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BLOCK INTRODUCTION

This block has three units—all about interpolation, i.e., about ﬁnding value of a
dependent variable corresponding to a given value of the independent variable, where
finite number of pairs of values (independent variable, dependent variable) are given.

In Unit 1, first the concept of interpolation is explained. Next, some of the well-
known operators useful for interpolation are defined; followed by discussion of inter-
relation between these operators. Finally, application of these operators in solving
problems is illustrated through examples.

In Unit 2, some of the well-kn rpolati discussed, for the

. s .
special case ¥ pend ariable are e« stant, at which values
of the dependent variable, are known. The methods are based on: Newton’s Forward
Difference Formula, Newton’s Backward Difference Formula, Stirling’s Formula and
Bessel’s Formula. Each of the methods is mainly explained through examples of its
application. In order to discuss the methods, first, we introduce and illustrate the
concepts of Basic Difference Table and Operator Difference tables.

In Unit 3, some of the well-known methods for interpolation are discussed, when the
values of independent variable t, at which value of the
dependent variable, are known. The methods include Lagrange’s Method, Lagrange’s
Method: Inverse Interpolation, method based on Divided Difference Tables and
method based on Newton’s Divided Difference. Each of the methods is mainly
explained through examples of its application.







UNIT 1 OPERATORS

Structure

1.0 Introduction

1.1 Objectives

1.2 Operators and Their Properties

1.3 Interrelations between Operators

1.4 Applications of Operators on Some Functions
1.5 Summary

1.6  Solutions/Answers

1.0 INTRODUCTION

Let us suppose that values of a function ¥ = f(x) are known for some n, at (n + 1) points,
se that Xo < X, <X ... < x,. The notation i = 0(1) n
increasing by 1 af ich i n The function f(x)
may or may not be known exphcnly (1 €., in some form llke f(x) 5 sm(x) +2x°, etc.).
But y;, or f(x;) the value of the function f(x) at x; is known for all i =0(I)n. Thus we are

given (n + 1) pair of values (xo, Yo), (X1, Y1), - - ., (Xn, Yn) and the prob]em is to find the
value of y or f(x) at some intermediate point x in the interval [x,, x,]. The process of
computmgldetermmmg this vaIue for an x in the interval [X,, x,] is known as

say, y, for an arbltrary glen value of the independent variable x in the interval [x,, x,,l
where, for some n, the values of the function y = f (x) are known at (n + 1) points of the
independent variable. And, for other points of the interval [x,, X,], the values may not be
known.

There are several methods for interpolation in the Specia
| & | y spaced, i.e., when the differences x,+, x, of two successive values
Xis1 and X; are  all equal to the same quantity. Before discussing these methods, we need to
introduce some operators. We will discuss these operators in Section 1.2. These operators
will be used in interpolation problems when the given tabular points are equally spaced.

Fd

The term operator may be new to most of us. In Section 1.2, we will be using
expressions like Afix) = fix + h) = flx). Wthh can be understood as A acts on

functtons I:ke f as a sort of ﬁmc!zon

1.1 OBJECTIVES

After going through this unit, you should be able to
° explain the concept of interpolation;

e define the various operators used for interpolation : forward difference
operator, backward difference operator, central difference operator,
averaging operator, shift operator and differential operator;

° tell the relations between various operators; and

° apply these operators to various functions.



Interpolation

P

1.2 OPERATORS AND THEIR PROPERTIES

As mentioned in Introduction, for mterpolatlon in the _ when |
ced, there are several methods. Before dlscussmg these
methods we need to introduce some operators, which will be used in interpolation

problems in the special case. Now; we discuss these operators.
y deiendent on an

¥(x;). Also, when ever
ndent variable. Generally,

For expressing a fact that a dependent variable, say, y, is functionall
independent variable, say, x; we may use the notation y = f(x). And,

rs. Each of the operators is about either about difference,

‘' sum or avge of the values of the dependent variable at two tabular points, & distance

apart. The distinction between the different operators, as will be observed below, lies in
the selection of the two tabular points.

