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21.1 INTRODUCTION

Let X be a px| vector random variable having N, (u,X) distribution. Let X(pxn)

be a data matrix observed from a random sample of size n. The population
distribution involves as parameters p components of mean p and

1 , . .-
Ep(p +1) components of variance-covariance X . For these parameters, minimum

2P®*) _1 null hypothesis can be formulated. These null hypotheses can specify the
values of a subset of parameters. In this unit, we shall consider the problem of testing
hypothegis about the mean p under both the situations when variance-covariance
matrix 9 is known in Section 21.2 and when it is not known in Section 21.3.

In Section 21.4, we shall introduce standardized sum test. The test for equality of
mean vector will be discussed in Section 21.5.

Objectives

After reading this unit, you should be able to:

o formulate the null and alternative hypothesis for mean vector when X is known or
unknown;

e derive a test statistic for testing the hypothesis of mean vectors;

e apply the tests to the given data.

- 21.2 TEST FOR p WHEN X IS KNOWN

Let X(pxn) be a sample of size n drawn from a Normal population N, (u, ) where

Z is known. Based on observed X, we wish to test the null hypothesis H, :u=p,
against an alternative hypothesis H, :u # u, (a specified vector of means). In Unit 19,
we have seen that the likelihood function for the sample observation is

lz—l In/2 13 _—
L2 | X)=———exp| —— ) X;-w) Z7(X, - 1
WZ0 = omesp 2§< W' (X - ) 1)
If we assume that the null hypothesis is true, i.e. p =, , then likelihood is
L ZX _|z~l|n/2 1 n X ,2-1
oy 21 X) = rrexp -5§< § o) Z7(X; — 1) @)
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Let us first carry out the likelihood ratio test.

" We know that the likelihood ratio test is based on statistic A that is the ratio of

maximum of likelihood function under the null hypothesis and over the whole space.
That is-
max L(u0 z IX)

maxL(p, p X) ' ®)
"

In Unit 19, we have derived thatL(p,% | X), when X is known, attains maximum for
p= X (sample mean vector). The numerator has all the parameters specified and thus

its maximum is L(,,Y | X) as given in Eqn.(2). Substituting X in place of p in
Eqn.(1), we get the denominator. Therefore

=I;—((%-§%=exp[ ;{Z[(X P‘o)Z (X ~Ho) = (X _)'{)IZ“(X;—)_()}H

=1 _

But }n_:[(xi - “o), X~ 1o )~ (X - )_()' = (x, —X)}

i=1

The first term cancels with the last term, second and third terms reduce to zero and the

fourth term is n()'f - po)' > ()_( - uo)) and, hence

=exp[——i—{n(i—uo)'Z“o‘c-uo)}]. . @)
Therefore, ‘ '
~2logh =n(X- ) (X o). ®)

It may be recalled at this stage that likelihood ratio test rejects the null hypothesis if
A <A, where A, is chosen such that P[A <A |H] is equal to o (the pre-specified

value of size of the test). It may be noted from Eqn.(5) that A <A, is equivalent to
n(X- po) T (X -1 ) 2C,(=-2logh,). Weknow that n(X - po) = (X -po)
has a chi-square distribution with p degrees of freedom and, hence C, = xi’p

(tabulated value of chi-square with p degrees of freedom at specified level of

significance o). Therefore, the test procedure for testing the above-mentioned
hypothesis would be to reject the null hypothesis Hj, 1y = g if

n(X-u,) T7(X -po) is greater than x°, , the tabulated value of chi-square with

p degrees of freedom at a level of significance.

Let us now discuss another test known as the union and intersection test.




Consider an arbitrary linear combination a'X of X (Here this X is different from data Inference-IT1
matrix X), where a is a non-null real column vector of order p. We know that a'X is

also normally distributed as univariate normal distribution with mean a’u verses

variance a'Za. Now the multivariate hypotheses Hy :p=p, and H, :p# p, can be

transformed to univariate hypotheses Hy, :a'p =a'p, and H), :a’p#a'y,. The test

statistics for testing this hypothesis is

Z*(a)= na’(f( - po)()_( - po)' a/a'fa,.

Moreover, the null hypothesis is rejected if calculated value of 2%(a) is greater than
xi o+ [t may be noted here that if null hypothesis H, :p =, is true, Hy, :a'u=2a'p,

must be true for all non-zero choices of a. Hence, the multivariate hypothesis H, can
be written as the intersection of Hy, for all a i.e. H, =nH,, . Therefore, the null
a

hypothesis H, will be accepted if the univariate hypothesis H,, is accepted for all the
values of a and the a -level acceptance region for multivariate H, will be the

intersection of acceptance regions of H,, i.e. r\[Zz(a) < xi, p] . 1t implies that for
a

acceptance region maximum of Z?(a) is less than xi, p - Thus the test statistics for the

multivariate null hypothesis will be max Z? (é) . However, it can be proved that
a
max Z2(a) = (X — o)’ (X —,) which follows chi-square distribution with p

degrees of freedom. Thus, the test statistics is same as obtained in likelihood ratio test.
Remark: The likelihood ratio and union intersection tests are same.

Example 1: The length of Centrum (x,) and width of Centrum (x,) of a sample of
12 fishes of Serrandae family were observed as given in Table 1.

Table 1
i (x,) (x,) .
1 75 67
2 6.8 6.2
3 8.5 7.1
4 5.8 6.0
5 52 5.8
6 7.0 6.2
7 8.2 7.5
8 69 7.3
9 7.4 6.8
10 8.4 7.3
11 7.6 7.0
12 9.2 7.8

A researcher claims that the mean lerigth and width of Centrum of fishes belonging to
Serrandae family is 8.94 and 6.76, respectively with a variance-covariance matrix of
X, X, as '

_ 13.2496 9.0418

T 9.0418 7.6176 |

Test this claim at 5% level of significance.
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Solution: We wish to test whether the above-mentioned data confirms his claim about
mean length and width of Centrum of Sarrendae fishes.

Assuming that the length and width of Centrum for Serrandae fishes follow bi-variate
normal distribution N(p, Z). The null hypothesis for the present problem would be

H, :u =[8.94, 6.76] (=, say) against the alternative hypothesis
H, 11 #[8.94,6.76] .

The population covariance matrix I is known as claimed by researcher. Hénc,e, Chi-
square test discussed in Eqn. (5) can be used. The value of test statistics under H, is

' X§ =n(X o) T (X~ po)
The sample mean X for the above data

X =[7.375, 6.808] :
Thus,

03972 —0.4715][-1.565
Xs =12[-1.565, 0.048] [ ] { ]

-0.4715 0.6909 || 0.048
=12.54

Since p =2, the upper point of chi-square for a.=0.05 is 10.60 which is less than the
calculated value thus we reject H,, at 5% level of significance and conclude that the
data contradicts the claim of the researcher.

Now, try the following exercise.

El) A sample of ten industrial corporations was considered for the pairs of
observations of their sales (x;) and profits (x,). The observations are given in the

Table 2. -
Table 2
Corporation No. X; (Rs. in Lakhs) X5 (Rs. in Lakhs)
1 40 8
2 42 10
3 34 6, ]
4 16 6
5 50 10
6 24 4
7 37 6
8 42 8 |
9 25 7
10 20 5 ]

The expected mean vector and variance-covariance matrix is

10 10
mean vector at 5% level of significance.

4 13 10
u =[ O] and [ 6 } Test whether the sample confirms its truth ness of

So far we discuss the test for p when Z is known, now we shall discuss the test for
u when I is unknown in the following.




21.3 TEST FOR p WHEN Z IS UNKNOWN Inference-111

Let X(nxp) is a sample of size n drawn from a Normal population N, (u, Z) where
u and I both are unknown. Based on observed X, we wish to test the null

hypothesis H, :u = p, against an alternative H, :p # p, (a specified vector of means)

Again, we shall consider both the tests i.e. likelihood ratio test and union intersection
test for this case. The likelihood function for the sample is given in Eqn.(1) arid under
the null hypothesis, it reduces to Eqn.(2).

Firstly, we shall discuss the likelihood ratio test.

As mentioned in Sec. 21.2, the likelihood ratio test statistic is the ratio of maximum of
likelihood function under the null hypothesis and over the whole parameter space, i.e.,

the likelihood ratio for the present case is defined as
max L{p, Z|X
_m (1o, Z1X) | ©
max L(pZ|X)
'

and,
—2logA =2[m%:x logL(p,ZlX)—mzaxlog Ly, Z1X)]. @)
u,
If population mean p is known to be equal to, , the maximum likelihood estimate of
% is [S+ (X —p,) (X —u,)] where S is the sample variance-covariance matrix
defined as n'X’X - X X'. However, if p and = both are unknown, the maximum

likelihood estimates of u and X are, X and S respectively. Therefore,

n . < ol /T
mgxlogL(uo, ZiX)= -5[p|0g27=+10g |S]+log{l + (X —1p)STHX - o)} +p] (8)
and

max log L, Z|X)=—%[plog2n+ log |S|+p].- 9)
n .

Substituting the values from Eqn.(8) and Eqn.(9) in Eqn.(7), we get
~2logA =nlog[l+ (X =, V'S (X = 1y)] (10)

Now it is easy to verify that A <A, is equivalent to X- Ko YSU(X - ko) 2C,. In
Unit 20, we have derived that (n —1) (X - p.O);S_l (X —o)=T? follows Hotelling’s
T? -distribution with (p, (n —1)) degrees of freedom. It has also been pointed out that
this statistic can be converted in F -statistic by defining F =(n-p)T* /M[(n-1)p]

which has (p, n ~p) degrees of freedom. Therefore, thev test procedure would be to
reject the null hypothesis if calculated value of

(n—p) (n~1) (X —po)S(X — o) /[(n ~1)p] is greater than tabulated value of F with
(p, n — p) degrees of freedom and at specified level of significance.

As we discussed the case when I is known, now we shall test 1 when X is unknown
by union and intersection test.

We have already seen that if we consider a linear combination a’'X, it follows
univariate normal distribution with mean a’u and variance a'Xa. Similarly, the

‘multivariate hypothesis H, :p=p, and H, :pu# p, can be transformed to univariate
hypothesis H,, :a'lu=a'y, and H,, :a'u#a'y,. The test statistics for testing this
hypothesis is well-known univariate t-statistic defined for the present case as
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.

X-
)= EEtn

a'Sa

Thus, the acpeptar’lce region of level o would bet?(a) <t? /2.0-1 - Following the
argument given in Eqn.(2), the acceptance 'region for the multivariate hypothesis H,
would be N[t*(a)<tl, ] ie. max.t’@)<t%,,, . However, max t(a) is
(n~1)(X-p,)S (X ~p,)=T? which is a Hotelling’s T? statistic. You may note
that this test is same as likelihood ratio test.

Example 2: Let us reconsider the problem given in Example 1. Suppose we wish to
test the researcher’s claim about mean length and width of Centrum for Serrandae
fishes to be 8.94 and 6.76 respectively at 5% level of 51gn1ﬁcance and no information
is available about the population covariance matrix.

Solution: The null hypothesxs and alternative hypothesis are same as given in
Example 1, i.e.

Hy:p =[8.94 6.76]' (=po say)
Hy:n#[894 6.76]
The sample covariance matrix for the data can be easily calculated as:
_ 1.919 -0.5877
“10.5877 0.3741

The test statistic T> under H, can be calculated as

TAp, n~1)=(n-1) (X —py)' 8™ (X~py)

/[3.72224 -5.84787[-1.565
=11{-1.565,0.048]

~5.8478 11.8599 || 0.148
=110.25
and F,, = (n 1) +——T*(p,n~1)

=12—;x110.25=50.11.

X

The tabulated value F as (2,10) degrees of freedom at 0.05 is 4.10 which is much
smaller than calculated value 50.11. Hence, we reject Hy at 5% level and conclude that

researcher’s claim is not true in the light of observed data.

Now try the following exercise.

E2) Test the hypothesis for the problem given in E1) if Z is not known.

The classical multivariate tests such as Hotelling’s T2 test are not feasible if p>n.
The classical tests do not keep their nominal level of significance if a procedure for
selecting variables or compressing data is applied as a preparatory step [Lauter ef
al(1996)], O’Brien (1984) and Tang et al (1993) suggested the effective alternatives.
These tests also do not exactly maintain the significance level, especially in cases with
small sample sizes. To avoid the problem, Lauter ef al (1996), Lauter (1996),

Lauter ef al (1998) have suggested some stable multivariate tests.

In the following section, we shall discuss the standardized sum test.
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214 STANDARDIZED SUM TEST [SS TEST] Inference-I1X

Let X = [xl1 Xt X 1Gi=12,-:-,n) be n independent p-dimensional observation
vectors distributed according to normal distribution N (i, Z) with unknown

parameters p, . We develop atest of Hy : p: 0, against H, :p#0.

Let us arrange the n individual vectors X; into a pxn matrix X, wher¢
X =(x;;)~ N, (uIn, Z® L).

where 1, is the column vector of n ones and 1 is identity matrix of order (nxn).

pxn

Define Z=(z;, z,,..., Z,)=(d;, d;, ..., dp )X =d'X, Z; representing the weighted

linear combination of p components of observation X; with respective d,, d,,--.d,

for Z,(i=1, 2, ..., n) are called the individual scores of n observations. The vector d
of the weights has to be a unique function of the px p matrix

n
XX'=( xﬁxlk] Lk=1L2,...,p

i=1

satisfying d'X # 0 with probability 1.

Under the above condition and under the null hypothesis H,, the distribution of Z

has a spherical shape in n-dimensional space. This shape is not, in general, the shape
of a normal distribution. From the sphericity, the statistic

T=x/;Z/sZ

=5 C 1 < = o .
where Z=(1/n) ZZi and S? = —Z(Zi ~Z)’ has the exact ‘t’~distribution with
i=1 n-143
(n—1) d.f. The test using this ‘t’ is an exact o -level test. Lauter et al (1996) have
shown that this SS test can be more effective than Hotelling’s one sample T -test in
many situations. In fact, the SS test is only suitable if the expected deviation from the
hypothesis H, have same direction for all p variables.

For practical application purposes of SS test, the vector d is obtained in such a way
that each variable is standardized by the square root of the corresponding diagonal
elements of XX’, that is

d =[diag (XX")] V21,
Thus the value of Z; has the form

z;i-i, i=1,2,...,n.
H /ikaf
k=1

Example 3: A random sample of 20 families of low economic status from a slum area
was selected to test whether or not the parents of the children of the area have spent
any time for education. The number of years (in completed years) spent for education
is given in Table 3.

11
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Table 3
. No. of years spent for education by
Family Sr. No. Father Mother
1. 5 0
2. 10 5
3. 12 4
4. 14 14
B 5. 0 0
6. 10 0
7. -5 5
8. 0 0
9. 8 4
10. 12 10
11. 10 5
12. 8 0
13. 0 0
14. 5 0
15. 0 0
16. 6 0
17. 0 0
18. 0 0
19. 0 0
20. 6 0

Hy
H,
It may be noted that H, : p = 0. Let us apply the above-mentioned SS§ test,

Solution: Let p =( ] be the mean number of years spent for education by parents.

considering H, :p # 0. For the above data
21.84 13. 36 1020 521

X=[54 235]s
1336 1463)" 521 403

_Hence, 0.0313 0.0498]
enee [\/102 :740} =l ]

And Zi:0.1565,0.562,0.5748,1.1354,0.00,0;313,0.4055,0.00,
0.4496,0.8736,0.562,0.1565,0.00,0.1565,0.00,0.1878
0.00, 0.00, 0.00 and 0.1878.

Thus Z = 0.28605, S2 =0.1045, S, =0.3233.

Moreovert = M =396,

0.3233
Tabulated value of t with 19 d.f. at 5% and 1% level of significances are 2.093 and
2.861, respectively.

Therefore we reject Hy even at 1% level of &g&uﬁcaﬁce

Try the following exercises.

'E3) Calculate T> and F for the data given in Table 3.

E4) Find the value of t for the data given in E1).




In the following section, we shall discuss the test for equality of mean vectors. Inferénce-HI

21.5 TEST FOR EQUALITY OF MEAN VECTORS

Let X;(n;xp),i=1,2, ..., k, be data matrices drawn from N (n;, Z)i=42,...,k,
respectively. Based on the sample information X;'s, we wish to test the null

hypothesis about the equality of mean vectors ;s . First, we will consider the two-

sample problem under the various assumptions about the covariance matrices. First,
we will consider the case that covariance matrices are known which is given in the
following subsection. In the next subsection, we will discuss the case when
covariance matrices are equal but unknown.

