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Let X be a p x 1 .vector random variable having N, (p,C) distribution. Let X(p x n) 
be a data matrix observed from a random sample of size n . The population 
distribution involves as parameters p components of mean p and 

1 
-p(p + 1) components of variance-covariance C . For these parameters, minimum 
2 
2p(p'3) - 1 null hypothesis can be formulated. These null hypotheses can specify the 
values of a subset of parameters. In this unit, we shall consider the problem of testing 
hypothe 's about the mean p under both the situations when variance-covariance 
matrix e is known in Section 21.2 and when it is not known in Section 21.3. 

In Section 21.4, we shall introduce standardized sum test. The test for equality of 
mean vector will be discussed in Section 21.5. 

Objectives 
After reading this unit, you should be able to: 

formulate the null and alternative hypothesis for mean vector when C is known or 
unknown; 

derive a test statistic for testing the hypothesis of mean vectors; 

apply the tests to the given data. 

21.2 TEST FOR p WHEN Z IS KNOWN 

Let X(p x n) be a sample of size n drawn from a Normal population Np(p, C) where 

C is known. Based on observed X , we wish to test the null hypothesis H, : p = pO 

against an alternative hypothesis H, : p # pO (a specified vector of means). In Unit 19, 
we have seen that the likelihood function for the sample observation is 

If we assume that the null hypothesis is true, i.e. p = p, , then likelihood is 

'"I2 exp - -z (x i  - ~ , ) ' c - ~ ( x ~  -po l  L(p0,C I X) =- 
(2x)"PI2 [ 2 ' "  i=l I 



Applications of MVN Let us first carry out the likelihood ratio test. 

We know that the likelihood ratio test is based on statistic h that is the ratio of 
maximum of likelihood function under the null hypothesis and over the whole space. 
That is * 

A =  
m = ~ ( v o ,  z l x) 
max L (P, C I X) 

(3) 
M 

In Unit 19, we have derived that L(p, C I X) , when C is known, attains maximum for 

p = (sample mean vector). The numerator has all the parameters specified and thus 
its maximum is L(p,,C I X) as given in Eqn.(2). Substituting X in place of p in 
Eqn.(l), we get the denominator. Therefore 

But t [ ( X i  -Po j '-I (xi ) - (xi - x j Z-I (xi - x)] 
i=l 

The first term cancels with the last term, second and third terms reduce to zero and the 
f 

fourth term is n(X - p,) C-' (% - P,) ) and, hence 

Therefore, 

It may be recalled at this stage that likelihood ratio test rejects the null hypothesis if 
h S ha wkere ha is chosen such that P[h I ha ( H,] is equal to a (the pre-specified 
value of size of the test). It may be noted from Eqn.(5) that h I h, is equivalent to 

:r I 

n ( f  -P,) Z - ~ ( X - ~ ~ ) ~ C , ( = - ~ ~ O ~ ~ ~ ) .  Weknowthat n(X-P0) C-l(ff-p,) 

has a chi-square distribution with p degrees of freedom and, hence C, = Xt,, 
(tabulated value of chi-square with p degrees of freedom at specified level of 
significance a ). Therefore, the test procedure for testing the above-mentioned 
hypothesis would be to reject the liull hypothesis H, : p = p, if 

I 

n (X - P,) C-' (X - P,) is greater than X2,, the tabulated value of chi-square with 

p degrees of freedom at a level of significance. 

Let us now discuss another test known as the union and intersection test. 



Consider an arbitrary linear combination a'X of X (Here this X is different from data 
matrix X), where a is a non-null real column vector of order p .  We know that a'X is 

also normally distributed as univariate normal distribution with mean a'p verses 

variance a' Ca . Now the multivariate hypotheses H, : p = p, and H, : p # p, can be 
transformed to univariate hypotheses H,, : a'p = a'p, and H,, : a'p # a'p, . The test 
statistics for testing this hypothesis is 

z2(a) = nal(R - - a / a 1 ~ a a .  

Moreover, the null hypothesis is rejected if calculated value of z2(a)  is greater than 

must be true for all non-zero choices of a .  Hence, the multivariate hypothesis H, can 

be written as the intersection of H,, for all a i.e. H, = nH,, . Therefore, the null 
a 

hypothesis H, will be accepted if the univariate hypothesis H,, is accepted for d l  the 

values of a and the a -level acceptance region for multivariate H, will be the 

intersection of acceptance regions of H,, i.e. n [z2(a)  s X:, ,I. It implies that for 
a 

multivariate null hypothesis will be maxz2(a). However, it can be proved that 
a 

max z2 (a) = (X - po) '~ - ' (X  - pO) which follows chi-square distribution with p 

degrees of freedom. Thus, the test statistics is same as obtained in likelihood ratio test. 

Remark: The likelihood ratio and union intersection tests are same. 

Example 1: The length of Centrum (x,) and width of Centrum (x,) of a sample of 
12 fishes of Serrandae family were observed as given in Table 1. 

Table 1 

A researcher claims that the mean length and width of Centrum of fishes belonging to 
Serrandae family is 8.94 and 6.76, respectively with a variance-covariance matrix of 

13.2496 9.04 18 

9.041 8 7.6176 

Test this claim at 5% level of significance. 



Applkntlons of MVN Solution: We wish to test whether the above-mentioned data confirms his claim about 
mean length and width of Centrum of Sarrendae fishes. 

Assuming that the length and width of Centrum for Serrandae fishes follow bi-variate 
normal distribution N(p, C) . The null hypothesis for the present problem would be 

H, : p = [8.94, 6.76If(= p, say) against the alternative hypothesis 

HA : p # [8.94, 6.761' . 

The population covariance matrix C is known as claimed by researcher. Hence, Chi- 
square test discussed in Eqn. (5) can be used. The value of test statistics under H, is 

The sample mean 31 for the above data 

K = [7.375,6.808]' 
Thus, 

Since p = 2 ,  the upper point of chi-square for a = 0.05 is 10.60 which is less than the 

calculated value thus we reject H, at 5% level of significance and conclude that the 
data contradicts the claim of the researcher. 

Now, try the following exercise. 

E l )  A sample of ten industrial corporations was considered for the pairs of 
observations of their sales (x,) and profits (xz). The observations are given in the 
Table 2. 

Table 2 

The expected mean vector and variance-covariance matrix is 
13 10 

p =[::I and 
6]. Test whether the sample confirms its truth ness of 

mean vector at 5% level of significance. 

So far we discuss the test for p when C is known, now we shall discuss the &st for 
p when C is unknown in the following. 



21.3 TEST FOR p WHEN I: IS UNKNOWN 

Let X (n x p) is a sample of size n drawn from a Normal population N,(p, C) where 

p and C both are unknown. Based on observed X , we wish to test the null 

hypothesis H, : p = po against an alternative H, : p f po (a specified vector of means). 
Again, we shall consider both the tests i.e. likelihood ratio test and union intersection 
test for this case. The likelihood function for the sample is given in Eqn.(l) add under 
the nuli hypothesis, it reduces to Eqn.(2). 

Firstly, we shall discuss the likelihood ratio test. 

As mentioned in Sec. 2 1.2, the likelihood ratio test statistic is the ratio of maximum of 
likelihood function under the null hypothesis and over the whole parameter space, i.e., 
the likelihood ratio for the present case is defined as 

and, 
-210gh =Z[rnaxlogL(p,Zl x ) - m ~ l o g L ( p , ,  C I  x)]. 

P.Z 

If population mean p is known to be equal top,, the maximum likelihood estimate of 

C is [S + (X - p,) (X - p,)'] where S is the sample variance-covariance matrix 

defined as n-'X'X - X X' . However, if p and C both are unknown, the maximum 

likelihood estimates of p and C are, X and S respectively. Therefore, 

n 
maxlogL(p,, C ( X) = --[plog2x + log I S I +log{l + (x - ~,)'s-'(X - p,)) + p] (8) 
1 2 

and 

Substituting the values from Eqn.(8) and Eqn.(9) in Eqn.(7), we get 

-2 log h = n log[l + (X - pO)'s-'(X - p,)] (10) 

Now it is easy to verify that h ha is equivalent to (X - ~,)'s-'(X - pO) 2 Ca . In 

Unit 20, we have derived that (n - 1) (X - ~,) 's- '(X - pO) = T' follows Hotelling's 

T' -distribution with (p, (n - 1)) degrees of freedom. It has also been pointed out that 

this statistic can be converted in F -statistic by defining F = (n - p ) ~ Z  /[(n - l)p] 
which has (p, n - p) degrees of freedom. Therefore, the test procedure would be to 
reject the null hypothesis if calculated value of 
(n - p) (n - 1) (X - ~,)'s-'(X - po)/[(n - l)p] is greater than tabulated value of F with 
(p, n - p) degrees of freedom and at specified level of significance. 

As we discussed the case when C is known, now we shall test p when C is unknown 
by union and intersection test. 

We have already seen that if we consider a linear combination a'X , it follows 

univariate normal distribution with mean a'p and variance a'Ca . Similarly, the 

multivariate hypothesis H, : p = po and H, : p f pO can be transformed to univariate 

hypothesis H,, : a'p = alpo and HI, : a'p # a'p, . The test statistics for testing this 
hypothesis is well-known univariate t-statistic defined for the present case as 



Applications of MVN 

Thus, the acceptarice region of level a would be t2(a) 5 t%,,,.-, . Following the 

argument given in Eqn.(2), the acceptance region for the multivariate hypothesis H, 

would be n[t2(a) < t i l2  ,,-, ] i.e. max.t2(a) 5 t t  ,,,,-, . However, max.t2(a) is 
a 

(n - 1)(z - p,,)'~-~(% - pO) = T~ which is a Hotelling's T' statistic. You may note 
that this test is same as likelihood ratio test. 

Example 2: Let us reconsider the problem given in Example 1. Suppose we wish to 
test the researcher's claim about mean length and width of Centrurn for Serrandae 
fishes to be 8.94 and 6.76 respectively at 5% level of significance and no information 
is available about the population covariance matrix. 

Solution: The null hypothesis and alternative hypothesis are same as given in 
Example 1, i.e. 

H, : p = [8.94 6.761' (= po say) 

H, : p # [8.94 6.761 

The sample covariance matrix for the data can be easily calculated as: 

The test statistic T~ under H, can be calculated as 

The tabulated value F as (2,lO) degrees of freedom at 0.05 is 4.10 which is much 
smaller than calculated value 50.1 1. Hence, we reject Ho at 5% level and conclude that 
researcher's claim is not true in the light of ob'semed data. 

Now try the following exercise. 

E2) Test the hypothesis for the problem given in El )  if Z is not known. 

The classical multivariate tests such as Hotelling's T~ test are not feasible if p > n. 
The classical tests do not keep their nominal level of significance if a procedure for 
selecting variables or compressing data is applied as a preparatory step [Lauter et 
aI(1996)], O'Brien (1984) and Tang et a1 (1993) suggested the effective alternatives. 
These tests also do not exactly maintain the significance level, especially in cases with 
small sample sizes. To avoid the problem, Lauter et a1 (1996), Lauter (1996), 
Lauter et a1 (1 998) have suggested some stable multivariate tests. 

In the following section, we shall discuss the standardized sum test. 



21.4 STANDARDIZED SUM TEST CSS TEST1 

Let Xi = [x,, ,x12 ,-..,x ](i = 1,2,...,n) be n independent p-dimensional observation 
P 

vectors distributed according to normal distribution N,(p, C) with unknown 

parameters p, C . We develop a test of H, : p : 0 , against H, : p # 0. 

Let us arrange the n individual vectors Xi into a p x n matrix X , where 

X =(xji)-Npxn(pln, CC31,). 

where 1, is the column vector of n ones and I, is identity matrix of order (n x n) . 