In the following, we specify (a) the name of the operator, like Forward difjerence (b) the
short hand used, like i (c) the notation, like . (d) the name of the notation in English,

%

delta and finally (e) the formula for the operator, like

Af(x) =f(x + h) - f(x)

V1(x) = f(x) - f(x — h)

Ef(x)=f(x+h)

d
Df(x)—‘d—xf(x)

The operators can be applied repeatedly. For example, in case of FD operator we may
have :

Af(x)=f(x+h)—f(x)
A*f(x)=AAf(x) = A{f (x +h)—f(x)}
= Af (x+h)—Af(x)=f (x+2h)-2f (x +h)+f(i), etc.




of Ais called Firs
woted by A°, is called

Similarly we can express BD etc. as follows :

V(x)=V.Vf(x)=f(x)—2f(x —h) +f(x = 2h) etc.

And, then on the lines of our discussion above for A, we may also define, for any natural
number k, Lh differences etc. for other operators. Thus, the notations ' and

In case of shift operator we can also have even for a fraction p such that,

EPf(x) = f(x + p x h).

as in this section, we use
in the most of the rest of the unit,

] efe. In view of the fact that most of the time, we
will be concemed with app catlons we repeat some of the above discussion in terms of
the variable y, instead of f(x); and its values in terms of y;, instead of f (x;), at tabular
points x; .\We will further extend the discussion in terms of y and y;. We will discuss in
detail only for forward difference and backward difference operators.

We mentioned arlier that generall

For defining the various operators, in terms of y’s and y;’s, let us repeat that y = f(x)
and (n + 1) tabular points x;, for i =0 (1) n are given/known to us. And, denoting by y;
the value f(x;), y;'s are also known. The various forward difference operators are defined
as follows :

First forwardﬂifferences AYi=¥is1— Vi . for i=0(1)n-1
" Second forward differences : A> Vi=AAY) =A i 1—Y)

=AY —AYi =Gz Yie ) —Gie1 =YD =Yive2— 2¥is 1+ Yio
fori=0(1)n—-1

In general for amatural number k,

These differences are usually expressed as in the example difference table Table I below,
the quantities in each column representing the differences between the quantities in the
preceding column. The differences are usually placed vemcally midway between the
quantities being subtracted.

The forward differences are indicated with shaded entries in the
from first row to some middle row, in Table 1 below

Table 1 : Difference Table

e, along the diagonal

1 | x| w | rtaifr. | 2™t | 37diff. | 4" diff.
A

1 0 14.0625 -15.0000
~7.5000 12.0000

2 1 6.5625 -3.0000 24.0000
~10.5000 © 360000

3 2 -3.9375 33.0000 24.0000
22.5000 60.0000

4 3 18.5625 93.0000
115.5000

5 4 134.0625

Ayi= Ay - Ay, i=0Mn-k ...

Operators
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It should be noted that if the k™ differences AY, are constants, then all the differences of an
order higher than k are zero.

It follows, from formula (1), by taking-k = 1 and, then k = 2, that
Y1 =Yo+AYo
ik (R A‘YI = (o + Ayo) # (A’yo + Ayo) = yo + 2 Ayp + A_2 Yo
These results can be written symbolically as :
yi=(1+A4)y,
y2=(L+8) yr = (L + DL +4) yol = (1 +8) yo.
By induction,
V= (1 +A8) 0 k=1,2, ccoseivnnnes ; -

or, in expanded form,

k(k=1) \» e k(k—D(k=2) s

- = Yot weeses + A .3

Yk = y(] + kAyD +
Formula (3) enables us to write an expression of every value yj in terms of y, and the
operators Ay, A’y ......... :

The discussion in respect of Backward differences will be exactly on the lines of our
discussion above in respect of Forward Difference Operators. Again, we assume that the
pairs of points (x;,y;), i =0 (1)n, are given. Then,

First backward differences Vy; = y; — i1 i=n(-1)1
Second backward differences V2y; = Vy; — Vy;_; i=n(-1)2

k-th backward differences V*y;

Ve ly -V ly i=n(-Dk ...