Case I: Test for Equality of Two Mean Vectors when Covariance Matrices are
Known

Let X,(n,xp) and X,(n, xp) be the random sample of sizes n, and ny, respectively

drawn from multivariate normal populations. If X denotes the sample mean for i*
sample, then it is unbiased estimate of corresponding mean vector p; and

X ~ N, (ki n;'%,),i=1,2. Letus define a new variable X, =X, - X,. Naturally,
X, will follow a multivariate normal distribution with mean vector =, —p, and
covariance matrix Z_ =n;'Z, +n;'EL,. Therefore, (X, —p)'Z;'(X, —p) will have a
chi-square distribution with p degrees of freedom. Under the null hypothesis

Hy:pt, =W, i€ p=p, —p, =0, it reduces to X,Z;'X, and shall follow a chi-square
distribution. Hence, we reject null hypothesis H, if calculated value of X,2]'X, is

greater than the tabulated value of chi-square with p degrees of freedom and at
specified level of significance. '

Remark: If 2, =Z, =Z (say), X, = (n[1 +n;")Z . Hence, the chi-square statistics will
now take the form (n;" +n3") (X, ~p)'z™' (X, — 1) and under H, it reduces to

(o' +n3") X, 27X,

Case II: Test for Equality of Two Mén Vectors when Covariance Matrices are
Equal and Unknown

Let X,(n, x p) be a data matrix from N (15 Z,)and X,(n, xp) be another data

matrix from Np(pz, Z,). Assume that ¥, =Z, =% (unknown). Then Mahalanobis
distance is defined as

A*= (T P-z)’z_](ul —Hy).
The value of A’ cannot be calculated, as the parameters ,, i, and  are not known.
However, Mahalanobis Distance for sample observations is given by

D?=(X,-X,) ;' (X, -X,),
where, X,(i =1, 2) is the mean of i sample and

nS +nS
Suzll 2 2

n +n -2 -
1 2

Here §; is the sample covariance matrix of i" sample (i=1, 2) . It may be noted here

that for the given situation, X, and X, are the unbiased estimators of u, and p,
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respectively. Similarly, n,S, and n,S, are maximum likelihood estimators of T and

the pooled unbiased estimator of X is S, . Further X,, X,, S,and S, are independently
distributed

It may be recalled that if we denote X, = X, — X, then it follows multivariate normal
distribution with mean vector (1, — ;) and covariance matrix (n;" +n;")Z, under
thg null hypothesis Hoip =u,, )_(d ~ Np((), (n;l +n;')2) . Since the samples are
independent, n,S,; and n,S, are independently distributed, following Wishart
distribution, namely n;S, ~ W, (2, n; - 1) (i=1, 2). Therefore,
(n;' +n3") (0,8, +1n,8,)~ W,[(n;" +n;")Z, (n, +n, —2)] and is independent of X,.
From the definition of Hotelling’s T? _statistics, we get that

(n, +n, ~2)X} [(n;* +n3') (n,S, +n,8)1"' X,

is distributed as T?(p, n —2). We may note that D* = i:, S;')_(d and
(n, +n, =X, [(n]' + 0" ) (S, +n,8,)]"' X, = (0" +07") "' X[ S;'X, -

Hence, D? can be transformed to T? by the relation
Tz(p’ n _2) 2'111111])2 >
n

mp

where n =n, +n,. We know that T*(p, m) = F, n-ps Where F,  denote the

: m-p+1
F -statistic with (a,b) degrees of freedom. Therefore, finally, the signiﬁcance of the
hypothesis H, :u, =, is tested by the statistic
n+n,-p-1_,
=172 7P T2(p o4, -2
(n; +n, -2)p (b, i+, =2)
_n+n,~-p—1 npn,

= X, -X,) s (X -X
(n1+ﬂ2—'2) nl+ﬂ2( 1 2) u ( 1 2)

. which follows F -distribution with (p,n, +n, —p—1,) degrees of freedom. Therefore,

the test procedure would be to reject the null hypothesis H, if calculated value of the

above statistics is greater than tabulated value of F -statistics at specified level of
significance and above-mentioned degree of freedom.

Example 4: The following data show the number of ever born children and dead
children to a number of couples belonging to low and medium socio economic status: *

Low Socio Economic | Medium Socio EconomM
Number of Children Number of Children |
10 3 2 0
3 0 5 0
S 0 1 4 1
2 0 6 1
12 2 3 0
1 0 4 0
8 1 5 1
7 2 10 2
4 0 8 3
2| 0 6 1
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Test the hypothesis that average ever born children and dead children to low and
medium status couples are equal, assuming that the number of ever born and dead
children follow bi-variate normal population with covariance matrices equal but
unknown. Thus, we wish to test H, :p, =, against H, 1y, # p, assuming that
X, =X, =% (unknown). Here n, =20, n, =28, p=2.

From the data given above, we can calculate

— [515]7 = [4.821
X = X, =

0.85 0.500
_[8.327 2072
712072 0.827

2=

4.146 1.017
1.017 06.07

Therefore § =————=—==
» 1.520 0.729

nS, +n,S, |60.57 1.520
n, +n,

4s 0.3463 -0.7220
an =
Po1-0.7220 2.8772

D’ =(X,-X,)$;'(X, -X,)=0.193

Hence T2 = P2z - 20%28 163125
n 48 :

politn-p-l, 48-2-1

= = x2.25=1.10.
(n; +n, -2)p (48-2)2

The tabulated value F(2, 45) at 5% Jevel of significance is 3.27. Since calculated

value is less than tabulated value at 5% level of significance, we conclude that data
provide no evidence for rejection of hypothesis.
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Case III: Standardized Sum Test [SS Test]

Let X,(n, xp) and X,(n, x p) be two data matrices drawn from N, (u;, Z;) and
N,(i,, Z,) respectively. The problem is to test the hypothesis

Hoy =1,

Let us assume that £, =%, =X (say). Let S, be pooled unbiased estimator of Z,

where

S nZSl +n,S,

n +n, -2

u

Here S;(i=1, 2) is the sample covariance matrix of i" sample. Let X; be the sample
mean of i" sample. Following the discussion given in sub-section 21.4.1, we can
easily see that under H, the statistic

(X, -X,)d
t=-Ja——l2o

T Jdsd
has exactly Student's 't' distribution with (n—2) degrees of freedom [Lauter et al
(1998)]. Here d =d(W) may be a function of the total sums of product matrix
W=(n-2)8, +a(X, - X,) X -X,)
where, n=n, +n,,a =i
n,+n,
The matrix W can also be written as

wW=(X-X) (X-X)=X'X-X'X

- Xl Y —n-l r
where, X = X=n"L X
X,

Here 1, is the vector of n ones.

In practice, SS test is done using pooled sums of product matrix W. From W, d is
defined by

D =[Diag(W)]""?1,.
Let p; = (“m"'a“ip), i=1, 2 be the two population mean vectors.
According to Lauter e al (1998) this SS test is sensible if p,; —p,; [j=12, ..., p] are
all assumed to be positive or all negative. However, if any one of p,; —,; changes the

direction, the test is not suitable. If all the variables have identical univariate

properties, the SS test attains the highest efficiency.

Example 5: Let us apply the test on the data given in Example 1. Here
278.622 69.92 }

W=(n+n,-2)S, = .
(o, +0;=2)8, [69.92 33.534

) . [00599 0 !
Therefore d = (diag(W))™*1, = 1

0 0.1727
_[0.0599
01727
‘ 6.057 1.5207[0.0599
d's,d =[0.0599 0.1727]
1.520 0.729 | 0.1727




-————.—

=0.0749 - Inference-111

X =X,)d nyn,

=1.00. '
| JdS,d  n+n,

, Since Wbulated value of t with 46 d.f. at 5%, level of significance is 2.101, which is
rr greater than calculated value of t, we conclude that data provide no evidence for
,[ ( rejection of null hypothesis. Therefore, we may accept it.

Case IV: Test of Equality of Two Mean Vectors when Covariance Matrices are
Unequal

Let X,(n,xp) and X,(n, % p) be two data matrices, where X;[i =1, 2] is a random

sample from N (i;, ;). We need to test the significance of the null hypothesis
Ho:p =4,

under the condition, that X, # T, and both are unknown.

The test of such a hypothesis in univariate case is known as Fisher-Behrens problem.

Yao (1965) has suggested a test statistic to test the hypothesis. The basis of his
suggestion is based on the solution of Fisher-Behrens problem.

Let X; denote the sample mean vector for the data matrix X;(n, x p) and S, denote

the sample covariance matrix (i=1, 2). Itis well known that )—(i ~ N, (yny '$) and

S, ~W,(n'T, n,—1)i=1,2. Let X, =X, -X,, U, =S;/(n; ~1), U=U, + U,and

Z=(Z,/n;)+(Z,/n,). Itis easy to verify that U is and unbiased estimator of T .

Under Ho)—(d ~ NP(O, Z). Let fU~ W, (%, f), where )_(d and f are independent and

the value of f is to be selected in such a way that for any p-dimensional vector o
fa'Ua ~a'Tay? .

Then W, =t2(f) =(a'X;)*/a'Ua

Here t2(f) is Student’s t -statistic with £ d.f.

Thus, according to UIT ,it can be written that

max W, = W, =X,U"'X, ~ T*(p, f)

“where for the maximum the value of a is 2" = U~X,. Welch has shown that if fU

does not always follow W, (Z, f) eventhen W, ~ t2(f,) where

: 2 , 2
__ 1 (aUla]+ 1 (aUza)_

1
f, (n,-D\ «'Uax (nz—l)k a'Ua

Now, replacing & by o’ it can be said that X,U™" is approximately distributed as
T?(p £'), where

— — \2 — -~
1 (X, U"U,U“Xd} L1 (Xuruutx, Y
( .

I
fa n2 _1) XEU_I)‘—("

m-bl  X,U%,
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Applications of MVN Remark: The solution of multivariate extension of Fisher-Behren problem can also be
- obtained as per suggestion of Bennet (1951). Let us assume that n, <n, Now

consider the datamatrix X, to be partitioned as

X22

Here X,, is (n,xp) and X,, is ((n, —n,)xp). Let usdefine Z as a linear
combination of X, and X, such that

Z=X, - X, B~ X,
n,

(ny~n)n
n, 1 1 . . .
where B= |—{I-—1 |+—1 . and | isa (nxn) matrix of elements unity.
nz n] 11 nz h ‘
The test statistic for the nuil hypothesis H, 1y, =p, is
n,(n, -DZ'S;'Z~T*(p, n, -1)

| :
where S, = V(I -1, JV’ and V=X, ~ —Iﬁ-le . The above T2 -statistics is
I T n

2
transformed to F -statistics by defining

pom-pTEn-y .
- (m-Dp P

The problem can also be solved using the technique of James (1954).

Example 6: Consider the following summary data
X, =[27.41 77804 782.68]

X,=[31.59 77625 769.82]

[ 2076  -27.15 -165.38]
S, =| -24.15 3548.82 2286.51
| —16538 2286.51 4006.82 |

[ 1921 2024 -11241] .
5, =| -20.24 3660.04 2847.54
| ~11241 2847.54 3854.43 |

Solution: We wish to test H,, :y; =, against H, :p, # i, assuming that I, # X, .
We may calculate d =[-4.18 1.79 12.867 . .

r0.77 -101 -6.13]
U, =] -1.01 13144 84.69
| -6.13 84.69 148.38 |

(071 -~0.75 -4.16]
U, ={-0.75 135.56 105.46
| ~4.16 105.46 142.76 |

148 -1.76 -10.29
U={ -1.76 267.00 190.15
-10.29 190.15 291.14




-———‘

. Inference-111
T (p, £')=d"' U™'d ¢

D 1.0593 ~0.0368 0.0615 |[-4.18
=[-4.18 1.79 12.86]|-0.0368 0.0083 -0.0067 || 1.79
0.0615 -0.0067 0.0100 ||12.86

=13.8190.

Hence p=3f" =54 . Therefore

R f'-p+t .
Fep, £ —p+ =B D2 )
pf
F(z_ 2) =444 . '

Tabulated value of F with (3,52) degrees of freedom at 5% level of significance is
3.73. Since the calculated value is greater than the tabulated value at 5% level of
significance, we may reject Hy and conclude that the two mean vectors differ
significantly.

Now try the following exercise.

; ES) Two samples of size 50 bars and 60 bars were taken from the lots produced by
i method 1 and method 2. Two characteristics X, = lather and X, = mildness were
measures. The summary statistics for bars produced by methods 1 and 2 is given

by
2 1
S, =
< [ <21
Tlal 2711 6

Test at 5% level of significance whether p, =p, or not.

Now let us summarize the unit.

21.6 SUMMARY

In this unit, we have covered the concepts of testing of hypothesis regarding Population
Mean vector under following situations:

1. - Test for mean vector for one sample case when population covariance is known.

2. Test for mean vector for one sample case when population covariance is
unknown.

3. Test for equality of mean vectors for two independent sample cases when

population covariances are known,

4. Test for equality of mean vectors for two independent sample case when
population covariances are equal but unknown.

5. Test for equality of mean vectors for two independent sample case when
population covariances are unequal and unknown,

21.7 SOLUTIONS/ANSWERS

El) Ho:p=[40 10] (sayp,)
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Applications of MVN H, :p=[40 10] .
Here Z is known. Hence
xh=n(X-1,) 2 (K-}
from the given data

X=[33 7]

st {41 B

=4.1
for p =2, the tabulated value of x?is 10.60.

Since x;mb. < x;w,_ therefore, we cannot reject H at 5% level of significance.
E2)

If T is not given, then the sample covariance matrix for the data is
[1 12 15.9]

159 3.6
The test statistic,

T? (p,n—-l):(n-l)(i-—p.o)' S'l(i-uo)

_of-7 3] 024  ~0.1061-7

=9 -0.106 0.747 || -3
=30.78

__n-p

F(p,n—p) - (n -—l)p

10-2

x2

=13.68

Tz(p, n-l)

x30.78

The tabulated value F(2, 8) at o =0.05 is 4.46, which is less than the calculated
value 13.68, Therefore, we reject Hy at 5% level of significance.

E3) T2 =(n-—1)(§-—uo)’ st (i-—uo)

0
Here, u, =[0:l

n——
Fz(n—II;PTz(P’n~1)'

E4) Using SS Test, we get
X=[7 3]

oo 112 159
1159 3.6

12010 2469
o< |

2469 526
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1 1] :
d=|— —=—=1 =]1096,22.9
[\/12010 \/526] [ ]
And
Z,=4567, 4832.2,3863.8, 1891, 5709, 2722, 4192.6,.4786.4, 2900.3, 2306.5.
7=37768
; Nz
S,
E5) H, =y
and H, :p, =y,

from the data given,

_nS+n,8, 1 [220 110
~ nmy+n,  110[110 610

2 1
{1 556
. _[0.556 -0.1
HZ o0 o2
D? =(i, —iz)su'l (il —iz)
27T0.556 -0.17 [-2
= =2.2
0f[-01 02] |o0]
T? = 222 p? = 60

n . i"n

_ n,+n,-p-1 T2
(ny+n,-2)p

f
| JJ Z, =%, =X (not known)
|

Su

F

117

= x 60 =129.50
118x2

21.8 PRACTICAL ASSIGNMENT

Session 6

1.  Write a programme in ‘C’ language to test the equality of mean vectors when
covariance matrices are equal.
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22.1 INTRODUCTION

Let X(n x p) be a data matrix observed for a random sample of size n from a
multivariate normal population N, (i, Z) where p is the population mean vector and

I is the population covariance matrix. In Unit 21, we have studied certain tests for
testing the hypothesis regarding the population mean vector under the situation that
covariance matrix is known as well as when it is unknown. We have also discussed
tests for testing the equality of two mean vectors when two independent samples are
available from multivariate normal populations. You may recall that the tests described
there do depend on the assumption about the covariance matrices, e.g. whether the
covariance matrices are known, unknown but equal, and unequal and unknown.
Therefore, before performing the test for the mean vectors, we have to test certain
hypotheses regarding the covariance matrices. The different cases of these will be
discussed in Section 22.2, 22.3 and 22.4. In Section 22.5, we shall discuss the test for
independence of components of multivariate random variables. In addition to the
testing of hypotheses about the covariance matrices, another interest would be to test
whether a number of independent samples available to us have come from same
multivariate normal population or not i.e., we would like to test the homogeneity of
_covariance matrices which is done in Section 22.6 and the complete homogeneity of

samples-is done in Section 22.7. Tests for correlation matrices may be another interest

which we shall discuss in Section 22.8. In this unit, we shall consider all these
problems and corresponding tests would be developed.

Objectives
After reading this unit, you should be able to:
¢ formulate the null and alternation hypothesis for covariance matrices;

e derive atest statistics for testing the hypothesis regarding covariance
matrices;

e use the tests for given data;
¢ test the homogeneity of covariance matrices;

e test for a correlation matrix.

23
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22.2 TEST FOR EQUALITY OF ALL VARIANCES
AND COVARIANCES

Let X(nx p) is a sample of size n drawn from a Normal population N, (i, £). Suppose

we wish to test a null hypothesis that all variances and covariances are equal, i.e. matrix
X is of a special form as given below:

P e P
p 1 .. p

c’ =Y, (say) (1)
P P ... |

The alternative hypothesis is that the covariance matrix £ =X, is a general positive
definite matrix.