Define Z = (z,, z,, . . ., z,) = (dl, d,, . . ., d,)X = d'X , Zi representing the weighted 

linear combination of p components of observation Xi with respective dl, d,,...,d, 

for Zi(i = 1, 2, . . ., n) are called the individual scores of n observations. The vector d 
of the weights has to be a unique function of the p x p matrix 

satisfying d'X ;t 0 with probability 1. 

Under the above condition and under the null hypothesis H, , the distribution of Z 
has a spherical shape in n-dimensional space. This shape is not, in general, the shape 
of a normal distribution. From the sphericity, the statistic 

n 

where Z = ( l / n ) x ~ ~  and S: =- I 2 ( z i  - Z)' has the exact 't'-distribution with 
i=l n - 1 i=1 

(n - 1) d.f. The test using this 't' is an exact a -level test. Lauter et a1 (1996) have 

shown that this SS test can be more effective than Hotelling's one sample T~ -test in 
many situations. In fact, the SS test is only suitable if the expected deviation from the 
hypothesis H, have same direction for all p variables. 

For practical application purposes of SS test, the vector d is obtained in such a way 
that each variable is standardized by the square root of the corresponding diagonal 
elements of XX' , that is 

Thus the value of Zi has the form 

Example 3: A random sample of 20 families of low economic status from a slum area 
was selected to test whether or not the parents of the children of the area have spent 
any time for education. The number of years (in completed years) spent for education 
is given in Table 3. 



\ 

Applications of MVN Table 3 

Solution: Let p = (:) be the mean number of years spent for edkation by parents. 

It may be noted that H, : p = 0 .  Let us apply the above-mentioned SS test, 
considering HA : p + 0 .  For the above data 

And Zi :0.1565,0.562,0.5748,1.1354,0.00,0.313,0.4055,0.00, 

0.4496,0.8736,0.562,0.1565,0.00,0.1565,0.00,0.1878 

0.00, 0.00, 0.00 and 0.1878. 

Thus Z = 0.28605, S: = 0.1045, S, = 0.3233. 

Moreover t = 
&6 x 0.28605 =, ,, 

0.3233 
Tabulated value oft with 19 d.f. at 5% and 1% level of significances are 2.093 and 
2.86 1, respectively. 
Therefore, we reject H, even at 1% level of sighificatice. 

Try the following exercises. 

E3) Calculate T' and F for the data given in Table 3. 

E4) Find the value oft for the data given in El). 



In the following section, we shall discuss the test for equality ofmean vectors. 

21.5 TEST FOR EQUALITY OF MEAN VECTORS 

Let Xi(ni x p), i = 1,2, ..., k ,  be data matrices drawn from Np(pi, Xi), i = 1, 2, ..., k ,  

respectively. Based on the sample information Xi 's , we wish to test the null 

hypothesis about the equality of mean vectors 's . First, we will consider the two- 
sample problem under the various assumptions about the covariance matrices. First, 
we will consider the case that covariance matrices are known which is given in the 
following subsection. In the next subsection, we will discuss the case when 
covariance matrices are equal but unknown. 

Case I: Test for Equality of Two Mean Vectors when Covariance Matrices are 
Known 

Let XI (n, x p) and X2(n2 x p) be the random sample of sizes n, and n2, respectively 

drawn from multivariate normal populations. If X denotes the sample mean for ith 
sample, then it is unbiased estimate of correspdnding mean vector pi and 

Xi - Np(pi,  ni-'Zi), i = 1,2.  Let us define a new variable zd = z1 - z2. Naturally, 

z, will follow a multivariate normal distribution with mean vector p = p, - p2 and 

covariance matrix Z, = n ; ' ~ ,  + n;'Z2 . Therefore, (Xd - p)'Z;'(Xd - p) will have a 
chi-square distribution with p degrees of freedom. Under the null hypothesis 

H, : pI = p2 i.e. p = p1 - p2 = 0, it reduces to %,Zl1%, and shall follow a chi-square 

distribution. Hence, we reject null hypothesis H, if calculated value of X,C;'%, is 
greater than the tabulated value of chi-square with p degrees of freedom and at 
specified level of significance. 

Remark: If Z, = Z2 = Z (say), Z, = (n;' + niL)Z. Hence, the chi-square statistics will 

now take the form (n;' + nil) (z, - CI)'Z-'(%d - p) and under H, it reduces to 

(n;' + n;') ZZd~-'Xd . 

Case 11: Test for Equality of Two Mean Vectors when Covariance Matrices are 
Equal and Unknown 

Let X,(n, x p) be a data matrix from N,(cI,, Z,) and X2(n2 x p) be another data 

matrix from Np(p2, C2) . Assume that C, = Z2 = Z (unknown). Then Mahalanobis 

distance is defined as 

A2 = (PI - P ~ ) ' ~ - I ( P I  - ~ 2 )  ' 

The value of A2 cannot be calculated, as the parameters p,, p2 and Z are not known. 
However, Mahalanobis Distance for sample observations is given by 

D~ = (XI - X2)' s;' (XI - X2) ,  

where, Xi (i = 1, 2) is the mean of ith sample and 

Here Si is the sample covariance matrix of ith sample (i = 1,2).  It may be noted here 

that for the given situation, %, and %, are the unbiased estimators of p, and p2 



Applications of MVN respectively. Similarly, n,S, and n,S, are maximum likelihood estimators of Z and 

the pooled unbiased estimator of Z is S, . Further El, z,, S, and S, are independently 
distributed. 

It may be recalled that if we denote Ed = XI - x, , then it follows multivariate normal 

distribution with mean vector (p, - p2) and covariance matrix (nrl + nil) T, , under 
- 

the null hypothesis H, : p, = p,, X, - N,(O, (n;' + n ; ' ) ~ ) .  Since the samples are 

independent, n,S, and n,S, are independently distributed, following Wishart 

distribution, namely niS, - Wp(C, ni - I) (i = 1, 2). Therefore, 

(nil + nil) (n,S, + nZS2) - wP[(ny1 + n;')~, (n, +n, - 2)] and is independent of z, . 
From the definition ofHotelling's T~ -statistics, we get that 

(n, + n, - 2)%', [(n;' + n;') (n,S, + n,~,)]-'%, 

is distributed as T' (p, n - 2). We may note that D, = %b s;'%~ and 

(n, + n, - 2)X: [(n;' + ni1)(nls, + n2~,)]-'Xd = (n;' + n;l)-Ix&~;I%~. 

Hence, D2 can be transformed to T, by the relation 

where n = n, + n, . We know that T ' ( ~ ,  m) = mP Fp, m-p+l where Fa,, denote the 
m - p + l  

F -statistic with (a,b) degrees of fieedom. Therefore, finally, the significance of the 

hypothesis H, : p, = pz is tested by the statistic 

- n,+n,-p-1 n,n, - (XI - x,)'~;' (XI -ST,) 
(n, + n, - 2) n, + n, 

which follows F -distribution with (p,n, + n, - p - 1,) degrees of fieedom. Therefore, 

the test procedure would be to reject the null hypothesis H, if calculated value ofthe 
above statistics is greater than tabulated value of F -statistics at specified level of 
significance and above-mentioned degree of freedom. 

Example 4: The following data show the number of ever born children and dead 
children to a number of couples belonging to low and medium socio economic status: 

Low Socio Economic Medium Socio Economic 
Number of Children Number of Children 

10 3 2 0 



Test the hypothesis that average ever born children and dead children to low and 
medium status couples are equal, assuming that the number of ever born and dead 
children follow bi-variate normal population with covariance matrices equal but 
unknown. Thus, we wish to test H, : p, = p2 against H, : p, # p, assuming that 

C, = C, = Z (unknown). Here nl = 20, n2 = 28, p = 2. 
From the data given above, we can calculate 

Therefore S, = 

The tabulated value F(2, 45) at 5% level of significance is 3.27. Since calculated 
value is less than tabulated value at 5% level of significance, we conclude that data 

, provide no evidence for rejection of hypothesis. 



Applications of MVN Case 111: Standardized Sum Test [SS Test] 

Let X, (n, x p) and X, (n, x p) be two data matrices drawn from N, (p,, C,) and 

Np(p2, C,) respectively. The problem is to test the hypothesis 

Let us assume that C, = C, = C (say). Let S, be pooled unbiased estimator of Z,  , 
where 

Here Si (i = 1,2) is the sample covariance matrix of i' sample. Let Xi be the sarnple 
mean of i~ sample. Following the discussion given in sub-section 2 1.4.1, we can 
easily see that under Ho the statistic 

(SZ, - SZ2)'d 

'=& G s u d  

has exactly Student's 't' distribution with (n - 2) degrees of freedom [Lauter et a1 
(1998)l. Here d = d(W) may be a function of the total sums of product matrix 

W = (n - 2 ) ~ ,  + a(X, - X,) (X ,- X,)' 

n1n2 where, n = n, + n,, a = - 
"1 + "2 

The matrix W can also be written as 

where. X =[::I, %=rI-'l,, 1:X. 

Here 1, is the vector of n ones. 

In practice, SS test is done using pooled sums of pro+ct matrix W . From W, d is 
defined by 

D = [ ~ i a g  (w)]-"~ I, . 
Let p: = i = 1. 2 be the two population mean vectors. 

According to Lauter et a1 (1998) this SS test is sensible if plj  - pzj [ j  = 1, 2, ..., p] are 

all assumed to be positive or all negative. However, if any one of plj - p2j changes the 

direction, the test is not suitable. If all the variables have identical univariate 
properties, the SS test attains the highest efficiency. 

Example 5: Let us apply the test on the data given in Example 1. Here 

Therefore d = (diag(w))-'I2 1, = [ 0 0.1727 



) s i n c e a u h t e d  value of t with 46 d.f. at  5%, level of significance is 2.101, which is 
I greater than calculated value of t , we conclude that data provide no evidence for 

1 I rejection of null hypothesis. Therefore, we may accept it. 

Case IV: Test of Equality of Two Mean Vectors when Covariance Matrices are 
Unequal 

Let Xl(n, x p) and X,(n, x p) be two data matrices, where X,[i = 1,2] is a random 

sample from N,(p,, Z, ) We need to test the significance of the null hypothesis 

under the condition, that C, # C, and both are unknown. 

The test of such a hypothesis in univariate case is known as Fisher-Behrens problem. 
Yao (1 965) has suggested a test statistic to test the hypothesis. The basis of his 
suggestion is based on the solution of Fisher-Behrens problem. 

Let XI denote the sample mean vector for the data matrix X,(n, x p) and S, denote 

the sample covariance matrix (i = 1, 2) .  It is well known that Xi - ~,(p,n;'C) and 

~ , - ~ , ( n ; ' ~ , , n , - I ) i = 1 , 2 .  L e t % , = Z , - % , , U , = S i / ( n , - 1 ) , U = U l + U 2 a n d  

2 = (2, / n,) + (C, / n,) . It is easy to verify that U is and unbiased estimator ofZ . 
Under H,X, - N,(O, 6). Let fU - Wp (C, f )  , where x, and f are independent and 

the value of f is to be selected in such a way that for any p -dimensional vector a 

faUa - a 1 ~ a X f  . 

Then W, = t i  ( f )  = (a%,), /alUa 

Here t t ( f )  is Student's t -statistic with f d.f. 

