probabilities (they may be greater than 1).

We will present some discussion about the concept of stochastic processes, definition
and understanding of Markov chain in Sec.2.2 and Sec.2.3, respectively. We will also
present some examples to illustrate the behavior of Markov chain. Here, we will also
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learn about the Transition Probability Matrix P, higher order Transition Probabilities,
and the famous Chapman-Kolomogorov equation. In Sec. 2.4, we will represent a
Markov chain graphically, and in Sec. 2.4, we shall compute higher order transition

probability. In Sec. 2.6, we will learn two methods for calculation of P", viz.,
Spectral Decomposition, and Generating Function.

Objectives

After studying this unit you should be able to:

o explain the concept of a stochastic process, and that of a Markov chain as a special
case of stochastic process;

e compute the transition probability matrix with some of its applications;

e evaluate higher order transition probabilities, and unconditional probability
distribution after a number of steps in a Markov chain;

o explain the two methods of calculating P" —Spectral Decomposition and
Generating Function.

2.2 STOCHASTIC PROCESS

Stochastic process is
also known as chance
or random process.

38

Let us start this section by discussing the following situations:

(i) Counsider a simple experiment like a series of independent throwings of a coin.
Suppose that X, denotes the total number of heads found in the first n throws.
Then {X,,n=1,2,3,...} is a family of random variables constituting a
stochastic process.

(i) Consider another simple experiment. Suppose a dice is thrown a number of )
times, and suppose that X, is the number of sixes in the first n throws. If we
allow n to vary as n=1, 2,..., then we get a sequence random variables
{X,,n=12,3,...}. When n varies, we have a family of random variables
constituting a stochastic process.

A stochastic process is defined as an indexed collection of random variables {X_ },

where the index, n, belongs to an index set, T . In most real life situations, this set
represents time, either discrete or continuous. The collection of random variables is
defined as some sample space. The set of all possible values taken by these random
variables is known as, state space of the stochastic process and we will denote it by

S . The state space is called discrete if it contains a finite, or, countably infinite
number of points, and it is called continuous when it is an interval or union of disjoint
intervals.

For example, in situation (i). X, denotes the total number of heads found in n
independent throws of a coin. Thus the state space, S, will be a finite set of
non-negative integers, 0,1, 2,..., n. Here, the collection of random variables {X},
will be a stochastic process having finite state space. In situation (ii), the state space
of X, isalso discrete. We can write X, =Y; +Y, +---+Y,, where Y; is adiscrete
random variable denoting the outcome of the ith throw and Y, =1 or 0 accordingly
as the ith throw shows a six or not. Representation X =Y, +--- +Y, is valid in both
the situations (i) and (ii). In an another situations, we may consider a collection of
random variables {X =Y, +Y,+:--+Y,, n=1,2,3,...} where Y, is a continuous
random variable assuming values in (0, ). Here, the set of possible values of X_
belong to the interval (0, o), and so the state space S of the stochastic process X, is
continuous.
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From the examples above, it is clear that a stochastic process may be a discrete time The Basics of Markoy
stochastic process, when the index set is a discrete set T, often a collection of the Chains
non-negative integers 0, 1, 2, 3,..., or it may be continuous time stochastic process

when the index set is continuous (usually space or time interval), resulting in an
uncountably infinite number of random variables. We may use alternative notation for
a stochastic process such as X(t) or X, where t indicates space or time in day.

So far, we have discussed the case of a stochastic process in which X(t) are

one = dimensional random variable. There may be processes with X(t) that are more
than one = dimensional. Consider X(t) = (X,(t), X, (t)), in which X, (t) represents
the minimum temperature, and X, (t) represents the maximum temperature in a city in

a time interval [0, t], then the stochastic process is two = dimensional. Similarly, we

can have a multi-dimensional stochastic process also. In general, stochastic processes
can be categorized into the following four types:

(i) discrete state space and discrete time
(11) discrete state space and continuous time
(iii) continuous state space and discrete time, and

(iv) continuous state space and continuous time.

Thus, we see that the index set, T, and the state space, S, of a stochastic process may
be discrete or continuous. Familiar examples of the stochastic processes include prices
of shares, varying every moment in a stock market, and exchange rates of our currency
fluctuating along with time. Other examples, such as a patient's ECG, blood pressure,
or temperature, constitute stochastic processes arising in medical sciences.

In the next section, we shall discuss Markov chains.

2.3 MARKOV CHAIN

A discrete time Markov chain is a stochastic process where both the index set I and
the state space S are discrete and the stochastic process satisfies markov property. A
sequence of random variables {X_ } is said to follow markov property if we are given

the present state, that is, the value taken by the random variableis X, then the states

of the future, that is, values of random variables X ,;, X,,,,... are independent of the

n+l>

states of the past, that is, the value of the random variables X, ;, X, _,,.... For

example, if the stock price of a stock in the National Stock Exchange follows markov
property then the stock price at a future date will depend only on the current price that
is known to us, and will not depend on its prices during past dates. The Markov chain
and Markov property may be formally defined as follows.

Definition 1: A stochastic process {X;} with the index set T={0,1, 2,...,1,...} and
discrete state space S={1, 2,...,£,...s} is called a Markov chain, if for any of the
states, 1y,1;,iy,d5,...,0,4, 1, JES, and any ne T, we have

PIX,, =ilX, =i, X, =i, X, =iy, X, =i, X, =i,1

1
=P[X,,, =jlX, =i] @

and in this situation, the sequence of random variables {X } is said to possess the
Markov Property. If X  has the outcome i(i.e. X, =i), then the Markov chain is

said to be in state i at nth trial, or at time n . In the definition above,s may be
infinity.
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The Markov chain will be called a Finite Markov chain if the state space S is finite.

The probability P[X ., =j| X, =i, X, =iy .- X, =1,,X, =1,X; =iy], in the above
definition denotes the conditional probability that the system will be in state j at time
n +1, given that the system was in the state i at time n, in the state i at time
n—1,..., in the state i, at time 1, in the state i, initially at time. 0. Due to the

Markov property this probability depends only on the latest given state, i.e., on the
state 1, attimen .
Let (i, j) denote a pair of states at the two times, say, at time mand n, n<n. The

transition probability for making the transition from state i, at time m , to state j at
time n .

PX, =jlX, =il=p;m,n) ’ (2)
is called m —n step transition probability.
Here, we have assumed that the transition probabilities depend on both the states i, j,
and both the times m, n.

Definition 2: The unconditional probability distribution of the initial random variable
X, .of the Markov chain {X } is called the initial distribution of the chain. The

Markov chain starts in a state chosen according to the probability distribution of X, .
Let the vector u =(u,, u,, u,,..., u_) be the vector having s elements corresponding
to s states namely 1, 2,..., s such that v, =P(X; =1),i=1,2,..,s. Thus u, denotes
the probability that the chain starts in state i at time 0.

Definition 3: A Markov chain is called time homogeneous or with stationary
transition probabilities, if its transition probabilities pij (m,n) do not depend on the

specific times, m and n, but depend only on time duration n—m, i.e., on thenumber
of steps taken between two times, :

In this section, we shall only discuss the time homogeneous chains. In this case, the
m -step transition probability for a homogeneous chain may be denoted as

P[X = jl X =il= pij(m) , for any n in the index set I 3)

n+m

and one step transition probability as P[X =jl Xn =i]= pij (here, we denote

n+l1

p; = p, omitting the superscript (1) for convenience.)

Definition 4 (Transition Matrix): Suppose the state space S of a time homogeneous
Markov chain contains s states 1, 2, 3,..., s, then the sxs matrix of the one-step

transition probabilities (p;;) is called a P-matrix and is denioted by P . This square

matrix is also called the matrix of transition probabilities, okthe transition matrix.
Since the (i, j)™ element of P represents the one-step transition probability p;;» that

is the probability that the chain will move from the state i to the state j in one step.

s
Therefore, the sum of elements in each row of P is one,ie. Y py =1 forall i.

j=1
A square maftrix
Pii Piz Pz
P21 P2 Pazeeee

............................




with non negative elements, and row-sum unity is called a stochastic matrix. When The Basics of Markov
the column-sums are also unity, then this matrix is called a doubly stochastic. Thus, Chains
a transition matrix is stochastic.

Remark 1: A problem can be modeled as a (homogeneous) Markov chain if it has
the following properties:

a) For any unit time period, a, object in the system is in exactly one of the
defined states. At the end of the time period, the object either moves to a new
state, or stays in that same state for another unit time period.

b)  The object moves from one state to the next according to the transition
probabilities which depend only on the current state of the object, and not on
any previous history of its states. The total probability of movement, out from
a state (movement from a state to the same state does count as movement) is
equal to one.

¢} The transition probabilities do not change over time (the probability of going
from state A to state B in the current unit time period is the same as it will be
at any other period in the future).

Now, we state below two theorems without proof. Theorem 1 is known as the general
existence theorem. Theorem 2 states three different conditions identical to the
Markov property. For the proof of these theorems, you may refer to Markov chain
with Transition Probabilities by K. L. Chung (1967).

Theorem 1: The stochastic matrix and the initial distribution completely specify a
Markov chain.

Theorem 2: The markov property referred to in Eqn.(1) is equivalent to any one of
the following three results. Let the states i, j, i;, 1,, i,,... be any states of the Markov

chain (X } then

1. forany n,<n, <n,<...n,<n,,,
P[X“k+1 =]|X“k =1’X“k—1 Slhps e Xp) T X, =] @)
=P[X“k+1 =J'X“k =i]
2. forany n, <n, <n;<...<n,
PIX,, =i6X, =l -0 X, =15,X, =]
={P[X, =ilenH =1 4] (5)
....... PIX,, =1, IXnl =LIPIX, =41}

3. PX,y=5X, =X, =i, X, =1, X, =i]
=P[X, =31 X, =i] e PIX, =1, | X, =i, ]P[X, =1,] (6)

From Egn. (6) it follows that the joint probability distribution of
{Xg, X5 X325 X5,..., X, } of the Markov chain (X, } is completely determined if the

initial distribution, and the transition matrix of the chain are known. Let us prove this
result.

Starting with the joint probability of {X,, X,, X,, X,...., X, }, we have
PIX, =1, X, =1, ,... X, =i,X, =1,]
={P[X, =1, | X, =iy s X =1, X =ip] e
PIX, =i, X, =i, X, =1,]P[X, =i; | X, =i, IP[X, =1,1}
using conditional probability and product rule.
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={P[X, =i, | X, =1 4]...
P[X, =i, | X, =i, 1P[X, =i, | X, =i, JP[X, =i,]] using the markov property
= DPii, "'pi_,iz‘ Piji, Pig, Ui, »
where u, is the initial probability and p, ; ..., p;; , P;; are transition probabilities.

sk

Example 1 (Simple Weather Model): Let us consider three possible conditions of
weather at any day say, Sunny (S), Cloudy (C), and Rainy (R). Suppose the
probability that a sunny day will follow a sunny day be 0.75, and that the cloudy day
will follow a sunny day be 0.15 and the rainy day will follow a sunny day be 0.10.
Similarly, the probability that a cloudy day will follow a sunny day be 0.25, it will
follow a cloudy day be 0.45, and it will follow rainy day be 0.30. The probability that
a rainy day will follow a sunny day be 0.15, it will follow a cloudy day be 0.45 and it
will follow that a rainy day be 0.40. We assume that each day’s weather condition
depends only on the condition of the previous day. Therefore, with this information we
may form a Markov chain {X_}, where X represents weather condition of the n

day. We may take three conditions of weather S, C, and R as the states denoted by,
numbers 1, 2, 3 respectively for the Markov chain. .

From the information above, we can determine the transition probabilities as follows
py =P(X, =1|X,  =)=075, p,=P(X,=2|X,,=1)=0.15
pu =P(X, =3|X,, =1)=0.10, p, =P(X, =1|X,,=2)=025
Pp =P(X,=2|X, ,=2)=045, p,=P(X, =1{X,,=2)=030
Py =P(X, =1|X,_, =3)=0.15, p,, =P(X, =3{X,_, =2)=045
Py = P(X, =3|X, , =3)=040

These are conveniently presented in a 3% 3 square transition matrix P given below.

S c R
S{0.75 0.15 0.10
P=C|025 045 0.30

R\ 0.15 045 0.40
Aok

Example 2: Consider that in a city in the coming week the probability that a healthy
person will fall sick is 0.20, and that he will remain healthy is 0.80. Consider another
case where, in the coming week, the probabilities that a sick person will become
healthy is 0.65, will die be 0.25 and will remain sick is 0.10. We will form a P -matrix
on the basis of the above information. In each week, a person will be in any of three
conditions — healthy, sick or dead, which are the three states for his health. If each
week’s health condition depends on the condition on the previous week only, then we
have a Markov chain {X_ }, where X represents health condition of a person in the
n"™ week. From the above information we can determine the transition probabilities.
Assume the states Healthy, Sick and Dead are denoted as 1, 2, 3 respectively, then

p, =P(X, =1|X, ,=1)=080, p,=P(X,=2|X,,=1=0.20,
pi=P(X, =3 | X, =1)=00, py =P(X, =1 | X, =2)=0.65,
Py, =P(X_ =2|X,,=2)=0.10, p,,=P(X, =3|X,,=2)=0.25,
py =P(X, =1{X,_, =3)=00, py; =P(X, =2 | X, =3)=00,
P =P(X, =3|X,,=3)=1" ‘ '

The transition matrix P is obtained as shown below.