We know that the likelihood function for the sample observation is

n/2

} -1
LX) = WC

- 3500, - T, )] @

a=1

Let us denote by X ., the i (i =12,... p) component of the o™ observation

’

(a¥1,2,...n)inthe sample, X, =(Xu1,-~-,Xup) SH=]y, Mg, ...ppIand
A =((Aij))=X"". Thus, Eqn. (2) can be rewritten as

n/2 n
L(u, X[X) = LA] exp(:_%ZiAij(Xai K )(Xaj ‘Hj)} €)

/2
Qm)™ a=11i,j=l

Under the null hypothesis H,, : > =% the matrix A should have a specific form having

all its diagonal terms equal and similarly all its non-diagonal terms also equal to each
otheri.e. '

Ay Ay e Ay a b .. b
Ao A, Ay o Ay _ b a .. b @
Ap] Apz AW b b a
‘where 2= — (P =2)P and P

- b=—— —.
o (1-p)1+(p-Dp c"(I-p)l+(p-Dp

We know that the likelihood ratio test (LRT) is based on the ratio of maximum of
likelihood function under the null hypothesis and over the whole space respectively i.e.
the likelihood ratio for the present case is defined as

. max L(p., ZlX)
)\, = Ly (5)
max Lip_x, Z,X |
IR}
The denominator of on right hand side of Eqn. (5) i.e. max L(p’ Z’X), can be obtained
K

by choosing the values of y and Ay such that it maximizes r.h.s. of Eqn. (3) and,
hence, the values of u;and A; must satisfy the following (pz + 3p)7 2 equations.
oL(u, Z[X)

=0i=12,-, 6
o, p 6)




aL(p, Z[X)

=0,i,j,=1,2,...,p(i<J). (7)
A j p(i<})

ij

These equations are respectively

n|:iAij()_(j—-pj):lL(p,Z|X)=O, i=1,2,...,p 8)
j=1

[(n/Z)Aij -/ 2)Zn:(Xui - 1) (X -Pj)]
a=1

L(u Z[X)=0,i,j,=12,..,p(i<}) )

where AY is the element in the i row and j* columnof A™ =X, i.e., A¥ =pijo;0;

and —)Zi =(1/n) Z X - The solution of Eqn. (8) and Eqn. (9) is
=1

K, =iii=1,2,---,P uo

AV =s orA; =sYi,j,=1,2,...,p(i <j) an

where s; = (l/n)zn:[XOLi —ii)(xai —ij)((sij))=s (hence Eqn. (11) can also be

a-1

written as Y. = S)and((sij))“ - ((sij)). Substituting the values from Eqn.(10) and

ij

Eqgn.(11) in Eqn.(3) and noting that the exponent in Eqn. (3) reduces to (%i sijs“] ,

i,j=1
. b
which in turn reduces to (~1/2)np, since Zs"sij =1 for each value of j, we obtain
i=1
exp(—np/2)

max L{s, Z|X)=W-

(12)

In order to obtain the numerator of right hand side of Eqn. (5) i.e. max L(p, Z|X) , We
H.2q

find p;'sand A;'s so as to maximize the likelihood function in Eqn. (3) subject to the
condition that £ =X, i.e. the matrix A has the form given in Eqn. (4). Noting that the

determinant A reduces to [(a ~b)*! (a +(p- l)b)}, Eqn. (3) reduces to the following

form
. _a-by @+ (p-b)?
L (}1, le) - (zn)nplz
exp{—%{aZi(Xai ~w) + bz i(xui - Pi)(xaj - “J‘)H (13)
a=] i=1 a=l1izj=1 P,

The values of p;'s, a and b which maximize L* are obtained by solving the following
(p + 2)equations;

oL (u, ZJX)
Op,;

1

=0, i=1,2,...,p;

Inference-1V
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o 3X)
=
and

oL (. 3JX)
ab
These equations are respectively

(i a- b)Z(Xal p’l)+bZi(Xaj HJ } p'sz'X) 1, 2, Tty p (15)

=0 (14)

p- 1 ,

- _L X)= .

[ {a b a+(p- 1)b} 222 “)}L(}*ZH (16)
and
_njp-l 1 . _
[ { b a+(p 1)b} 2§§<Xm i) )}L (wEx)=0. a7
The above equations can further be simplified and written as follows:

(a b)(X; - P.)+bi(x u,} 0,i=12,..,p (18)

=1

P~ -1 1 2 Y N2l =
{a b a+(p l)b} {PS +§(Xi Hi) }]"0 (19)

and
p-1 p-1 ( 2 X v
- + -1p°+ X, )X, -u)i[=0 20
{a_b a+(p—l)b} rp(p - 1)s [él( i~ B u,)ﬂ (20)
P P
2.5 s
where r=—"2 — and s?=4=L_Solving Eqn. (18), we get . =X; and
p
-1 s;
i=l

substituting X; for u, in Eqn. (19) and Eqn. (20), these reduce to

p— 1 1 2

=ps 21

a- b a+(p- l)b P @h

and
-1 1 2

a b at-p T @)

respectively. Solving these equations for a and b, we get
> 1+ (p 2)r 23)
(1-r)i+@-1))

and

249

g e )

Substituting the values of p; aand b in Eqn. (13), we get




1 Inference-1V
exp(— > np)

(25)

max L(p, ZiX)=

[P a-0m G- " ery

Thus, substituting the values from Eqn. (12) and Eqn. (25) in Eqn. (5), we get the
likelihood ratio for testing the hypothesis H, : X =%, as

. lSI n/2
e -

We know that under H,,-2log) is approximately distributed as chi-square for large n.
Therefore, Wilks (1946) suggested that if

'l

_ =T, @7

6P -0+ - 1)
—nlogT would follow approximately chi-square distribution with {p (p+ 1)/2- 2}
degrees of freedom under the nuil hypothesis. However Box (1949,1950) has shown
that the following test statistic follows chi-square distribution with {p p+1)/2- 2}
degrees of freedom for large n:

el

Therefore , we reject the null hypothesis if the calculated value of the test statistics as
given in Eqn. (28) is greater than the tabulated value of chi-square with {p(p + l)/ 2- 2}

degrees of freedom and at specified level of significance.

o~
~

Now, let us illustrate it in the following example.

" Example 1: The body dimensions of a certain species have been recorded. The
information on body length (L) and body weight (W) are given in Table 1:

Table 1
Body length L (in mm) | Body weight W (in gm)
41 3.3
45 2.1
45 2.6
i 50 2.5
50 2.9
53 5.8
| 56 7.1
35 2.5
| 40 2.5
L 61 8.7

Test the hypothesis that all variances are equal and all co-variances are equal in the
variance-covariance matrix for the given data.

Solution: Here, n=10andp =2
56.422 13.398
B [13.398 4.838 ]
IS =93.463

27
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g
62 @-rP 1+ (-1))

i Sij isi;

i#j=1 and s 2_ =l
p

(P=1)D s P
i=l

Therefore, s> =30.630andr =0.437
T=0.1231andnT/A(n-1) =.1367

Now, T=

where r=

Substituting above in Eqn.(28) which is again given below

o g

2(2+1)*(2x2-3
We get, x2={9- (2+1) (2x2 )} (01367)-——1—510g(0 1367) = 6.481 .

6(2-1)(2* +2-4)

Since the tabulated value of chi-square with [p(p +1)/2- 2] i.e. one degree of freedom

at 5% level of significance is 3.84 which is less than the calculated value of the test
statistics, we may reject the null hypothesis. Therefore, we may conclude that the body
length and body weight for the given data are not having the same variances and same
covariances.

Remark: One would like to test the hypothesis that all the components of mean vector
are also equal along with the equality of variances and covariances i.e.

Hyipy=p, = =p,(=usay),o =0, =-=c,and p,, =p3 =+~ =p,y,
The likelihood ratio for testing the above hypothesis is defined as follows
max Ll ZX)

=__(WXL W (29)

The denominator of the above is same as obtained above in Eqn.(12) i.e.

exp(-np/2)
max L(p Tjx)= S am (30)

Under the null hypothesis H ,the likelihood takes the following form

[(a-b)"(a+(p-Db)""”
(27t) np/2

exp {— —{aZi i) +bY S (X K, - p)H 31)

a=1 i=1 a=1 i#j=1

L(p, Z‘X) =

where a and b has been defined in Eqn.(4). The value of pu,a and b, which maximizes
the above likelihood, is obtained by solving the following three equations:
oL X oL X oL X
b 2px) ol zx) ol TX)
ou Oa ob

0, (32)

These equations simplify as follows




[(a—b)iﬁ(xm S0+EY Y K ~u)]L(P,Z|X)=0, i=1,2, .0 p

a=1 i=1 a=1 i=1

[ {: 113 a+(p1 l)b}—_zﬁ:(xm H)Z}L(p SX)=0

=1 i=]

and

_njp-t el |1y
{ Z{a-—b a+(p—l)b} 22;#].:1

Solving these equations, we get

u=X
1+{p -2,
TS0+ (- 1))
and
-5
So(l‘roxl*‘(p_l)ro)
where,
X=L% ixai
np a=l i=l
Sgij =%Z_I(Xai —Xanj —i) S;; +(
P P -
ZSOU leij‘zl:&‘x)
izj=] 1% j= i=
To P P
—I)ZSOH (p_l)zsu +Z(X X)
i=1 i=1 i=
and

=—Zsm~

i=1

Thus, we get

I
exp| - —
P( 2 npj

i(xai "F‘)(Xai K

~XJX;-X)

)}L(»,ZIXFO

max Ly, Z|X)=

[P 0-2) 0+ G- 1)] )"

. Inference-IV

(33)

(34)

(35

(36)

(37

(38)

(39)

Substituting the values from Eqn. (30) and Eqn. (39) in Eqn. (29) we get the likelihood

ratio for testing the hypothesis H, as

N s }n,z
(s(z,)p(l—ro)p'l(l +(p—1)r0) ;

and —n log T*, where

S

R R Iy

(40)

(41)
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§

is distributed as a chi-square with (&;—32 - 3') degrees of freedom under the null
hypothesis. Therefore null hypothesis is rejected if —n log T* greater thah tabulated X2

value with {p(p2+ 3) 3} degrees of freedom.

Example 2: A group of 100 students appeared in three consecutive tests and the scores
obtained by them are noted down to check whether the tests can be considered as
similar. If the tests are similar, it is expected that the students' score in three tests
should have same means, variances and covariances. Thus, the test discussed in the
above remark can be applied. From the data, the vanous statistics needed for the test
are calculated and these are given below:

Xl =10.9900 X2 =10.9300 )(‘3 =11.2600

[16.8451 13.5493 14.5826
$=|13.5493 18.1099 13.8056 |and|S|=545.5308
14.5826 13.8056 17.7124

s; =17.5764, |S| = 545.5308, 1, =0.7984

Since, n=100and p =3, it may be verified that the value of the test statistic T given
in Eqn. (41) comes out to be 0.9370. Further — nlog T* =6.5072 and the tabulated
value of chi-square with 6 deprees of freedom at 5% level of significance is 12.59. .
The calculated value of the statistics is less than the tabulated value, therefore we may
conclude that the data do not provide enough evidence for the rejection of null
hypothesis and hence we may accept that the scores of the students in the three tests
have same means, variances and covariances. . :

Now try the following exercise.

E1)  The body dimensions of 4 different species of insects collected during February-
March, 1993 have been recorded [Bhuyan and Nair (1995)]. The information on
body length (L) and body weight (W) of 20 insects of each species are given -

below:
Specie 1 . Specie Il . Specie 111 Specie IV
L(mm), W(gm) | L(mm) | W(gm) | L{mm) | W(gm) | L(mm) | W(gm) ;
36 1.3 41 3.3 45 1.8 27 0.8 '
37 1.8 45 2.1 45 1.7 | 28 0.5 i
37 1.7 45 | 2.6 46 1.9 35 1.6
40 24 | 45 3.8 49 2.0 30 0.5
41 2.5 45 69 49 2.3 45 2.8
42 2.3 45 44 50 2.2 42 1.3
43 2.5 50 2.5 50 2.4 45 2.4
44 2.2 50 2.9 51 2.0 40 1.3~
46 2.7 50 | 26 52 2.1 45 2.8
47 3.3 50 3.1 53 2.1 48 34
43 2.2 52 5.3 54 3.2 45 .29
438 2.9 53 5.8 53 2.1 48 2.4
© 51 - 31 54 33 55 3.0 45 2.8
52 3.3 55 5.9 55 2.2 48 29
53 |. .3.6. 56 7.1 55 25 | 44 2.4
59 |29 57 8.0 56 34 45 2.3
55 45 | 35 2.5 57 3.3 45 3.1
55 3.6 40 1.7 - 57 - 3.4 42 1.7
56 5.0 40 2.5 58 3.1 50 2.4
.60 4.5 61 8.7 50 2.5 52 3.7




Use the above data to test the hypothesis that variances and covariances for three
species are equal.

In the following section we shall discuss the test for covariance matrix to be equal to a
given matrix.

22.3 TEST FOR COVARIANCE MATRIX TO BE
EQUAL TO A GIVEN MATRIX

Let X(nxp) is a sample of size n drawn from a Normal population N (1, ). Suppose

we wish to test the null hypothesis that covariance matrix is equal to the given matrix
ie. Hy: X #Z,, against the alternative hypothesis H, : ¥ = ¥ . It is also assumed
that vector u is unknown.

The likelihood ratio for testing‘the above hypothesis is as follows
maxL(J.L ZIX)
_ X !

A —_ij%xL 5 42)-

The likelihood function for the sample observation is given in Eqn. (2) which can be
rewritten as
( -1 (11/2

L2100 L

[exp-%trz" {ai:l(xa ) (xa ~y) H 43)

' P
Note: The trace of a (pxp) square matrix A = ((Aj)) is defined as tr A= A . The
i=1
power of the exponential term in Eqn. (2) is 1x1, hence it will be equal to its trace.
The following are the properties of trace:
tr(A+B)=trA+tB

trAB=trBA

We know that the maximum likelihood estimator of y is X and that of ¥ is S, where
S is the sample variance-covariance matrix. Hence it is easy to verify that

. -1 n/2
max L{,Z|X)= %’)Texp[—gtrzo"s} 44)
H.i0 :
and
| -1 |l‘|/2 np
max L(x,2]X)= T (45)

substituting Eqn. (44) and Eqn. (45) in Eqn. (42), we have
1 n/2 n _ n
A= ‘EDISl exp[— 5 tr;:o‘S + _?p}
and hence

~2logh = -nlog|Z5'S|+ ntr £5'S —np | - (46)

This statistics is a function of the eigen values of £;'S. Let a and g be the arithmetic
and geometric mean of eigen values of Z;'S. Then tr E;'S.= pa and |ZS‘S‘ =gP. '
Therefore Eqn. (47) can also be written as

—2logh = np(a ~log (g) - 1) . @7

Inference-IV
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It may be recalled that the asymptoti¢ distribution of —2log. is chi-square distribution
with p(p +1)/2 degrees of freedom and hence H is rejected when —2log A given by

p(p +1)

Eqn.(46) (or Eqn.(47)) is greater than tabulated x> value with degrees of

freedom.

Example 3: The data given in Example 1 is a part of information. For the complete
data set the population variance-covariance matrix may be as given below:
20421 2.582
72582 1.838]
Let us investigate whether or not the data given in the Example 1 confirms to the

hypothesis that it has been drawn from a bivariate normal population having variance
covariance matrix as I, i.e. we wish to test the hypothesis H, : Z = X, against the

alternative hypothesis H, : £ # £,. From the Example 1 you may note that

56.422 13398
=[13.398 4.838]'
Hence,
qe | 00595 -0.0836][56.422 13.398] [ 2237 03927
o _[—0.0836 0.6615 }[13.398 4.838]“[4.0947 2.0972}

The calculated value of the test statistic —nlog+ntrEg's — n‘p’E; 'SI is, therefore
obtained as —10log(3.0835)+10(4.3352) ~10x 2 =22.8529.

Since the calculated value of the test statistics which follows chi-square distribution
under null hypothesis with p(p+1)/2 (3 in this case) degrees of freedom, is greater

than the tabulated value (7.81) of chi-square with 3 degrees of freedom at 5% level of
significance, we reject H,. Hence we conclude that covariance matrix for the length

and weight data differs from the assumed covariance matrix ¥’ .

Now try an exercise.

E 2) Let us consider the data given in E1) and test the hypothesis that

_[19.63 1467
1146 431(

In the following section we shall discuss the test for the covariance matrix to be equal
to constant multiple of a given matrix.

22.4 TEST FOR COVARIANCE MATRIX TO BE
EQUAL TO CONSTANT MULTIPLE OF A GIVEN
MATRIX

Let X (nxp)isa sample of size n drawn from a Normal populatlonN (p Z) Let us
consider that we w1sh to test the null hypothesis that covariance is equal to constant
multiple of a given matrix i.e. H,:3 =k against the alternative hypothesis
H, ;'z;ek}jo, where k is some unknown constant. It is also assumed that p is
unknown.
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The likelihood ratio for testing the above hypothesis is as follows Inference-1V
max L(u, E[X)

The likelihood function for the sample observation is given in Eqn. (43). Therefore we
have

log L(u, Z{X) = —”z—plog 27~ % log|¥] - -’zitr{z"s +X -y X -} (49)

Under H, it reduces to

s S

log L(, k £o[X) = —n—zplogZTc - %mg
| - S5 + (K -y 55! (X - ) 50

Here X is sample mean vector i:(ix,iz,---,)—(p) .

In order to obtain the numerator of Eqn. (48), we choose the values of y and k such
that Eqn. (50) is maximized. Such a value of p and k can be obtained by solving the
following equations:

9
ou

if

log L{, KE,[X) = nk 53X — )= 0 1)

and

;—klog L, kE4[X)= (— g—)[(f) + 117 tr{EE‘S (K- 2% - H)H =0 (52)

Solving Ean. (51) and Eqn. (52) simultancously we get j1=X and k = tr Z;'S/p.

Hence
1 1
max L{n, ZIX)=——————,,—exp[(——np]] (53)
H, (Zn)nplz ﬁXc 2 2
And
1 : 1
= — -— 54
nz{ix L(}"- ZIX) (2n)anZlS|n/2 expli( 2 np]:| ( )
Substituting Eqn. (53) and Eqn. (54) in Eqn. (48), we have
n/2 Sig??
S 2o S
A= AI I Y] =| ? 072 (55)
[kzo | (k[ |
| . trza'y |
k p :
Thus,—-2log A =nplo ——|=nplo —— |=np log(a /g) (56)
(zy 3" A

where a and g are the arithmetic mean and geometric mean of eigen values of L;'S,
respectively. Since —2log) is asymptotically distributed as chi-square with

(p - 1)p + 2)/2 degrees of freedom, we reject null hypothesis H, if calculated value of
the statistics from Eqn. (56) is greater than the corresponding tabulated value of chi-
square with {p —1)p +2)/2 degrees of freedom at specified level of significance.
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Example 4: In Example 3-we have seen that the data given in Example 1donot .
confirm the assumption that it has come from the population with variance-covariance
matrix
{20421 2.582
o [ 2.582 1.838]
Let us now try to test whether or not the population variance-covariance matrix is a
constant multipie of 3 . In other words, we wish to test the nuit hypothesis

H,:% =k X, against the alternative hypothesis H,: X 2k X,- The test described

above can be used for this purpose. It may be noted from Example 1 that the sample
variance-covariance matrix is

B 56.422 13.398
113398 4838 |

Further note from Example 3 that

pag_[ 2237 03927
©7714.0947 20972

Here, n=10 and p=3 and hence, the estimate of k
k=pTTr(z;'s) =2.1671
_1t/P
And=|z;'s| * =1.7559
The value of the test statistic nplog lAc/ (Z;,'S)vp which distributed as chi square with

(p —1)Xp +2)/ 2 degrees of freedom is 20 log (1.2341)=1.870.
Since the calculated value of the test statistics is less than the tabulated value (5.99) of
chi square with 2 degrees of freedom at 5% level of significance, hence we cannot

reject the nuill hypothesis. Therefore we may conclude that the population covariance
is constant multiple of matrix 3.