Thus, according to UIT ,it can be written that 

max w, = W: = %LU-'%, - T * ( ~ ,  f )  
a 

where for the maximum the value of a is a* = U-I%, . Welch has shown that if fU 

does not always follow Wp(C, f )  even then W, - t:(f,) where 

17 



Applications of MVN Remark: The solution of multivariate extension of Fisher-Behren problem can also be 
obtained as per suggestion of Bennet (195 1). Let us assume that n, < n, .Now 

consider the datamatrix X, to be partitioned as 

Here X,, is (n, x p) and X,, is ((n, - n,)x p). Let us define Z as a linear 

combination of XI and X, such that 

where B = -1- I --lnln, + -ln,,I and I, is a (n x n) matrix of elements unity. K( 1 :2 

The test statistic for the null hypothesis H, : p, = p2 is 

-, -1- nl(nl -l)Z S, 2- T ' ( ~ ,  n, -1) 

where S, = V I - -l,,,, V' and V = XI - ( :  1 The above T= -statistics is 

transformed to F -statistics by defining 

- -. 
(n, - 1 ) ~  

'p.n,-p ' 

The problem can also be solved using the technique of James (1954). 

Example 6: Consider the following summary data 

x, = [27.41 778.04 782.681' 

Solution: We wish to test H, : pI = p2 against HI : p, t p, assuming that C, it C, . 
We may calculate d = [-4.18 1.79 12.861' . ,* 



T' (p, f* )  = d' U-' d 
I 

1.0593 -0.0368 0.0615 -4.18 
I 

-0.0368 0.0083 -0.0067] [ 1.791 

0.0615 -0.0067 0.0 100 12.86 

=13.8190. 

I 
, I Hence p = 3 f* = 54 . Therefore 

F(p, f*  - p + I) = 
(f' - P + 1) 

~2 (p, f*)  
Pf' 

F(,, 5,) = 4.44 . 

Tabulated value of F with (3,52) degrees of freedom at 5% level of significance is 
3.73. Since the calculated value is greater than the tabulated value at 5% level of 
significance, we may reject Ho and conclude that the two mean vectors differ 

I significantly. 

Now try the following exercise. 

E5) Two samples of size 50 bars and 60 bars were taken from the lots produced by I 

I method 1 and method 2. Two characteristics XI = lather and Xz = mildness were 



Applications of MVN 
H, :p f[40 101. 
Here C is known. Hence 

fiom the given data 

X=[33 7 l  

for p = 2, the tabulated value of X2 is 10.60. 

Since Xi,tab,'< X;,eal. therefore, we cannot reject Ho at 5% level of significance. 

E2) If C is not given, then the sample covariance matrix for the data is 

The test statistic, 

F(P. n-p) = - n - P  T ' ( ~ ,  n-1) 
( n - 1 ) ~  

The tabulated value F(2, 8) at a = 0.05 is 4.46, which is less than the calculated 
value 13.68. Therefore, we reject Ho at 5% level of significance. 

E4) Using SS Test, we get 



And 
Zi =4567, 4832.2,3863.8,1891,5709, 2722, 4192.6,.4786.4,2900.3,2306.5. 

E5) H, :PI = P2 
and HI : p, f pZ 

C, = C, = C (not known) 

from the data given, 

21.8 PRACTICAL ASSIGNMENT 

Session 6 

1. Write a programme in 'C' language to test the equality of mean vectors when 
covariance matrices are equal. 
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~ 22.1 INTRODUCTION 

I Let X(n x p) be a data matrix observed for a random sample of size n from a ~ multivariate normal population N, (p, X) where p is the population mean vector and 

C is the population covariance matrix. In Unit 21, we have studied certain tests for 
testing the hypothesis regarding the population mean vector under the situation that 
covariance matrix is known as well as when it is unknown. We have also discussed 
tests for testing the equality of two mean vectors when two independent samples are 
available from multivariate normal populations. You may recall that the tests described 
there do depend on the assumption about the covariance matrices, e.g. whether the 
covariance matrices are known, unknown but equal, and unequal and unknown. 
Therefore, before performing the test for the mean vectors, we have to test certain 
hypotheses regarding the covariance matrices. The different cases of these will be 
discussed in Section 22.2,22.3 and 22.4. In Section 22.5, we shall discuss the test for 
independence of components of multivariate random variables. In addition to the 
testing of hypotheses about the covariance matrices, another interest would be to test 

I whether a number of independent samples available to us have come from same 
1 multivariate normal population or not i.e., we would like to test the homogeneity of 

covariance matrices which is done in Section 22.6 and the complete homogeneity of 
I s a m p b k  done in Section 22.7. Tests for correlation matrices may be another interest ' 

which we shall discuss in Section 22.8. In this unit, we shall consider all these 
problems and corresponding tests would be developed. 

formulate the null and alternation hypothesis for covariance matrices; 
I 

derive a test statistics for testing the hypothesis regarding covariance 
matrices; 

Objectives 
After reading this unit, you should be able to: 

use the tests for given data; 

I 1 test the homogeneity of covariance matrices; 



Applicrtlons of MVN 22.2 TEST FOR EQUALITY OF ALL VARIANCES 
AND COVARIANCES 

Let X(n x p) is a sample of size n drawn from aNormal population N, (p, C) . Suppose 

we wish to test a null hypothesis that all variances and covariances are equal, i.e. fnatrix 
C is of a special form as given below: 

[ 1 P .... P 1 

The alternative hypothesis is that the covariance matrix C ;c C, is a general positive 
definite matrix. 

We know that the likelihood function for the sample observation is 

Let us denote by X, , the i" (i = 1,2,. . . p) component of the a" observation 

(a=1,2 ,... n)inthesample, X, =(X,, ; . . ,X, ,) ' ,~=~,,  p,, ...pp] and 

A = ((~ij)) = C-' . Thus, Eqn. (2) can be rewritten as 

Under the null hypothesis H, : C = C, the matrix A should have a specific form having 
all its diagonal terms equal and similarly all its non-diagonal terms also equal to each 
other i.e. 

A11 A12 ..me Alp a b .... 

A ,, A ,, .... A, b b .... 

'where a = ' + ( P - ~ ) P  a n d b =  -P 
o2 (1 - P)(l + (P - l)P o2 (1 - P)(l+ (P - 1)P 

We know that the likelihood ratio test (LRT) is based on the ratio of maximum of 
likelihood function under the null hypothesis and over the whole space respectively i.e. 
the likelihood ratio for the present case is defined as 

max L ~ L ,  C I X )  
(5) 

The denominator of on right hand side of Eqn. (5) i.e. max ~ ( p ,  PIX), can be obtained 
P.Z 

by choosing the values of pi and such that it maximizes r.h.s. of Eqn. (3) and, 

hence, the values of pi and A, must satis* the following 6' + 3p)j 2 equations. 



These equations are respectively 
P- 7 

where A" is the element in the ih row and jh column of A-I = X , i.e., A, = pi j a i a j  
n 

and Ti = (1 1 n) Xai . The solution of Eqn. (8) and Eqn. (9) is 
a=l 

where s, = (1 / n ) g  (xai - Xi)(xai -XJ)  ((sij))= S (hence Eqn. (1 1) can also be 

written as z = s)and((s,))-I = ((sij)). Substituting the values from Eqn.(lO) and 

Eqn.(l 1) in Eqn.(3) and noting that the exponent in Eqn. (1) reduces to (12 
2 i.j=l 

P 
which in turn reduces to (- 1 / 2)np, since z s G s i j  = 1 for each value of j, we obtain 

i=l  

max ~ ( p  ZIX)= 
exp(-np / 2) 

P,Z ' I s ~ " ' ~ ( z ~ ) ~ P "  
' 

In order to obtain the numerator of right hand side of Eqn. (5) i.e. m a x ~ b  q ~ ) ,  we 
P.Zo ' 

find p i ' s  and Aijts so as to maximize the likelihood function in Eqn. (3) subject to the 

condition that C = C, i.e. the matrix A has the form given in Eqn. (4). Noting that the 

determinant A reduces to [(a - b)'-' (a + (p - 1) b)], Eqn. (3) reduces to the following 

form 

[(a - b) (a + (p - 1) b)] " ' 
L* (H C ~ X )  = 

(27~)"~' 

exp [- i 2 (xai - pi Y + b p  2 (xai - pi )(xu, - p j) 
a=l i=l a=l i*j=l 11 

The values of pi 's  , a and b which maximize L* are obtained by solving the following 

(p + 2)equations; 



Applications of MVN 81,' Q, xlx) = O  
aa 

and 

These equations are respectively 

and 

The above equations can further be simplified and written as follows: 

[{e a - b  + a+(p-l)b 1 } - b S 2  + ~ ( T - P ) ~ } ] = O  

and 

2 Sij 
i#j=l 

2 sii 
where r = and s2- i=l . Solving Eqn. (18), we get pi = X i  and 

(P -1)tsi i  P 
i=l 

substituting Xi for pi in Eqn. (19) and Eqn. (20), these reduce to 

P-1 + 1 = ps 2 

a - b  a+(p-l)b 
and 

- 1 + 1 2 
= rps 

a - b  a+(p-l)b 

respectively. Solving these equations for a and b, we get 

and 

Substituting the values of pi , a  and b in Eqn. (13), we get 



Thus, substituting the values from Eqn. (12) and Eqn. (25) in Eqn. (9, we get the 
likelihood ratio for testing the hypothesis Ho : C = C, as 

We know that under Ho,-2 logh is approximately distributed as chi-square for large n. 
Therefore, Wilks (1946) suggested that if 

Table 1 

- n logT would follow approximately chi-square distribution with (p (p + I)/ 2 - 2) 
degrees of freedom under the null hypothesis. However Box (1 949,1950) has shown 
that the following test statistic follows chi-square distribution with (p (p + 1) 12 - 2) 
degrees of freedom for large n : 

Therefore , we reject the null hypothesis if the calculated value of the test statistics as 
given in Eqn. (28) is greater than the tabulated value of chi-square with (p (p + I)/ 2 - 2) 
degrees of freedom ai~d at specified level of significance. 

Now, let us illustrate it in the following example. 

Example 1: The body dimensions of a certain species have been recorded. The 
information on body length (L) and body weight (W) are given in Table 1 : 

Test the hypothesis that all variances are equal and all co-variances are equal in the 
I variance-covariance matrix for the given data. 

Solution: Here, n = 10 and p = 2 
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Now, T = PI 

'2 )' (1 - r)'-l (I + (p - 1)) 

Therefore, s = 30.630 and r = 0.437 

Substituting above in Eqn.(28) which is again given below 

Since the tabulated value of chi-square with [p(p + 1) /2  - 21 i.e. one degree of freedom 
at 5% level of significance is 3.84 which is less than the calculated value of the test 
statistics, we may reject the null hypothesis. Therefore, we may conclude that the body 
length and body weight for the given data are not having the same variances and same 
covariances. 

Remark: One would like to test the hypothesis that all the components of mean vector 
are also equal along with the equality of variances and covariances i.e. 

~ ~ : p ,  = p 2  =...= pp(=p  say),^, =o, =...=o,and p,, =p,,  =. . .=p  

The likelihood ratio for testing the above hypothesis is defined as follows 

The denominator of the above is same as obtained above in Eqn.(l2) i.e. 

Under the null hypothesis Hothe likelihood takes the following form 

[(a - b)'-'(a + (p - ~ ) b ) ] " ' ~  
L(P, C(X) = 

(27~)"~" 

where a and b has been defined in Eqn.(4). The value of p , a and b, which maximizes 
\\ 

the above likelihood, is obtained by solving the following three equations: '. 

a~b. 44  = 0, 8 4 ,  zlx) = 0 and a&. 44  =O, 
3~ aa ab 

These equations simplify as follows 



[~{c 2 a - b  + a+(p-l)b 1 }-'Tt(xai - P Y ] L ~ , Z I X ) = O  
2a=1i=1 

and 

Solving these equations, we get 

and 

where, 

i=l  i=l i=l 

and 

Thus, we get 

ex(- ; np) 
max ~ b ,  z I x ) =  

Ho 
[(s:y (1 - ro (1 + (p - l)ro )]"" (2npn  

Substituting the values from Eqn. (30) and Eqn. (39) in Eqn. (29) we get the likelihood 
ratio for testing the hypothesis Ha as 

I- l n i 2  

and -n log T*, where 
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is distributed as a chi-square with (P'P: - 3, - 3) degrees of freedom under the null 

hypothesis. Therefore null hypothesis is rejected if -n log T * greater than tabulated x2 

value with {y - 3 1  degrees of freedom. 