H S D . The Basics of Markov
Chains
H/0.80 020 O
P=S]065 0.10 0.25
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So far, we have only defined a Markov chain. Now, let us discuss a graphical
representation of a Markov chain.

24 GRAPHICAL REPRESENTATION

Markov chains may be depicted by a directed graph or digraph, the graph having
directed edges. The states of a Markov chain are represented by the vertices, or the
nodes of the graph, and the single step transitions between the states by the directed
arcs (edges) joining the vertices. For instance, in Example 1, the probability of the
single step transition from the state, rainy (R) to sunny (S) is 0.15. Then vertices
labeled R and S are joined by an arc (also a called edge) directed from vertex R to the
vertex S. The arc is labeled by the corresponding probability as 0.15, in this case.
Likewise, transition from S to S, with probability 0.75, is represented by a self-loop
labeled by 0.75 at the vertex S. No edge is drawn corresponding to a transition
probability zero. Thus, the number of edges, including self loops, will equal the
number of positive entries in the one step transition probability matrix, which is 9 in
this case. Let the graph denoted by G =(V, E). Then V, being the set of vertices

representing different states of the Markov chain, and E, being the set edges
representing all possible non-zero transitional probabilities. This digraph is called a
transition graph. In a transition graph, the sum of the probabilities of all the edges
emanating from each node will be one. Conversely, if in a labeled digraph all the
labels of the edges are positive numbers, and the sum of all the labels of the edges
emanating from each node is one, then such a graph is called stochastic graph, and
we can define a Markov chain with this digraph as its transition graph.

Example 3: The directed graph of the Markov chain given in the Example 1 is
shown in Fig 1.

0.40

0.75

0.15

Fig.1

Example 4: The directed graph of the Markov chain given in Example 2 is shown in J
Fig 2.
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Example 5: The prime minister of a country tells a journalist, X, about his intention
to run, or not to run in the next election. The journalist transmits this information to

Y and Y transmits it to Z, and so forth. We assume that there is a probability ‘a’
that a person will change the answer from “yes” to “no” when transmitting it to the
next person, and a probability ‘b’ that a person will change it from “no” to “yes”. We
choose the messages, either “yes™ or “no”, to the fellow journalists as states. 1t may be
expressed as a Markov chain {X, } where X denotes the transmitted message by the

n" person to the next person. X, denotes the intention revealed by the prime minister

at the start. Here, we have denoted two states “yes” and “no” as 1 and 2 respectively.
From the above information, we can determine the transition probabilities.
Py =PX, =1|X,,=l)=1-a, p,=PX,=2|X, ,=D=a

Py =PX, =1{X,;=2)=b, P =P(X, =2|X,,=2)=1-b
Therefore, the P -matrix will be

1 2

1{1-a a
P= ,(0O<a, bl
L)

ok

Example 6: Each time a certain horse runs in a three-horse race, he has probability
1/2 of winning (W), 1/4 of coming in second (S), and 1/4 of coming in third (T),
independent of the outcome of any previous race. We have an independent trials
process, but it can also be considered as a Markov chain. Here, we choose outcomes of
the race, that is, winning, second, and third as three states. [t may be modeled as a
Markov chain {X, }, where X denotes the outcome of the n' race. From the above
information, we can determine the transition probabilities shown in the transition
matrix that follows.

W S T

W(0.50 025 0.25
P=S{050 025 0.25
T{050 025 025

Remark 2: In general, we see that any sequence of discrete 1.i.d. (identically and
independently distributed) random variables can be considered as a Markov chain. In
such a case, the transition matrix has identical rows, each row being the probability
distribution of the random variable, X .

You may now try the following exercises on the basis of above discussions.

E1) Assume that a man’s profession can be classified as business, agriculture, or
public servant. It is known from past data that, of the sons of businessmen, 80%
are businessmen, 10% are farmers and 10% are public servants. In the case of
sons of farmers, 60% are farmers, 20% are businessmen, and 20% are public
servants. Finally, in the case of public servants 50% of the sons are public
servants and 25% each are in the other two categories. Assume that every man
has at least one son. Does the choice of profession by sons in the successive
generations in a family form a Markov chain.? If so write down its matrix of
transition probabilities.

E2) Draw the transition graph for the problem given in Example 6.

E3) The schooling status of a student in any year may be represented by 6 states,
namely, nursery, class one, class two, ... class five. Let P, denotes the




probability that a student in state i in any year jumps to a higher class (state The Basics of Markov
i+1)and q, denotes the probability that a student remains to the same class Chains

(state i) in the next year. Assume that class 5 is the highest status and it can not
be crossed. If X denotes the status of a student in the nth year of his schooling,

show that {X_} is a Markov chain. Set up the matrix of transition probabilities.

So far, we have learnt about the Markov chain and its graphical representation. Now in
this section we shall continue the discussion to the higher step transition probabilities.

2.5 HIGHER ORDER TRANSITION PROBABILITIES

Definition 5 (Higher Steps Transition Probability Matrix): The n —step transition
probability for the transition from state i to j in n steps in a homogeneous Markov

chain, denoted by p].(j‘)
n -step transition probability matrix.
When n=1, we have P =(p{))=(p,,)=P.

1

, was defined in Equation 3. The matrix P™ = (pf}‘)) is called

For convenience, we define P® =1, where 1 is an identity matrix.

The unconditional probability distribution of X_ , the state of Markov chain at the
step n, is defined as u{™ =P[X, =j]. j=1,2,3,...,s.
The unconditional probability distribution of X in the vector form may be denoted as

u® :(ui(“), ui,.., ug"))

Now, we will prove some results providing a relation between P™ and the P -matrix.
These result will be useful in computing higher order transition probabilities.

Theorem 3: The n-step transition probabilities satisfy the recurrence relation
S
py = Z pix U py; for i,jeS, the matrix form of which can be written as
k=1
P™ = P(H-I)P

Proof: Using the Law of Total Probability and Conditional Probability discussed in
‘Unit 1, we have

P =P[X, =j| X, =i]

= Z P[X, =X, =k|X, =i] (using the Law of Total Probability)
k=1

=Y {PIX, =j|X, , =k, X, =ilP[X,_ =k| X, =i] } (using conditional Probability)

=1

w 5

[P[X, =j|X, =k]|P[X,., =k|X, =i]} (using the Markov Property)
k=1

S
— (n-1)
= Pik " P;j

k=1

The last expression is the ij™ element in the multiplication of matrices P®™ and
P=(p;;) . Thus, we get
P® =P"P [since (p,”)=P™]
okt
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Theorem 4: Let P be the transition matrix of a homogeneous Markov chain. The ij™

entry of the matrix P" gives the probability that the Markov chain, starting in the
state i initially, will be in state j after n steps, i.e.

PO =pr
Proof: Clearly, the probability that the Markov chain, starting in state i, will be in
state j after n steps is pi(j“) , which is the ij® entry of the matrix P®™ . Therefore, the
theorem will be proved if we prove P®™ =P",

Now, let us apply the method of induction to prove this. For n=2,

From Theorem 4 we have P® =p"P=PP=P?.
Again, assuming the result for n, we can verify it for n+1 as follows.

PC*) - pWp (using Theorem 4)
=P"P (using the assumption for n)
— Pn+l

Hence, by the method of induction, it is proved that the statement is true for every

positive integer, n.
* k%

Theorem 5 (Chapman-Kolomogorov Equation): A time homogeneous Markov
chain satisfies the equation

3
p§jm+n) =Z pf:’)psj‘)’ ia j=1’ 23 AR S, for m’ n =0’ 1’2’ v
k=1

or, in matrix form P™*® = pmp® pO

Proof: p{"*" =P[X

Yy

=j|X0=i]

m+n

= Z P[an =j, X, =k|X, = i] (using the Law of Total Probability)
k=1

=Y {P[Xpn = 31X, =k, X, =i]

k=1

P[X, =k|X, =i]} (using Conditional Probability)

= i {P[Xpsn =l X, =k]P[X, =k| X, =i]} (using the Markov Property)
k=1

S
=Z Pfi’)pf;", i, j=1,2,...,5
k=1
Using matrix multiplication representation, we have, for every m, n

P = pM p® where we define PO =1
* %k %k

Theorem 6: Let P be the transition matrix of a time homogeneous Markov chain, and
let u be the initial probability vector. Then the unconditional probability P(X, = j)

that the chain is in state j after n steps, is the j* entry in the vector u™ given by
u® =up"

Proof: Since,
u® =P[X, =]

= P[X, =}, X, =i] (using the Law of Total Probability)
i=1




s The Basics of Markov
= Y P[X, =j| X, =ilP[X, =i] , Chains
i=1

S
= )
= Z Py
i=1
The result may be expressed in matrix form as
u® = gp®

=uP" (Using theorem 5)

deodex

Example 7 (Random Walk): We consider a particle which performs a random walk
on a real line on the set of non-negative integers { 0,12,.., N} as shown in Fig. 3
with N +1 possible positions. If, at any time, the particle is at the position i (i can
be 1, 2,..., N =1), then in the next unit of time it can move one step forward (+1) to
position i+1, or one step backward (—1) to the position i—1, with probabilities

p(0<p<1) and q{q=1-p), respectively.

1- - -
ao-ﬁa g—po—% <l—bob

1 | L N
0 1 2 3 N

Fig.3: The Random Walk

At the end points, 0 and N, there are two typical behaviours for the particle. If the
particle reaches at 0 , then it remains at 0 with probability ‘a’ or moves to 1 with
probability '1—a’. Similarly, assume the particle remains at N with probability ‘b’
and moves to N —1 with probability 'l —b' whenever it reaches that position. The
position 0 will be an absorbing barrier when a =1, and it will be a reflecting barrier if
a=0. The position 0 will be called elastic barrier or partially reflective barrier if
0<a<1. Similarly, the position N will be absorbing when b =1, reflective when

b =0, and elastic/partially reflective when 0 <b<1.

Suppose the particle starts in a position, k(0 <k <N), attime 0. Let X, denotes the
position of the particle at time n. Then, clearly, sequence {X,} follows the Markov
property. The N +1 possible positions {0, 1, 2,...,N} of the particle are the possible
states of the chain. ,
Here, for 0 <r<N

PX, =r+1|X,,=r]=p

P[X, =r~1|X, ,=1]=q

Also, when f=0
P[X, =1|X,, =0]=1-a
P[X,=0|X,,;=0]=a

and, when r=N
P[X,=N-1|X__, =N]=1-b
P[X,=N|X,,=N]=b

The transition matrix is found as
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0 1 2 ««- N-2 N-1
0 (a 1-a O 0 0 O
1 1q O p 0 0 0
P=
N-110 0 © q 0 p
n {0 O 0 - 0 I-b b

and, initial probability vectoris u=(0,0,...,1,0, ..., 0), with 1 at the k+1™ place in

the vector.
sk

Example 8 (Gambler s Ruin Problem): There are two gamblers A and B playing
against each other. Let the initial capital of A be x units, and B is z—x units. At
each move player A can win one unit from B, with probability p, or can lose one unit

to B, with probability g(p +q =1) . In due course, after a series of independent moves,

if the capital of A reduces to zero, then A is ruined, and the game ends, and if his
capital increases to z, then B will be ruined and the game ends. This problem can be
modeled as a random walk problem with absorbing barriers at two ends. Here, the

" Markov chain {X_}, represents the capital of A at the nth move of the game. It has

z+1 states ranging from O to z . The transition probability matrix can be obtained
directly from Example 7 by putting a=1, b=1and N=z. Also, initial state k =x

with probability 1.

sk

Example 9: Let the initial distribution in Example 1 of the Simple Weather Model '
be u={0.7 0.2 0.1}. Let the three states sunny, cioudy and rainy be represented by

integers 1, 2, 3 respectively.