Now try the exercise.

E 3) Let us consider E 1) and test the hypothesis that variance-covariance matrix is

e 19.63 146
constant multiple of .
' ' 1146 4.31

Let us now discuss the test for independence of components of variables in the
following section.

22.5 TEST FOR INDEPENDENCEOF COMPONENTS
OF VECTOR RANDOM VARIABLE

Let X(n x p) is a sample of size n drawn from a Normal population Np(p, }:) .
Suppose that each observed vector is partitioned in two parts, one consisting of p, and
the other p, components such that p = pi + p,. The likelihood function of X can also
be split into two factors, one for parameters p, and X,,, and an other for p, and Z,,,

.o r, z
where, p= [H; Mz]aﬂdZ = L” Eu:l' Let us consider that we wish to test that the
' 2t - 2;

sets of variables corresponding to first p, components are independent to the set of




T

variables corresponding to remaining p, components of the observed vector i.e. Inference-IV

H, :X,, =0, against the alternative hypothesis H, : X.,, #0.

| . 8, 0
UnderH,, Y, =0,and the MLEof Xis Y, =[(‘)‘ S }
: ) 2

R Tt e oo skt

[
~ A

Also p = [p[, p.zJ =X . Here MLE of punder both Ho.andHA is X. Comparing with

discussion in earlier sections we now see that the LRT for the hypothesis depends on
, 5 -
. S 0 S, S 1 S, S
the eigenvalues of £ S, i.e. E"S=[ 1 ] [ t 12'] = R
0 SZZ Szl SZZ S;2821 I

Heretr T7'S= p and hence the arithmetic mean of eigenvalues is one. The geometric
mean is obtained as ~

Al
g’ =‘Z Sl = |S|/051.||522|)= ’Szz —SZlS;IISlZMS?.Z‘
Now, according to the LRT criterion, the test statistics {similar to Eqn.(47)) is
~21Ink = -nln{S, -8, 878,,|/8x])= -ninfl -85S, 578,

.—:—nlnﬁ(l—?»i) - : | - 5D

i=]
~ where k = min(p,,p,)andA,'s are the non zero eigenvalues of S3,S,,S;'S,,. The test
'statistic can also be written in terms of correlation matrix i.e.

-2InA=-nlll-R3,R,RR,,|.

Fimally, the test statistic can be writfen as:

k

A2 =TT-2).

i=]

Bartlett (1954) has shown that
1 N
——[n ——i(p1 +p, +3)]1n7u2/ ~ xfm

for larger n such that n~12>p, +p,.

If p, =1 and p, = p -1, the test statistic takes thre form of

~2InA=-nIn{l-R?) | ,
where R is the multiple correlation coefficient between the first variable and the others.

Now try the following exercise:

E 4) The following information relate with fertility level and child mortality level
along with some socio-economic variable of couples of child bearing ages in a
country according to their socio-economic status:

No. of ever | No:. of dead | Level of education | Duration of |
_ | born children Father | Mother marriage
Objects) cpitdren under age'S [ (in Complete years) | (in years)
X 1 X2 X3 Xy 1%
1. 10 ~ 3 § 0 18
2, 3. 0 10 5 8
3. 5 0 12 A 15 1
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4. 2 0 14 14 6
5. 12 2 0 0 17
6. 1 0 10 0 3
7. 8 1 5 5 15
8. 7 2 0 0 __ 18
9, 4 0 8 4 10
10. 2 0 12 10 5
11. 1 0 10 5 3
12. 5 1 5 0 12
[ 13. 4 0 0 0 11
| 14. 6 2 5 0 13
15. 7 1 0 0 10
16. 4 1 6 0 12
17. 8 2 0 0 15
18. 3 1 0 0 8
19. 6 1 0 0 14
20. 5 0 6 0 12
| 21. 2 0 17 12 5
| 22. 5 0 12 12 12
| 23, 4 1 10 10 8
| 24 6 1 8 0 14
25. 3 0 12 10 8
26. 4 0 10 5 17
27. 5 1 6 6 8
28. 10 2 6 6 19
29. 8 3 6 6 12
30. 6 1 10 6 14
31. 7 0 10 0 15
32. 6 0 16 [ 10 14
33. 5 0 16 12 13
34. 4 0 10 10 12
35. 8 1 0 0 15
36. 7 2 0 0 13
37. 3 0 0 0 8
38. 2 0 16 16 5
39. 3 0 16 16 10
40. ] 0 17 17 4
41. 2 0 17 17 6
42. 4 1 10 10 9
43, 5 1 10 10 18
44, 4 0 10 10 12
[ 45. 6 0 8 8 15
| 46. 4 0 10 10 12
47. 6 0 12 12 17
48. 5 0 10 10 15
49. 4 0 12 12 10
50. 3 0 10 10 12
51. 7 ] 10 10 11
[52. 8 4 6 6 12
| 53. 2 0 17 17 6
| 54, 1 0 17 12 3
55. 4 0 10 10 12
56. 5 0 12 12 16
57. 3 0 10 10 10
58. 4 0 6 6 16
[ 59. 6 1 8 0 14

[
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[60. 5 0 6 0 ] 15
| 61. 1 0 12 12 | 4
L 62. 2 0 12 10 | 3
' 63. 1 0 12 12 2
[ 64. 2 0 10 10 5

Test for independencbe of number of ever born children (x,) and number of dead
children (x,) with mother’s education (x,) and duration of marriage (x) using
above data. ‘

Now we shall discuss the test of homogeneity of covariance matrices.

22.6 TEST OF HOMOGENEITY OF COVARIANCE
MATRICES

Suppose there are K multivariate normal populations Np(p.i, Zi) i=1,2,-,k. Let
X; (n;xp)be data matrix from N (u;,%;)[i=12,..k,]and we want to test the
hypothesis that k covariance matrices are equal i.e. Hy: X, =2, =...= X, against the
alternative hypothesis that all the co-variance matrices are not equal i.e. H, : 2, # X
for at least one i#j,1,j=1,2,..., k.

Under Hyand H ,the MLE of |y is X .

k
UnderH, the MLE of common covariance matrix X is ™ where n= E“i and
n i=1
W= Z n;S;, and S; is the MLE of X; under H, . Then the test statistic for the null
hypothesis is '
—2Ini=nlnf§|- Y n, Infs], (58)
where S=n"'w . This statistic has an asymptotic Chi-square distribution with

%p(p + 1)(k - l)degrees of freedom. Box (1949) proposed M-statistic, where

b

M = (n - k)In|S, | - i(n‘ ~ s,

nS andSm = n_‘s'_ S
n- k ni “1

S =

u

(59

According to Box MC™ has a Chi-Square distribution with %p(p +1)k - 1) degrees of

freedom, where

4, 2p°+3p-1 . 11
ch =1 6(p+])(k—l)[.z{ni_l n_kH- (60)

i=l
Ifall p, are equal, then

“=1_(2p2 +3p-1)(k+1) .

6(p +1)(n ~k)k
The above MC™ statistic is known as Box’s M-test statistic. The approximation of
MC™ statistic is good if each n;, exceeds 20, and p and k do not exceed 5. For p and k
greater than 5,n; <20, Box has suggested an asymptotic F distribution [Pearson and

Hartley (1972)]. Roy, Pillai and others have proposed alternative test procedures for
k=2
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EXample §: To illustrate the above test procedure let us consider the data on the body
dimension of three species X,,X, and X,. The body length and body weight for these
are given below: ‘

X, - X, X,

Body Body Body length | Body Body length{ Body

length weight W | L (mm) weightW | L (mm) weight
Lmm) |(gm) (gm) W-(gm)

4] 3.3 45 1.8 27 0.8

45 2.1 46 19 35 1.6

45 2.6 49 2.3 30 0.5

5Q 2.5 50 24 45 2.8

50 29 52 21 . 42 1.3

53 58 53 2.1 40 1.3

56 7.2 54 3.2 48 34

35 2.5 53 2.1 45 2.9

40 2.5 58 3.1 . Y ¢ 2.4

61 8.7 50 | 25 42 1.7

We wish to test the homogeneity of variance-covariance matrices for the three species
i.e., our null hypothesis is H, : ¥, =2, = 2., against the alternative hypothesis H, : At

least two out of the three ¥ 's differ. Here k =3,n; =10i=12, 3)andp 2. From the
data it is easy to calculate

_[56.422 13398
b 7113.398  4.838

13.40 1.20
Sy =
120 020
_[4.160 5.164
715164 0.832

112,982 20.762

Hence, |S,,|=93.463,|S,,|=1.24and|S,,|=9.243, S, s[
20762 5270

} and hence,

IS,| =164.3545.

Substituting the above values in Eqn. (60), we get M =19.1535 and from Eqn. (62),
we get C™! =0.8395. The value of MC™" is, therefore, obtained as 16.07944. The
tabulated value af chi-square with 6 degrees of freedom at 5% level of significance is
12.59. Since, calculated value of the test statistics is greater than tabulated value, we
may reject the null hypothesis at 5% level of significance and conclude that the
covariance matrices are not homogeneous.

Try an exercise.

E5) Consider Et) and test the homogeneity of covariance matrixes for species, I,
111 and IV between their length and weight.

In the following section, test of complete homc;geneity is discussed.
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22,7 TEST OF COMPLETE HOMOGENEITY

Let X;(n; xp) be data matrix from N (u; ,EiIi =1,2,...,k]. For such data matrices

the LRT to test H, : pu, =p, =...= g, has been discussed in the previous unit i.e. Unit
21 and the test statistics is

1 -n/2
A=[1+W'B
under the assumption that 2, = Z, =...=Z,. Again, for the hypothesis
H,:X, =%, =...=%, the test statistic as discussed in Section 22.6 is

. k
-2, =(n-k)In|S,|~ D (n; -1)In]S, |

1
i=l

where n = ini . Now, the problem is to test the hypothesis

Hy:p, = Fi—- p, and %; =%, =...=Z%, . The LRT statistic for this latter hypothesis is
~2InA, =-2InA, -2InA

This statisﬁc is asymptoﬁcally distributed as x* with %p(k ~1)Xp +3) degrees of
freedom. On simplification the statistic stands as

~2Ink, = (n ~k)In[W,|- i(ni ~HinS,,| _ (62)

where S,, = &S—‘—l— is the unbiased estimator of X, and W, = E—(E‘——IEEE-
i n; — n-

After this we shall discuss the test of correlation matrix.

22.8 TEST OF CORRELATION MATRIX

LetX(n = p) be a data matrix from N_(u,X). Assume that the population correlation

matrix of p variable is P. We need to test of hypothesis H, : P =1 against H, :P #1

The null hypothesis indicates that all the p variable is uncorrelated. Under this
hypothesis, the mean and variance of each variable are estimated separately. The ML

estimates provide fi = X and 3 = diag (s1 . ....spp) ,where s, is the sample variance of i

variable. Let the sample correlation matrix be R.

The above hypothesis is equivalent to H, : ¥ = diag (0“ Gy - Op ), a special form of

the ¥ matrix. The LRT statistic for such a hypothesis is equivalent that of H, :Z=Z,.

Now, using R matrix instead of S matrix, the LRT statistic for the required hyp'othesis
is ,
~2InA=-nlnR| (63)

where —2InA is asymptotically distributed as Chi-square with %p(p - 1) degrees of

freedom. Box (1949) has shown that if n is replaced by n'=n - % (2p +1 1) , then

chi-square approximation is improved.

Example 6: In an investigation of the relationship between four variables
X,,X,,X;and X,, the sample correlation matrix is obtained as given below:




| Applications of MVN 1.000 0.715 -0.526 0.807

[f 0.715 1.000 -0432 0.396

E “1-0526 -0432 1.000 -0.441]
087 039 -0.441 1.000

i Now, we want to test the hypothesis H, : The variables are pair wise uncorrelated
' against the alternative hypothesis H, : Not all pairs of variables are not uncorrelated.

It may be seen that |R| =0.098.

Therefore, the value of the test statistics given in Eqn. (64), taking n as suggested by
Box(1949), is

-2Inx =[64 - -é—(2x4 +1 1)}ln (0.098) =141.30

The tabulated value of chi-square with 6 degrees of freedom at 5% level of significance
is 12.59 is less than the calculated value. Therefore, we may reject the null hypothesis
and conclude that the variables are correlated.

Try an exercise.

E6) Consider the data given in E 4) and test whether ever born children (X, ), number
of dead children (x,), mother’s education (x,) and duration of marriage (x5)
are uncorrelated or not.

Now let us summarize the unit.

22,9 SUMMARY

In this unit we have covered the following points:.

1. Wetested the equality of all variances and covariances based on a multivariate
random sample from normal population. That is, to investigate the significance of
the difference between the variances and covariances.

Level of Significance (@) and Critical Region is
%% > y2a(a) such that P{x2 > xza(a)} == o andd = {%p(p +1) - 2}

Test Statistic

6(p-1)p2+p-4 n-1

o g
(

s2F -y 0+ - 1))

The Statistic 3> follows x* distribution with {% plp+1)- 2} degrees of

where,

freedom.

Conclusion

If x* <x%;(c), we conclude that the data do not provide us any evidence against
the null hypothesis H, and hence it may be accepted at a% level of
significance. Otherwise reject H,, or accept H;.

40
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4)

We tested for covariance matrix to be equal to a given matrix. Inference-IV

Level of Significance (o) and Critical Region is

12 > x*a(o)such that P{x2 > xza’(a)} =qandd = {% p(p+ 1)}
The Test Statistic is

1’ =npla-log g-1)-
where a=tr %,'S/p

/

and g =|2(;’s|(l »
The Statistic y* follows % distribution with d = {—;- plp + 1)} degrees of

freedom.

Conclusion

If ¢ <x*d(sa), we conclude that the data do not provide us any evidence
against the null hypothesis H, and hence it may be accepted at % level of
significance. Otherwise reject H, or accept H .

We tested for covariance matrix to be equal to a constant multiple of given
matrix. :
Level of Significance (o ) and Critical Region is

x2 > xzd (o)such that P {xz > de (a)} =oandd = {—;—(p - 1)(p + 2)}
The Test Statistic is
?= ap log(ao /go)

fal l/
where a, =k,g, =a,gandg =IZE‘SI( g

The Statistic x° follows x” distribution with d = {—;—(p ~1)p+ 2)} degrees of

freedom.

Conclusion

If If x* <4 (ae), we conclude that the data do not provide us any evidence
against the null hypothesis H, and hence it may be accepted at % level of
significance. Otherwise reject H,, or accept H .

We tested for independence of components of variable
Level of Significance (a) and Critical Region is

x* > 1% (c)such that P{)(2 > xzd(a)} =aandd=p, p,
Test Statistic

k
x*=-nmn [J(1-%)
i=1

where k = min(p,,p,) and A,’s are non zero eigen values of $3,5,,S;S;, .

The statistic x> follows x? distribution with d = p,p, degrees of freedom
provided n —1>p, +p,
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6)

Conclusion

If %% <%%; (@), we conclude that the data do not provide us any evidence against
the null hypothesis H, and hence it may be accepted at a% level of
significance. Otherwise reject H,, or accept H ,.

We tested homogeneity of covariance matrices.
Level of Significance (a) and Critical Region is

1> > %’ 4(a)such thatP{x2 > 14 (a)} =aandd =%(p(p+ 1)(k-1))
Test Statistic
x2 - Mc—l
k

where M =(n-k)InfS,|- 3" (n; - 1)in[S,,|

i
i=1

. nS S, = n;S

The Statistic x* follows % distribution with %—(p(p +1)k ~ 1)) degrees of
freedom.

Conclusion
Ifx* <3y (a), we conclude that the data do not provide us any evidence against

the null hypothesis H, and hence it may be accepted at a% level of
significance. Otherwise reject H,, or accept H,, . "

We tested for correlation matrix.
Level of Significance (o) and Critical Region is

1’ > %24 (a)such thatP{x2 >%% (a)} =aandd =%—(p(p ~-1))

Test Statistic
x* =-ninfR|

The Statistic % follows x* distribution with %—(p(p—l)) degrees of freedom.

Conclusion
If y* < %%, (at), we conclude that the data do not provide us any evidence against

* the null hypothesis H, and hence it may be accepted at a% level of significance.

Otherwise reject H, or accept H, .

22,10 SOLUTIONS/ANSWERS

El) Here n=2,p=2. Using the formula given in Section 22.2, we may"get

g [55.422 6. 192']

6.192 0.948
s? =28.125
s2=6.192
|8 =14.1992

r=0.8542



E2)

1] E3)

—‘il = 0.0661

n-—

v =47.54,

Conclusion
Since x? < x%0051,H, is rejected at 5% level of significance and concluded that

body length and body weight of species I are not having same variances and
covariances.

[1 9.63 1.46
H,:Z=

against
146 431

19.63 1.46
H,:Z=
146 431

For the data given on species I, it may be verified that the sample variance
52.65 5.8825}

covariance inatrix S=
[5.8825 0.9013

. 00522 -0.0177][ 52.65 5.8825] [2.6552 02911
°771-0.0177 02380 [[5.8825 09013 |0.4681 0.1104

Hence the calculated value of test statistic can be obtained as
x’ =5229.