Example 2: A group of 100 students appeared in three consecutive tests and the scores 
obtained by them are noted down to check whether the tests can be considered as 
similar. If the tests are similar, it is expected that the students' score in three tests 
should have same means, variances and covariances. Thus, the test discussed in the 
above remark can be applied. From the data, the various statistics needed for the test 
are calculated and these are given below: - 

- 
X, = 10.9900 27; =10.9300 = 11.2400 

Since, n = 100 and p = 3, it may be verified that the value of the test statistic T* given 
in Eqn. (41) comes out to be 8.9370. Further - n log T* = 6.5072 and the tabulated 
value of chi-square with 6 degrees of freedom at 5% kvel of significance is 12.59. 
The calculated value of the statistics is less than the tabulated value, therefore we may 
conclude that the data do not provide enough evidence for the rejection of null 
hypothesis and hence we may accept that the scores of the students in the three tests 
have same means, variances and covariances. 

Now try the following exercise. 

El) The body dimensions of4 different species of insects collected during February- 
March, 1993 have been recorded phuyan and Nair (1995)l. The information on 
body length (L) and body weight (W) of 20 insects of each species are given 
below: 



Use the above data to test the hypothesis that variances and covariances for three 
species are equal. 

In the following section we shall discuss the test for covariance matrix to be equal to a 
given matrix. 

\ 22.3 TEST FOR COVARIANCE MATRIX TO BE 
EQUAL TO A GIVEN MATRIX 

Let x(nxp) is a sample of size n drawn from a Normal population N , (JA, Z) . Suppose 

we wish to test the null hypothesis that covariance matrix is equal to the given matrix 
i.e. H, : C # Co , against the alternative hypothesis H, : C ;t C, . It is also assumed 
that vector p is unknown. 

I The likelihood ratio for testing the above hypothesis is as follows 

The likelihood function for the sample observation is given in Eqn. (2) which can be 
rewritten as 

P 

Note: The trace of a (pxp) square matrix A = ((~ij)) is defined as h A = A,, . The 
i=l 

power of the exponential term in Eqn. (2) is 1 x 1, hence it will be equal to its trace. 
The following are the properties of trace: 

We know that the maximum likelihood estimator of p is X and that of C is S, where 
S is the sample variance-covariance matrix. Hence it is easy to verify that 

and 

rnax ~ ( p ,  c I X) = - 
P*X 

( substituting Eqn. (44) and Eqn. (45) in Eqn. (42), we have ~ 

and hence 

-2  log^ = -n log Iz;'s~ + n tr Z;'S - np 

This statistics is a function of the eigen values of c.,'s. Let a and g 4e the arithmetic 

and geometric mean of eigen values of E;'S . Then tr C;'S = pa and ~z;'sI = gP . 
Therefore Eqn. (47) can also be written as 

-2 log I, = np (a - log (g) - 1) (47) 



Apptimtioes of MVN It may be recalled that the asymptotiC distribution of - 2 log h is chi-square distribution 
with p(p + 1)/ 2 degrees of freedom and hence H,, is rejected when -2 log 1 given by 

Eqn.(46) (or Eqn.(47)) is greater than tabulated x2 value with P(P degrees of 
2 

freedom. 

Example 3: The data given in Example 1 is a part of information. For the complete 
data set the population variance-covariance matrix may be as given below: 

Let us investigate whether or not the data given in the Example 1 confirms to the 
hypothesis that it has been drawn from a bivariate normal population having variance 
covariance matrix as 2, , i.e. we wish to test the hypothesis H, : C = C, against the 
alternative hypothesis H, : Z ;t Zo . From the Example 1 you may note that 

Hence, 
56.422 13.398 2.237 0.3927 

C,'S = 
13.398 4.8381 = [4.0947 2.0972 I - 

The calculated value of the test statistic - n log+ n tr X;'S - nplC; '  is, therefore 

obtained as -1010g(3.0835)+10(4.3352)-lox 2 = 22.8529. 

Since the calculated value of the test statistics which follows chi-square distribution 
under null hypothesis with p(p + 1) / 2 ( 3 in this case) degrees of fieedom, is greater 
than the tabulated value (7.81) of chi-square with 3 degrees of fieedom at 5% level of 
significance, we reject H, . Hence we conclude that covariance matrix for the length 
and weight data differs from the assumed covariance matrixz, . 

Now try an exercise. 

E 2) Let us consider the data given in El) and test the hypothesis that 

In the following section we shall discuss the test for the covariance matrix to be equal 
to constant multiple of a given matrix. 

- - - - - 

22.4 -TESTFOR FF-=~%ATlx TO BE 
EQUAL TO CONSTANT MULTIPLE OF A GIVEN 
MATRIX 

Let X (nx p) is a sample of size n drawn from a Normal population N, (JA, E). Let us 

consider that we wish to test the null hypothesis that covariance is equal to constant 
multiple of a given matrix i.e. H, : 2 = k 1, against the alternative hypothesis 
H, : C + kL,, , where k is some unknown constant. It is also assumed that p is 
unknown. 



The likelihood ratio for testing the above hypothesis is as follows 

The likelihood function for the sample observation is given in Eqn. (43). Therefore we 
have 

nP n n log L(K CIX) = --log 2x - - logl~l- - t r { r l s  + (X - p)'Z-' (X - p)} (49) 
2 2 2 

Under H, it reduces to 

/k~,l-! k-'tr{Zils + (% - p)'Zi1(? - p)} 
2 (50) 

- - - r 

Here % is sample mean vector X=(XI ,X~ , . . - ,X~)  . 
In order to obtain the numerator of Eqn. (48), we choose the values of p and k such 
that Eqn. (50) is maximized. Such a value of p and k can be obtained by solving the 
following equations: 

and 

Solving Eqn. (51) and Eqn. (52) simultaneously we get p = k and k = tr Z;'S I p 
Hence 

And 

Substituting Eqn. (53) and Eqn. (54) in Eqn. (48), we have 

where a and g are the arithmetic mean and geometric mean of eigen values of &'s, 
respectively. Since - 2log h is asymptotically distributed as chi-square with .' 

(p - lXp + 2)/2 degrees of freedom, we reject null hypothesis H, if calculated value of 
the statistics from Eqn. (56) is greater than the corresponding tabulated value of chi- 
square with (p - 1% + 2)/2 degrees of freedom at specified level of significance. 



. 
Applieattons of MVN Example 4: In Example 3 we have seen that the data given in Example 1 do not . 

confirm the assumption that it has come from the population with variance-covariance 
matrix 

20.421 2.582 
2.582 1.838 

Let us now try to test whether or not the population variance-covariance matrix is a 
constant multiple of C, . In other words, we wish to test the null hypothesis 
H, : C = k C, against the alternative hypothesis H, : C +. k C, . The test described 
above can be used for this purpose. It may be noted from Example 1 that the sample 
variance-covariance matrix is 

Further note from Example 3 that 

Here, n = 10 and p = 3 and hence, the estimate of k 

I ~ P  
~ n d  = Iz;'sI = 1.7559 

The value of the test statistic nplog C/(Z:S)" which distributed as chi square with 

(JI - 1)(p + 2)/ 2 degrees of freedom is 20 log (1.2341) = 1.870 . 

Since the calculated value of the test statistics is less than the tabulated value (5.99) of 
chi square with 2 degrees of freedom at 5% level of significance, hence we cannot 
raject the null hypothesis. Therefore we may conclude that the population covariance 
is constant multiple of matrix Co . 

Now try the exercise. 

constant multiple of 

Let us now discuss the test for independence of components of variables in the 
following section. 

22.5 TEST FOR INDEPENDENCEOF COMPONENTS 
OF VECTOR RANDOM VARIABLE 

~ e t  ~ ( n  x p) is a sample of size n drawn from a Normal population ~ , ( p ,  C) . 
Suppose that each observed vector is partitioned in two parts, one consisting of p, and 
the other p, components such that p = p, + p,. The likelihood function of X can also 
be split into two factors, one for parameters p, and C,, , and an other for p2 and C,, , 

3 ,  

where, = p2]andC = [::: k t  us consider that we wish to test that the 

sets of variables corresponding to first pl components are independent to the set of 



variables corresponding to remaining pz components of the observed vector i.e. 
H, : XI, = 0, against the alternative hypothesis HA : Z,, z 0. 

. Here MLE of  under both H, andHA is Comparing with 

discussion in earlier sections we now see that the LRT for the hypothesis depends on 

-1 
the eigenvalues of X S , i.e. C-IS = 

Here tr C-IS = p and hence the arithmetic mean of eigenvalues is one. The geometric 
mean is obtained as - 

\ Now, according to the LRT criterion, the test statistics (similar to Eqn.(47)) is 

( - 2 lnh = - n~n [ s~ ,  - s,,s;~s,,II~s,I)= -nlnl~ -s;:s,, s~:s,,I 

1=I 

where k = min ,p,)andh,'s are the non zero eigenvalues of s;~s,,s;~s,,. The test 
statistic can also be written in terms of correlation matrix i.e. 

( Firtally, the test statistic can be written as: 

( Bartlett (1954) has shown that 

for larger n swh that n - 1 2 p, + p2. 
If p, = 1 and p, = p - 1, the test statistic takes the fonn of 

- 2 l n ~ = - n l n ~ - ~ ~ )  

, 
where R is the multiple correlation coeficient between the first variable and the others. 

\ Now try the following exercise. 
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Test for independence of number of ever born children (x,) and number of dead 
children (x, ) with mother's education (x, ) and duration of marriage (x, ) using 
above data. 

Now we shall discuss the test of homogeneity of covariance matrices. 

22.6 TEST OF HOMOGENEITY OF COVARIANCE 
MATRICES 

Suppose there are K multivariate normal populations N, (pi,  xi) i = 1, 2, ..., k . Let 

Xi (n, x p)be data matrix from N , ( ~ ~ , C ~ )  [i = 1,2, ..., k,]and we want to test the 

hypothesis that k covariance matrices are equal i.e. H, : C, = C, = . . . = Ck against the 
alternative hypothesis that all the co-variance matrices are not equal i.e. H A  : Ci # Cj 
for at least one i # j, i, j= 1, 2, . . ., k. - 
Under H,and H A  the MLE of pi is Xi . 