The backward differences Vys are indicated in bold, along the diagonal from last row to
some middle row, in Table 1 above

From formula (4),
V¥a=Ya= ¥n-1,
V2 Y0 =V¥a=V Yoot = Ya= 2Yn-1 + Va2
These results can be written symbolically as :
Yo-1=Ya= Vi =(1-V)y,
Ya-2=Ya=2 VY + Vo= (1-V)y,
Ya-k= 1=V y, NG))

in which (1 — V)" is an operator on y, with the exponent on the V indicating the order of
the differences. V, as mentioned earlier, is called the backward differences operator.
Formula (5), when expanded, reads

kik—-1) 5 k(k—D(k-2
yn—kZYn_kVyn"" (2’ )V~yn“ ( 3)'( )Vayn+ ........ yie (6)
Formula (6) enables us to represent every value y, _in terms of y, and the backward
differences V*y,.

As can be observed easily, the various operators are related to each other. These relations
between operators are discussed in the next section.



1.3 INTERRELATIONS BETWEEN OPERATORS

The operators are interrelated in the sense that one operator can be expressed in terms of
the other. Except for relations of D to other operators, we will derive some of the other
relations between the operators as given in Table 2 below. Let us start with relations of A,
Vand d w0 E. '

Relation ofthe aperators to the operator F:

Af(x) = f(x +h) ~ fx) = (B~ 1) f(x) or KSEET

VE()=f(0-f(x=h)=(1-E" ) f(x) or ¥'=

6f(x)=f[x+%h]—f[x—lh

5 Jz(EE HE_EJf(x) or

Then E in terms of other operators : From A=E-1,we
, we get = ( :
Table 2 : Interrelations between various Operators
E A v 8 hD
0 I 8 D
£ E I+A (1—~¥) 14—=8"+8,[1+— e
2 4
| 62 I ) D
A E-1 A V(l-V) Y ) T E'?_q
2 4 2
o 3 8 1. kD
v 1-E A(1+A4A) \% 8,/ 1+———3 1-¢
4 2
Y 2ginpy 1D
8. JE P B V(+v)y2 V(1+vy2 8 e
| L (1+é)(1+a)-'” [I—VJ(H—V)_' i cosh
2 2 2 4 2
hD InE In(l+A) ~In(1-V) 2sinh™ = hD

Ex.1: Find E and A in terms of 6.

Ex. 2 : Express W in terms of .

1.4 APPLICATIONS OF OPERATORS ON SOME
FUNCTIONS

In this section we calculate value obtained on applying the operators to some simple
functions. First, we consider, application of A on polynomial functions.

Operators
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(i)  When f(x) = c, a constant
Af(x) = A e’ =cAx® =¢ {(x+ )" ") =il - 1)=0
(ii)  When f(x) = x, identity function
Af()@):Ax:(x+h)—x=h )
A*f(x)=Ah=0
(iii) When f(x)= x’, the square function
Ax® =(x+h)* —-x* =2hx +h’

A’x* = A (Ax*) = A (2hx + h?) =2h . Ax + Ah? = 2h?

A*x% = A (A2x2) =0.

Ex. 3 : Find A" f(x) , where f(x) a polynomial of degrée n, say

f(x)=a,x"+ax" ' +a,x" *+..+a,.

1.5 SUMMARY

In this unit, we defined a number of important concepts including the following
ones : )

11s the process of finding the value of a dépendent variable,
say, y, for an arbitrary given value of the independent variable x in the interval [X,, X,],
where, for some n, the values of the function y = f (x) are known at (n + 1) points of the
independent variable. And, for other points of the interval [x,, X,], the values may not be
known.