Conclusion .
Since calculated 1 * is greater than tabulated y* with 3 degrees of freedom at 5%

level of significance therefore we reject the null hypothesis at 5% level of
significance and conclude that covariance matrix for length and weight for
19.63 1.46]

species I differs from
146 4.31

19.63 1.46
Hy:Z=k ] .k is unknown
| 146 431

against

¢ 119.63 1.46
H,:Z=zk
1.46 431

For the data given on species I, it may be verified that the sample variance
52.65 5.8825]

covariance matrix S =
5.8825 0.9013

2.6552 0.2911

2,'8=
° |:0.4681 0.1104

} n=20andp=2.
We may check that k =a, = p'trZ;'S =1.3773and go = 0.3945
Hence the calculated value of test statistic can be obtained as
2
% =5001

Conclusion
Since calculated y”is greater than tabulated 3> with 2 degrees of freedom at 5%
level of significance therefore we reject the null hypothesis at 5% level of

Inference-1V
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E4)

significance and conclude that covariance matrix for length and weight for

S . 19.63 1.46
species I is not a constant multiple of .
. 146 4.31

H,:Z,=0
against
H,:Z,#0
Ne) (o)
where X, =[ " 15}
G Oy
For the data given above it may be verified that
5797 1545 -6.691  8.699
1.545 0.806 —2.047  1.591
" |-6.691 ~2.047 27.897 —-10.497
8.699 1591 -10.497 20.030
here n=64andp, =p, =2.
[5.797 15457 [-6.691 8.699
711545 0.806] 7 |-2.047 1.591
g o[-6691 2407 27.897 -10.497
2708699 1.591 |2 7|-10497 20.030 |
[0.12916 —0.08974
Therefore $,,S,,S;1S,, = :
-0.4093 0.67171

The eigen values of this products matrix are A, =0.7326,L, =0.0683.

Thus, we have x? = —[64 ~ %(2 +2+ 3)} in(l - 0.7326)1 - 0.0683) = 84.09

Conclusion
Since calculated y”is greater than tabulated x> with 4 degrees of freedom at 5%

level of significance therefore we reject the null hypothesis at 5% level of
significance and conclude that ever born children and no of dead children are
related with the mother education and duration of marriage.

ES5) Here p=2n, =20(i =1,2,3,4) and k =4 from the data we have

44

u =

_[55.422 6.192] |:44.366 9.928]
u =

6.192 0.948 9.928 4.536
1579 1.81 ], 50.156 5.89
= S4u=
1.81 0318 589 0.878
41.4329 5.9553
S, = ,1S:1,|=14.1992
59553 3.7244

IS,.|=102.679]S,,|=1.7451

IS4, =9-3449|S, | =118.847

M=171.66,C™! =0.9525
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Therefore MC™' =163.51

Conclusion
Since calculated MC™' which is approximately distributed as %> with 9 degrees

of freedom is greater than tabulated 3> with 9 degrees of freedom at 5% level of

significance therefore we reject the null hypothesis at 5% level of significance
and conclude that the covariance matrixes for the four different species I, 11, 111
and IV are not homogeneous.

The sample correlation matrix can be easily obtained as follows

1.000 0.715 -0.526 0.807
1.00 -0.432 0.396

1.00 -0.441

1.00

IR| = 0.098

x? = —[64 - %(2x4 +1 1)1n(0.098)] =141.30

Conclusion
Since calculated y® with 6 degrees of freedom is greater than tabulated > with

6 degrees of freedom at 5% level of significance therefore we reject the null
hypothesis at 5% level of significance and conclude that the variables are not
uncorrelated.

22.11 PRACTICAL ASSIGNMENT

Session 7

1.

Write a program in ‘C’ language to test for covariance matrix to be equal to a
given matrix.
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23.1 INTRODUCTION

The problem of classification occurs when an investigator makes a set of
measurements on an individual and based on these measurements wishes to classify
the individual into one of the several categories. The investigator cannot identify the
individual with a category otherwise and for this purpose must use these
measurements. However, he may identify a finite number of categories or populations
from which the individual may have come. Each population can further be
characterized by a probability distribution of the vector of measurements. Thus, the
vector of measurements on the individual are considered as a random observation from
one of these populations. The question is that for given individual with certain
measurements, how to decide from which population did it come.

In some instances, the categories are specified beforehand in the sense that the
probability distributions of the measurements are completely known, In other cases,
the form of each distribution must be estimated from a sample from that population.

"Let us give an example of a problem of classification. Prospective students applying
for admission into college are given a battery of tests; the set of scores is a vector of
measurements x on a student. The prospective student may be a member of one
population consisting of those students who will successfully complete college
training or, rather, have potentialities for successfully completing training, or he may
be a member of the other population, those who will not complete the college course
successfully. The problem is to classify a student applying for admission based on his
scores on the entrance examination. Another example of classification may be
identification of a skull as male skull or a female skull based on anthropological
measurements like circumference, height, volume, etc. We shall begin the unit by
defining the criterion for good classification in Section 23.2. We shall describe the
procedure of classification into one of two populations with known probability
distribution in Section 23.3, and in Section 23.4 with known multivariate normal
populations.

In this unit, we shall also develop the theory of classification in general terms in
Section 23.5 and then apply it to cases involving the normal distribution in Section
23.6.

In order to explain the application of the test to given data, practical have been
provided in section
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Objectives

After reading this unit, you should be able to:
° formulate a classification problem;

. choose a suitable classification rule;

e use the classification rule for given data to classity an individual into various
possible groups.

23.2 CRITERION FOR GOOD CLASSIFICATION

In constructing a procedure of classification, it is desired to minimize the probability
of misclassification, or, more specifically, it is desired to minimize on the average the
bad effects of misclassification. Now let us make this notion precise. For convenience,
we shall now consider the case of only two categories. Later we shall treat the more
general case.

Suppose an individual is an observation from either population n, or population =,.
The classification of an observation depends on the vector of measurements
X' =(X;5.. .,xp) on that individual. We set up a rule that if an individual is

characterized by certain set of values of x,,..., x, then that individual will be
classified as from =; if it has any other values of x,, x,, :*-, X, then it is classified
as from =,.

We can think of an observation as a point in a p-dimensional space. We divide this
space into two regions R, and R, . If the observation x'falls in R,, we classify it as
coming from population =, andifit falls in R, we classify the observation as coming
from population =,.

Naturally, in using the above classification procedure, the statistician can make two
types of misclassifications. The first may be when the individual is actually from =,
but the statistician classifies it as coming from population =, and the second may be
when it is from T, but the statistician classifies it as from ,. It is needed at this stage
to know the relative undesirability of these two types of misclassifications. Let the
"cost" of the first type of misclassification be C(2/1)(>0) and let the cost of second
type of misclassification be C(2/1)(> 0). These costs may be measured in any kind of
units. As we shall see later, it is only the ratio of the two costs that is important.

Although the statistician may not know these costs in each case, they will often have
at least a rough idea of them.

We shall consider the ways of defining "minimum cost" in two cases. In one case, we
shall suppose that we have a priori probabilities of the two populations. Let the
probability that an observation comes from population n, be q, and from population

n, beq,. The probabilistic properties of population =, are specified by a distribution

function. For convenience we shall treat only the case that the distribution has a
density, although the case of discrete probabilities lends itself to almost the same
treatment. Let the density of population =, be p,(x). If we have classification

procedure R with aregion R, of classification as from =, the probability of correctly
classifying an observation that actually is drawn from population «, is v

P(l 1,R)= J-pl(x)dx, ‘ ¢y

il




where dx =dx, ...dx,, and the probability of misclassification of observation from Applications of MVN
T, is
P(2/L.R)= | py (x)dx. )
R,
. L
where R, being complementary region of R;.
Similarly, the probability of correctly classifying an observation from =, is
P(ZlZ,R) = I p,(x) dx 3)
R,
and the probability of misclassifying such an observation is
P(1]2.R)= [ p,(x) dx )
R,

Since probability of drawing an observation from =, isq, therefore the probability of
drawing an observation from , and correctly classifying itis q,P(1|1,R). Similarly,
it shall be easy to see that the probability of drawing an observation from 7, and
correctly classifying it is q,P(2{2,R) whereas q,P(1|2,R) is the probability of
drawing an observation from n, and misclassifying it.

Thus, the average or expected loss from costs of misclassification is
CQIHP(2ILR)q, +C (1|2)P(1|2,R)q, 5)

It is this average loss that we wish to minimize. That is, we want to divide our p-
dimensional space space into regions R, andR , such that the expected loss is as small

as possible. A procedure that minimizes Expression in Eqn.(5) for a given q, andq, is
called a Bayes procedure.

The other case we shall treat is the case in which there are no known a priori
probabilities. In this case the expected loss if the observation is from T, is

C(2/1)P(2/L,R)=r(,,R), ©)
and the expected loss if the observation is from =, is
C(1/2)P(1/2,R)=r(2,R). @)

We do not know whether the observation is from =, or from =, and we do not know
probabilities of these two instances.

A procedure R is at least as good as a procedure R"if r(l,R)<r(l,R")and

r(2,R)<r(2,R");R is better thanR ", if at least one of these inequalities is a strict
inequality. Usually there is no procedure that is better than all other procedures or it is
at least as good as all other procedures. A procedures R is called admissible if there is
no procedure better than R; we shall be interested in the entire class of admissible
procedures. It will be shown that under certain conditions this class is the same as the
class of Bayes procedures. A class of procedures is complete if for every procedure
outside the class there is one in the class, which is better and a class is called
essentially complete if for every procedure outside the class there is one in the class,
which is at least as good. A minimal complete class (if it exists) is a complete class
such that no proper subset is a complete class; a similar definition holds for a minimal
essentially complete class. Under certain conditions we shall show that the admissible
class is minimal complete. To simplify the discussion we shall consider procedures the
same if they only differ on sets of probability zero. In fact, throughout the next section 49
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Applications of MVN we shall make statements which are meant to hold "except for sets of probability zero"
without saying so explicitly.

A principle that usually leads to a unique procedure is the minimax principle. A
procedure is minimax if the maximum of expected losses, r(i,R)i=1, 2,isa
minimum. From the conservative point of view, it may be considered as an optimum
procedure.

Now, let us discuss the procedure of classification into one of two populations with
known probability distributions. :

23.3 PROCEDURE OF CLASSIFICATION INTO ONE
OF TWO POPULATIONS WITH KNOWN
PROBABILITY DISTRIBUTIONS

Let us suppose that we wish to Classify an observation x into one of the two
populations =, and n, having known probability distributions p,(x)and p,(x)
respectively.

Case 1: When Prior Probabilities are Known

Let q, andq, be the prior probabilities of the observation belong to the population
, and w,, respectively. Therefore the conditional probability that the observation x
comes from the population «;, wheni=1,2 is

q; P; (0/{a, P, () +q, P, (%)} : )

If we assume the cost of misclassification is same i.e. C (1{2)=C (2{1) =1, thenthe
expected loss is

a [Py (x)x + q; o, (x)ax. | ©
R, R,

In fact it is the probability of misclassification also; hence we wish to choose
R, and R, which minimize it. In order to achieve it, it seems natural to classify x into

R, if the conditional probability for =, is more than thatof r,, i.e.

Qap) L @p(¥) 10)
qi pi(X)+qz2 p2(x) Q1 pr(x) +q2 p2(x)

Thus the classification rule defines the regions R,and R, as

Ry:qp(®)2q, py(®)

R,:q; pi(X)<q, py(xy (1)
It may be noted here that if q, p,(x) = q, p,(X), then the point x could be classified as

either in =, or in x,.

It can be easily proved that Eqn.(11), defines the best procedure because for any
procedure (R ,',Rz') the probability of misclassification is

q | pu(x)ax+a, [ oy ()ax= [ lap(x)- 9.0 (Midx +q, [p, (x)ax (12)
R,

Ry Ry

On the right hand side the second term is constant q, >0 and therefore in order to
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minimise right hand side we should choose the points in R, as those x for which
q;P:(x)—g,p,(x) <0, which are the points in R,.

If we assume the cost of misclassification is not same i.e. C (1{2)# C(2|1), we have
seen in the previous section that the expected loss is

[C(211q,1 [ py (xhax +(C(11 a1 [ 2 (x)ix (13)
R, R,

Following the arguments given above, you can easily check that the classification rule
now classifies the observation x into «, or , according as it lies in the region

R, orR, respectively, where R, 0iR, is defined below:
R :C 2D q;]p,(x)2[C(1]2)q.]1p, (%)
R,:C @21 a,1p (x)<[C(112)q,1p, (x)
It can also be expressed as
Ry :p(x)/p,(x)2[C(1[2)q, 1/[C(2]Dq,]
R, :p(x)/p, (%) <[C(1[2)q,}/[C(2]Dq,] (14

It may be noted here that the procedure is unique except for the sets of probability
zero, that is if

P(C2{Dq,Ip,(x)=[C({2)q,]p, (x){n;)=0.
Case 2: When Prior Probabilities are Unknown

In many instances of classification the statistician cannot assign a priori probabilities
to the two populations. In such a situation one can proceed by taking the prior
probabilities to be equal and minimize the expected cost. Therefore the regions

R, andR, can be defined as given below:

Ri:p,(x)/p,(x)2[C(1]2)/[C(2{D] ‘
R, :py(x)/p, (x)<[C (H2)/[C2|D] (15)

If the misclassification cost is also indeterminate, it is taken to be unity. The
classification rule for such a case would reduce to

R,:p(x)/p,(x)21
R, :p (x)/p, (x)<1 (16)

'Another approach would be to use the property of admissibility of Bayes procedure to
get the minimax rule. First of all let us prove the admissibility of Bayes procedure. Let
R =(R,,R,) be a Bayes procedure for a given prior probabilities (q,,q,). Istherea

procedure R = (R,’, R, )suchthatP(1{2,R")<P(1/2,R) and P(2|1,R")<P(2]L,R)
with at least one inequality? If it is so the R is inadmissible. However, R is Bayes
procedure

4, PQ2|LR) +q, P(1}2,R)<q, P(2{LR ") +q, P(112,R") 7
This inequality can be rewritten as
q, [P2|,R)~P2|LR")]=q, [P(1|2,R") - P(1| 2,R)] (18)

Suppose that 0 <q, <1.Thenif P(1{2,R")<P(1{2,R), the right hand side of Eqn.(18)
is less than zero and therefore P(2|1,R) <P(2|1,R*). Similarly, if

P(2]1,R") <P(2|},R), the left hand side of Eqn.(18) is greater than zero and therefore

Applications of MYN
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P(1]2,R) <P(1]2,R").ThusR" is not better than R and R is admissible rule. If

q, =0, it may be noted from Eqn.(18) that 0 <[P(1|2,R")~P(1/2,R)] and from
Eqn.(14) we see that Bayes procedure R, consists of those points for which

p, (x)=0.ThereforeP(1]2,R)=0andR " will be better than R only if
P(1]2,R")=0.But,if P(1]2,R)=0,P(2|,R) =P, {p,(x) > 0| x,} =1. Similarly, if
P(1|2,R")=0,P(2|1,R")=P {p,(x) >0| =, }=1and hence R" is not better than R,
We may now conclude that if Pr{p,(x)=0|=,} =0and Pr{p,(x)=0{m,} =0 then
every Bayes procedure is admissible.

Now we will prove that every admissible procedure is a Bayes procedure. We assume
that

Pr[ml=k[ni)=0i=l,2;05k<oo (19)
P2 (x)

Then for any q, , the Bayes procedure is unique. Moreover, the cdf of
p,(x)/p,(x)form,andr, is continuous. Let R be an admissible procedure. Then

there exists a k such that

P(2|1,R)=Pr(—&@sklnlj=P(2[1,R)=P(2|1,R‘) (20)

P, (x)
where R" is the Bayes Procedure corresponding to q,/q, =kie.q, =1/(1+k). Since
R is admissible, P(1}2,R)<P(1/2,R"). However, as discussed above R’ is
admissible, P(1}2,R)=P(1|2,R")andhenceP(1|2,R) =P(1|2,R"). Therefore R is
also a Bayes Procedure; by unigueness of the Bayes procedures R is same as R*, You

may note that if Eqn.(19) holds, every admissible procedure is a Bayes procedure and
the class of Bayes procedures is minimal complete.

Let us now consider the minimax procedure. Let R be the Bayes procedure
corresponding to q, and denote P(i|j,R)=P(i| j.q,)- P(i| j, q,) is a continuous
function of q,.P(2|1,q,) varies from 1t00 and P(1|2,q,) varies from O to 1. Thus
there is a value of q,,sayq, ,suchthatP(2]|1,q,") = P(l/ Z,q{) and the corresponding
Bayes procedure R would be the minimax procedure. Because if there were another R
such that max {P(1]2,R"),P(2|L,R")}<P(2|1,q,") =P (1|2,q,"), this would
contradict the fact that every Bayes procedure is admissible.

Example 1: A researcher has enough data available to estimate the density function
p,(x)andp,(x) associated with the populations &, and 7, respectively. Suppose

C(2|1)=5unitand C(1]2) =10 units. If it is known a priory that about 20% of the
observations belongs to m, then the prior probabilities is q, =0.8andq, =0.2,

Now with given values of cost of misclassification and prior probabilities we can
make region R, and R, by the help of Eqn.(14) as
R, :p,(x)/p,(x)=[C(1|2)q,}/[C(2{1)q,]
=(10/5)(0.2/0.8)
=05

R, 10 (%) p(x) <[C(1]2)q, [/[C(2{1)q,]
=(10/5)(0.2/0.8)
=0.5




Suppose the probability function evaluated at new observation Applications of MVN
X, givep, (X,) =0.3andp, (x,) = 0.4. Now the problem arises whether we classify

the new observation as from population =, or from=,. To find the solution we
calculate the ratio p,(x,)/p,(X,) as given below:

pl(xo) =E
p.(Xy) 04
=0.75

which is greater than 0.5. It implies that our observation satisfy the condition of R, as
R, :p, (x,) =0.75>[C(1|2)9,1/[C(2|1)q,]=0.50

Thus, we conclude that observation x, € R, and classify it as belonging to .