W 
k 

Under H, the MLE of common covariance matrix Z is - where n = E n i  and 
n i=l 

w = ni Si, and Si is the MLE of Xi under H, . Then the test statistic for the null 

where S = n-'w . This statistic has an asymptotic Chi-square distribution with 
1 
-p(p + 1)(k - l)degrees of freedom. Box (1 949) proposed M-statistic, where 
2 

nS nisi  
S ,  = ----- andSiu = - 

n-k  ni -1 

1 
According to Box MC-' has a Chi-Square distribution with -p(p + 1)(k - l)degrees of 

2 
freedom, where 

If all n,  are equal, then 

The above MC-' statistic is known as Box's M-test statistic. The approximation of 
MC-' statistic is good if each ni , exceeds 20, and p and k do not exceed 5. For p and k 

greater than 5, n, < 20, Box has suggested an asymptotic F distribution [Pearson and 
Hartley (1972)l. Roy, Pillai and others have proposed alternative test procedures for 
k = 2 .  
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Example 5: To illustrate the above test procedure let us consider the data on the body 
dimension of three species X, , X, and X, . The body length and body weight for these 
are given below: 

We wish to test the homogeneity of variance-covariance matrices for the three species 
i.e., our null hypothesis is H, : C, = C, = C, against the alternative hypothesis HA :At 
least two out of the three XI 's differ. Here k = 3, ni = 10(i = 1,2,3)and p = 2 .  From the 
data it is easy to calculate 

112.982 20.762 
Hence, ~~,~~=93.463,~~,~~=1.24and~~,~~=9.243, S, =.' I and hence, 

20.762 5.270 

Substituting the above values in Eqn. (60), we get M = 19.1535 and from Eqn. (62), 
we get C-' = 0.8395. The value of MC-' is, therefore, obtained as 16.07944. The 
tabulated value af chi-square with 6 degrees of freedom at 5% level of significance is 
12.59. Since, calculated value of the test statistics is greater than tabulated value, we 
may reject the null hypothesis at 5% level of significance and conclude that the 
covariance matrices are not homogeneous. 

Try an exercise. 

E5) Consider El)  and test the homogeneity of covariance matrixes for species I,II, ' 

111 and IV between their length and weight. 

In the following section, test of complete homogeneity is discussed. 



22.7 TEST OF COMPLETE HOMOGENEITY 

Let XI (n, x p) be data matrix from N, (p, ,z, Xi = 1,2,. . . , k]. For such data matrices 

the LRT to test H, : p, = p, = . . . = p, has been discussed in the previous unit i.e.-Unit 
21 and the test statistics is 

under the assumption that C, = C, = . .. = C,. Again, for the hypothesis 

I H, : C, = 2, = . . . = Ck the test statistic as discussed in Section 22.6 is 

k 

where n = Cn . Now, the problem is to test the hypothesis 
1=1 

H, : p, = .... = pk and C, = C, = . . . = Ck . The LRT statistic for this latter hypothesis is 

-21nA, = -2In1, -2ln3L 

1 
This statistic is asymptotically distributed as X Z  with -p(k -1% + 3) degrees of 

2 
freedom. On simplification the statistic stands as 

nisi ~ ( n ,  - l)s, 
where Siu = - is the unbiased estimator of Ci and W, = 

n, -1 n - k  

After this we shall discuss the test of correlation matrix. 

22.8 TEST OF CORRELATION MATRIX 

Let X (n x p) be a data matrix from N, (p, C). Assume that the population correlation 

matrix of p variable isP. We need to test of hypothesis H, : P = I against HA : P # I 
The null hypothesis indicates that all the p variable is uncorrelated. Under this 
hypothesis, the mean and variance of each variable are estimated separately. The ML 
estimates provide fi = k andf: = diag(s,, .... spp) ,where sii is the sample variance of$" 

variable. Let the sample correlation matrix be R. 

The above hypothesis is equivalent to H, : Z = diag (o, , o,, . . . o,, ) a special form of 

the C matrix. The LRT statistic for such a hypothesis is equivalent that of H, : C = C,. 
Now, using R matrix instead of S matrix, the LRT statistic for the required hypothesis 
is 

-2lnA =-nlnl~l  (63) 

1 
where - 2 1n A is asymptotically distributed as Chi-square with - p(p - 1) degrees of 

2 
1 

freedom. Box (1949) has show that if n is replaced by nr = n - - (2p + 1 I), then 
6 

chi-square approximation is improved. 

Example 6: In an investigation of the relationship between four variables 
XI ,  X, , X, andX,, the sample correlation matrix is obtained as given below: 



I 

I Applications of MVN I 1.000 0.715 -0.526 0.807 

I 0.715 1.000 -0.432 0.396 
\ R =  

- 0.526 - 0.432 1.000 - 0.441 

1 0.8.7 0.396 -0.441 1.000 1 
Now, we want to test the hypothesis H, : The variables are pair wise uncorrelated 

against the alternative hypothesis HA : Not all pairs of varidbles are not uncorrelated. 

It may be seen that I R J  = 0.098. 

Therefore, the value of the test statistics given in Eqn. (64), taking n as suggested by 
Box(1949), is 

The tabulated value of chi-square with 6 degrees of freedom at 5% level of significance 
is 12.59 is less than the calculated value. Therefore, we may reject the null hypothesis 
and conclude that the variables are correlated. 

Try an exercise. 

E6) Consider the data given in E 4) and test whether ever born children (x, ) , number 
of dead children (x, ) , mother's education (x ,) and duration of marriage (x, ) 
are uncorrelated or not. 

Now let us summarize the unit. 

22.9 SUMMARY 

In this unit we have covered the following points:. 

1. We tested the equality of all variances and covariances based on a multivariate 
random sample from normal population. That is, to investigate the significance of 
the difference between the variances and covariances. 

Level of Significance (a) and Critical Region is 

X2>X2a(a )  suchthat ~ ( ~ ' > ~ ' a ( a ) ) = = a a n d d =  -p(p+l)-2 {: I 
Test Statistic 

where, 

The Statistic x 2  follows x2 distribution with -p(p + 1)- 2 degrees of 

freedom. 
I: I 

Conclusion 
1f x2 r XZd(a), we conclude that the data do not provide us any evidence against 
the null hypothesis H, and hence it may be accepted at a% level of 
significance. Otherwise reject H, or accept H,. 



I 2. We tested for covariance matrix to be equal to a given matrix, 

I /  Level of Significance (a) and Critical Region is 

X2 > X2a(o)such that pix2 > X2a(a)) = aandd ={f p(p + I)) 
I 

The Test Statistic is 
= np(a - log g - 1) 

! where a = tr Zi1S / p 

and g = ~Z;'SI( '~~) 

freedom. 

Conclusion 
I f  X2 I x2d(s a),  we conclude that the data do not provide us any evidence 
against the null hypothesis H, and hence it may be accepted at a %  level of 
significance. Otherwise reject H, or accept HA.  

3) We tested for covariance matrix to be equal to a constant multiple of given 
matrix. 
Level of Significance ( a  ) and Critical Region is 

1 
X2 > X2d (a)such that P > X2d (a)} = a and d = {--(p - l)(p + 2)) 

The Test Statistic is 

xZ = "P log(a0 1 go 
(11~)  

where a, =k,go =aogandg =IZ;'SI 

The Statistic X2 follows X2 distribution with d = -(P - lXp + 2) degrees of 

I freedom. 
{: I 

, Conclusion 

If 1f X2 < X2d (a) ,  we conclude that the data do not provide us any evidence 

against the null hypothesis H, and hence it may be accepted at a %  level of 

significance. Otherwise reject H, or accept HA.  

4) We tested for independence of components of variable 
Level of Significance (a) and Critical Region is 

>X2d(u)such thatp(X2 >X2,(a)) =aandd=  p, p, 

Test Statistic 
k 

2 x =-n in n(l-A,) 
1=I 

where k = min(p,,p2) and 1, 'S are non zero eigen values of s;$,,s;,%,, . 

The statistic X2 follows distribution with d = plp2 degrees of freedom 
provided n - 1 > p, + p, 

41 
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If X2 < X2d (a), we conclude that the data do not provide us any evidence against 
the null hypothesis H, and hence it may be accepted at a% level of 

1 
significance. Otherwise reject H, or accept H A .  

5 )  We tested homogeneity of covariance matrices. 
Level of Significance (a) and Critical Region is 

1 x2 >X2d(a)suchthat~(X2 >X2d(a))=aandd=--(p(p+l)(k-l)) 

Test Statistic 
X2 = MC-' 

k 

where M = (n - k) lnlsUI - (ni - l)lnl~,I 
i =l 

nS niS 
S, =- s. = - IU n-k  n, -k 

1 
The Statistic follows x2 distribution with -(p(p + 1Xk - 1)) degrees of 

2 
freedom. 

Conclusion 
1f X2 5 xZd (a), we conclude that the data do not provide us any evidence against 

the null hypothesis H, and hence it may be accepted at a% level of 
signifikce. Otherwise reject H, or accept H A .  

6 )  We tested for correlation matrix. 
Level of Significance (a) and Critical Region is 

1 
X2 > X 2 d ( a ) ~ ~ ~ h t h a t ~ ( X 2  > X2d (a)) = aandd =--(p(p- I)) 

Test Statistic 
X 2  = -n l n l ~ ]  

1 
The Statistic XZ follows XZ distribution with -(& - 1)) degrees of freedom. 

2 
Conclusion 
1f XZ I X2d (a), we conclude that the data do not provide us any evidence against 
the null hypothesis H, and hence it may be accepted at aOh level of significance. 

Otherwise reject H, or accept H A .  

El)  Here n = 2, p = 2. Using the formula given in Section 22.2, we may get 



Conclusion 
Since x2 c ~ ~ 0 . 0 5 . 1  , H, is rejected at 5% level of significance and concluded that 
body length and body weight of species 1 are not having same variances and 
covariances. 

For the data given on species I, it may be verified that the sample variance 
52.65 5.8825 

covariance matrix S = 
5.8825 0.9013 1 

Hence the calculated value of test statistic can be obtained as 
X 2  = 52.29. 

Conclusion 
Since calculated X 2  is greater than tabulated X 2  with 3 degrees of freedom at 5% 
level of significance therefore we reject the null hypothesis at 5% level of 
significance and conclude that covariance matrix for length and weight for 

19.63 1.46 
species I differs from [1.46 4.3,]' 

19.63 1.46 
E 3) H, :I = k[ .48 4 j  11, k is unknown 

against 

For the data given on species I, it may be verified that the sample variance 
52.65 5.8825 

covariance matrix S = 
5.8825 0.9013 1 

We may check that 1; = a, = p-1trZ2~ = 1 .37?3.andgo = 0.3945 
Hence the calculated value of test statistic can be obtained as 

x2 = 50.0 1. 

Conclusion 
Since calculated XZ is greater than tabulated X Z  with 2 degrees of freedom at 5% 
level of significance therefore we reject the null hypothesis at 5% level of 



Applications of MVN significance and conclude that covariance matrix for length and weight for 
19.63 1.46 

species I is not a constant multiple of 
r1.46 4,3,]' 

against 

H, :C,, $ 0  

where I,, = [ z ~  0"] 

= 2s 
For the data given above it may be verified that 

[ 5.797 1.545 -6.691 8.699 1 

L 8.699 1.591 - 10.497 20.030 J 

here n =64andp, = p ,  =2. 

0.12916 - 0.08974 
Therefore s;$,,s;:s,, = 

- 0.4093 0.67171 

The eigen values of this products matrix are h,  = 0.7326,A2 = 0.0683 . 
Thus, we have XZ = - + 2 + 3) ln(1- 0.7326)(1- 0.0683) = 84.09 I 
Conclusion 
Since calculated x 2  is greater than tabulated X Z  with 4 degrees of freedom at 5% 
level of significance therefore we reject the null hypothesis at 5% level of 
significance and conclude that ever born children and no of dead children are 
related with the mother education and duration of marriage. 

E5) Here p = 2 n ,  = 20 (i = 1,2,3,4) and k = 4 from the data we have 



Therefore MC-' = 163.5 1 

Conclusion 
Since calculated MC-' which is approximately distributed as x2 with 9 degrees 

of freedom is greater than tabulated X2 with 9 degrees of freedom at 5% level of 
significance therefore we reject the null hypothesis at 5% level of significance 
and conclude that the covariance matrixes for the four different species I, 11,111 
and IV are not homogeneous. 

E6) The sample correlation matrix can be easily obtained as follows 

Conclusion 
Since calculated X 2  with 6 degrees of freedom is greater than tabulated x2 with 
6 degrees of freedom at 5% level of significance therefore we reject the null 
hypothesis at 5% level of significance and conclude that the variables are not 
uncorrelated. 