Definitions of Standard Operators :

ith Af(x) = f(x + h) — f(x)
with

V1(x) = f(x) - f(x = h)

6f(x)=f[x+lhj—f(x—lh]
2 2

(iii)

el

f(x+h)

Ef (x)
: d

(vi) Df(x) =—1f(x)
dx

Higher Order Operators :
Ayi=Ayi-Ay i=0(Dn-k Lo (D)




From which by taking k =1 and, then k = 2, we gets - Operators
Y1 = Yo+ Ayo
y2 = y1 + Ay = (Yo + Ayo) + (A%o + Ayo) = Yo + 2 Ay + A’ yo

These results can be written symbolically as

yi=(1+A4)yq

v2=(1+A) yi =1+ A)[(1 +A) yol= (1 +A) y,.
By induction

yk—(1+A) Yos k=1,2, .cceennens,

or, in expanded form

Yk—Yo+kA}’o+ Hy oA

k(k2 1) Ay, + kk=D(k-2)

3!

1.6 SOLUTIONS/ANSWERS

[ s
Ex. 1: By squaring both sides of 8= E>~E ? weget =E+ E I2 which implies
E+ -= &’ + 2. Multiplying both sides by E, we get E*+ 1= (8°+ 2) E, i.e.,
E’E (8°+2) E + 1 = 0. Solving the quadratic equation, we get

SEONE)

In this case, we will find thatA=E§ 1=, =!ﬂ which is not true.
82 ) 3
Hence, E=1+ 5 + 4 = V(@& +4)} and
. & b 3
Aintermsof §: A=E-1= = + > \f(ﬁ +4)
. 1 1 1 1 g
Ex.2: (By deﬁmtlon? p.f(x)=§{f[x+—2w]+f(x—5h)}= -2-(E1’2+E ”2) f(x)

Therefore p =%(E”2 + E‘”Z) . Also, we know 8

Hence, 4 p°— g’ = 4, which gives |

11




5

aterpiiation Ex.3: A'f(x)=a,A"x" +a, A"X"" +2,A"x" +..+a,A"]
First of the difference on R.H.S becomes a, (n!h"), and, the rest of differences
will be zero. '

Hence, the answer is=a, (n'h").

12




UNIT 2 INTERPOLATION WITH EQUAL
INTERVALS

Structure
2.0 Introduction
2.1  Objectives
2.2 Basic Difference Table and Operator Difference Table
2.3 Interpolation Formulas
2.4  Examples of Application of Newton’s FD Formula
2.5 Examples of Application of Newton’s BD Formula
2.6 Examples of Application of Stirling’s Formula
2.7  Examples of Application of Bessel’s Formula
2.8  Summary

2.9 Solutions/Answers

2.0 INTRODUCTION

From Unit 1, we know that Interpolation is the process of finding the value of a
dependent variable, say, y, for an arbitrary given value of the independent variable x in
the interval [xo, X,,], where, for some n, the values of the function y = f (x) are known at
(n + 1) points of the independent variable.

In the prewous unit, we discussed the tools, namely, the various difference operators
mcIudmg the Forwardmg leferencc operator : A (read as Delta), the

and also mennoned and even derived some, relauons between them. However
we d1d not discuss any method/formula, which can be used in solving an interpolation
problem. In this unit and the next unit, we mention a number of formulas, which can be
used for interpolation. The suitability of different methods for the purpose of
interpolation, depends on the provided data set (x;, y;), and the relation of this set to the
value of x, at which value of y is to be estimated.

In this unit, we derive and discuss those formulas which are used, when the data set
(xi, i), 1=0 (1) n is such that x;’s are equally spaced, and then use these formulas in
solving interpolation problems. In the next unit, we discuss the general case.