Now try the following exercise..

El) Consider two populations n, and 7, having density functions p, (x) and
p,(x) respectivety. The cost of assigning items as =, given that =, is true is

100 and the cost of assigning items as 7, given that =, is true is 50. It is also
know that 40% of all objects (for which the measurements x can be recorded)
belong to m,.

i) Find the prior probabilities.
ii) Write the cost of misclassification.
iii) Derive the classification regions R, and R,.

iv) If the measurements recorded on a new item yield the density values
p,(x)=0.3 and p, (x)=0.5. Assign this item to population =, or
population =, .

So far, we discussed the procedure of classification in general when probability
distribution is known. In the following section, we shall discuss the same problem the
populations have known when multivariate normal distributions.

234 PROCEDURE OF CLASSIFICATION INTO ONE
OF TWO KNOWN MULTIVARIATE NORMAL
POPULATIONS

Now we shall use the general procedure discussed in the previous section for the case
of two multivariate normal populations with equal covariance matrices. Let two
population be =, and r, with same variance covariance matrix ¥ and mean vectors

p® andn® respectively so that
Ty~ Np (p(l)’z)
m, =N, (0P, %)

The density functions of populations 7, andn, are given by

p,0) = exp[—%(x—u‘”)'r‘ x—p)] @1

1
@r)y |2
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p,(X)= oo expl- —(x p@yz(x - P(Z))] . (22)

( )"’21 l i

respectively.

If R, be the region of classification for the population =, then we know that -
P
p,(x)
Now, from Eqn. (21) and Eqn. {22), we have

2K where K =[C(112) 4, ]/[C(Z|Dq,]. (23)

o0 XL —HE -}

P00 expl -~ (x -u®)E " (x - u®))

L)
=expl~5 (kY2 = p )+ ) -hNE (x-p )]

Taking log on both sides of Eqn. (23) and after substituting the value of p, (x)/p,(x)
from above, we get

KT -pD) SO a2 0O -u®) 2 log K @9

The first term is well known discriminant function. It is a linear function of the
components of the observation vector. The classification rule can now be defined as;
classify the observation x into =, or &, according as it lies in the region R, orin R,

respectively where R, and R, are defined below:

Rex O -u®) =2 00 +u®) 0 G® - p®) 2 log K 25y
and

Ry Z G - p®) -+ ®) Z7 GO ~p®) <log K (26)
where

K=[C(112)q,1/[C(2Dq,]

Now we consider two cases, one when priori probabilities are known and another with
unknown priori probabilities.

Case 1: When a Priori Probabilities are Known

Let q,,q, are known and assume for sake of simplicity that the two are equal. The

costs of misclassifications are also assumed to be equal. Then we can take K =1 and
hence log. K =0. In this situation the region R, and R, 51mply to

Ry I -p®)2 -Z-(u“’ @yt —u(z’) @7.
and
I 1 - :
R2 ) I(u(l) _u(Z))<_§(u(l) +p(2)) 3 l(p(l) __p(Z)) ' (28)
Putting

2O -p®)y=d,




—————‘

we get ‘ Applications of MVYN
1 ‘
Rl:rdzgmm+p®)d

1 (29)
x'd < —2—(;1(‘) +u®yd

Case 2: When a Priori Probabilities are Unknown

If we do not know prior probabilities, then K and hence log. K is unknown and hence
it is to be treated as an unknown constant i.e. log K = C (say). Now, if we denote

P ) -
U=x'Z I(Pm - u(z>)_5 (P(” + H(Z)) 51 (H(n) —u®) (30)
Then the regions of classification are
R,:UzC (31)
R,:U<C (32)

Let us suppose that X is distributed as N(u”, £), then U is distributed normally with
mean

E, (U) =E[x: 2RO - @) l(um + u(2))' £ - u‘z))]
2
_%[(“(1) _ u(2))' 2_‘(}‘“) @ )}

1
=—a

whetre

a={uo- (2)) -1@(1) (2))

is measure of distance between N(p(‘) ,E) and N(p(z) ,E) also known as Mahalanobis

D? distance.
Now

Y, (U)=E[u-E(w)]

=E, {X'Z”l (p(‘) - u(z) ) - %(u(l) +u? )’ 3! (l»l(l) -!»l(z)) _

( W _ (2)) (u“)-u(z))
a

%( b® _ @ ) -1 (M(l) _ u(2))]2

Thus U is distributed according to N(c/2,a) if x is dlstrnbuted according to
N(p(” E). Now if x is distributed according to N(u(z) E)

E,(U)=E, [X (10 - @) —%(u“’ _um) I _“(2))}
—p® 57 (O _u<2>)_l(},m p®@) 7 (10 -, @) <
_1 (u‘z’ (l) —l(P(l) (z))
2

=_%a | (33)
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Applications of MYN The variance is the same as when x distributed according to N (u™”,£) (because it
depends only on the second order moments of x). So

v, (U)=a

Hence the region of classification is obtained in terms of U assuming the two
populations are

n,:U mN(la,aJ (34)
2
n,:U NN(-—l—a,aJ @353)
2

Now, we shall discuss the classification into one of two muitivariate normal
populations when the parameters are unknown and therefore must be estimated.

Let us consider a sample from each of the two normal populations and we use this

information in classifying another observation as coming from one of the two

populations.

Suppose that we have a sample x{",. ..,xﬁl) from N (;L(” ,E) and a sample

x?,...,xQ from N{u®,z}. On the basis of this information we wish to classify the
N,

observation x as coming from 7, or,. We know that our best estimate of p”is X",
of u® itis X@ and that of & is S which are defined below:

g0 _ 1 3 o
N2 o= ¢
S=————————Nl - ;2 —2{2()(5’0 -X®)(x® ~)'(“))' +g(xff’ -X@)(x® —i‘z))'}. (36)

We substitute these estimates for the parameters in Eqn.(30) to obtain
W(x)=xS7TXD -X?) - %(Y“) +XPysTX® -X®) (37

The first term of Eqn. (37) is the estimated discriminate function based on two
samples. It is the linear function that has greatest variance between samples relative to
the variance within samples. W(x) defined in Eqn. (37) is used in the criterion of
classification. When the populations are known, we can argue the classification
criterion is the best in the sense that its use minimizes the expected loss in the case of
known apriori probabilities and generates the class of admissible procedures when a
priori probabilities are not known. We cannot justify the use of statistic Eqn. (37) in
the same way. However, it seems intuitively reasonable that should give good results.

Suppose we have a sample x,,...,x, which may be from either n, orn,, but not

known from which and we wish to classify them as a whole in one of them. Then we
define S by

N, + N, +N-35= 30 KOO - %0) + 36 XN -X0)

a=1 a=1
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ZN:(xu -X)x, -X) (38)

where
— 1 N
=— ) X 39
~ Z “ G9)
Then the criterion of classification uses statistic
[i_%(i‘” J“’)} s1(X”-%) (40)

The larger the N is, the smaller are the probabilities of misclassification.

Example 2: Suppose for detecting potential hemophilia A carriers, blood samples
were assayed for two groups of women and measurements on two variables
X, andX, were recorded, which are

X, = log (AHF activity)
X, = log(AHF - like activity)
Here “AHF” means antihemophilic factor. A sample of n, =30 was selected from

population m, of women who did not carry hemophilia gene. Another sample of
n, =22 women were selected from population m, of known hemophilia A cartiers.

On the basis of pair of observations {X,,X,) it is given that
L _[~0:0065 o _[~02483
-0.0390 0.0262

and

5! 131.158 -90.423
-90.423 108.147

Now measurements of AHF activity and AHF-like antigen on a2 women who may be a
hemophilia A carrier gave X, =-0.210 and X, = 0.044. Our problem now is to

classify this woman in one of the populations 7, orx,.

Solution: Case 1: Prior probabilities and costs are equal

Let us consider the situation of equal cost and same prior, the discriminant function
defined in Egn. (29) is

131.158 -90.423 |1 0.2418
e

~90.423 108.147 || 0.0652
=37.61X, -28.92X, : (41)
Right hand side of Eqn.(28) is. ‘
-0.0065]. -0.2483
(1/2) {[37.61-28.92] +[37.61~28.92]
-0.0390 ~ 0.0262

=(0.88-10.10)/2
=461
So the classification rule is now allocate (x,,x, Jtox, if

R,:37.61X, ~28.92X, >~4.6 (42)

Applications of MYN
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And to 7ty if

R,:37.61X, - 28.92X, <-4.6 . (43)
Since in our case x, =~0.210andx, =—0.044 so putting these values in Eqn.(41) we
get

x'd=-0.62 : (a4)
Comparing Eqn.(44) with Eqn.(42) and Eqn.(43) we classify the woman as of

population =,. That is, she is carrier of hemophilia A.

Case 2: Prior probabilities are known

Suppose now that prior probabilities of group membership are known assuming that
cost of classification is equal. Let the genetic chance of being a hemophilia A carrier is
0.25, then we can take q, =0.7Sandq, = 0.25withC(1/2)=C(2|1) and using

classification statistics given in Eqn. (30).

U=x'g" [P(') - u(”]—zﬁtm +u®) - @)
we have
U =-6.62 —(—4.61)
=-2.01
To find value of C we evaluate
C=logk =1log(C(1]2)q, }/[C(2]1)q,) = 10g (0.25/0.75) = —1.10
Since U<C.

So acoording to classification rule given in Eqn.(32) we classify the woman as
,.

Now try the following exercises.

E2) Consider the data given in Example 2 and check whether X, =0.04 and
X, =0.08 is the one from the population =, or «,.

E3) Suppose that n, =10 and n, =15 observations are made on two random

2 -1
variables X, and X,. Givenis p® =|: }, n® =li ] and

1 1
£ o 0.15 0.05
0.05 0.35]
i}  Considering equal costs and equal prior probabilities, check whether the

observation [0, 1] belongs to population =, or «,.

ii) Considering q, =0.6 and q, =0.4 with C(1/2)=C(2/1), check whether
~ the observation {0, 1] belongs to =, or T,.

In the following section, we deal with the classification into one of several
populations.




23.5 CLASSIFICATION INTO ONE OF SEVERAL
POPULATIONS

Let us now consider the problem of classifying an observation into more than two
populations. We shall extend the consideration of the previous sections to the case of
more than two populations. Let m,,...,m be m populations with density functions

P(X),. 3P (x) respectively. We partition p-dimensional observations space into
regions R,,...,R . If an observation x falls into R; we shall say that it comes from
=; . Let the cost of misclassifying an observation from =, as coming from
n;beC(j/i) i# j=1,---, m. The probability of this misclassification is

P(1i,R)= [p, (x)ax. @5)
R; . .

Suppose we have a priori probabilities of the m populations, as q,,...,q,, respeétively.
Then the expected loss is

iq; iC(jli)P( il R)¢ (46)

J#1

We should like to choose R;,...,R,, to make this minimum.

Since we have a priori probabilities for the populations, we can define the conditional
probability of an observation coming from a population given the observation vector
x. The conditionat probability of the observation coming from =; is:

mqi pi(x) @n
Z q; Py (X)
k=1

If we classify the observation as from =, the expected loss is
> 2ROy, (48)
= 2P (x)

k=1

We minimize the expected loss at this point if we choose j so as to minimize Eqn.(48);
that is, we calculate

> q:pi (x)C(ilD) ' (49)
=1
i#j

for j=1, 2,---, mand select that j that gives the minimum of atl. (If two or more
different indices give the minimum, it is irrelevant which index is selected.) This
procedure assigns the point x to one of the R ;. Following this procedure for each x,
we define our regions R,,...,R, . The classification procedure, then, is to classify an
observation as coming from = ; ifitfallsin R ;

Bayes Classification Procedure: If q; is the a priori probability of drawing an
observation from population m; with density p, (x)(i=1,...,m) and the cost of
misclassifying an observation from =; as from =;isC(j|i), then the regions of

Applications of MVN
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classification, R,,...,R, that minimize the expected cost are defined by assigning x
to R, if

D 4P (x)C(k 1) <) qip;(IC(ji) forallj=1,---,m,j=k. (50)
i=1 i=l
izk i#j

[If Eqn. (50) holds for all j(j= k), except for h indices and the inequality is replaced
by equality for those indices, then this point can be assigned to any of the h +17's]. If

the probability of equality between right-hand and left hand sides of Eqn.(50) is zero
for each k and j, then the minimizing procedure is unique except for sets of probability
zZero.

We now verify this result. Let
hj(x) =Y qip: (<) 1) (51)
=l
i%j

Then the expected loss of a procedure R is

fn: [h;(ax = [h(x)ax, (52)

=1 R,

where h(x)=h;(x)forxinR;. For the procedure described above

h(x)ish’ (x)minh,(x). Thus, the diffefence between the expected loss for any
1

procedure R and for R" is
[[8G)-1"()]ex = 2 [ () - min, (x)ax | (53)
i R; ! ’
Equality can hold only if h; (x) = minh, (x)forx inR; (except for sets of probability
Zero). |

Let us see how this method applies when C(j|i)=1foralliand j(i= j). Thenin R

Y a0)<¥ api () G20 G4
i=1 i=1 .
i=k i#j .

Subtracting )" q;p; (x)from both sides of Eqn.(54), we obtain
i=1

ixk,j -

q;p;(x) <qup; (x)(G#Kk) (55)

In this case the point x is in R, ifk is the index for which g; p;(x) for j=1, 2,---,mis
a maximum; that is, m, is the most probable population.

Now suppose that we do not have a priori probabilities. Then we cannot define an
unconditional expected loss for a classification procedure. However, we can define an
expected loss on the condition that the observation comes from a given population.
The conditional expected loss of the observation is from ; is

Y cGli)PGli,R)=r(i,R). (56)
= ’ .

j=i




A procedure R is at least as good as R” if (i, R) <r(i,R"),i=1,...,m;R is better ifat Applications of MVN

least one inequality is strict. R is admissible if there is no procedure R" that is better.
A class of procedures is complete if for every procedure R outside the class there is a
procedure R in the class that is better.

Now let us show that a Bayes procedure is admissible. Let R be a Bayes procedure; let
R’ be another procedure. Since R is Bayes

zm:qi r(i,R)siqir(i,R'). (57
i=l

i=1

Suppose r(iR)<r(i,R)ji=2,...,m,andq, >0. Then
0.t R)- LR < Y 0,6, R7)- 1. R)}<0, (58)
i=2

and r(L,R)<r(L,R"). Similarly, if g, >0 then r(i,R) <r(i,R"). Thus R" cannot be
better than R; R is admissible.

In the following section, we shall discuss the classification into one of several
multivariate normal population.

23.6 CLASSIFICATION INTO ONE OF SEVERAL
MULTIVARIATE NORMAL POPULATIONS

We shall apply the theory described above to the case in which populations have
multivariate normal distributions. We assume that the means of populations are

different and the covariance matrices are equal. Let N(}l(i),z) be the distribution of
n, (i=12,...,m) having the density given below:
pi(x)

= mexp [—;—(X —uOyE (x - u“’)] (59)

Let us consider that the parameters are known. For general costs with known a priori
probabilities, we can form m functions as given in Eqn.(49) and define the region R

as consisting of the points x such that the j™ function is minimum.

Let us now consider that costs of misclassification are same. In such a case, we have
seen in Eqn.(55) the observation x is to be classified to the population

kof g, p, (x) >q;p;(x)forevery j(# k) =1.2,...,m. Let us define a-function

P (X) 1 N .
Uy (x)=log p‘; o = [x - —Z_(H(k) + u(’))] E. (u(f) _ u(”) (60)

If a priori probabilities are known R, is defined by those x satisfying
q; . .
Ry :Ukj(x)>10g—, j=12,....m;j=k (61)
Qi

It should be noted that each U,;(x) is the classification function related to the k™ and
j™ population and U,;(x)=-U, (x). ‘

\
In case prior probabilities are not known, the region R, is defined by the inequalities

Ukack—c" j=1,...,m,j?‘=k (62)
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The c; can be taken to be non-negative. These sets of regions form the class of

adm1ss:ble procedures. Under the minimax procedure these constants are determmed
so that all P(i{i,R) are equal.

Let us now consider the evaluation of the probabilities of correct classification. If X is
a random observation, we consider the random variables

Uy _ [X - }z_(u(k) + u(j))]' £ (i —p0) (63)

Here U,; =-Uj. Thus we use m(m-1)/2 classification functions if the means span
an (m-1) - dimensional hyperplane. If X is from =,, then U,; is distributed

as N(% A Axi) where
1 i bl i .
Ay =E(p<k) —u(”)E l(um _pm) 64

And covariance of U,;andUy;is

Ay = %(p(k) —p® ) -1 (“(k) _ H(”) ©65)

To determine the constants ¢, , we consider the integrals

PkkR)= [o [fduy,duyyyduyyduy, (66)

Ck—-Cm Ck~C]

where f, is the joint density of Uy (j=1,2,...,m)(j# k).

Example 3: Let us consider a problem of classification among three populations.
Suppose that the three populations =,,n, and n, represent Brahmin caste , Artisan
caste and the Korwa caste of country. The measurements for each individual of a caste
are stature (x,), sitting height (x,), nasal depth (x,) and nasal height (x,). The
means of these variables in three populations are given below.

Brahmin | Artisan | Korwa

r, T, ’ 7,
Stature (x,) 164.51 160.53 | 158.17
Sitting height
(x5) 86.43 81.87 | 81.16

Nasal depth(x3) | 25.49 23.48 | 21.44
Nasal height (x,) | 51.24 48.62 | 46.72

The matrix of correlation for all the populations is given below, which can be
converted into variance-covariance matrix easily, given standard deviations.
1.0000 0.5849 0.1774 0.1974
0.5849 1.0000 0.2094 0.2170
0.1774 02094 1.0000 0.2190
0.1974 02170 0.2910 1.0000

The standard deviations are ¢, =5.74, ¢, = 3. 20 o, =1.75and 5, =3.50. Our
problem is to decide the space of four variables x[, X;,X;andx, into three regions of




classification. Here we can assume that the three populations are normally distributed. Applications of MVN
The solution of problem consist of to find

(i) asetofregions under the assumption that drawing a new observation from each
population is equally probable.