Then, the probability that the initial day is sunny, the first day is rainy, the second day
is cloudy, and the third day is sunny, is given by:
PIX,=1X,=3X,=2,X;=1].
={P[X, =1] P[X, =3| X, =1]P{X, =2|X, =1, X, =3]
P[X,=1|X,=1X,=3X,=2]}
={P[X, =11 P[X, =3| X, =1]P[X, =2|X, =3]
P[X, =1|X, =2]}
=(0.7)(0.10)(0.45)(0.25)
=0.0079

Also, the probability that all successive four days starting from the initial day are
sunny equals:

P[X,=1X,=1X,=1,X,=1]
=(P[X, =1] P[X, =1| X, =1]P[X, =1| X, =1, X, =]
P[X,=1|X,=1X,=1X,=1])
={P[X, =] P[X, =1| X, =1]P[X, =1| X, =1]
P[X, =1]|X, =1])
=(0.7)(0.75)* =0.2953

seskok

Example 10:  Suppose that in Example 9 the P -Matrix is modified as given below




1 2 3
1{0.500 0.250 0.250

P=2{ 0450 0.100 0.450
310250 0.250 0.500

Let us now find the probability distribution of weather for the first day, second day,
and the third day, and also the probability distribution of the sixth day. The
probability distribution of weather for the first day is the probability distribution of
X, . Now

u, M =P[X, =1]

=) PIX, =1, X,=i]
i=1

3
=3 PLX,=i]PIX, =1] X,=i]

i=1

3
=" u; pyy =(0.7)(0.5) + (0.2)(0.45)+(0.1)(0.25)

i=]
=0.465
. Similarly,
u,V=P[X,=2]

3
=1, p;, =(0.7)(0.25) + (0.2)(0.1)+(0.1)(0.25)
i=1

| =0.22
| and
' u, P =P[X,=3]

3
=31, piy =(0.7)(0.25) + (0.2)(0.45)+(0.1)(0.5)

| =t
| =0315
The probabilities may be written in vector form as
'u ={0.465 022 0.315)
E;\The distribution of X, may also be obtained by using formula u® =uP".
ju =uP
| 0.500 0.250 0.2501
=(0.7 0.2 0.1)| 0450 0.100 0.450 |=(0.465 0.22 0.315)
0.250 0.250 0.500
We may get distribution of X,, the probability distribution of weather for the second
day, as

u® =up?

|

0.500 0.250 0.250)(0.500 0.250 0.250
=(0.7 02 0.1 0450 0.100 0.450 |/ 0.450 0.100 0.450
0.250 0.250 0.500)\0.250 0.250 0.500
0425 0213 0.363
=(0.7 0.2 0.1)] 0.383 0235 0.383
0.363 0213 0.425
=(0.410 0217 0.373)

|
Likewise the distribution of X, the probability distribution of weather for the third
di\ay. as

|
|

The Basics of Markov
Chains

49



Markov Chains u(3) - uP3

0399 0218 0383
=(0.7 02 0.} 0393 0215 0393
0383 0218 0.399 ‘ >

=[0.396 0217 0.387]

“and the distribution of X the probability distribution of weather for the sixth day,
will be
u® =up*
0.391 0.217 0.391
=(0.7 0.2 0.D| 0.391 0.217 0.391
0.391 0.217 0.391

=(0.391 0217 0.391)

kK

Remark 3: Here we see that sixth day probability distribution of weather has become
independent of the initial distribution. You may verify that the same distribution for
the sixth day will be found if any other initial distribution is used. This happens since

all rows of the P® are identical and define a probability distribution on a set of states.
You may also find more powers of P higher than 6. Are they identical to P2 If, for

alarge n, all rows of the P" become identical and define probability distribution,
then the Markov chain is called Regular Markov chain. We shall discuss these
chains in Unit 3.

Example 11 (Partial Sum): Let {X } be i.i.d. (identically and independently
distributed) random variables, taking only non-negative integral values. Let
S, = in and S, =0.Then S, =S, + X, . Since, distribution of S depends only
i=1
on S , andnotonanyof the S, _,,S, ;,..., S,, the sequence {S,} 1s a Markov
chain with state space S=1{0,1, 2,..., j,...}.
Again,
p; =PIS, =] 1S, =il
=P[X, = j~il=p;; (say)
Therefore, Markov chain {S,} is time homogeneous, or has stationary transition
probabilities py;, given above. Here, p; depends only onthe j—i, in such a case a

Markov chain is said to have stationary independent increments, and the Markov chain
is called additive process. If the sequence (X} is a sequence of iid Bernoulli
random variables with P[X =1]=p and P[X =0]=q, then the P -Matrix of

{S, } will be




Example 12 (Ehrenfest Model): This example is a special case of a model, called the The Basics of 1\3:' kov
ains

Ehrenfest model, given by P. and T. Ehrenfest in 1907. It has been used to explain the
diffusion of gases. Suppose we have two urns that contain between them four balls.
At each step, one of the four balls is chosen at random and moved from its present urn
to the other urn. We choose, as states, the number of balls in the first urn. Thus, the
set of states are {0, 1, 2, 3, 4}. The sequence of random variables {X_}, the denoting

number of balls in the first urn at successive steps is a Markov chain.
po; =P(X, =jlX,;=0)=0, when j#1, py;=P(X, =1|X,;=0)=1. Since, when
the first urn is empty then the chosen ball is certainly from the second urn and it will

be transferred to the first urn.
P =P(X, =0|X, ,=D)=1/4,p,=P(X, =2|X,,=D=3/4,p,,=p3=p,, =0.

Since, when the first urn has one ball, then the chosen ball will be in the first urn with
probability, 1/4, and in the second umn with probability, 3/4. Similarly, the other

transition probabilities can be obtained.
The transition matrix is then

0 1 2 3

o0 1 0 O
{14 0 3/4 0
P=2{0 12 0 112
310 0 34 0 1/4
40 0 0 1 0

(e -

seskesk

Example 13: A Markov chain has the following initial distribution u, and P -matrix.
u={1/3,1/3, 1/3} and ’
12 12 0
P=| 0 172 112].
172 0 112

We have
0.25 0.5 0.25

P’={025 025 05
0.5 0.25 025

We find the following results
uP=(1/3 1/3 1/3)=u, and

wPl=(1/31/31/3)=u.

We can find the same relation for all the higher powers of P . Therefore, we get, in
general, uP" = (1/3 1/3 1/3) = u for every n, and thus using Theorem 6, we have
u® =u forall n.

With such initial distribution u, the Markov chain will be called a Stationary .
Markov chain. The probability distribution, u , is then called the Stationary
Distribution of the Markov chain. This type of Markov chain will be discussed in

“detail in Unit 3.
Seseck

You may now try the following exercises.

E4) InExample5,let a=0 and b=1/2. Compute P, P* and P’ . What will P"
be? What happens to P", as n tends to infinity? Interpret this result.




Markoy Chains ES5) In Example 6, compute P, P* and P’. What will be P"?

E6) Compute the matrices P, P?, P* for the Markov chain defined by the transition

. 10 . i 0 1

matrix P= 0 1) Do the same for the transition matrix P= L ol Interpret
\

the results in each of these processes.

E7) Assume in Exercise 1 that every man has at least one son. Find the probability
that a randomly chosen grandson of a businessman is former.

So far, we have been discussing Markov chains, the related probability matrices
including initial distributions, and their interpretations. Now, in the next section we

shall discuss two important methods of calculating P".

2.6 METHODS OF CALCULATING P"

In this section, we shall discuss the following two methods of evaluating P" for a
given P.

(1) Method of Spectral Decomposition
(2) Method of Generating function.

First, let us understand the method of Spectral Decomposition.
2.6.1 Method of Spectral Decomposition

Let P be the transition matrix of a finite order, sxs. Suppose P has distinct eigen
values (or latent roots, or characteristic roots, or spectral values) A;, A,, Aq,..., A,

They are the roots of the characteristic equation IP —M[ =0, where 1 is sxs

identity matrix.

A non-zero column vector X is called a right eigen vector (or latent, or characteristic
vector) of P, corresponding to eigen value 2, if it satisfies the vector

equation(P-2,I)x=0. A non-zero row vector y” is called a left eigen vector
(or latent, or characteristic vector) of P corresponding to eigen value 2,, ifit
satisfies the vector equation y’(P—X,X)=0. The right and left eigen vectors are not

unique. For examples, if X is a right eigen vector the kx is also a right eigen
vector, k # 0 is scalar. A similar rule holds for the left eigen vector.

Let x;,y. be right and left eigen vectors corresponding to A;, (i=1,2,...,s).

Let ¢, =1/y;x, and B; =c, x,y;. The product B, is a matrix of order sXxs, and is
called a constituent matrix corresponding to A,, (i=1, 2,...,s).

We have the following properties in the context of constituent matrices:
(i) B;B;=0( =), (orthogonal)
(ii) B? =B, (Idempotent)

S N
(iii) ZBi =1, where I is an $X$ identity matrix.

i=l

(iv) P= ZKiBi , the Spectral Decomposition
52 =




In general, we have, the following result, using the above properties The Basies of Ng:';‘:l:

pr =[inBiJ =§M‘Bi

From this, we can get pj”. as (i, j) th element of P
defek

Remark 4: (i) Since the row sum equals unity for all the rows of P, therefore one is
always an eigen value of P, and the corresponding right eigen vector x has all the
elements unity. Therefore, the constituent matrix B; corresponding to eigen value one

will have all rows identical. It is illustrated below.

1 Yi Y o Y

1 i Y2 - Y
B, =¢ . (Y1 Y. YS)=Cl l 2 .

1 Vi Yoo oY)

(i)  All the eigen values of P are less than or equal to unity in absolute value.

(1ii) If the matrix P is positive and irreducible, then it has only one eigen value
equal to unity, while if P is non-negative, irreducible and cyclic of order h,
then it may have h(=1) repeated eigen values equal to unity. .

(iv) If unity is the non-repeated eigen value of P, then lim P" — B, , the constituent

n-3o0

matrix for eigenvalue 1.
dkk

Example 14: We will find P" for the transition matrix P, given in Example 5.

1 2 .
p= I(I—a e ] (0<a, b<1)
2Ub 1-b
For eigen values A of P, the characteristic equation is
|P - M| =0, or
1~a=h a }=0 and solving it, we get
b 1-b-A |

A =1 A,=1-a-b
The right eigen vector x; corresponding to A, =1, will satisfy following
(P - 7&11))(l =0, 1e. Px,; =x,
Therefore, we have to solve the system of equations
I-a a \[x;, X1 .

[ b 1‘b][x12] ) (xlz] "~

(1-a)X;; +aX;, =Xy,

bX;; +(1-b)X(, =Xy

. IS
Which gives x,, =x,,, and therefore x, = (J .

Similarly, the right eigen vector x, corresponding to A, =1—a~b can be obtained
by solving following

Px, =1,%,, ie.

1-a2a a Xo1 ] _ Xy ) .
(b 1—b](x22]_(1_a~b)(x22 ie.
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(1-a)x, +ax,,=(1-a-b) x,, ie.
bX, +(1=b) X,, =(1-a-b)x,, .
Solving this, we get

bx,, =-ax,, and thus, x, =( ab]
The left eigen vector y/, corresponding to A, =1, will be obtained by solving
y1(P—1,D) =0, which reduces to
(I-a)y;; +by;, =y,
Yy +A=-b)yy, =y,

This gives
ay;; =byy,

and so, we get
yi=(0 2)

Similarly, we get left eigen vector y}, corresponding to A, =1—a—b, as
ya=( -1

and, therefore,
’ 1 , a
l/e, =yix, =(ba) (J=a+b, /¢, =y3%, =0 ._1)( b]_.,.__a+b

Next, we compute constituent matrices

_ o 11 _ 1 (b a
Bl_clx‘y‘—(ub)[l](b a)_(a+b)(b aj

_ ;1 a e 1 a -a
Bz_czxzy2-(a+b)(—b](1 D (a+b)(-—b bJ

And thus,

P("’—P“—ik“B— 1 (b a%(l—a-b)n a -a
T & T @+b)lb a (a+b) b b))

. v n N 1 b a
Since, 0<|1-a-bj<1=>(1-a~b) —0 as n—> and thus, P* —
(a+b)lb a

We also get pgj“) , the probability of transition from state i to j in n -step, as the

(, D™ element of P". Therefore,
b+a(l-a-b)" , a-a(l-a-b)"

() _

Pii Ga+b) T G5
p(n)zb—b(l—a—b)“ p(n)=a+b(1—a—b)
2 (a+b) PR (a+b)
Asn—yoo ,

p™ —sb/(a+b), p —ala+b),

py) >bia+b), pY —ala+b)
Let the initial distribution be u=(p 1—p). Then, the unconditional probability
distribution of X is

u® =upP"
_ 1 (b a) (l-a-b)'(a -a
=1 p)[(a+b)[b a)+ @+b) [—-b b]]
(1-a-b)"
= ~——  (ap—bq -—ap+b
(Hb)(b a)+ arh) (ap—-bq —ap+bq)
and hence,




4“

w_ b +(ap-bq)(1—-a-b)"

b, =
(a+Db) (a+b)
—ap+bq)(I-a~b)"
u,™ = 2 +( ap+bq)(1-a-b) , where, g=1-p
(a+b) (a+b)
* k¥

Example 15: Three girls, A, B, and C stand in a circle to play a ball throwing game.
Each one can throw the ball to one of her two neighbours, each with probability 0.5.
The sequence of random variables {X }, where X  denotes the player with whom the

ball will lie at n™ throw will form a Markov chain. The Markov chain will have
following P -matrix

0 05 05
P={05 0 05
05 05 0
It is doubly stochastic as all the row sums and column surns are unity. Therefore,
corresponding to eigen value A, =1, the left eigen vector y; and right eigen vector
X, ,both will have all the elements as one only. Thus, the constituent matrix B, will
have all rows identical and all columns identical (Bhat, 2000, 109p.). Therefore, all
the elements of B, will be identical, and each will be equal to s™' =1/3. Thus,
1/3 1/3 1/3
P"— B, ={1/3 1/3 1/3|,as n —oo.
173 1/3 1/3

ok k

Let us discuss the second method of calculating P® which is known as the method of
generating function.