2.1 OBJECTIVES

After going through this unit, you should be able to
° define and construct the (basic) difference table;

e define and construct the three operator difference tables from the (basic)
difference table;

. decide which differencing operator, and hence, which operator difference
table to use, depending upon the data set and the point of interpolation;

° use the selected operator difference table in defining interpolating
polynomial and, then use the polynomial in solving interpolating problems;

° define interpolating polynomials based on each of the methods : Newton’s
FD, Newton’s BD, Stirling’s, Bessel’s, when the tabular points in the data
set, are equidistant; and

° use the polynomials, mentioned in the previous point, in solving
interpolating problems.

13
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2.2 BASIC DIFFERENCE TABLE AND OPERATOR
DIFFERENCE TABLES

Difference Table : A s (see Table 2
below). Suppose we are given the data (x;, y;),1=0, 1,2 ... where x; are equally spaced
andx,,, — X, =hor x;,, =x, + hand y; represents value of y corresponding to

i+1

X =X, = Xp+ ih. We can express Forward Difference (FD) of y; as follows :

AY, =Y =¥ A=Y —2yi,ty; ete

It will be convenient if we express A in terms of Ei.e. A=E — 1. In that case,
Ay, =(E-Dy; =Ey, - ¥; =Y - ¥;
Azyi = (E—l)zyi =(E? —‘2E+ Dy, =y,,, =2y, +Yy,,etc

We can obtain similar expressions for Backward Difference (BD) and for Central
Difference (CD).

We consider an example of calculating FDs, where, values of x, with corresponding
value of y, are given. In Table 2 below, the values of x;’s are entered in column 1,

corresponding values of y;’s are entered in column 2. The first four corresponding
differences in next four columns are tabulated vertically.

Example 1
Table 2 : Difference Table
i X ¥i 1* diff. 2" diff. 3™ diff. 4™ diff.
0 = 5.562:
1 0 14.0625
—17.5000
2 1 6.5625 - 3.0000
- 10.5000 36.0000
3 2 —-3.9375 33.0000 24.0000
22.5000 60.0000
4 3 18.5625 93.0000
115.5000
5 4 134.0625

Note : Above values are taken from y =x* — 8.5x” + 14.0625. Note that fourth
differences are constant.

As was mentioned earlier, the goal in interpolation is to estimate value of the dependent
variable y at some value of the independent variable x, at which the value of y is not
given. In this respect, various interpolation polynomials/formulae will be studied and
applied. For each of these formulae, a difference table, derived from the difference table,
in which the differences are expressed in terms of some operator (like forw
backward, or central, etc.), is used. We call such a derived table an Operai
e.g., Forward Difference Table, Backward Difference Table, etc.

In view of these facts, we construct a general (basic) difference table, namely
Table 2, above, and then show how various operator difference tables are obtained



by mterpretmg the differences in difference table, in terms of respective difference
operators. In a particular problem, we will be given the values for the left-most two
columns (viz., x;, y;), and from these given values, we calculate the values for rest of
the difference table as given above in Table 2.

In the next column first differences, Ay;, i = 0(1)4 are computed and placed as shown in

the table. Then second differences A’y, = A(Ay,), 1=0(1)3, followed by third differences

A’y,=A(A%;,),i=0(1)2 and finally fourth differences A'y, =A(A’y,),i=0,1 are

computed and placed in successive columns.

' rward Difference Table.
according to Table 3 shown below, if we read the va]ues parallel to the highlighted
diagonal in Table 2 above. Thus, the forward differences are

Ayo=7.5000,  A’y,:
Ay;=87.5000, A'y=E

Ay, =-10.500, A’y, =33.000, A’y, =60.000and soon ...

Table 3 : Differences expressed in terms of forward difference operator

i X ¥i Idiff.  2"diff. - 3'diff. 4" diff.

0 Xq Yo
\ AZE
1 Xi ¥i Ayo
Ay, \63)/0
2 = x y2 Ay, B A'y,
Ay, Ay, a
3 X3 ya AEYz
26 Ays
4 . X4 Ya

Next, we give below Table 4 expressing backward differences. This is done with a
view to show how the same difference Table 2 can be used to find backward
differences.