(i) aset of regions such that the larger probability of misclassification is minimized.
On the basis of computed values of £ (u“) —u® )and -3 (p(') - p(z)) and then

! (p(z) - p(3)) = 3! (p(l) - p(3)) -z (p(l) - ”(z)) we calculate all

%(“(k) 0 ) £ (1 - p0)

We obtain discriminant functions Eqn.(60)

Uy, (x) =—0.0708x, +0.4990x, +0.3373x, +0.0887x, — 43.13
U (x)= 0.0003x, +0.3550x, +1.1063x, +0.1375x, — 62.49
U,; (x)= 0.0711x, +0.1440x, + 0.7690x, + 0.0488x, —19.36

Other three discriminant functions can be obtained by the relation
Ukj =-U jk

That is
U, (x)=-U (%), Uz (x)=-Up;(x) and Uy, (x) = =U 3 (x)

Now if there are equal aprior probabilities then best region of classification can be
defined as

R,:U,,(x)20, U;;(x)=20
R,:U;(x)20, Up(x)20

R;:U;(x)20, Ujp(x)20 ‘

For example if we find an individual with measurement x such that
U,,(x)20,and U,;(x) 20, we classify it as Brahmin.,

To find the probability of misclassification when an individual is drawn from a
population m, we need the mean, variances and covariances of proper pair of U’s .

These are given in following table .

hPopulation of x U Means | Standard deviations | Correlation

U

x, 12 1.491 1.727 0.8658
Up 3.487 2.641
U 0

Ty 21 1.491 1.727 03894
Uy 1.031 1.436
U .

T, 31 3.487 2.641 0.7983
Us 1.031 1.436 |

The probabilities of misclassification are then obtained by use of the tables for the
bivariate normal distribution. These probabilities are 0.21 for 7, , number is missing for
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Applications of MVN ny and 0.25 for =,. For example, if measurements are made on a Brahmin, the
probability that he is classified as Korwa or Artisan is 0.21.

Try the following exercises.

E4) In adiabetic cgnter the fasting blood sugar levels of three groups of patients are

recorded two times, one of before the treatment (x,) and another after the

treatment(X;).
S.Ne | Patients of Different Age (in years) Group
<40(11 40-50(11,) 50 (II,)
X X2 Xy X2 X3 X2
1 172|174 329 310 [210 198
2 222 [200 314 [303 [112 105
3 110 [ 206 228 [ 343 [294 - 328
4 233|218 215 [311 [213 200
5 366 | 148 153 [215 [121 170
6 181 | 366 179 {303 | 160 176 |
7 185 | 205 156 [ 130 | 369 319 |
8 144 | 236 196 |167 [157 150
9 244 | 206 253 [269 [186 160
10 [241 [217 208 [234 [136 215

If a new observation vector is x =[180 2107]. Allocate this new object into its
population.

Now let us summarize this unit.

23.7 SUMMARY

In this unit, we covered the following point.

1.  We have introduced the concepts of classification. However, it is expected that
after going through this unit you will be able to have the basic idea about the
classification problems.

2.  Wediscussed how to formulate the classification problems along with
~ developing a classification rules. The examples given in different sections are
of low dimension; however they will learn the procedure of classification and
use it for higher dimension situation too.

23.8 SOLUTIONS/ANSWERS

E1) i)  Prior probabilities q, = 0.4 and g, = 0.6

ii)  C(2/1)=100
c(1/2)=50

C
i) R = p.(x) N (1/2)a, _ 50x0.6 075

' p,(x) T C(2/1)q, 100x04
64 R, <0.75




iv)  Giventhat p,{x)=0.4 and p, (x) = 0.5, then the ration Applications of MYN

_p_,E(_)_ UEN 0.6 which is less than 0.75. It implies that it satisfies the
p,(x) 05

condition of R, . Therefore, the new item belongs to IT,.

E2) Here, from Eqn. (41)
x'd=37.61 X, -28.92X,

=37.61x0.04-28.92x 0.08
=1.4044 - 2.3136
=-0.9092
R, :37.61X, - 28.92X, 2-4.61
and R, =37.61X, —28.92X, <—4.61
which implies that the given observation belongs to n, as it falls in the region
R,.

. , 0.15 0.05][3 - i
E) B xd=x, XZ][OOS 0351[0}

=0.45X, +0.15X,

R,:0.45X, +0.15X >1[1 2] 0.15 00543 =0.375
L ) 0.05 035||o|

R, :0.45X, +0.15X, <0.375

for X, =0 and X, =1

0.45X, 4+ 0.15X, =0.15, which falls in the region R ,, therefore .
observation [0, 1] is from the population T, . ‘

ii) gq,=06,q,=04 and C(2/1)=C(1/2)
using Eqn. (30)

U=[01] [0.15 o.os] m_lu ] [0.15 0.05} H
0.05 035[{0] 2 0.05 035}[0

=-0.225
1/
C:]ogk:logM: lo _2.
C(2/1)q, 3

=-0.4055

Since U 2> C, therefore the given observation belongs to population =, .

E4) Heren; = m= n; =10
— [209.8] [4‘439.16 ~1385.88J
1= s =

217.6 ~1385.88 2984.44
< [223 _[3278.49 2236.05
27258570 2712236.05 4399.65
< _[195.8]" _[5921.56 4565.12
37120210 371456512 4533.09
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= 5051.56 2005.66
X =[209.57 226.07], S =|: }

2005.66 4413.77
Obtain the discriminant functions U,;, U}, Uy, U,,, Uy, and U,
accordingly obtain R,, R, and R;.

23.9 PRACTICAL ASSIGNMENT

Session 8

1.  Write a program in ‘C’ language to find the classification of a population into
one among k populations.’
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Table 1: STANDARD NORMAL PROBABILITIES

Z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5350
0.1 0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 0.5793 | 0.5832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 { 0.6368 | 0.6406 | 0.6443 | 0.6480 | 0.6517
0.4 0.6554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 0.6515 | 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
1 0.6 0.7257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
\1 0.7 0.7580 . | 0.7611 | 0.7642.| 0.7673 | 0.7703 | 0.7734 | 0.7764 | 0.7794 { 0.7823 | 0.7852
\ 0.8 0.7881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 ( 0.8133
\ 0.9 0.8159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389

1.1 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.3770 | 0.8790 | 0.8810 | 0.8830
1.2 0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 ;| 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 0.9032 | 0.9049 | 0.9066 | 0.5082 | 0.9099 | 0.9115 | 0.9131 | 0.9147 | 0.9162 | 0.9177
1.4 0.9192 | 0.9207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
1.5 0.9332 | 0.9345 | 0.9357 | 0.9370 | 0.9382 | 0.9394 | 0.9406 | 0.9418 | 0.9429 | 0.9441
1.6 0.9452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
1.7 0.9554 | 0.9564 | 0.9573 | 0.9582 | 0.9591 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
1.8 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 09713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9667

l
\\ 1.0 0.8413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621]
|
|

2.0 09772 | 0.9778 | 0.9783 ) 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
2.1 0.9821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857 i
2.2 0.9861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 } 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
23 0.9893 | 0.9896 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 | 0.9916 |
24 0.9918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
25 0.9938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 | 0.9952
2.6 0.9953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964

C 27 0.9965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
2.8 0.9974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9980 | 0.9981
29 0.9981 | 0.9982 } 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986

3.0 0.9987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 0.9990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
32 0.9993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
3.3 0.9995 | 0.9995 | 0.9995 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9997
34 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9998
35 0.9998 | 0.9998 | 0.9998 | 0.9998 0.99987 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A, Johnson, Dean W, Wichern,
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Table 2: STUDENT’S t-DISTRIBUTION CRITICAL POINTS
If X has a t-distribution with v degree of freedom, the table given the value of x such that P(X < x) =q

L o

df.
v L 0.250 0.100 0.050 L 0.025 0.010 | 0.00833 (0.00625 0.005
1 | 1.000 3.078 6.314 12.706 | 31.821 | 38.190 L50.923 63.657
2 0.816 1.886 2.920 4.303 6.965 7.649 ( 8.860 9.925
3 0.765 1638 2353 3.182 4.541 4.857 5.392 5.841
4 0.741 1.533 2.132 2.776 3.747 3.961 4315 4.604
5 0.727 1.476 2015 2.571 3.365 3.534 3.810 4.032
6 | 0718 1.440 1.943 2.447 3.143 3.287 3.521 3707 |
7 0.711 1.415 1.895 2.365 2.998 3.128 3335 3.499
8 0.706 | 1397 1.860 2.306 2.896 3.016 3.206 3.355
9 —1 0703 1.383 1833 | 2262 | 2.821 2.933 3.111 3.250 |
10 0.700 1.372 1.812 2228 2.764 2.870 3.038 3.169 - .
11 0.697 1.363 1.796 2201 2718 2820 | 2981 3.106 /
12 0.695 1.356 1.782 2.179 2.681 2779 2.934 3.055
13 0.694 1.350 1.771 2.160 2.650 2746 | 2.896 3.012
14 0.692 1.345 1.761 2.145 2.624 2718 2.864 2.977
15 0.691 1.341 1.753 2.131 2.602 2.694 2.837 2947 |
; 16 0.690 1.337 1.746 2.120 2.583 2.673 2.813 2.921
7 0,689 1.333 1.740 2.110 2.567 2.655 2.793 2.898
18 0.688 1.330 1.734 2101 | 2.552 2.639 2775 2.878
19 0.688 1328 | 1.729 2.093 2.539\ 2.625 2.759 2.861
20 0.687 1.325 1.725 2.086 2528 | 2613 2744 2.845
21 0.686 1.323 1.721 2.080 2518 | "2.601 2732 2.831
22 0.686 1.321 1.717 2.074 2.508 2.591 2720 | 2819
"‘« 23 0.685 1.319 1.714 2.069 | 2.500 2.582 2710 .| 2.807
24 | 0685 1.318 1.711 2.064 2.49% 2.574 2.700 2.797
25 0.684 1.316 1.708 2.060 2.485 2.566 2.692 2787
26 0.684 1315 1.706 2.056 2.479 2.559 2.684 2.779
27 0.684 1314 1.703 2.052 2473 2.552 2.676 2771
28 0.683 1.313 1.701 2.048 2.467 2.546 2.669 2.763
f 29 0.683 1.311 1.699 2.045 2.462 2.541 2663 2.756 |
30 0.683 1.310 1.697 2.042 2.457 2.536 2.657 2.750
40 0.681 1.303 1.684 2.021 2.423 2.499 2616 2.704
60 679 1.296 1.671 2.000 2390 2.463 2.575 2.660
120 0.677 1.289 L1.658 L 1.980 2.358 2.428 2.536 2.617?
© 0.674 1.282 L 1.645 L 1960 | 2326 2.394 2.498 2.576 J

Seurce: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern.




Table 3: X* Distribution
IfX has a xl distribution with v degree of freedom this table gives the value of x such that Pr(X s x) =q

df. o
v [709%0 [ 0950 [ 0500 | 500 | 0.100 | 0.050 | 0.025 | 0.010 | 0.005
1| 00002 | 0.004 | 002 | 045 | 271 | .3.84 | 502 | 663 | 788
2 002 | 0.0 | 021 | 139 | 461 | 599 | 738 | 921 | 10.60
3 0.1 | 035 | 058 | 237 | 625 | 781 | 935 | 1134 | 12.84
4 030 | 071 | 106 | 336 | 7.78 | 949 | 1114 | 1328 | 14.86
E 055 | 1.5 | 161 | 435 | 924 | 11.07 | 12.83 | 1509 | 1675
6 087 | 1.64 | 220 | 535 | 1064 | 1259 | 1445 | 1681 | 18.55
7 124 | 217 | 283 | 635 | 1202 | 1407 | 1601 | 1848 | 20.28
8 165 | 273 | 349 | 734 | 1336 | 1551 | 1753 | 2009 | 21.95
9 209 | 333 | 417 | 834 | 1468 | 1692 | 19.02 | 21.67 | 2359
10 | 256 | 394 | 487 | ©34 | 1595 | 1831 | 2048 | 2321 | 25.19
i 305 | 457 | 558 | 1034 | 1728 | 19.68 | 21.92 | 24.72 | 26.76
12| 357 | 523 | 630 | 1134 | 1855 | 21.03 | 23.3% | 2622 | 2830
13 | 411 | 589 | 704 | 1234 | 1981 | 2236 | 2474 | 27.69 | 29.82
14 | 466 | 657 | 779 | 1334 | 2106 | 23.68 | 2612 | 29.14 | 31.32 |
15 523 | 726 | 855 | 1434 | 2231 | 2500 | 27.49 | 30.58 | 32.80
16 | 581 | 7.96 | 931 | 1534 | 2354 | 26.30 | 28.85 | 32.00 | 3427
17 | 641 | 867 | 1009 | 1634 | 24.77 | 27.59 | 30.19 | 3341 | 35.72
18 | 701 | 939 | 1086 | 17.34 | 2599 | 28.87 | 31.53 | 3481 | 37.16
19 | 763 | 102 | 11.65 | 1834 | 27.20 | 30.14 | 32.85 | 36.19 | 38.58
20 | 826 | 1085 | 1244 | 1934 | 2841 | 3141 | 3417 | 3757 | 40.00
21 890 | 1159 | 1324 | 2034 | 2962 | 3267 | 3548 | 3893 | 41.40
22 | 954 | 1234 | 1404 | 2134 | 3081 | 3392 | 36.78 | 4029 | 42.80
| 23 | 1020 | 13.09 | 14.85 | 22.34 | 3201 | 3517 | 3808 | 41.64 | 44.18
24 | 10.86 | 13.85 | 1566 | 23.34 | 3320 | 3642 | 39.36 | 42.98 | 45.56
25 | 11.52 | 1461 | 1647 | 24.34 | 3438 | 37.65 | 40.65 | 4431 | 46.93
26 | 1220 | 1538 | 17.29 | 2534 | 3556 | 3889 | 41.92 | 4564 | 4829
27 | 1288 | 1615 | 1811 | 26.34 | 3674 | 40.11 | 43.19 | 4696 | 49.64
28 | 13.56 | 1693 | 1894 | 2734 | 3702 | 4134 | 4446 | 4828 | 50.99
29 | 1426 | 1771 | 1977 | 28.34 | 39.09 | 42.56 | 45.72 | 49.59 | 5234
30 | 1495 | 1849 | 20.60 | 29.34 | 4026 | 43.77 | 4698 | 5089 | 53.67
20 | 2216 | 2651 | 20.05 | 39.34 | 5181 | 5576 | 5934 | 63.69 | 66.17
50 | 2971 | 3476 | 37.69 | 49.33 | 63.17 | 67.50 | 71.42 | 7615 | 79.49
60 | 3748 | 43.19 | 4646 | 59.33 | 7440 | 79.08 | 83.30 | 8838 | 9195
70 | 4544 | S1.74 | 5533 | 69.33 | 8553 | 90.53 | 95.02 | 10043 | 104.21
80 | 53.54 | 60.39 | 64.28 | 7933 | 9658 | 101.88 | 106.63 | 11233 | 116.32
%0 | 61.75 | 69.13 | 7329 | 89.33 | 107.57 | 113.15 | 118.14 | 124.12 | 128.30
100 | 70.06 | 77.93 | 8236 | 9933 | 11850 | 12434 | 129.56 | 13581 | 140.17

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern.