2.6.2 Method of Generating Function

As the name suggests in this mc.hod, a function is determined which generates the P*
for different values of n .

Define the generating function
P(s)=X+5sP +s’P? +5°P? +---+5"P" +--- where |s|<1
(Here, s is a variable of the function P(s), and not the size of state space as before.)

" Since, as n—ro0, s"P" -0, therefore, P(s)= (I~ sP)™', the inverse of matrix

(I-sP).
Thus, we may obtain P" by extracting the coefficient of s" in the expansion
(I-sP)™",and P{" as the (i, )" component of P".

Example 16: Let us find P", where P the transition matrix is given below:
qp 00

where q=1-p, and O<p<]l

(e RN a B
]

Here,
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Markov Chains Now, as |T—-sP|=(1-s) (1-sq)’, we have
1 spyt =290 5P)
{1-sP)
(-s)(1-sq)® sp(l—-s)(1-sq)  s*P*(l-s) s°p’

1 0 (-s)(1-sq)* sp(i-s)(1-sq) s’p’(l-sq)

T d-s)1-sq)’ 0 0 (A-9)(-5q)° sp(i—sq)’
0 0 0 (t-sq)’
1-sq)" sp(g-sq)” s’pi(t-sq)” $p’A-s)"(1-sq)”
|l o (-sq)™  sp(-sq)® s'p’(l-s) (1-sq)”
oo 0 (1-sq)"  spl-s)"(1-sq)"
0 0 0 (1-s)™

R . LI

To obtain P", we collect coefficients of s” by expanding each element of (I—sP)™
in powers of s, as below.

a oy B@=1 5 . »

-Dn-2) .,

Q" mpg™ ———p'q p’(1+3q+6q” +---+£n—)§——~)-q )
P =| 0 q° npg"™ pr(1+2q+3¢* +..(n=1)g" )

0 0 q" pl+q+q? +..+q"")

0 0 0 1 )
Simplifying,

n n- n(n—1 n- n(n-1 n— n- n

q" npg"” Lz—)pzq ? (1——(—2——)p2q ?—npg" " ~-q )}
Pr=l 0 q npq"” (-npq"" -q")

0 0 q" (1-q")

0 0 0 1

#k%

You may now try the following exercises.

E8) Let state space of a Markov chain be S=(0, 1, 2), and its P -Matrix is

010
P={0 0 1
1 00
Obtain P".

E9) Find P" for large n for the matrix given below.
05 03 02

P=102 04 04
0.1 05 04

E10) Find P" and its limiting value for large n for the matrix given below.




1 0 0O ' The Basics of Markov
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P={0 1 O |, where p p,,p;20and Epizl

Py P2 P3

Ell) (Gene Model) The simplest type of inheritance of a trait in animals is governed
by a pair of genes, each of which may be of two types, say G and g. An
individual may have either a combination GG, or Gg (which is genetically the
same as gG), or gg. Very often, the GG and Gg types are indistinguishable in
appearance, and then we say that the G gene dominates the g gene. An
individual is called dominant if he or she has GG genes, recessive if he or she
has gg, and hybrid if a Gg mixture is present. Consider a process of continued
matings. We start with an individual of known genetic character and mate it
with a hybrid. We assume that there is at least one offspring. An offpring is
chosen at random and is mated with a hybrid, and this process repeated through
a number of generations. The genetic type of the chosen offpring in successive

‘ generations forms a Markov chain with states, dominant GG, hybrid Gg, and
| recessive gg, represented by 1, 2, and 3 respectively. The transition probability

matrix is
05 05 0
P=|025 0.5 0.25|.Find P" and its limit for large n.
0 05 05

Now we bring this unit to a close. But before that let’s briefly recall the important
concepts that we studied in it.

2.7 SUMMARY

In this unit, we have tried to acquaint you with the basic features of a stochastic
process, and Markov chains. We are summarizing these below:

1. We introduced the idea of Stochastic process and presented their classification
according to the nature of time and state space. The Markov chain was explained
as a particular case of the Stochastic process.

2. We defined the Markov property and the Markov chain, and presented some
examples suitable to a Markov model.

We studied properties of transition probabilities, and the transition matrix.

4. We described how the one-step transition in a Markov chain can be represented as
a digraph.

We have acquainted you with the concept of higher order transition probabilities.

6. We have defined initial distribution, and illustrated the method of computing
unconditional probability distribution of states of Markov chain at n™ step in
terms of transition matrix, and the initial distribution.

7. 'We have described the method of spectral decomposition and generating functions
to compute P".

2.8 SOLUTIONS/ANSWERS

El) Let the three states, business, agriculture and public servant be denoted by
1, 2,3, respectively. Let the random variable X denote the choice of

profession of the sons in n™ generation. Let P; denote the probability that
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arkov Lhains given a person is in i™ state (profession) his son will choose ™ state

(profession). Therefore, we get the following P -Matrix

08 01 0.1
P= 02 06 02
0.25 0.25 0.50

E2)

Fig.4

E3) Assume that the states nursery, class one, class two, ..., class 5, are denoted by
numbers0, 1, 2,..., 5. The P-Matrix will be

qQ p,b 0 0 0 O
0 g p, 0 0 O
0 O 0 O
P= G2 P2 where q; +p; =1
0 0 0 g3 ps O
0 0 0 0 q p,
0 0 0 0 0 1
1.2 12 o2

11 oY) ., 11 o0 , 11 0
E4) P= , P?= , P=
2005 0.5 20075 0.25 200875 0.125

Using, Example 13, we may get following result by putting a =0, b=0.5 in the

expression of P*

po__1 [05 0+(0.5)11 0 0

T 0505 0/ (05 (05 05
10 {0 0
L o)

. 10
and as n is large P" — )

0

05 025 025 0.5 025 025
E5) P*=P’=|05 025 025|, P"={05 025 025

0.5 025 025 05 025 025

10 1 0
E6) When P{O J then P2=P3=P4=(O J and in this case P* =P

01 10 0 1
and when P = then P> =P% = and P’ = .
1 0 01 1 0

P when n is odd

In this case P" = ]
I when n is even

E7) We want the probability P}’ . Since,
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P2 ={0330 0480 0.190
0.363 0450 0.188

Therefore P}’ =0.19. -

E8) Using the method of generating function

1 -s O
I-sP=| 0 1 -s|and[I-sP|=1-s’#0, for |s|<1
-s 0 1
1 s s
(I—sP)_I:adJ(I_fP)= 13 s 1 s
1-s 1-s )
s s 1

(1—s3)_1 s(l—s3 )_1 s? (1—s3)-1
= 52(1—53)—J (1—53)_l s(l—sS)_l
8(1—53)_1 s? (1—53 )_1 (1—53)—1

-1
We can get the following coefficients easily since (1 - 53) has only powers

3

of s7,
1 00
P*" = Coefficient of s* in (I-sP)" =[0 1 0
0 01
010
P! = Coefficient of s in (I-sP)" =|0 0 1
1 00
0 01
P2 = Coefficient of s> in(I-sP) ' =(1 0 01
01 0
where n is a non-negative integer.
E9) The P-matrix is
05 03 02
P=102 04 04
0.1 05 04
the eigen values of the P are 1, 0.1 and 0.2.
1
For the eigen value A, =1, the right eigen vector is x, =| 1 |, and the left eigen
1

vector yj, is the solution of yj(P-AI)=0.

Equivalently, the solution of
0.5y,, +0.2y,, +0.1y,; =y,
0.3y, +0.4y,, +0.5y;5 =y;,
0.2y, +04y;, +04y;; = y;3

This gives
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Markov Chains y; =(0.16 0.28 0.24)and thus

/¢, =y, x, =0.68

B, =c x,y,
1 0.235 0.412 0.353
=0.68/1 (0.16 0.28 O.24)= 0.235 0412 0.353
1 0.235 0412 0.353

Since for large n, P" — B, , therefore we get the result.

E10) Using the method of generating function
1-s O 0
[-sP=| 0 1-s 0 |

~pS —P,s 1-pss
[I-sP|=(1-5)’ 1-p,s) 20, for |s|<1,

(1~s)—1 0 0
(I-sP)” = 0 (1-s)” 0
ps(l=s)" (1=pss)” pas(i=s)" (1-ps)” (1-pss)”

P" = coefficient of s" in (I —sP)_1

1 0 0
= 0 1 0
n—1 n—1
P Zpar P2 Zpar Py’
r=0 r=0
1 0 0
= 0 o1 0
pd-p;") p,(-py") iy
3
1-p, 1-p,
As n becomes large,
1 0 0
| 0 1 0

p,/-p;) p,/(1-p;) O

E11) Solving )P—M| =0, we may get eigen values for P as A, =1,A, =0.5, 1, =0
1
For the eigen value A, =1, the right eigen vector x, =| 1 {, while the left eigen
1
vector y;, will be obtained by solving y;(P—,1)=0. This gives
y1=(2 4 2) and thus,

l/c,=y;x, =8
025 05 0.25
B, =cx y;=/025 05 0.25

025 05 025
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For the eigen value 0.5, the right eigen vector x, =| 0 |, and the left eigen
1
vector, will be

y,=(-1 0 1) and thus
1/c, =y,%, =2 . Therefore,

1 0 -1
B,=c,x,¥,=(05){ 0 0 O
-1 0 1
Thus, we have ‘
3 025 05 025 1 0 -1
P"=zxi“B.‘= 025 0.5 025|+(05"™ 0 0 0
= 025 0.5 025 -1 0 1
0.25 0.5 0.25
As n —ee, P" 5B, therefore, the matrix | 0.25 0.5 0.25 | will be the
0.25 0.5 0.25
limiting value of P".
—_—
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3.1 INTRODUCTION

In Unit 2, we defined the Markov chain and its basic properties. In that unit, we
limited our discussions only to the finite state Markov chains. Therefore, transition
matrices were only of finite order. Here, in Unit 3, we will deal mostly with the
Markov chain with countable states. Therefore, the transition matrices will, generally,
be of infinite order. We will study the classification of states under various
conditions. Mainly, we will gain knowledge of the limiting behaviour of the chain.
Some chains stabilize after a long time. Their distributions become independent of the
initial distribution of the chain. Due to this property, the limiting distribution is called
the stationary distribution. We will learn the criterion under which the chains achieve
the limiting distribution. We shall start the discussion in Sec. 3.2 with the
classification of states of the Markov chains. Here, we will present the concepts of
communication of states, closed set, and irreducibility. We will study about first
passage time to the states and their expectations. In Sec. 3.3, we will present the
concepts of recurrence and transience of states. We will develop some mechanism to
identify states of the Markov chain. We will present some examples to illustrate these
concepts. In Sec. 3.4, we will study the limiting behaviour of the chains. We will
define stationary distributions and will study various conditions under which the
chains will approach to the stationary distribution. In this unit, we will present various
theorems without proofs.

Objectives
After studying this, unit you should be able to:

e classify and categorize the states of the Markov chain into communicating classes

and closed sets;

¢ Jearn about first passage time to a state and time of first return (recurrence time) to
«a state;

e find the mean first passage time to the states, and mean time of first return (mean
recurrence time) to the states;

e recognize the recurrent and transient states;

¢ understand the concept of Stationary Distribution and conditions for the existence
of the limiting distribution of Markov chains.

3.2 CLASSIFICATION OF STATES

In this section, we will classify the states of the discrete time Markov chain on the
basis of some of its transition properties. As in the previous unit, we will denote a
Markov chain by a sequence {X, }, satisfying “Markov Property” whose state space,
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S, is assumed to be discrete. The index set will also be denoted by T which is a
discrete set. The transition probability matrix, P, whose (i, j)P entry, Pyj» (s jES)
denotes the probability of transition from the state i, to the state j in a step, or Uit
time. As in Unit 2, we assume that the transition probability in zero step is defined by
P = (") =1, where I is an identity matrix.

3.2.1 Irreducible Chains
Let us first discuss few definitions.

Definition 1: A state j in S is said to be accessible from the state i, if and only if,
there exists a non-negative integer m, such that p("‘) > 0. The symbol, i— j, denotes
this relation between states i and j.

Thus, if for all non-negative integers m, p{™ >0, then state j is not accessible from

i, and we will denote this by i i ] j. When two states, i,and j are accessible to each
other, then we say that the states i and j communicate with each other. In other
words two states, i, and j are called communicative, if and only if, there exists

integers m, n (> 0), such that p(“‘) >0, p(“) > 0. The symbol i+ j denotes the
relation that i and j communicate with each other.