22.1 1 PRACTICAL ASSIGNMENT 

Session 7 

1. Write a program in 'C' language to test for covariance matrix to be equal to a 
given matrix. 
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23.1 INTRODUCTION 

The problem of classification occurs when an investigator makes a set of 
measurements on an individual and based on these measurements wishes to classify 
the individual into one of the several categories. The investigator cannot identify the 
individual with a category otherwise and for this purpose must use these 
measurements. However, he may identify a finite number of categories or populations 
from which the individual may have come. Each population can further be 
characterized by a probability distribution of the vector of measurements. Thus, the 
vector of measurements on the individual are considered as a random observation from 
one of these populations. The question is that for given individual with certain 
measurements, how to decide from which population did it come. 

In some instances, the categories are specified beforehand in the sense that the 
probability distributions of the measurements are completely known. In other cases, 
the form of each distribution must be estimated from a sample from that population. 

Let us give an example of a problem of classification. Prospective students applying 

i for admission into college are given a battery of tests; the set of scores is a vector of 
measurements x on a student. The prospective student may be a member of one 
population consisting of those students who will successfully complete college 
training or, rather, have potentialities for successfully completing training, or he may 
be a member of the other population, those who will not complete the college course 
successfully. The problem is to classify a student applying for admission based on his 
scores on the entrance examination. Another example of classification may be 
identification of a skull as male skull or a female skull based on anthropological 
measurements like circumference, height, volume, etc. We shall begin the unitby 
defining the criterion for good classification in Section 23.2. We shall describe the 
procedure of classification into one of two populations with known probability 
distribution in Section 23.3, and in Section 23.4 with known multivariate normal 
populations. 

In this unit, we shall also develop the theory of classification in general terms in 
Section 23.5 and then apply it to cases involving the normal distribution in Section 
23.6. 

In order to explain the application of the test to given data, practical have been 
provided in section 
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After reading this unit, you should be able to: i 

e formulate a classification problem; { 
choose a suitable classification rule; .%- 

e use the classification rule for given data to classify an individual into various 
possible groups. 

23.2 CRITERION FOR GOOD CLASSIFICATION 

In constructing a procedure of classification, it is desinsd to minimize the probability 
of misclassification, or, more speoifrcaliy, it is desired to minimize on the average the 
bad effects of m i s c f i i i c m .  Now let us make this notion precise. For convenience, 
we shall now consider the case of only two categories. Later we shall treat the more 
general case. 

Suppose an individual is an observation from either population x, or population x,. 
The classification of an observation depends on the vector of measurements 
x' = (x, , . . . , x,) on that individual. We set up a rule that if an individual is 

characterized by certain set of values of x,  , . . . , x, then that individual will be 1 
classified as from x,;  if it has any other values of x,, x,, a * . ,  x, , then it is classified 

as from x,. 

We can think of an observation as a point in a p-dimensional space. We divide this 
space into two regions R, and R, . If the observation x' falls in R , , we classify it as 

coming from population x, and if it falls in R 2  we classify the observation as coming 

from population x,. 

i 
Naturally, in using the above classification procedure, the statistician can make two 
types of misclassifications. The first may be when the individual is actually from x, I 

but the statistician classifies it as coming from population x, and the second may be 

when it is from x2 but the statistician classifies it as from x,. It is needed at'this stage 
to know the relative undesirability of these two types of misclassifications. Let the 
"cost" of the first type of misclassification be C(2 / I)(> 0) and let the cost of second 
type of misclassification be C(2/1)(> 0). These costs may be measured in any kind of 1 
units. As we shall see later, it is only the ratio of the two costs that is important. 
Although the statistician may not know these costs in each case, they will often have 
at least a rough idea of them. 

We shall consider the ways of defining "minimum cost" in two cases. In one case, we 
shall suppose that we have a priori probabilities of the two populations. Let the 
probability that an observation comes from population x, be q, and from population 

x, be q, . The probabilistic properties of population x, are specified by a distribution 
function. For convenience we shall treat only the case that the distribution has a 
density, although the case of discrete probabilities lends itself to almost the same 
treatment. Let the density of population x, be p, (x). If we have classification 
procedure R with a region R, of classification as from x, , the probability of correctly 
classifying an observation that actually is drawn from population x,  is 



I where dx = dx, . . . dx, , and the probability of misclassification of observation from Applications of MVN 

C 
where R2 being complementary region of R,. 

I I Similarly, the probability of correctly classifying an observation from x, is 

1 I and the probability of misclassifying such an observation is 

p ( l I 2 , ~ ) = j ~ , ( x ) d x  (4) 
RI 

Since probability of drawing an observation from x, is q,  therefore the probability of 

drawing an observation from x ,  and correctly classifying it is q ,P(1 I 1, R). Similarly, 
it shall be easy to see that the probability of drawing an observation from 7 ~ 2  and 
correctly classifying it is q2P(2 ( 2, R) whereas q ,P(l) 2, R) is the probability of 
drawing an observation fiom x ,  and misclassifying it. 

Thus, the average or expected loss from costs of misclassification is 

C(211)P(211,R)q, + C  (1 12)P(112,R)q, ( 5 )  

It is this average loss that we wish to minimize. That is, we want to divide our p- 
dimensional space space into regions R,  and R 2  such that the expected loss is as small 
as possible. A procedure that minimizes Expression in Eqn.(S) for a given q, and q, is 
called a Bayes procedure. 

The other case we shall treat is the case in which there are no known a priori 
probabilities. In this case the expected loss if the observation is from x, is 

C(2 11)P(2 11, R)  = r(1, R) , (6)  

and the expected loss if the observation is from x, is 

C(1/ 2)P(1/ 2, R) = r(2, R). (7) 

We do not know whether the observation is fiom .n, or from x, and we do not know 
probabilities of these two instances. 

A procedure R is at least as good as a procedure R' if r (1, R)S r ( 1 , ~ ~ )  and 

r (2, R) I: r (2, R* ); R is better than R ' , if at least one of these inequalities is a strict 
inequality. Usually there is no procedure that is better than all other procedures or it is 
at least as good as all other procedures. A procedures R is called admissible if there is 
no procedure better than R; we shall be interested in the entire class of admissible 
procedures. It will be shown that under certain conditions this class is the same as the 
class of Bayes procedures. A class of procedures is complete if for every procedure 
outside the class there is one in the class, which is better and a class is called 
essentially complete if for every procedure outside the class there is one in the class, 
which is at least as good. A minimal complete class (if it exists) is a complete class 
such that no proper subset is a complete class; a similar definition holds for a minimal 
essentially complete class. Under certain conditions we shall show that the admissible 
class is minimal complete. To simplify the discussion we shall consider pmxxkes the 
same if they only differ on sets of probability zero. In fact, throughout the next section 49 



Applications of MVN we shall make statements which are meant to hold "except for sets of probability zero" 
without saying so explicitly. 

A principle that usually leads to a unique procedure is the minimax principle. A 
procedure is minimax if the maximum of expected losses, r(i,R) i = 1,2, is a 
minimum. From the conservative point of view, it may be considered as an optimum 
procedure. 

Now, let us discuss the procedure of classification into one of two populations with 
known probability distributions. 

23.3 PROCEDURE OF CLASSIFICATION INTO ONE 
OF TWO POPULATIONS WITH KNOWN 
PROBABILITY DISTRIBUTIONS 

Let us suppose that we wish to Elassify an observation x into one of the two 
populations x ,  and x, having known probability distributions p, (x) and p, (x) 
respectively. 

Case 1: When Prior Probabilities are Known 

Let q , and q, be the prior probabilities of the observation belong to the population 
T C ,  and n, , respectively. Therefore the conditional probability that the observation x 
comes from the population x i ,  when i = 1,2  is 

91 pi(x)/(q, pl(x)+q2 P,(x)) (8) 

If we assume the cost of misclassification is same i.e. C (1 1 2) = C (2 11) = 1, then the 
expected loss is 

q ,  J'p,(x)dx+ q2 [p,(x)dx. (9) 
Rl R I  

In fact it is the probability of misclassification also; hence we wish to choose 
R , and R, which minimize it. In order to achieve it, it seems natural to classify x into 
R,  ifthe conditional probability for n, is more than that of x , ,  i.e. 

Thus the classification rule defines the regions R, and R2 as 

R ,  :ql p,(x)2qz P ~ ( x )  

R,:q, PAX)< q, p2(xr (1 1) 

It may be noted here that if q, p,(x) = q, p,(x) , then the point x could be classified as 

either in x, or in x2. 

It can be easily proved that Eqn.(l I), defines the best procedure because for any 
procedure (R,' , R ,*) the probability of misclassification is 

On the right hand side the second term is constant q, z 0 and therefore in order to 



minimise right hand side we should khoose the points in R,* as those x for which 
qlpl(x) - q,p, (x) < 0 ,  which are the points in R2. 

If we assume the cost of misclassification is not same i.e. C (1 1 2) + C (2 / I), we have 
seen in the previous section that the expected loss is 

[ C ( ~ I ~ ) ~ , I J P , ( ~ ) ~ ~ + ~ C ( ~ I ~ ) ~ ~ I J P , ( ~ ) ~ ~ .  (1 3) 
R2 RI 

Following the arguments given above, you can easily check that the classification rule 
now classifies the observation x into x ,  or x, according as it lies in the region 
R ,  or R, respectively, where R, or R, is defined below: 

R ,  :[C (211) ~ , I P , ( ~ ) ~ [ C ( ~ I ~ ) ~ , I P ,  (x) 

R, :rc (211) ~ , I P , ( ~ ) < [ C ( ~ I ~ ) ~ , I P ,  (x) 

It can also be expressed as 

RI :~l(x>~~2(x>~[C(1I2)q,l/[C(2ll)q,l 

R, :~l(x)/~,(x)<[C(1I2)q2I/[C(21l)q,l (14) 

It may be noted here that the procedure is unique except for the sets of probability 
zero, that is if 

p ( [ c ( 2 I ~ ) q , l ~ l ( x ) = [ c ( ~  l 2 ) q 2 1 ~ 2 ( x ) l ~ , ) = o .  

Case 2: When Prior Probabilities are Unknown 

In many instances of classification the statistician cannot assign a priori probabilities 
to the two populations. In such a situation one can proceed by taking the prior 
probabilities to be equal and minimize the expected cost. Therefore the regions 
R , and R , can be defined as given below: 

If the misclassification cost is also indeterminate, it is taken to be unity. The 
classification rule for such a case would reduce to 

R ,  :p, (x)/p, 

R, :PI (x)/p2 (x)<l (16) 

Another approach would be to use the property of admissibility of Bayes procedure to 
get the minimax rule. First of all let us prove the admissibility of Bayes procedure. Let 
R = (R, , R, ) be a Bayes procedure for a given prior probabilities (q, , q ,). Is there a 

procedure R' = (R,',  suc such that ~ ( 1 1 2 , ~ ' )  I P(112,R) and P(2 I 1 , ~ ~ )  I P ( 2  [1,R) 
with at least one inequality? If it is so the R is inadmissible. However, R is Bayes 
procedure 

41 P(2I1,R)+q,P(112,R)~q,~(211,~*)+qZ~(ll2,~*) (17) 

This inequality can be rewritten as 

Suppose that 0 < q, < 1 .Then if P (1 ( 2, R*) < P (1 1 2, R), the right hand side of Eqn.(l8) 
is less than zero and therefore P(2 I l,R) <P(2 ( I,R*). Similarly,if 

P(2 I 1 , ~ ~ )  <P(2 I 1, R), the left hand side of Eqn.(l8) is greater than zero and therefore 

Applications of MVN 



Applications of MVN P (1 12, R) <P (1 12, R*).Thus R *  is not better than R and R is admissible rule. If 

q, = 0, it may be noted from Eqn.(l8) that 0 5 [P (I I 2 , ~ ~ )  - P(1) 2,R)l and from 
Eqn.(l4) we see that Bayes procedure R ,  consists of those points for which 

p, (x) = 0. ThereforeP(112, R) = 0 and R * will be better than R only if 

P(~)~,R*)=O.B~~,~~P(~~~,R)=O,P(~~~,R)=P,~,(X)>O~X~)=~. Similzrly,if 

~(1~2,~')=0,~(2~1,~*)=~,(p,(x)>0(n,)=1andhence~* isnot betterthanR. 