Table 4: F-DISTRIBUTION CRITICAL POINTS (a =.10)

L v 1 2 3 4 5 6 7 8 9 10 12 15 20 25 30 40 60
[ 1 | 3986 | 49.50 | 53.59 | 5583 | 57.24 | 58.20 | 58.91 | 59.44 | 59.86 | 60.19 | 60.71 | 61.22 | 61.74 | 62.05 | 62.26 i2.53 62.79
2 853 | 900 | 916 | 924 | 929 | 933 | 935 | 937 | 938 | 939 | 941 | 942 | 944 | 945 | 946 | 947 | 947
3 554 | 546 | 539 | 534 | 531 | 528 | 527 | 525 | 524 | 523 | 522 | 520 | 5.18 | 517 | 517 | 516 | 5.15
L4 454 | 432 | 419 | 411 | 405 | 401 | 398 | 395 | 394 | 392 | 3.90 | 3.87 | 3.84 | 383 | 3.82 | 3.80 3.79?
BE 406 | 3.78 | 3.62 | 3.52 | 345 | 340 | 337 | 334 | 332 | 330 | 327 | 324 | 321 | 3.19 | 3.17 | 3.16 | 3.14
6 378 | 346 | 329 | 3.18 | 3.11 ) 3.05 | 3.01 | 298 | 296 | 294 | 290 | 287 | 2.84 | 281 | 280 | 2.78 | 2.76
7 359 | 326 | 3.07 | 296 | 2.88 | 2.83 | 2.78 | 275 | 272 | 270 | 2.67 | 2.63 | 2.59 | 2.57 | 2.56 | 2.54 | 2.15 |
8 346 | 3.11 | 292 | 281 | 273 | 267 | 262 | 259 | 256 | 254 | 250 | 2.46 | 242 | 240 | 238 | 236 | 2.34
‘( 9 336 | 3.01 | 2.81 | 2.69 | 2.61 | 255 | 251 | 247 | 244 | 242 | 238 | 234 | 230 | 227 | 225 | 223 | 221
110 | 329 [ 292 | 273 | 261 | 252 | 246 | 241 | 238 | 235 | 232 | 228 | 224 | 220 | 2.17 | 2.16 | 2.13 | 2.11
Lll 323 | 2.86 | 2.66 | 2.54 | 245 | 239 | 234 | 230 | 227 | 225 | 221 | 217 | 2,12 | 210 | 2.08 | 2.05 | 2.03
‘L 12 ) 318 | 2.81 | 261 | 248 | 239 | 233 | 228 | 224 | 221 | 219 | 215 | 210 | 2.06 | 2.03 | 2.01 | 199 | 1.96 ‘
u3 314 | 276 | 2.56 | 243 | 235 ] 228 | 223 ['220 | 216 | 2.14 | 210 [ 2.05 | 201 | 198 | 196 | 1.93 | 1.90
[14 310 | 273 | 252 | 239 | 231 | 224 | 219 | 215 | 212 } 2.10 | 2.05 | 201 | 1.96 | 193 | 191 | 1.89 | 1.86
‘ 15 | 307 | 270 | 249 | 236 | 227 | 221 | 216 | 202 | 209 | 206 | 2.02 | 1.97 | 192 [ 1.89 | 1.87 | 1.85 | 1.82 |
W 305 | 267 | 246 | 233 | 224 | 218 | 213 | 209 | 206 | 203 | 1.99 | 194 | 189 | 1.86 | 1.84 | 181 | 1.78
17 | 303 | 264 | 244 | 231 | 222 | 2,15 | 210 | 2.06 | 203 | 200 | 196 | 191 | 1.8 | 183 | 1.81 | 1.78 | 1.75
18 | 3.01 | 262 | 242 | 229 | 220 | 2.13 | 2.08 | 2.04 | 2.00 | 198 | 193 | 1.89 | 1.84 | 1.80 | 1.78 | 1.75 | 1.72
L 19 | 299 | 261 | 240 | 227 | 218 | 2.11 | 2.06 | 2.02 | 198 1‘96‘ 191 | 1.86 | 181 | 1.78 | 1.76 | 1.73 | 1.70
\‘j) 297 | 259 | 238 | 225 | 216 | 2.09 | 204 | 200 | 196 | 194 [ 189 | 1.84 | 179 | 176 | 1.74 | L71 | 1.68 ‘
EZI 296 | 257 | 236 | 223 | 214 | 208 | 2.02 ] 198 | 195 | 192 | 1.87 | 1.83 | 1.78 | 1.74 | 1.72 | 1.69 | 1.66 |
“ 22 | 295 | 256 | 235 | 222 | 213 | 2.06 | 2.01 1.97\ 193 | 190 | 1.86 | 1.81 | 1.76 | 1.73 | 1.70 | 1.67 | 1.64 |
‘ 23 | 294 | 255 | 234 | 221 | 211 | 205 | 199 | 195 | 192 | 1.89 | 1.84 | 1.80 | 1.74 | 1.71- 169 | 1.66 | 1.62
24 1293 | 254 | 233 | 219 | 2,10 | 2.04 | 198 | 194 | 191 | 188 | 1.83 | 1.78 | 1.73 | 1.70 | 1.67 | 1.64 /| 1.61
25 | 292 | 253 | 232 | 218 | 209 | 202 | 197 | 193 | 189 | 187 | 1.82 | 1.77 | 1.72 | 1.68 | 1.66 | 1.63 1.5T|
L 26 | 291 | 252 | 231 | 217 | 208 | 2001 | 196 ( 192 [ 188 | 1.86 | 1.81 | 1.76 | 1.71 | 167 | 165 | 1.61 | 1.58 j‘
1727 290 [ 251 ] 230 | 217 [ 207 ]200] 195 | 191 | 1.87 | 1.85 | 1.80 | 1.75 | 1.70 | 1.66 | 1.64 | 1.60 | 1.57
28 | 289 | 250 | 229 | 2.16 | 206 | 200 | 194 | 190 | 187 | 1.84 | 1.79 | 1.74 | 1.69 | 165 | 1.63 | 1.59 | 1.56 |
29 | 289 | 250 | 228 | 215 | 2.06 | 199 | 193 | 189 | 1.86 | 1.83 | 1.78 : 1.73 | 1.68 | 1.64 | 1.62 | 1.58 1.55\,
[ 30 | 288 | 249 | 228 | 214 | 205 | 198 |-1.93 | 188 | 1.85 | 1.82 | 1.77 | 172 | 1.67 | 163 | 1.61 | 1.57 | 1.54
40 | 284 | 244 | 223 | 209 | 200 | 193 | 1.87 | 1.83 | 1.79 | 1.76 | 1.71 | 166 | 1.61 | 157 | 1.54 | 1.51 | 1.47
60 | 279 | 239 | 2.18 | 2.04 | 195 | 1.87 | 1.82 177 | 1.74 | 1.71 | 1.66 | 1.60 | 1.54 | 1.50 | 148 | 144 | 1.40
L 120 275 | 235 | 213 | 199 | 190 | 182 | 1.77 | 1.72 | 1.68 | 1.65 | 1.60 | 1.55 | 148 | 145 | 141 | 1.37 | 1.32
B 271 | 230 ) 208 ) 194 ) 1.8 | 1.77 ) 1.72 | 167 | 163 | 1.60 | 155 | 1.49 1742 jL 1.38 | 1.34 | 1.30 | 1.24

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern.




Table 5: F-DISTRIBUTION CRITICAL POINTS (a =.05)

1 2 3 4 5 6 7 8 9 10 12 15 20 [25 30 40 |60
Ll 161.5 | 199.5 | 215.7 { 224.6 [ 230.2 { 2340 | 236.8 | 2389 | 240.5 | 2419 | 243.9 | 246.0 | 248.0 [ 2493 | 250.1 | 251.1 | 2522
2 18.51 | 19.00 | 19.16 | 19.25 | 19.30 | 1933 | 19.35 | 19.37 | 19.38 | 19.40 | 19.41 [ 1943 | 1945 | 19.46 | 19.46 | 19.47 | 19.48
3 10.13 1955 [ 928 [ 9.12 | 901 (894 889 |885 |88 (879 [874 (870 (866 {863 {862 |85 |8.57
4 771 [ 694 1659 1639 | 626 |6.16 |6.09 | 604 |6.00 |59 |591 |58 | 580 |577 |575 572 |5.69
5 (661 [579 [541 [519 | 505 [495 [4.88 [4.82 [477 [474 [ 468 [462 | 456 |452 | 450 [4.46 |4.43
6 599 [514 [476 [453 1439 [428 [ 421 [415 [410 [4.06 |400 | 394 387 [383 | 381 | 377 |3.74
7 559 | 474 | 435 [412 | 397 {387 1379 373 | 368 |364 [357 [351 |3.44 340 |338 !334 [330
| 8 532 [446 [4.07 |384 [369 |3.58 [350 [344 [339 [335 [328 [322 [315 [3.11 [308 [304 |3.01
9 | 512 [426 [ 386 {363 |348 |337 [329 [323.]3.18 [3.14 [3.07 [3.01 |[294 |28 |286 |28 [279
10 {496 [410 | 371 [348 1333 [322 [3.14 |3.07 |3.02 [298 |291 [2385 [277 (273 [270 | 266 |2.62
11 [ 484 [398 [359 [336 |[320 [3.09 (301 [295 {290 279 272 | 265 |260 | 257 |25 |249
12 7475 [389 |349 |326 [ 311 [3.00 [291 [ 285 [280 [275 [269 |[262 [254 [250 [247 [243 [238
‘ 13 [ 467 [381 [3.14 [318 |303 [292 [2:83 [277 [271 [267 |260 {253 [246 |241 238 234 {230
\ 14 1460 [374 1334 |311 1296 | 285 [276 | 270 |2.65 [260 [253 [246 |239 |234 |231 [227 |222
] 15 [ 454 [368 [329 306 [290 [279 [271 [264 [259 [254 | 248 |240 [233 (228 [225 [220 [216
\ 16 | 449 (363 [324 [301 | 285 [274 [266 (259 [254 [249 [242 [235 [228 |[223 219 |215 |21l
17 | 445 |359 [320 |29 | 281 |[270 [261 |255 |249 [245 [238 |231 [223 [218 [215 [2.10 |2.06
18 1441 [355 [3.06 [293 [277 [266 |258 [251 [246 [241 [234 [227 [219 [234 {211 [206 | 202
% 19 | 438 [352 [313 [ 290 | 274 | 263 | 254 | 248 |242 | 238 | 231 | 223 |216 | 211 | 207 |203 | 198
|
© (20 T435 [349 310 [287 [271 [260 [251 [245 [239 [235 [228 [220 [212 [207 (204 [199 [1.95
\ 21 [ 432 [347 [3.07 [284 |268 [257 ;249 |242 [237 [232 |225 [218 210 205 |201 |19 | 192
22 | 430 |344 (305 (282 266 |255 |246 (240 [234 [230 [223 [215 [207 [202 [198 [1.94 1189
\ 23 [ 428 [342 [303 [280 264 [253 [244 [237 |232 | 227 220 [213 [205 [200 [ 196 [ 191 |1.86
24 1426 (340 301 278 262 |251 242 |236 |230 T 225 | 218 |21 203 [197 | 194 | 189 | 1.84
25 1424 339 [299 [276 |260 [249 [240 [234 228 [224 (216 [2.09 [ 201 {196 [192 [187 |18
26 | 423 (337 298 |274 {259 |247 {239 |232 (227 |222 215 (207 {199 194 | 190 | 1.85 | 180
27 1421 |335 |29 |273 [257 |246 |237 [231 [225 [220 | 213 [206 [1.97 [1.92 [1.8 |18 |1.79
28 [ 420 [ 334 [295 (271 256 [245 [236 [229 [224 | 219 [212 [204 [196 (191 [ 187 |18 | 177
29 | 4.18 [333 [ 293 [270 [ 255 | 243 | 235 [ 228 [222 |218 [210 [2.03 [ 194 [ 1.8 [185 |18 [1.75
30 | 417 | 332 | 292 | 2.69 | 253 | 242 1233 |227 |221 |216 | 209 |201 | 193 | 188 | 184 | 179 | 1.74
40 (408 [323 [284 [261 [245 [234 {225 218 [2.12 [ 208 [200 |1.92 | 1.84 | 178 | 1.74 | 1.69 | 1.64
| 160 400 315 [276 |253 237 [225 [217 [210 [204 {199 | 192 [1.84 [ 175 [169 [165 | 1.59 | 1.53
[ 1207392 307 [268 [245 1229 {218 [209 [202 [196 1191 [ 183 [175 | 166 [1.60 |1.55 [ 150 | 143
| oo 1382 1300 1261 237 1221 [ 210 | 201 | 194 | 188 [183 [ 175 167 | 157 | 131 | 146 | 139 132

‘ Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dezn W. Wichern.




Table 6: F-DISTRIBUTION CRITICAL POINTS (a =.01)

60

1 2 3 4 5 6 7 8 9 10 12 15 20 25 30 L 40 60
1 | 4052.| 5000. | 5403. | 5625. | 5764. | 58.59 | 5928. | 5981. | 6023. | 6056. | 6106. | 6157. | 6209. | 6240. | 6261. | 6287. | 6313.
2 | 98501 99.00 [ 99.17 | 99.25 | 99.30 | 99.33 | 99.36 | 99.37 | 99.39 | 99.40 | 9942 | 99.43 | 99.45 | 99.46 | 99.47 | 99.47 | 99.48
3 | 34.12 | 30.82 | 29.46 | 28.71 | 2824 | 2791 | 27.67 | 2749 | 27.35 | 27.23 | 27.05 | 26.87 | 26.69 | 26.58 | 26.50 | 26.41 | 26.32
4 12120 18.00 | 16.69 | 1598 | 1552 | 1521 | 1498 | 14.80 | 14.66 | 14.55 | 1437 | 1420 | 14.02 | 1391 | 13.84 | 13.75 173L.65
5 11626 1327 | 12.06 | 11.39 | 1097 | 10.67 | 10.46 | 10.29 | 10.16 | 10.05 | 9.89 | 9.72 | 9.55 | 945 | 938 | 929 | 9.20
6 [1375]1092 ) 978 | 915 | 875 | 847 | 826 [ 810 | 798 | 7.87 | 772 | 7.56 | 740 | 730 | 723 | 7.14 | 7.06
7 | 1225| 955 | 845 | 785 | 746 | 7.19 | 699 | 684 | 672 | 662 | 647 | 631 | 6.16 —i:6.06 599 | 591 | 5.82
8 (112671 865 [ 759 | 701 | 663 | 637 | 6.18 | 6.03 | 591 | 581 | 567 | 552 | 536 | 526 | 520 [ 512 | 5.03
9 | 1056 | 802 | 699 | 642 | 606 | 580 | 561 | 547 | 535 | 526 | S.A1 | 496 | 481 | 471 | 4.65 | 457 | 448
10 | 10.04 | 7.56 | 655 | 599 | 564 | 539 | 520 | 5.06 | 494 | 485 | 471 | 456 | 441 .| 431 | 425 | 417 | 4.08 ]
11 | 965 | 721 | 622 | 567 | 532 | 5.07 | 489 | 474 | 463 | 454 | 440 | 425 | 410 | 401 | 394 | 3.86 | 3.78
12 1 933 | 693 | 595 | 541 | 5.06 | 482 | 464 | 450 | 439 | 430 | 416 | 401 | 3.8 | 3.76 | 3.70 | 3.62 | 3.54
13 | 9.07 | 670 | 5.74 | 521 | 4.86 | 4.62 | 444 | 430 | 4.19 \ilo 39 | 382 | 3.66 | 3.57 | 351 | 343 | 334
14 | 88 | 651 | 556 | 5.04 | 469 [ 446 | 428 | 4.14 | 403 | 394 | 380 | 3.66 | 3.51 | 3.41 | 335 | 327 | 3.18
I5 | 868 | 636 | 542 | 489 | 456 | 432 | 4.14 | 400 | 3.89 | 380 | 3.67 | 352 | 337 | 328 | 321 | 3.13 | 3.65
16 | 853 | 623 | 529 | 477 | 444 | 420 | 403 | 3.89 | 3.78 | 3.69 | 3.55 | 341 | 326 | 3.16 | 3.10 | 3.02 | 2.93
17 | 840 | 6.11 | 519 | 467 | 434 | 410 | 393 | 379 | 368 | 3.59 | 346 | 331 | 3.16 | 3.07 | 3.00 | 292 | 2.83
18 | 829 | 601 | 509 | 458 | 425 | 401 | 384 | 371 | 3.60 | 3.51 | 3.37 | 323 | 3.08 | 298 | 292 | 284 | 2.75
19 | 8.18 | 593 | 501 | 450 ( 4.17 | 394 | 377 | 3.63 | 3.52 | 343 | 330 | 3.15 { 300 | 291 ; 2.84 | 2.76 | 2.67
20 | 8.10 | 585 | 494 | 443 | 410 | 3.87 | 370 | 3.56 | 3.46 | 337 | 323 | 3.09 | 294 | 2.84 | 278 | 269 | 2.61
21 | 8.02 | 578 | 487 | 437 | 404 | 3.81 | 364 | 351 | 3.40 [ 3.31 [ 3.17 | 3.03 | 288 | 2.79 | 2.72 | 264 | 2.55
21795 | 572 | 482 | 431 | 399 | 376 | 359 | 345 | 335 | 326 | 3.12 | 298 | 283 | 273 | 2.67 | 258 | 2.50
13 | 788 | 5.66 | 476 | 426 | 3.94 | 3.71 | 3.54 | 341 | 3.30 | 321 | 3.07 | 293 | 2.78 | 269 | 2.62 | 2.54 | 2.45
24 | 782 | 561 | 472 | 422 | 390 | 3.67 | 3.50 | 336 | 3.26 | 3.17 | 3.03 | 2.89 | 274 | 264 | 2.58 | 249 | 2.40
35 | 777 | 557 | 468 | 4.18 | 385 | 363 | 346 | 332 | 3.22 | 3.13 | 2.99 | 2.85 | 270 | 2.60 | 2.54 | 2.45 | 2.36
26 | 772 | 553 | 464 | 4.14 | 3.82 | 3.59 | 3.42 | 329 { 3.18 | 3.09 | 296 | 2.81 | 2.66 | 2.57 | 2.50 | 242 | 2.33
77 | 768 | 549 | 460 | 411 | 3.78 | 356 | 3.93 | 326 | 3.15 306 | 293 | 2.78 | 2.63 | 2.54 | 247 | 238 | 2.29
8 | 7.64 | 545 | 457 | 407 | 3.75 | 3.53 | 336 | 323 | 3.12 | 3.03 290 | 275 | 260 | 2.51 | 244 | 235 | 2.26
29 | 760 | 542 | 454 | 404 | 3.73 | 3.50 | 333 | 320 | 3.09 |3.00 | 2.87 | 273 | 257 ;2.48 241 | 233 ‘2.23
30 | 756 | 539 | 451 | 4.02 | 3.70 | 347 | 330 | 317 | 3.07 [ 2.98 284 | 270 [ 255 | 245 | 239 | 230 | 221
$0 | 7.31 | 5.18 | 431 | 3.83 [ 3.51 | 3.29 | 3.12 | 299 | 289 | 280 | 266 | 252 | 237 | 227 | 220 | 211 | 2.02
50 | 7.08 | 498 | 413 | 3.65 | 3.34| 3.12 | 295 | 282 | 2.72 | 2.63 250 | 235 | 220 | 2.10 | 203 | 194 | 1.84
20| 6851 479 | 395 | 348 | 3.17 | 296 | 2.79 2;‘66 256 | 247 | 234 ) 219 | 203 | 193 | 186 | 176 1.66"
© 6.6314.61 378 | 332 | 3.02 | 2.80 | 2.64 | 251 | 2.41 {232 | 218 | 204 | 188 | 1.78 | 1.70 | 1.59 | 1.47 J

Source: Applied Multivariate Statistical Analysis, Third Edition, Richard A. Johnson, Dean W. Wichern