Definition 2: Let j be a state in the state space S of the Markov chain. Then a sub
set C(j) of S is called the communicating class of j if all the states in C(j)
communicate with j. Symbollcally, given, k, je S, then k € C(j) if and only if
jek.

We present below this theorem, without proof, stating a property of the
communication among the states of a Markov chain. The theorem follows from the
fact that the communication relation on the state space S is reflexive, symmetric, and
transitive.

Theorem 1: The communication relation on the state space S is an equivalence
relation.

Remark
(i) The relation of accessibility is neither reflexive, nor symmetric. However it is

transitive. Since, i &> j=>3 an integer m such that p(“‘) >0,and j>k=>3 an

integer n such that p(“) >0,
From the Chapman-Kolomogorov equation, we have

(m+ﬂ) _Zp(m) (o) o, l(Jﬂl)pgll:) >0 (1)
leS

Therefore, we find that state k is accessible from i. Thus, accessibility is
transitive.

(ii) Let i, j are states in a Markov chain, and they communicate with each other, then
they belong to same communicating class, that is C(i) =C(j), if ie> j.

(iii) If C; and C, are two communicating classes in S, then either they will be equal,

or they will be disjoint. The state space S can be partitioned into the equivalence
classes by the communication relation as it is an equivalence relation. These
equivalence classes are communicating classes.




Definition 3: A subset C of the state space S is called closed if it is a
communicating class and no state outside C can be reached from any state within C.
Symbolically, a subset C of the state space S will be called closed, if and only if, for
any states j, k in S, je k, and for je C and ke C, Pix =0.

Remark
(i) Let C be aclosed set. Then, for any states j, k,in S, such that je C and ke C,
we have pgf‘) =0 for all positive integers, m .

(ii) All the states within closed set C communicate with each other, but the reverse is
not true, that is, if a set contains states that communicate with each other it does
not imply that the set is closed. However, if all the states of the state space are
communicable, then the state space will be closed.

(iii) A subset of states C is closed if for every state ie C, Z p; =1. Inthis case, the
eC

0
matrix P can be rearranged in the following canonical form, P = [R‘l J where

0 is a zero matrix. Here, the sub-matrix P, = (pij ),i, je€ C is also stochastic, and
states in C forms a sub-Markov chain.

(iv) If a closed set is a singleton, then the state comprising this set is called an
absorbing state, i.e., a state j will be absorbing if, and only if, p; =1, and

py =0 for k.
(v) No proper subset of a closed set will be closed.

Definition 4 (Irreducible Chain): A Markov chain is called irreducible if there does
not exist any closed set other than state space S, itself. If a chain is not irreducible
then it is called reducible. Markov chains which are not irreducible are called
reducible.

We should note that whether or not a Markov chain is itreducible is determined by the
state space S, and the transition matrix (p;), the initial distribution, is irrelevant in

this matter. If all the elements of the transition matrix (pij) are non-zero, then the

Markov chain will necessarily be irreducible. All the off-diagonal elements of the
transition matrix (pij) of an irreducible Markov chain can not be zero. In fact, no row

can have all the off-diagonal elements zero.
Let us discuss the following example to understand various Markov chains.

Example 1: Let a Markov chain with the state space S= {0, 1, 2, 3, 4, 5} with the

following transition matrix:
0 1 2 3 4 5

0 1 0 0 0 0
1 0 0 0 0 o0
/5 1/5 1/10 1/10 1/5 1/5
0 0 0 1/3 2/3 0
0 o0 0 1 0 o0
0 0 0 0 0 1

Nk W= O

For set of states C; ={0, 1}, the states are communicating with each other.

Since py, =1, pé?,’ =PoiPyo =1

P =1L Pﬁ) =PyoPo =1, and

Stationary Markov Chains
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Markov Chains for state 0, we have p,; =0 forall je C,
for state 1, we have p,; =0 forall je C,
therefore, C, ={0, 1} is a closed set of the given Markov chain.

Similarly, we may show that sets C, ={3, 4} is a communicable set, and the sets
outside it are not accessible from C, thus, C, is closed set.
Here, the state 5 is an absorbing state since the set {5} is closed and it is a singleton.
It may be verified that the sub matrices formed by the closed sets are stochastic as
follows.
We can verify for C, ={0, 1}
for state O C,, ZPOJ‘ =Pgo + Por =1
i€,
for state 1€ C,, Zplj =pp+pPn=1.
EC,
We can also verify it for other closed sets C, ={3, 4} and C, ={5}.
The transition matrix can also be rearranged in following canonical form.
0 1 3 4 5 2
0(0 1] 0 0 | 0|0 “
1{1 o}l o o | 0fo0

3(0 0|13 2/30 010 R0
0 P, 0|0
0 ol 1 o1l]ofo
P= =0 0 P
500 0] 0 0]1]o0 —
| | R 0

2 | 1/5 1/5 1/10 1/10 1/5{1/5

where P, P,, P, are sub matrices of P corresponding to the three closed sets, 0 are
zero matrices, Q is sub matrix corresponding to the transient state and R is
remaining sub matrix.

The Markov chain is reducible since it has three closed sets and a transient set.

kkck

3.2.2 First Return and First Passage Probabilities

Let i be any state of a time homogeneous Markov chain {Xn }. Define
£ =P [X, =i, X, #i,..., X, #i| X, =i, 2)

Thus, f{" is the probability that the chain starting in state i returns to state i for the

first time after n steps. Clearly, f{” - p,, and we define f\” =0, for all states i in

state space S. We call £{", the probability of first return (also called time of first
recurrence) to state i, in time n .

Similarly, we may define, the probability of first passage from state i to state
j i#j intime n denoted by f" as

£ =P[X, = j X # 2 X %1 X, =i, 3)
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Thus, fig‘” is the probability that the chain starting in state i and visits the j for the tonary Markov Lhains

first time after n steps. Clearly, figl) =p;;» and we now define fijo) =0 forall i, j in

S. As definedin Unit 1, P =1, i.e.
p” =1 and p{y =0 for k#j forall j,k in S.
We present below a theorem without proof, which provides two equations: the first, a

relationship between f\™ , the probability of first return to state i in time n and
pi(i“) , the n-step transition probability from state i to itself, and the second relates the

probability of first passage from state i to state j intime n given by fij“) and the

n-step transition probability from state i1 to state j given by pi(j“)

may help in computation of n-step transition probabilities and in proving results on
limiting behaviors of states of Markov chain.

. These relations

Theorem 2: For any state i in S, we have
n
() _ (1) y(n-1)
bi = Zfii Pii
=0

and for any two states i and j in S, we have

pi(jn) = Z fiﬁr) Pﬁjn—r) “
=0

Definition 5: Assume that a time homogeneous Markov chain starts in state i, and
define

fy = Zfi(in) o)
n=0

Then f, is the probability of ultimate or eventual return to the state i, having started
in this state, i.e., the probability that the chain ever returns to the state i. A state i is
called a recurrent state or persistent state if f, =1, i.e., when the return to the state i
is certain. We will use both the terms recurrent and persistent for this purpose in
this unit. A state i is called transient when the ultimate, or eventual, return to the
state i is not certain, i.e., f; <1.

Definition 6 (Mean Recurrence Time): Let i be a recurrent (persistent) state, then

fi(i") ,n=0,1,2,3,... is a probability distribution of time to return to state i and the
mean of this distribution is defined as
My = Zn fign) . (6)
=0

ny is called the mean recurrence time of the state i. A recurrent state i is called
non = null recurrent (also called positive recurrent, or positive persistent) if p; <eo,

i.e., if its mean recurrence time is finite, whereas it is called null recurrent if
U, =°o, i.e., if its mean recurrence time is infinite.

Definition 7 (Recurrent Periodic State): A recurrent state i is called periodic if the

return to the state i can occur only in the t® 2e® L step where t is an integer
greater than 1. In such a case, the integer t is called the period of the periodic state.
Symbolically, ‘

t=G.CD.{m:p{™” >0}=G.CD.{m: £™ >0} @)
(Here, ™ is the probability of first return to the state i in m steps, defined in the
Equation (2).)

67




7 P R R SRR AT a7

Markov Chains

68

If there does not exist such a t(>1) then the recurrent state i is not periodic, and this

state is called aperiodic, i.e., if t =1, then the state is said to be aperiodic. Every
state in a communicating class must have the same period. Thus, in an irreducible
Markov chain all states are either aperiodic or periodic with same period. An
irreducible Markov chain is said to be aperiodic if its all states are aperiodic, and the
irreducible Markov chain is said to be periodic, having period t(> 1), if its all states

are periodic with period t(>1). In an irreducible chain, all the states are of the same
type. In fact, we have the following important results.

Theorem 3 (Recurrence a Class Property): Let two states, 1 and j, in state space
S,1¢> j, (that is, both states are in the same communicating class), then both the

states are either transient, both are persistent null, or, both are persistent non-null
together. Both are aperiodic or periodic with same period. Thus, all the states ina
communicating class have the same classification. Either all are transient, or non-null
persistent, or null persistent. All are aperiodic, or periodic with the same period.

ANk

Corollary 1: In an irreducible chain, all the states are either transient, all are persistent

null, or all are persistent non-null together. If all are periodic then all will have the
same period.

Definition 8 (Passage Time): Parallel to the recurrence time, now we define the
passage time. Firstly, define

_N g
f; =2 ®
n=0
the probability that the chain starting in state i will ever reach the state j, i.e., the
probability of ultimate passage from state i to j. If f; =1, then the ultimate passage
to state j is certain given that the chain starts in the state i. In such a case,
fi",n=0,1,2,3,... isthe probability distribution of first passage time to the state j

given that the chain starts from i. Then, we may define the mean of the first passage
time from the state i to state j as,

Wy = Z:;n fi_gn) . ®)

Definition 9 (Recurrent Chain): A Markov chain is called recurrent, or persistent, if
all its states are recurrent

Transient Chain: A Markov chain is called transient if all its states are transient.
Ergodic State and Ergodic Chain: A persistent, non-null, aperiodic state of a
Markov chain is called ergodic state. If all states in a Markov chain are ergodic, then
the chain is said to be ergodic.

Let us discuss the following example.

Example 2: Let a Markov chain with state space S={l, 2, 3, 4, 5} have the

following transition matrix. We will determine the nature of the states of the chain.
1 2 3 4 5

10 1 0 0 0
21 0 0 0 0
P=3/1/4 0 1/4 /2 0
40 0 0 1/4 3/4
50 0 0 1 o0



On the basis of the probability of first return to the states, we will classify the states as Stationary Markov Chains
follows. Since,

£ =f7 +60 + 60+
=0+1.1+0+1...=1
therefore, state 1 is persistent. Again
R
=0+1.1+0+...=1
therefore, state 2 is persistent. Similarly,
I e
=1/4+0+0+...=1/4

therefore, state 3 is transient and

fo=f0 +13 +£3 +--
=1 2140421
4 4

therefore, state 4 is persistent. Finally,
fy =1 410+ -

:0+1.§+1.1§+1

4 44

therefore, state 5 is persistent.

+1 +...=1

113 1113
444 4444
The states 1 and 2 are periodic with period 2 since, for state 1

t=GCD.{m: fl(l"” >0}=G.CD.(2)=2
and for state 2
t=G.CD.{m:f,," >0}=G.CD.(2)=2
The Mean Recurrence Time of the persistent (recurrent) states are obtained as
follows:
w, =160 + 280 +3£5 +...

=1.0+2.1+0.0=2
Wy =1LED + 262 +3£2 +---
=1.0+2.140.0=2

My =1£0 +2£2 +3£3 +--
11422430427
4 T4 4

Uos =180 4262 +3£9 +...
3 3 7

=1.042. 243 — 4. ==
4 716 3

The states {4, 5} are persistent, non-null, and aperiodic. Therefore, they are ergodic.
The states {1, 2} are persistent and periodic with period 2. The state 3 is transient.

It may be easily verified that the given Markov chain is reducible. Its state space can
be decomposed into three communicating classes C, ={1, 2}, C,{4, 5} and C; ={3}.

Further, C,, C, are closed sets. At states in C, are aperiodic and positive recurrent.
Whereas all states in C, are positive recurrent and periodic, each with period 2. This

verifies the results of Theorem 3, and the fact that periodicity is a class property.
ckok

Example 3: Let a Markov chain have following transition matrix.
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0 1 2
0(1/2 172 0
113/4 0 1/4]
200 1 o

All the states are communicable. Therefore, it has only one closed set, the state space
S={0,1, 2}. The chain is irreducible.

The probability of ultimate return to state 0 will be
foo=2fég)=l+l 3.1 113+111113+
o 2 24 24 4 24 4 4
7_ 3 4

Thus, the state 0 is persistent (recurrent).

The Mean Recurrence Time for state 0 will be
Moo = 1.FD + 262 + 3£ +.