We may now conclude that if Pr {P, (x) = 0 1 x,) = Oand Pr (P, (x) = 0 I x, ) = 0 then 
every Bayes procedure is admissible. 

Now we will prove that every admissible procedure is a Bayes procedure. We assume 
that 

Then for any q, , the Bayes procedure is unique. Moreover, the cdf of 

p, (x) / p, (x) for x, and x ,  is continuous. Let R be an admissible procedure. Then 

there exists a k such that 

P(2)1,R)=Pr [:!$ - 5icnl )=P(2,1 ,R)=P(21,R*)  (20) 

where R* is the Bayes Procedure corresponding to q, /q, = ki.e.q, = 1 /(I+ k). Since 

R is admissible, P(112, R)S P (1 I 2, R *  ). However, as discussed above R' is 

admissible, P(112,R) 2 P(112,  and henceP(112,R) = P(112,R0). Therefore R is 

also a Bayes Procedure; by uniqueness of the Bayes procedures R is same as R* . You 
may note that if Eqn.(l9) holds, every admissible procedure is a Bayes procedure and 
the class of Bayes procedures is minimal complete. 

Let us now consider the minimax procedure. Let R be the Bayes procedure 
corresponding to q,  and denote P(i I j,R) = P(i ) j,q,). P(i ( j, q,)  is a continuous 
function of q,  .P (2 I I ,  q, ) varies from 1 to 0 and P (1 ) 2, q,) varies from 0 to 1. Thus 

there is a value of q,,sayq,*,suchthat ~ ( 2  1 l,q,') = ~ ( 1 / 2 , ~ ; )  and the corresponding 

Bayes procedure R would be the minimax procedure. Because if there were another R* 

suchthatmax $(1~2,~*),~(2j1,~*))~~(2~1,~,*)=~(1~2,~,*), thiswould 
contradict the fact that every Bayes procedure is admissible. 

Example 1: A researcher has enough data available to estimate the density function 
p, (x) and p, (x) associated with the populations n, and x, respectively. Suppose 
C (2 11) = 5 unit andC (I 1 2) = 10 units. If it is known a priory that about 20% of the 
observations belongs to x, then the prior probabilities is q , = O.8and q, = 0.2. 

Now with given values of cost of misclassification and prior probabilities we car! 
make region R ,  and R, by the help of Eqn.(l4) as 

R ,  :~,(x)/~,(x)~[C(1I2)q2l/[C(211)q,l 
=(10/5)(0.2/ 0.8) 
= 0.5 

R, :p,(x)/p,(x) <[C(112)q,l/rC(211)q,l 
=(10/5)(0.2/0.8) 

= 0.5 



Suppose the probability function evaluated at new observation Applications of MVN 

x, givep, (x,) = 0.3 andp, (x,) = 0.4. Now the problem arises whether we classify 
the new observation as from population x, or from n,. To find the solution we 
calculate the ratio p, (x, ) 1 p , (x, ) as given below: 

which is greater than 0.5. It implies that our observation satisfy the condition of R,  as 
R, :p, (x,) =0.75 >[C(1) 2)q,]/[C(2(1)q1] =0.50 

Thus, we conclude that observation x, E R1 and classify it as belonging to x , .  

Now try the following exercise.. 

--- - -  - - - - -  

El) Consider two populations n, and n, having density functions pl (x) and 

p, (x) respectively. The cost of assigning items as n, given that n, is true is 

100 and the cost of assigning items as nl given that n, is true is 50. It is also 
know that 40% of all objects (for which the measurements x can be recorded) 
belong to n ,  . 
i) Find the prior probabilities. 

ii) Write the cost of misclassification. 

iii) Derive the classification regions R1 and R2. 

iv) If the measurements recorded on a new item yield the density values 
P, (x) = 0.3 and p, (x) = 0.5. Assign this item to population n, or 

population x, . 

So far, we discussed the procedure of classification in general when probability 
distribution is known. In the following section, we shall discuss the same problem the 
populations have known when multivariate normal distributions. 

23.4 PROCEDURE OF CLASSIFICATION INTO ONE- 
OF TWO KNOWN MULTIVARIATE NORMAL 
POPULATIONS 

Now we shall use the general procedure discussed in the previous section for the case 
of two multivariate normal populations with equal covariance matrices. Let two 
population be n ,  and n, with same variance covariance matrix C and mean vectors 

p(l) and p(,) respectively so that 

x, = N p  ( p ( 2 ) : ~ )  

The density functions of populations n l  andn, are given by 
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respectively. 

If R, be the regionof classification for the population n ,  , then we know that 

Now, from Eqn. (21) and Eqn. (22), we have 

Taking log on both sides of Eqn. (23) and after substituting the value of p, (x)/ p, (x) 
from above, we get 

The first term is well known discriminant function. It is a linear function of the 
components of the observation vector. The classification rule can now be defined as; 
classify the observation x into n ,  or n, according as it lies in the region R, orin R, 

respectively where R , and R , are defined below: 

and 

where 

Now we consider two cases, one when priori probabilities are known and another with 
unknown priori probabilities. 

Case 1: When a Priori Probabilities are Known 

Let q,, qz are known and assume for sake of simplicity that the two are equal. The 
costs of misclassifications are also assumed to be equal. Then we can take K = 1 and 
hence log, K = 0. In this situation the region R,  and R, simply to 

1 
R,  :x'x-l(p(l) - p(')) 2 + p(2))'x-1(p(1) - P ( ~ ) )  

2 
and 
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1 
R , : x'd < - ( ~ ( l )  + p(Z))' d 

2 I 
Case 2: When a Priori Probabilities are Unknown 

If we do not know prior probabilities, then K and hence log, K is unknown and hence 
it is to be treated as an unknown constant i.e. log K = C (say). Now, if we denote 

Then the regions of classification are 

R, :U2C 

R, :U<C 

Let us suppose that X is distributed as N ( ~ ( ' ) ,  C) , then U is distributed normally with 
mean 

where 

is measure of distance between N(P(", 2) and N (P"), Z) also known as Mahalanobis 

D' distance. 
Now 

Thus U is distributed according to ~ ( a  / 2, a )  if x is distributed according to 

~ b ( ' )  ,z) Now if x is distributed according to N ~ ( ' ) , z )  

1 =- ($2) -P'l) )' z-1 ($1) - P(2)) 

2 



Applications of MVN The variance is the same as when x distributed according to N (p('), E) (because it 
depends only on the second order moments of x). So 

v, (u)" a 
Hence the region of classification is obtained in terms of U assuming the two 
populations are 

Now, we shall discuss the classification into one of two multivariate normal 
populations when the parameters are unknown and therefore must be estimated. 

Let us consider a sample from each of the two normal populations and we use this 
information in classifying another observation as coming from one of the two 
populations. 

Suppose that we have a sample xi1) , . . . , x:! from N 6"' , T) and a sample 

xp), . . . , x E! from N b") , T) . On the basis of this information we wish to classify the 

observation x as coming from n, or x, . We know that our best estimate of p(l) is x('), 
of p(2) it is %2) and that of C is S which are defined below: 

and 

We substitute these estimates for the parameters in Eqn.(30) to obtain 

The first term of Eqn. (37) is the estimated discriminate function based on two 
samples. It is the linear function that has greatest variance between samples relative to 
the variance within samples. W(x) defined in Eqn. (37) is used in the criterion of 
classification. When the populations are known, we can argue the classification 
criterion is the best in the sense that its use minimizes the expected loss in the case of 
known apriori probabilities and generates the class of admissible procedures when a 
priori probabilities are not known. We cannot justify the use of statistic Eqn. (37) in 
the same way. However, it seems intuitively reasonable that should give good results. 

Suppose we have a sample x,, . . ., x , which may be from either xl or n, , but not 
known from which and we wish to classify them as a whole in one of them. Then we 
define S by 
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.=I 

where 

Then the criterion of classification uses statistic 
I 

The larger the N is, the smaller are the probabilities of misclassification. 

Example 2: Suppose for detecting potential hemophilia A carriers, blood samples 
were assayed for two groups of women and measurements on two variables 
X, andX, were recorded, which are 

XI = log (AHF activity) 

X, = log (AHF - likeactivity) 

Here "AHF" means antihemophilic factor. A sample of n, = 30 was selected from 
population n ,  of women who did not carry hemophilia gene. Another sample of 
n, = 22 women were selected from population n, of known hemophilia A carriers. 

On the basis of pair of observations (x, ,x,)' it is given that 

131.158 -90.423 
-90.423 108.147 

Now measurements of AHF activity and AHF-like antigen on a women who may be a 
hemophilia A carrier gave X, = -0.210 andX, = 0.044. Our problem now is to 
classify this woman in one of the populations n, or n,. 

Solution: Case 1: Prior probabilities and costs are equal 

Let us consider the situation of equal cost and same prior, the discriminant function 
defined in Eqn. (29) is 

= 37.61X, -28.92X2 

Right hand side of Eqn.(28) is 

=(0.88 -10.10)/2 

So the classification rule is now allocate (x,, x ,)to x ,  if 

R ,  :37.61X, - 28.92X2 2-4.6 

. 
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R, :37.61XI - 28.92X2 < -4.6 

Since in our case x, = -0.2 1 Oand x, = -0.044 so putting these values in Eqn.(4 1) we 

get 

x'd = -0.62 (44) 

Comparing Eqn.(44) with Eqn.(42) and Eqn.(43) we classify the woman as of 
population x, . That is, she is carrier of hemophilia A. 

Case 2: Prior probabilities are known 

Suppose now that prior probabilities of group membership are known assuming that 
cost of classification is equal. Let the genetic chance of being a hemophilia A carrier is 
0.25, then we can take q, = 0.75 and q, = 0.25 with C (1 1 2) = C(2 1 1) and using 
classification statistics given in Eqn. (30). 

we have 

U = -6.62 - (-4.6 1) 

= -2.01 

To find value of C we evaluate 

C=logk=log(C(l 12)q2]/[~(2)l)q,) =log(0.25/0.75) =-].I0 

Since U < C . 

So according to classification rule given in Eqn.(32) we classify the woman as 
EZ.  

Now try the following exercises. 

E2) Consider the data given in Example 2 and check whether XI = 0.04 and 
X, = 0.08 is the one from the population x, or x, . 

E3) Suppose that n, = 10 and n, = 15 observations are made on two random 

variables X, and X, . Given is =[:I , = [- :] and 

i) Considering equal costs and equal prior probabilities, check whether the 
observation [0, 11 belongs to population x, or x, . 

ii) Considering q, = 0.6 and q , = 0.4 with C(l12) = C(2 I 1) , check whether 
the observation [0, 11 belongs to x, or n, . 

In the following section, we deal with the classification into one of several 
populations. 