=1. l+2 — 2+3 O+4-l-l-l-§-+ 1

2 2 4 24 4 6
Thus, 0 is a non-null persistent (positive recurrent state). Since the Markov chain is
irreducible, all its states must be non-null persistent by Theorem 3. Let us verify this
by actual calculation for other states in S.

The probabilities may also be obtained using a digraph, described in Unit 2. The

digraph for the given transition matrix has been shown below, in Fig 1. To find s

12

Fig.1

the probability of first return to state 1 in one step, find the paths from node 1 to node
1, traveling any edge only once. Add all the probability labels on the edges of these

paths. There is no such path in this example, and the probability f’ will be zero. To

find £{?, the probability of first return to state 1 in two step, find the paths from node

1 to node 1 traveling along two distinct edges. We have two paths 1 01 and -
12— 1. Multiply probability labels on the edges of each path, and add such

multiples of all paths to get f{?). Therefore, £ = 3.1 %-l:% and so on. We get
the probability of ultimate return to state 1 as
f"=2fl(;')=0+0+ _1.+.1.1 ill+illl+ ___l+3._1.i2=1

o 4 422 4222 4 42

Similarly, we may obtain

fr =Zf2('2l) =1.

n=0




Therefore, all the state are persistent (recurrent) as stated above.

The Mean Recurrence Time for state 1 will be
w, =1EP + 262 +3£0 +...
—1.042. §.l+l.1]+3.§.l.l+4.§.1.l.l+...=l+2:ﬂ
4 2 4 4 2 2 2 4

Similarly, we may obtain
11
Hyp = T

Thus, all the states are non-null since mean recurrence times for all the states are
finite, as stated above.

Again, consider the state 0. Since
1 1 3
f==>0f@==—-=>
® 2 ® 24
Therefore, from the definition of periodic recurrent states given in Egn. (7), the
periodt =G.CD.{m:f{™ >0}=G.CD.{1,2,4,...}=1.

1
0, fi =0, f5) =%-Z-1%>0

Therefore, the state 0 is aperiodic. Since the chain is irreducible, all the states will be
aperiodic.

Therefore, all the state are persistent (recurrent), aperiodic, and non-null and thus,
ergodic. Thus the chain will be ergodic. We have, thus, verified that periodicity,
positive or null recurrence, transience, etc., are class properties.

Example 4: Consider a Markov chain with the following transition matrix

0 1 2 3
of0 1 0 O
{0 0 0 1

P=
210 1 0 O

3\1/3 ¢ 2/3 0
Since all the states are communicable, it has only one closed set, sample, space
S={0,1, 2, 3}. The chain is irreducible.

We can use the following digraph for the given transition matrix to compute the
probabilities of first return, as in the previous example.

Fig.2

For the state O,

- 1
foo =fe3 =0, £5) =1.1.§=§>0, £y =fsy =0, 55 =§.§=§>0,

therefore, from the definition of periodic recurrent states given in Eqn. (7), the period
t=G.C.D.{m: fig'“) >0}=G.C.D.{3, 6,9, ...} =3 and probability of ultimate return to
the state O is

Stationary Markov Chains

71




Markov Chains

- 1 2 4
fo=9 f@ ==+ =+—+- =1
Z::o 37927

Thus, the state 1 is recurrent with period 3. Now, since Markov chain is irreducible,
all the other states have the same classification, that is, recurrent with period 3.

Therefore the Markov chain is recurrent and periodic with period 3.

* kK

You may now try the following exercises.

El) Determine the classes, probability of ultimate return to the states, mean
recurrence time of the various states of the Markov chain having the following
transition matrix. Is the chain irreducible?

0o 1 2 3
o0 o0 1

0
1 1 0 0 0
213/4 1/14 0 O
311/3 1/3 1/3 0

E2) Determine the closed set, probability of ultimate return to the states, periodicity
of states, mean recurrence time of the states of the Markov chain having the
following transition matrix. Is the chain irreducible?

0 1 2
ofo 1 O
113/4 0 1/4
200 1 O

So far we have discussed the classification of states and chains. In this section, we
will focus on recurrence and transience in details.

3.3 RECURRENCE AND TRANSIENCE

We have discussed formal definitions of recurrence and transience in the previous
section. In this section, we will provide some more properties of recurrence and
transience without proof which will be used to classify the states of a Markov chain.

Let us begin with the formal definition of a generating function.

Definition 10 (Generating Function): Let a,, a,, a,, a,, ... be a sequence of real
numbers, and s be a real number, then a function A(s) defired by

a
A@)=a, +as+a,s" +-= D a,s*
k=0

is called a generating function of the sequence a,, a,, a,, a;, ... provided this
power series converges in some interval —s; <s <s; . If a non-negative discrete
random variable X assumes only integral values 0,1, 2, 3,... and the seﬁuence {a,}
represents the probability distribution of X, such that a, = P[X =k], then A(s) is
called the probability generating function of random variable X . -




————— e ]

Theorem 4: For a state i of a Markov chain, let P,(s) be the generating function of Stationary Markov Chains

the sequence {pi(in ) }, and E,(s) be the generating function of the sequence {fi(in)} .

Then, we have

1 |
P.(s)=——— 1
=1 ol (10)

Aok

Theorem 5: For state i, j of a Markov chain, let P;(s) be the generating function of

(n)

the sequence {p;"}, P;(s) be the generating function of the sequence { pgjp) },and

E;(s) be the generating function of the sequence {fign) }. Then, we have for |s|<1

(i) B,(s) = E; ()P, (5) (11)

(ii) P;(s)=E,(s) 1~F;(s))" (12)
koK

Let us illustrate the following example to understand.

Example 5: Consider a Markov chain with the following transition matrix
0 1 2 3

00 1 0 0
1jo 0 0 1
200 1 0 0
30173 0 2/3 0

We can verify that the matrix is periodic.

P

o 1 2 3 0 1 2 3
oro 1 0 O 00 0 0 1
P=P4=,,,=l 0 0 0 1 ,PZ_ 5 _ =1 /73 0 2/3 0
200 1 0 O 200 0 0 1
3173 0 2/3 0 3.0 1 0 O
01 2 3
: 0(1/3 0 2/3 0
~ P3=P6=m:1 0O 1 0 O
r 2/1/3 0 2/3 0
3.0 0 0 1
For a state O of the Markov chain, the generating function of the sequence of the

transition probabilities {pg’é) } is given by

- | '
Py(s)=) piys* =1+05+0s" +§s3 +--+, since p¥ =1
.

3
=1+S/33
-~S

for |sl <1
and the generating function of the sequence of the probabilities of first return { fég) }

(as obtained in Example 4), will be Fy(s) as given below
Eyp(s)= Zp(()lf,)sk =1+0s5+0s +-;—s3 +... since pg%) -1
=0

3

s’ /3
=1+
1-s°

for |s|<1
73
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Markov Chains Therefore,
3
1-F,(s) = > and thus, we may verify Egn. 10, that
1-=¢°
P;(s) = TTI(T’ |s|<1 for state i=0. Similarly, we can verify the relations
—-F.(s
n

given in Eqn. (11) and (12) for the states of the Markov chain.

Here, we may note that Ey(1)= ) _fss =fy, . Thus, the probability of ultimate return
k=0

to the state 0 may be obtained from the generating function F,,(s) by setting s=1. 1

* ok &k

Now, we are providing a theorem which states that a state i of the Markov chain will

be recurrent if, and only if Zp&“) =o0. The result is immediate from the Eqn. (10), 1
n=0
since for a recurrent state i as s 71, 1—F;(s) | 0 and therefore, the left hand side

equation P,;(s) > ZPi(.-") and the right hand side 1——1;177 tends to infinity as s T1. ?

n=0 ii
Theorem 6: A state i of a Markov chain will be persistent (recurrent) if
2P = (13)
n=0 .
and state i will be transient if ]

pri“)«:o. : (14 ]
n=0

sk %k %k

The following theorem gives some limiting results for recurrent states of a Markov
chain.

Theorem 7: If the state i is persistent (recurrent) then as n — o«

(1) p§,."') —» t/; provided state i is non-null and“periodic with period t (15)

(i) p{™ —>1/p, provided state i is non-null and aperiodic (16)

(i) T (™ 5 0 provided state i is null (whether periodic or aperiodic) Qan
k*kk

Remark

(i) Ifstate i is transient, then p(™ — 0 as n — o, since Z pl(.“) <0, This result
n=0 ’
directly follows from the property of convergent series.

(ii) If state j is transient and i is any state of the Markov chain, then prj") <o
n=0

and pi(j“)—>0'as n—o,

(iii) If j is a transient state, then no matter where the Markov chain starts, it makes
only a finite number of visits to state j, and the expected number of visits to j is

finite. It may enter into a recurrent class in a number of steps and when it enters
there, then it remains there for ever. On the other hand, if j is a recurrent

state, then if the chain starts at j, it is guaranteed to return to j infinitely often

and will eventually remain forever in the closed set containing state j. If the

chain starts at some other state i, it might not be possible for it to ever visit state
74



j. If it is possible to visit the state j at least once, then it does so infinitely Stationary Markov Chains
often (See Bhat, 2000).

Theorem 8: Let i and j be any state in state space s of a Markov chain.

(i) If the state j is persistent, null or transient, then

limp{® — 0 (18)
\ (i) If the state j is persistent, non-null, and aperiodic, then
£
] lim p(“) — (19)
o i
\ sk

Example 6: Consider a countable state Markov chain having states 0, 1, 2, 3, ...
with, transition probability matrix having (i, j) element (i, j=0,1, 2, 3,...) given by
i+1 1
= and p; =0, j#i+l or j20
p10 i+ 2 p11+1 1 + 2 plj J J
Therefore, the transition probability matrix is an infinite matrix
1 2 3 4 5 -~

o2 V2 0 0 0 -
1273 0 v3 0 o -
213/4 0 0 14 0 -

"Z3jas 0 0 0 w5 -
als;e 0 0 0 o0 -
S

For the state 0, the probabilities of first return will be

f(l)zl f(2)=lg f(3)=>_1_‘_1_.3 f(4) 1._1__._1_.:4:;...
0T T30 234 ® 2345

Therefore, the probability of ultimate return to state 0, will be

1 12 113 111 4
o L, 2
°°Z°°223 234 2345

—_1_ 2+_3_+i+...——l+(3 1 (4 1)+(2_l)+

2 3 14 |5 2 lélé 4 14" 15 |5
1, 11 11 11

EERTE R E R

and, thus, the state 0 of the Markov chain is recurrent. Since all states can be reached
from any state, hence, the Markov chain is irreducible. Again. the state 0 is aperiodic
since the G.C.D. of times with positive probabilities of first return to the state O is
one. From the class property of recurrence stated above, the Markov chain will be
recurrent and aperiodic.

The mean recurrence time to the state 0, can be obtained as

12,113 1114

nf(n)_1+2__3 _____ 4—. ..

”WZ(; 27237723 4T23es
3

| 1 1 4 1
== +4 yge.
AT e A ek
L, 22 3 3 4 4
e TR

' 1 1 1 1
=1ttt t—f—l=e—1

S N TP T




Markov Chains Thus, the state 0 is positive recurrent and, hence, the Markov chain is positive
recurrent. Further, from the Eqn. (16), we have as n —ce,

psy — g, =1/(e~1)

koK%

States in a Finite Markov Chain

The results obtained above in this section have some essential implications for the
finite Markov chain. The state space of a finite Markov chain must contain at least
one persistent state. Otherwise, if all the states of a Markov chain become transient

then, the transition probabilities, p® —0 as n —co forall i and j in the state space
(n)

ij
S and it is impossible since for all ie S we must have Zp-‘

i =1. Therefore, a

jes
Markov chain with a finite state space, S, cannot be a transient chain. Again, a finite
Markov chain cannot have any null persistent state. Since the states of the closed set
having this null persistent state will form a stochastic sub-matrix (say P,) of transition

matrix P and as n — o, we will have P' — 0 and, hence, P will not remain

stochastic. This is not possible. Thus, a finite Markov chain cannot have a null
persistent state.
The following theorem is now.easy to visualize.

Theorem 9: In a finite irreducible chain, all the states are non-null persistent.

Example 7: In Example 2, the state 3 is transient. We will find
(n) (n)

limp;, and lim p3g’ .
n—oo n-ee

Let us find the probability of ultimate passage time from state 3 to state 4, and to state
5,ie., f;, and 5.

f3, = Zfa(:)

n=0
i 11 111
=+ —+———+--
2 24 244 3

— (n)
fy5 = Zfas
=0

13 113 1113 34
=0+t ==
24 244 2444 83

Again, since we have, from Example 2,

and

1
2

_3- .
Since, state 4 is aperiodic, non-null, persistent. Therefore, using Eqn. (19), we have as
n— oo

44 4’ 55

(n) f34 -

oo fu 24
34 W, 37
i3

f
and pg'sl)_.)i:_._z

Mes 27

dokok

Example 8 (Unrestricted Random Walk): Let us consider a particle moving along a
straight line, and assuming integer values only. Let the random variable X, denotes

the position of the particle at time n. Then, X satisfies the relation, X, =X, _,+7Z_,

6 where Z_ denotes the displacement of the particle at time n. We assume that the




random variables 7, are identically and independently distributed with Stationary Markov Chains

P|Z, =1]=p and P[Z, =-1]=q. It means that the particle either moves a unit in left
direction with probability g, or a unit in right direction with probability p at each
time. Therefore, { X, } will be a Markov chain with the state space

{o, £1, £2, £3--}. Its transition probability matrix P can be expressed as

- -101 2 -
-i- 0 p 0 0 -
0|- 0 0 -
p- q P
1/- 0 q 0 p -
21— 0 0 q 0 -

\

Since all the states are communicating with every other state, therefore the matrix and
the chain is irreducible.

From Corollary 1, the chain is either transitive, or persistent null, or persistent
non-null.

Consider the state 0. It is clear that we cannot return to 0 in an odd number of steps.
Let it return to state 0 in time 2n , then during this period it must have moved in right
direction n times, and in left direction n times. Therefore, using binomial
distribution we have

pé%n) =:2n(:nIf1qn

(2n+1) _
oo =0

Now from Stirling’s formula, a large n approximation to |n is

ln=+2mn (n/e)’
Using this approximation, we have

pg%n) =:2n(:“ pnqn

) % g

Jamn (2n/ e)zn .

) J2mn (n/e)" V2mn (n/e)" (pa)
1

= (4pq)’

Now, as Zpg,“) <o when 4pq<1 ie., if p#q, in that case, the state O is transient.
n=0 .
Hence, the chain will be transient for p#q.

In the symmetric case, p=q=1/2, so that 4pq =1, it follows that

oo

> 1 . . .
Zpéﬁ“) = Z-———— = oo and the state O is recurrent. Hence, the chain will be
n=0 n=0

1 n 1
recurrent if p=q. Further, since, p2®” = ——=(4pq)” =—— — 0 as n — o and the
" m
state O is recurrent, then by using Theorem 6, we may conclude that the chain will be
recurrent null when p=q=1/2.

ko




Markov Chains You may now try the following exercises on the basis of above discussion.

E3) If n-step transition probabilities of a given state i of a Markov chain is defined

1 . .
as, p = 5 for n >N, then find the mean recurrence time for the state i.

E4) Consider a countable state Markov chain having a transition probability matrix

as follows
01 2 3 4 -
Of'p q 0 0 0 -
1lp 0 g 0 0 —
P:2 p 0 0 q 0 —|,where p+q=1and p>0.
3l p 0 0 0 q -
4p 0 O 0 0 -

Show that the chain is recurrent.

E5) Obtain the limiting value of p{™ as n — e for i=0, 1, 2, 3 for the Markov
chain given in E1).
E6) Obtain the limiting value of P" as n — c for the Markov chain given in E3).

In this section, we shall discuss stationary distribution.

3.4 STATIONARY DISTRIBUTION

In this section, we will study the behaviour of the Markov chain that has been running
for a long time. In many real systems, the long term behaviour of the system requires
much attention. Mostly, we need to study, whether the effect of the initial state
diminishes in the long run. We may also want to study the proportions of time that the
chain will be found in various states of the chain in a long run. Mathematically, this

means studying the limit, limu®™, where u™ is the probability distribution of the

n-—oo
chain at time n . We like to determine whether or not this limit exists, and, if it does
then, to analyze the various related conditions and their implications. We will state
here a few basic, but important facts regarding the limiting behaviour, mostly without
proof, but with suitable examples.

Before discussing limits of u™ , it is better to describe the notion of a stationary
distribution of a Markov chain. We will say that the Markov chain {X} possesses
stationary distribution if the distribution u™ is the same for all n, that is,

u®™ =u® =u the initial probability vector, for all n>1. Thus, the probability that
the chain is in, say, state i is the same for all time; although X is-moving from one
state to another, it looks statistically the same at any time. Since a stationatry
distribution of the chain does not depend on n, we drop the superscript and denote it
merely by ®=(%,, ®,,...). In general, if ®=(m,, 7,, ...)is a probability mass
function, giving stationary distribution of a Markov chain {X } with initial
distribution u={u1 Uy o u e } where u =P[X, =i] for each i and with the

transition matrix P = (pij) ,on the state space S={l, 2,...}, then®=(%,,@,,...) is

called a stationary distribution for the transition matrix P . Here, we will make the
study for countable state space. We will describe for the finite state space separately
when the behaviour becomes different from the countable state space.
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Definition 11 (Stationary Distribution): Let a Markov chain {X,,n=0,1, 2, ...} ‘Stationary Markov Chains
with transition probability matrix P = ( pij) (where p;; denotes the transition
probability from state i to j), state space S={l, 2, ...} and a sequence of non-

negative numbers {n } satisfying the following equations,

i

() m=)> mp, ,forall jeSor n=nP where % =(m,,T,,...) (20)
icS
(i) Y m =1 @)
€S

then the sequence {x;} will define a probability distribution over states of the Markov
chain. This distribution is called the stationary distribution of the Markov chain.

Theorem 10: If the initial distribution of a Markov chain {X_ } is the same as its
stationary distribution, then all the random variables in the sequence, {X, }, will have
identical distributions.

Remark: Let ©; denote the probability that the system is in state j. The condition in

Eqn.(20) is often called a balancing equation, or equilibrium equation. The
stationary distribution 7 on S is such that if our Markov chain starts out with the

initial distribution u =7t , then we also have u' =, since by Theorem 7 of Unit 2, and
Eqn.(20) above, we have u” =uP =P = x. That is, if the distribution at time 0 is
1, then the distribution at time 1 is still . In general, u =x forall n (for both

finite as well as countable state space). Due to this reason = is called a stationary
distribution.

Let us now discuss the stationary distribution for an Irreducible Aperiodic Markov
Chain:

In this the existence of stationary distributions for the irreducible aperiodic Markov
chains, and the long term behaviour of the distribution of these chains. The following
theorems describe the related conditions. These theorems are applicable for both, finite
as well as countable state space chains.

Theorem 11 (Ergodic Theorem): An irreducible aperiodic Markov chain
{X,,n=0,1,2,3,...} can be classified in two classes: (1) all the states are transient or
null recurrent (2) all the states are non-null (also called positive) recurrent, that is all
the states are ergodic. In the case of (1), there does not exist a stationary distribution.

For all states i, j we get p{j’ —0 as n—eco. Inthe case of (2), p{’ —«; as n —eo

ij
for all the states i, j . Here, 7; will be the reciprocal of the Mean recurrence Time of

.. 1 .
j ie. ®y=—>0 for all states j (22)
3

and {7} is the unique stationary distribution o: the vi..."ov chain. In this case, as

n — o the distribution of the Markov chain at time n tends to the stationary
distribution, not depending on the initial distribution of the chain. In other words, if
the Markov chain {X,,n=0, 1, 2, 3, ...} anirreducible, aperiodic, and non-null
Markov chain, and X have the distribution u'”, an arbitrary initial distribution and
u™ | be its distribution, at time n (n=0, 1, 2,3,...), then limu™ =% exists for all

n—eo

states i.

Theorem 12: An irreducible aperiodic Markov chain {X_,n=0,1,2,3,...} will be
ergodic if the balancing equation
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Markov Chains X; = Z X;Pj» JES (23)
ieS
has a solution {X,} (X, not all zero) satisfying Z | x;| <.
jesS
Conversely, if the chain be ergodic then every non-negative solution {x;} of the
balancing Eqn. (23) satisfies Z | x;| <.
jes
Remark v
(i)  The limiting probability distribution given by limu™ == is called a steady

state distribution of the Markov chain.

(ii)  If the probability transition matrix P is symmetric for a Markov chain having
finite state space S={1, 2, 3, ..., s}, then the uniform distribution [n;=1/s for
all j=1,2,3,...,s] is stationary. More generally, the uniform distribution is

stationary if the matrix P is doubly stochastic, that is, the column-sums of P
are also 1 (we already know the row-sums of any transition matrix P are all 1).

(iii) A finite aperiodic irreducible chain is necessarily ergodic, thus, any finite
aperiodic irreducible chain has a stationary distribution.

(iv) For an irreducible Markov chain, the existence of a stationary distribution
implies that the chain is recurrent in fact positive recurrent, but the converse is
not true. That is, there are irreducible, recurrent Markov chains that do not have
stationary distributions. Such chains will be nuli recurrent.

Example 9: Find all stationary distributions for the transition matrix given below.
03 0.7
P=
02 0.8
The given chain is finite, irreducible, aperiodic since all the transition probabilities are
positive and hence, non-nuil. It must have a unique stationary distribution.

Let ©=(n,, n,) be the stationary distribution. From Eqn.(20), we have the balancing
equations
n, =0.3n, +0.27,

(24)
n, =0.7m, + 0.8x,

one equation is redundant; they both lead to the equation 0.7, = 0.27n,. From above,
we have an infinite number of solutions. Using the second condition from Eqn.(21),

w, + 7y =1. ‘ (25)
. . 2 7
We get unique solutionw, = 3’ T, = 9
if we take u® =n= [Z lj
99

T

3 0.
“(l) =nP= Z .z 0 7
9 9J10.2 0.8

and, proceeding recursively, we get

u<n>=[£ l]=,,
)

since the given Markov chain is ergodic. We, may also verify that
1 2

1'51———=—,

TR
where p,; is the mean recurrence time of state 1 that may be obtained, as follows

53
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by =00 + 160 4282 +3-£0 + 4- £ +---

=0+1-(0.3)+2+(0.7)(0.2) +3-(0.7)(0-2)(0.8) + 4-(0.7)(0.2) (0.8) (0.8) + ---

=0.3+4.2=4.5=2
2
Similarly, we may verify that
1 7
1'[2 = ——=—
Pn 9

* %k k

Example 10: Consider the transition matrix given below, which is doubly stochastic.

02 03 05
P=(03 02 0.5| -
0.5 05 0

We use Remark, about doubly stochastic transition matrix.
Since s =3, we will get ®=(1/3,1/3,1/3).
Let us check that it satisfies the balancing equations.

02 03 05

nP=(1/3,1/3,1/3)[ 0.3 0.2 0.5 =(1/3,1/3,1/3)=1t,
05 05 0
verifying, m=(1/3,1/3,1/3)is stationary distribution for P.

¥ de de

Let us now discuss the criterion for transience.
Criterion for Transience

Here, we will state a condition for a countable state space Markov chain to be
transient. It may be mentioned here, again, that any finite Markov chain cannot have
all the states as transient. If a finite state space Markov chain is irreducible then it will
necessarily be recurrent. We will also present an example to find the stationary
distribution for an irreducible chain having a countable state space.

Theorem 13: An irreducible aperiodic Markov chain with a countable state space
$={0,1, 2,...} and a transition matrix P = (pl-j)will be transient (all the states will be

transient) if, and only if

x; = ) pyx; forallstates i=1,2,3,... (26)
= '

has a non-zero bounded solution.
o5 sk

Example 11: Consider a Markov chain having a random walk with the countable state
space {0, 1, 2, ...}, and having an elastic barrier at state 0. The transition probabilities

may be defined as follows
Piii =P»  Piia=q P+q=1l, O<p<l, (i21)
Poo =49 Po1 =P
p;=0  elsewhere

* As the chain is irreducible, we will study the nature of the solution of the foliowing
equations as given by the Eqn. (26), to determine the nature of states of the Markov
chain
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M

X; = ) pyx; forallstates i=1,2,3,...

J

1l
UR

Therefore, we get the system of equations as
X; =PX;,; +gx;,, fori>1

X; =PX,

PSR

and, these may be simplified to
P(Xip = X) =q(%; — %)
p(x; —X;) =qx,

These equations reduce recursively to

Xi =X = [ﬂ] X, (i21), thus we have
p

e Caoeet]

and, we get the solution as

i X for i21.
-(2)
p

From the above solution, we see that x; will be bounded if p>q. Therefore,

according to Theorem 13, the Markov chain will be transient when p >q, and

_ recurrent when p<q.

Let us find the stationary distribution of the chain when p£ q. The balancing
equation to solve will be
™= Mp;=pm, +qN;,, j=I
i=0
Ty =qTy +qm
which may be written as

m—%=£%—%

j~1
P | P
=T =E(7‘j—1 T ) = [ E] (7, —7,)

Therefore,

J -l
T =T =(E] T, —(B] T, and, thus
q q

j-1

i
T -, = Z(nm‘ -m )= [ BJ T, — M, which gives
q

r=0
j .
n;[%} m, for j20

- Using the condition in Eqn.(21)

i“;‘l

=0
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we get no(l+[21 +(EJ +(£J +(BJ +-y=1 7 :
q q q q

When p =q, then the infinite series in the Eqn (27) will be divergent stationary
distribution will not exist in this case, and the chain will be null recurrent. When

p<q, then the Eqn. (27) gives m, = (1 —(ED and we have a stationary distribution
q

as

j
T = (1 ~—[B)] [BJ for j20, which is a geometric distribution with parameter P .
q q q

The chain is positive recurrent for p<q.