23.5 CLASSIFICATION INTO ONE OF SEVERAL 
POPULATIONS 
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Let us now consider the problem of classifying an observation into more than two 
populations. We shall extend the consideration of the previous sections to the case of 
more than two populations. Let n, , . . . , n, be m populations with density functions 

pl (x), . . . , p, (x) respectively. We partition pdimensional observations space into 

regions R, , . . .,R, . If an observation x falls into Ri we shall say that it comes from 
ni  . Let the cost of misclassifying an observation fiom ni as coming from 
nj beC(j1i) i # j = 1, -.., m. The probability of this misclassification is 

Suppose we'have a priori probabilities of the m populations, as q,,. . .,q, respectively. 
Then the expected loss is 

We should like to choose R,, . . .,R, to make this minimum. 
Since we have a priori probabilities for the populations, we can define the conditional 
probability of an observation coming from a population given the observation vector 
x. The conditional probability of the observation coming fiom n, is 

4, P,(x) 
(47) 

g q k P k ( x )  
k=l 

If we classify the observation as from n,, the expected loss is 

q,p,(x) C(j,  i). m (48) :;: C q k ~ k ( ~ )  
k=l 

We minimize the expected loss at this point if we choose j so as to minimize Eqn.(48); 
that is, we calculate 

~ q , P , ( x ) ~ ( j ~ i )  (49) 
1=1 
1'J 

for j = 1, 2, . . a ,  m and select that j that gives the minimum of all. (If two or more 
different indices give the minimum, it is irrelevant which index is selected.) This 
procedure assigns the point x to one of the R j.  Following this procedure for each x, 

we define our regions R, , . . . , R, . The classification procedure, then, is to classify an 
observation as coming from nJ if it falls in R, 

Bayes Classification Procedure: If q, is the a priori probability of drawing an 
observation from population n, with density p, (x) (i = 1,. . . , m) and the cost of 
misclassifying an observation from n, as from nJ is C(j 1 i), then the regions of 



Applications of MVN classification, R , , . . ., R that minimize the expected cost are defined by assigning x 

to R, if 

i = l  
i t k  

i-l 
i t j  

[If Eqn. (50) holds for all j(j # k), except for h indices and the inequality is replaced 
by equality for those indices, then this point can be assigned to any of the h + 1 n's] . If 
the probability of equality between right-hand and left hand sides of Eqn.(SO) is zero 
for each k and j, then the minimizing procedure is unique except for sets of probability 
zero. 

We now verify this result. Let 

Then the expected loss of a procedure R is 

where h(x) = h (x) for x in R .' For the procedure described above 

h(x)is h* (x)min hi (x). Thus, the difference between the expected loss for any 
1 

procedure R and for R* is 

Equality can hold only if hj (x) = min hi (x)for x in Ri (except for sets of probability 
I 

zero). I 

Let us see how this method applies when C ( j  ( i) = 1 for all i and j (i # j). Then in R k  

-- ~ 

i=l i=l 
i t k  i t j  

m 

Subtracting q,pi (x) from both sides of Eqn.(54), we obtain 

In this case the point x is in R, if k is the index for which qj  pj (x) for j = 1,2,--.,m is 

a maximum; that is, n, is the most probable population. 

Now suppose that we do not have a priori probabilities. Then we cannot define an 
unconditional expected loss for a classification procedure. However, we can define an 
expected loss on the condition that the observation comes from a given population. 
The conditional expected loss of the observation is from q is 

j=l 
jci 



A procedure R is at least as good as R* if r (i, R) 5 r(i, R*), i = 1,. . ., m; R is better if at Applications of MVN 

least one inequality is strict. R is admissible if there is no procedure R* that is better. 
A class of procedures is complete if for every procedure R outside the class there is a 
procedure R* in the class that is better. 

Now let us show that a Bayes procedure is admissible. Let R be a Bayes procedure; let 
R* be another procedure. Since R is Bayes 

Suppose r(i,Ft)<r(i,R)j=2 ,..., m,andql >O. Then 

and r(1,R) 5 r(l,Re). Similarly, if qi > 0 then r(i,R) <r(i,R*). Thus R* cannot be 
better than R: R is admissible. 

In the following section, we shall discuss the classification into one of several 
multivariate normal population. 

23.6 CLASSIFICATION INTO ONE OF SEVERAL 
MULTIVARIATE NORMAL POPULATIONS 

We shall apply the theory described above to the case in which populations have 
multivariate normal distributions. We assume that the means of populations are 
different and the covariance matrices are equal. Let N ~ " ' , z )  be the distribution of 

( n, (i = 1,2,. . ., m) having the density given below: 

Let us consider that the parameters are known. For general costs with known a priori 
probabilities, we can form m functions as given in Eqn.(49) and define the region R, 

as consisting of the points x such that the jth function is minimum. 

( Let us now consider that costs of misclassification are same. In such a case, we have 
seen in Eqn.(55) the observation x is to be classified to the population 
kof qkp,(x) >q, p, (x)forevery j(+ k) = 1.2, ..., m. Let us define a function 

Pk (x) 1 
I UkJ (x) = log- P, (x) = [x - -()I'k' 2 + F'J)) j z-I (*('I - ,L'J') 

I 

I 
If a priori probabilities are known Rk  is defined by those x satisfjting ' 

I 

, It should be noted that each Ukj (x) is the classification function related to the kth and 

jth population and Ukj(x) = -Up (x). 
\ 

In case prior probabilities are not known, the region Rk  is defined by the inequalities 



Applications of MVN The c can be taken to be non-negative. These sets of regions form the class of 

admissible procedures. Under the minimax procedure these constants are determined 
so that all P(i ( i, R) are equal. 1 
Let us now consider the evaluation of the probabilities of correct classification. If X is 
a random observation, we consider the random variables 

Here Ukj = -U jk. Thus we use m(m-1)/2 classification functions if the means span 

an (m-1) - dimensional hyperplane. If X is from nk , then Ukj is distributed 

1 
as N(- Akj, Akj) where 

2 

And covariance of Uki and Ukj is 

To determine the constants ck , we consider the integrals 

The matrix of correlation for all the populations is given below, which can be 
converted into variance-covariance matrix easily, given standard deviations. 

1 .OOOO 0.5849 0.1774 0.1974 

0.5849 1 .OOOO 0.2094 0.21 70 
0.1774 0.2094 1 .OOOO 0.2 190 
0.1974 0.2170 0.2910 1 .OOOO 

The standard deviations are o, = 5.74, o, = 3.20, o, = 1.75and 0, = 3.50. Our 
problem is to decide the space of four variables x,, x,,x, and x, into three regions of 

where fk  is the joint density ofUkj ( j  = 1,2,. . ., m)(j ;t k). 

Example 3: Let us consider a problem of classification among three populations. 
Suppose that the three populations x, , n, and x, represent Brahmin caste , Artisan 
caste and the Korwa caste of country. The measurements for each individual of a caste 
are stature (x, ), sitting height (x, ), nasal depth (x, ) and nasal height (x , ). The 
means of these variables in three populations are given below. 



classification. Here we can assume that the three populations are normally distributed. 
The solution of problem consist of to find 

(i) a set of regions under the assumption that drawing a new observation from each 
population is equally probable. 

(ii) a set of regions such that the larger probability of misclassification is minimized. 

On the basis of computed values of E-' (a(') - j~(")and - Z-' (.(I' - .(") and then 

' ( - ) ' ( - ) - ( - 

We obtain discriminant functions Eqn.(60) 

U12 (x) = -0 .0708~~ + 0 . 4 9 9 0 ~ ~  + 0 . 3 3 7 3 ~ ~  + 0 . 0 8 8 7 ~ ~  - 43.13 

U,,  (XI= O.O003x, +0.3550x2 +1.1063x3 +0.1375x4 -62.49 
U,, (x) = 0.071 lxl + 0 . 1 4 4 0 ~ ~  + 0 . 7 6 9 0 ~ ~  + 0 . 0 4 8 8 ~ ~  - 19.36 

Other three discriminant functions can be obtained by the relation 

That is 

u 2 , ( x > = - u 1 2 ( x ) , u 3 1 ( x ) = - u 1 3 ( ~ )  a n d u 3 2 ( ~ ) = - u 2 3 ( ~ )  

Now if there are equal aprior probabilities then best region of classification can be 
defined as 

For example if we find an individual with measurement x such that 
U,, (x) 2 0, and U,, (x) 2 0, we classify it as Brahmin., 

To find the probability of misclassification when an individual is drawn from a 
population x ,  we need the mean, variances and covariances of proper pair of U's . 
These are given in following table 

The probabilities of misclassification are then obtained by use of the tables for the 
bivariate normal distribution. These probabilities are 0.2 1 for ? e l ,  number is missing for 
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Applications of MVN .x2 and 0.25 for n, . For example, if measurements are made on a Brahmin, the 
probability that he is classified as Korwa or Artisan is 0.21. 

Try the following exercises. 

E4) In a diabetic center the fasting blood sugar levels of three groups of patients are 
\ 

recorded two times, one of before the treatment (x,) and another after the 

If a new observation vector is x = [I80 21071. Allocate this new object into its 
population. 

Now let us summarize this unit. 

23.7 SUMMARY 

In this unit, wecovered the following point. 

1. We have introduced the concepts of classification. However, it is expected that 
after going through this unit you will be able to have the basic idea about the 
classification problems. 

2. We discussed how to formulate the classification problems along with 
developing a classification rules. The examples given in different sections are 
of low dimension; however they will learn the procedure of classification and 
use it for higher dimension situation too. 

E l )  i) Prior probabilities ql = 0.4 and q2 = 0.6 

ii) ~(2/1)=100 

c(1/2) = 50 

p1 (x) c(1/2)q2 - 5 0 ~ 0 . 6  iii) R, =- - = 0.75 
P, (x) ' c(2/l)q1 100 x 0.4 



iv) Given that p, (x) = 0.4 and p, (x) = 0.5, then the ration Applications of MVN 

-- 0 3 (') - - = 0.6 which is less than 0.75. It implies that it satisfies the 
P,(x) 0.5 

condition of R, . Therefore, the new item belongs to n,. 

E2) Here, from Eqn. (4 1) 

x'd =37.61 X, - 28.92X2 

= 37.61 x 0.04 - 28.92 x 0.08 

= 1.4044 - 2.3 136 

= -0.9092 

R1 :37.61x1 - 28.92X, 2-4.61 

and R, = 37.61X1 - 28.92X2 < -4.61 
which implies that the given observation belongs to n, as it falls in the region 

R2. 

R, :0.45XI +0.15X2 ~ 0 . 3 7 5  
for X,=O and X , = 1  
0.45X, 3 0.1 5X, = 0.15, which falls in the region R,, therefore , 
observation [0, 11 is from the population n, . 

ii) q ,=0 .6 ,q2=0.4andC(2/1)=C(1/2)  
using Eqn. (30) 

Since U 2 C , therefore the given 0bSe~ati0n belongs to population x ,  . 



Applications of MVN 

Obtain the discriminant functions U ,, , U ,, , U , , U ,, , U ,, and U ,, 
accordingly obtain R,,  R, and R, . 

23.9 PRACTICAL ASSIGNMENT 

Session 8 
1. Write a program in 'C' language to find the classification of a population into 

one among k populations.' 



Table 1 : STANDARD NORMAL PROBABILITIES 

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichetn. 
r - 1  



Table 2: STUDENT'S t-DISTRIBUTION CRITICAL POINTS 
If X has a t-distribution with v degree of freedom, the table given the value of x such that P(X x) = a 

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern. 



Table 3: X2 Distribution 

If X has a X 2  distribution with v degree of freedom this table gives the value of x such that ~r (X 5 x) =a 

I Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern. 



Table 4: F-DISTRIBUTION CRITICAL POINTS (a =.lo) 

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wi'chern. 



I Table 5: F-DISTRIBUTION CRITICAL POINTS ( a =.05) 

I Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dezn W. Wichern. 



I Table 6: F-DISTRIBUTION CRITICAL POINTS (a =.01) 