\ koK

\ Existence of Stationary Distribution

\ Till now, we have considered only irreducible aperiodic chains and discussed the
problem of the existence of stationary distributions. In general, a Markov chain may

. have no stationary distribution, one stationary distribution, or infinitely many

| stationary distributions. We have given the conditions for the existence of unique

. stationary distribution, along with examples. The chains presented were ergodic-finite
or countable. We have also presented a Markov chain which does not possess any

- stationary distribution. The chains of this type were transient or null recurrent,
 however, they must be countable (since we cannot have a finite chain as transient, or
null recurrent). As an example of the chain having infinitely many stationary
distributions, we may take a transition matrix P to be the identity matrix, in which
Icase all distributions on the state space will be stationary. Such chains may be finite,
or countable. Example 12 illustrates the case. When the Markov chain has finite state
space then it will have at least one stationary distribution whether it is reducible or
irreducible, periodic or aperiodic.

Example 12: Consider a Markov chain having the following identity transition
matrix.

P=

oSO e
o = O
-0 O

Let the stationary distribution be ®=(m,, 7, 7). Then, the balancing equation of the
chain will be '
1 00
(R, T, M) = (R, 7y, W) 0 1 0 f=(m,n,, ;)
0 01
Clearty, all arbitrary vector with non-negative components, %= (%;,T,,T,) satisfying
T, + T, +7; =1, will be stationary distributions. For example, ©£=(0.10.30.6).

Thus, for this chain there will exist infinite number of stationary distributions. Here,
we may easily observe that a countable tdentity transition matrix also possesses an

infinite number of stationary distributions.
EE 4+ 3

Example 13: Consider the Markov chain having the following transition matrix
|

0 10
p=l1/2 0 1/2
0 1 0

Solving the balancing equation




h————

Markov Chains 0 1 0
(m, 7y, 1) = (R, 7y, %) 1/2 0 1/2
0O 1 O

subject to condition T, +7, + T, =1, we may get a unique stationary distribution

(T, 7y, T;) = (1/4,1/2,1/4) butlim p{” # 7; since p{” =0 forall odd n.

The chain is irreducible, persistent, but periodic.

For this chain, the mean recurrence times may be obtained as
Moo =0£Y + 1ED + 2.6 36 +4£ +---
1

\
=0+1.0+2.(D (%) +3.0+4.() (%J (M GJ +5.0+6.(1) (EJ M (—;—) (l)(-;-] 4o

=4

Similarly, we may get p;; =2, iy =4.

Here, we also observe that (%, T, %) = (1/ Wgo, 1/ -1/ 1g,)

¢ However, the long run equilibrium probabilities, Theorem 6, is applicable.

kokok

Remark: In the example above we encountered a Markov chain that is irreducible,
persistent, but periodic, has a unique stationary distribution having probabilities
reciprocal to the mean recurrence time. We have a theorem which explains such
behaviour. It says that if a Markov chain is irreducible and non-null (positive), then
there will exist a stationary distribution. The result is based on the Cesaro limit. This

tells us that if {a,} is a sequence, such that lima_ =1, then the partial sum
R0

Zai =]. This limit also

i=0

1 N .1
_—Zai also converges to the same limit, 1.e., lim
n+1 aepn+1

exists, even when lima,_ does not exist.

n—oo

Theorem 14: An irreducible, positive recurrent Markov chain has a unique stationary
distribution ®=(%,,T,,RN;,--*), given by
. 1 z (n) - 1 - .
Hm ——‘ZPij‘ =7y =~ forall j, whatever state 1 may be.
aoen+] 5 i
%ok

You may now try the following exercises.

E7) A Markov chain has an initial distribution u® ={1/6 1/21/3}, and the

following transition matrix.
0 05 05

P={05 0 05
05 05 0

Find its stationary distribution. Is it unique? Verify that the limiting distribution
of the chain is stationary.

1/72 1/2 0
E8) A Markov chain has the following transition matrix P ={ 1 0 0. Find
0 0 1

its stationary distribution. How many distributions are possible?

E9) - Consider the Ehrenfest chain, presented in Example 12 in Unit 2, with only 3
balls. Then, the transition matrix will be
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|

)‘J of 0 1 0 0

| 141/3 0 2/3 0

f P=2l0 23 0o 13
j' 30 0 10

J . . - . . . .
| (1) Test the irreducibility of the chain. (ii) Find its stationary distribution.

E10) Consider a Markov chain {X,} with a countable state space having the
following transition probabilities
| Pin =Di» Dii =G> Pitg=L P g>0
Pw =%0> Po1=Po» Po»9o >0
p; =0 elsewhere
When will the chain be trarisient, and when will it be recurrent?

i>1

/ Now let us summarise what we have done in this unit.

) 3.5 SUMMARY

We are furnishing, in the following, a summary of the discussions in this unit:

1. We introduced the concept of communicating classes, and, closed sets.

2. We defined the irreducible Markov chain. ,

3. We obtained the distribution of the first passage time to the states, and first
recurrence time of states. We also defined mean time of first passage and mean

recurrence time.
4. We acquainted you with the concept of recurrence and transience.
. We investigated the limiting behaviour of the Markov chain.
6. We defined stationary distribution, and illustrated the procedures to find stationary

distributions.
7. We investigated some situations when the stationary distributions of the chains
exist, and is also the equilibrium distribution.

3.6 SOLUTIONS/ANSWERS

El) The states {0, !, 2} form a communicating class. State 3 does not communicate
with any state. The chain is reducible.
The probability of ultimate return of the staies is

Zf53>_0+0+1 3.t S 14021
o 4

=Zf{;‘> =0+o+o+1-1-1+0+1-1-3-1.-1-+0+---
por 4 4 4
14
41

f = Zf“"—0+0+Z 1+% L1+0+--=1
n=0
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£, = Zf“”

Therefore, the states 0, 1, 2 are recurrent, and state 3 is transient.
The mean recurrence times for the recurrent states are given below.

Moo = an‘“’—o O+10+2 %+3 +0—;19-

n=0
- (n) _ 1 3 9
“-an“ '0'0+1'0+2'0+3'Z+4'0+5'TE+6'0+7'€Z+"'=9

22:anz‘;”=0-0+1,0+2%+3.i—+0=2

E2) The state space is a closed set. The chain is irreducible.
The probability of ultimate return of the states are

foo Zf“‘)—0+0+1 §+0+1-l-1-§+0+1 Ly 1 l-1~—+.. =1
= 4 4 44 4
fl,=Zf,‘,")=0+O+1-l+1-—3—+0+-~-=1
- 4 4
- 1 1.3 1 .3
fro =) fX =04041-=+0+1-=-1-240+1-—1- 2. 1. 2 4...=1
= HZ::;Z? 4 4 4 4 4
All the states are persistent.
Again, we have
O 1 0 a5 0 .25
P =|3/4 0 1/4|=Pand P’=| 0 1 0 |=P™
0O 1 0 5 0 25
Therefore,
p{™ >0 and p2** =0 and i.
Therefore, all the states are periodic, with period 2.
The mean recurrence periods are obtained, as follows
3 _8
i) =0-0+1.0+2- —+3 0+4—+5 046 —+.
Hoo = z:;“ 64 3
(n) _ 3
an“ =0:0+1:0+2| -+ ]+0=2
n=(0 4
3 9

anz‘;” =0-0+1.0+2- —+3 0+4.=450+6-—+.--=8
< 16 64

E3) Since p{” =% for n>N,. Therefore, Y p{’ =co and hence, the state i
n=0

will be recurrent. Again, it will be aperiodic, since p{’ = 5 >0 . Further, the
w _ !
state i is non-null since p;;’ — 2;&0
™ _ 1 1 . .
Using Theorem 6, p;; —= 3 we get mean recurrence time of state 1, as

i

M =2.

E4) The given Markov chain is irreducible since all the states can be reached from
86 every other state of the chain.
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For state 0, the probabilities of first return will be Stationary Markov Chains
f&l)) =p, fé{z)) =q-p, f(gg) =q-q-p, fég) =q:q-q-p,

Clearly, the state O is aperiodic, since the period of the state is one. The
probability of ultimate return to state 0 will be

foo =D fog =0+p+ap+q°p+q’p+q'p+---
n=0
=p(l-9)~ =1
and, thus, the state 0 of the Markov chain is recurrent. From the class property
of recurrence it follows that the Markov chain will be recurrent, and aperiodic.

See the solution of E1). In the given problem, we have found that states 0, 1, 2

are non-null, aperiodic, and recurrent, and state 3 is transient. The mean
recurrence Times for the recurrent states are found as follows.

9 9
U(x):Z’ Hy; =9 and U22=Z~

Using Theorem 6 and Remark 3 we have,

4 1 . 4
(n) (n) (n) (n)
rd PN dew [ d PRE}
Poo 9 P11 9 P2 9 P33

—0 ,as n oo,
See the solution of Example 3. All the states were aperiodic, non-null persistent.
The mean recurrence time for the state 0, 1, 2 were obtained as

11 11 11

=—, =— and =—.
Hoo 6 Ky 1 Hao ]

Using Theorem 6, we have

(n) 1 6 (n) 4 (n) 1
Poo 2>—=77> Pi1 2> Px» —)H,as n—oo,

Moo 11 11

n

The limits of pi(j ) for other i, j may be obtained using Theorem 8. According to

“f.
this theorem, when state j is non-null aperiodic persistent lim pi(}‘) -1
n-—yoo .
1]
We may find ultimate probability first passages f;; from the transition matrix
given in the example, as follows

- 1
fmzz:fl(;)=0+_+l.3+0+l.l.1.§+0+l.l.1.l.1.§+...
2 24 24 4 24 4 4

n=0
_1,134.,
2 243
Similarly, we may obtain f, =f, =f, =f,, =f, =1.
1 6 1 6
limp® 5>——=—, limp® >——=—
el TT176 11 amet® 1176 11
1 4 T4
limp® »——=—, limp® — =
oo P T2 T a5 T e 1
limp® ->—— =1 fimp® 1 L
nsee 11/1 11" aoe 11/1 11
Therefore,
6 4 1
11 11 11
impr=| & 4 L
Do 11 11 11
6 4 1
11 11 11
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EB)

E9)

E10)

88

The chain is irreducible since all the states are communicable. We may also
verify that the chain is aperiodic recurrent. Solving the balancing equation
n=m7P,ie. -
0 05 05
(n,7,, %) =(x,®,,7,)[ 0.5 0 0S5
05 05 O
we get
' n,=0.57, +0.5m%,
n,=0.5m, +0.57,
1, =0.51, +0.5m,
Solving these equations along with the condition &, +1, + %, =1, we get, unique
solution (m,, &,, ®,) =(1/3,1/3,1/3). This is obvious since P is doubly
stochastic.

(n

From Theorem 7 of Unit 2, we have u™ = u“P™ . From Theorem 11, we

have pij(") —T; as n — o . In the matrix form, we have as n —eo.
T
| S
.3
Therefore, as ‘
n
a™ =uPP® 5 (1/61/21/3)| | |=x
n

The limiting distribution is stationary and independent of the initial distribution.

The chain
1 2 3
1f1/2 1/2 0
P=2| 1 0 o0
30 0 1 T

is reducible. It has two closed sets {1, 2} and {3} .
Here, we may get infinite solutions to the balancing equation, given below

n,=.5m +x,
n,=.57,

Removing redundancy, we get 7, =.5%; and the condition m,+%, + 7, =1.

Then, two equations provide an infinite number of solutions
(1,75, 3) = (2(1-x)/3, 1-x)/3, x) where 0<sx<I-

The Markov chain is irreduciblé, but periodic, with period 2. However, we may
solve the general balance equations to get its stationary distribution which is

T ='(1/ 8,3/8,3/8,1/8), and is unique. Note, however, that lim p.(-") #T; since

1]
N—oo )

p{” =0 forallodd n.

The chain is irreducible as all states communicate. To determine the nature of
states of the Markov chain, we will study the nature of the solution of the
following equations, as given by Eqn. (26)

X, =Zpijxj for all states i=1,2,3,... T

j=1




Therefore, we get Stationary Markov Chains
X; = PiXjy + 4%, fori>1
X; = PiX,

and these may be simplified as
pi(xi+1 ~X;)=q; (Xi - x1_1)

pi(X; — X)) =q;%,

and, hence
X =% _ 9
X, —Xa b

We get, recursively

X, —X; =

i+l i

% DG,
1
Pi PP

Adding the above equations, we get

i1
X, =xlz_Lk where, L, =& 29
k=1 Px P2 P ;
Therefore, the above equations will have a bounded solution if, and only if,
‘ ZLi <o, Therefore, the states will be transient if ZLi <eo and recurrent, if

the infinite series is divergent.
—X—
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