Table 4 : Differences expressed in terms of backward difference operator

i Xi yi Idiff.  2"diff.-  37diff. 4" diff,

0 Xo Yo ' '
Vy,

1 X Yi Vy,
Vy, vy,

2 X3 ¥2 vy, Viya
Vy, Vly‘;/

3 X3 ¥3 Viyi B

Interpolation with
Equal Intervals

15
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The same difference Table 2, again shown below, can now be interpreted
backward Difference Table, according to Table 4 above, if we read the values parallel
to the highlighted diagonal. Thus, the backward differences are

V yy = 115.5000, V*y, =93.0000, Vy, =60.0000, V*y, =24.0000 and
Vy, =22.5000, V2 ys = 33.0000, V*y; =36.0000, V*y; = 24.0000 and so on.
Table 2 : Difference Table

X; Yi 1" diff. 2™ diff. 37 diff. 4" diff.

0 - 6.5625 :
7.5000

1 0 14.0625 —15.0000
~7.5000 12.0000

2 I 6.5625 —3.0000 24.0000
- 10.5000 36.0000

3 2 ~3.9375 33.0000 24.0000
22.5000 60.0000

4 3 18.5625 93.0000
115.5000

5 4 134.0625

T p and its differences appear s]opmg downwards
@ﬁb}e 4, y4 and its dlfferences appear in an upward slope whilein T low, y;i and

its even differences appear in a straight line (see y,, 8’ y, and &' y, below) o

Table 5 : Differences expressed in terms of central difference operator

i X; yi I diff. 2 diff. 3" diff, P
i = Yo
dy i
| X v, Szy[
dy 3 Szyé
2 3
2 X2 y: szyz
dy 5 Sayé
2 3
3 X3 Vs 52 E
dy 7
| * Y4

and some y’s. It is important to
note that tﬁﬁ L ¢ in the manner of Table 2, for a
given set of pairs of values (x,, i), while the differences may be expressed in terms of
FD, BD or CD as required. That is, in the column of first differences we have,

7.5000 = y, —y, = Ay, =Vy, =38y,

b3

-7.5000 = y, —y, = Ay, =Vy, =38y, etc.




In the column ni'.\cmm! differences we have,
~15.0000 = Ay, — Ay, = A(Ay,)=A"y,
= Vy,-Vy, =V (Vy,)=V?y,
=8(dy,) = Szyl.. etc.

=8y, —dy

(SR
b |-

Ex. 1: Construct a difference table for the data :
X : | 2 3 4
f(a) £ ¢ 7 13 18 25

and highlight the forward differences for f(1) by BOLD and backward
differences of f(4) by shading.

Ex. 2 : Compute the difference table for the following set of data :

X 1 2 4 4 5 6 7 8
Y 2.105 2.808 | 3.614 | 4.604 | 5.857 | 7.451 | 9.467 | 11.985

and highlight the forward differences for {(1) by BOLD and backward
differences of f(8) by shading.

2.3 INTERPOLATION FORMULAS

Interpolation-Formulas

We shall now discuss some interpolation formulas using Forward Difference (FD),

Backward Difference (BD) and Central Differences (CD). Let us suppose we have to

compute the value denoted by y, of y corresponding to x = x,. We have x, = xy + ph
X, =

or p= —h-'and y, =E"y. Expressing E in terms of A or V we get FD and BD

interpolation formulas, respectively. We choose xg so as to include more terms in the

formula.

Remark : It may be noted that the value y, of ¥, corresponding to the value ;x,,)oﬁ s
already expressed in terms of the operator E, as E”. The four formulas, nam s
FD Formula, Newton’s BD Formula, Stu'lmg s Formula and Bessel's Formula, dlscusﬁea
below, just re-express the operator E in terms of respectively A, V or 6.

(i) Newton’s FD Formula

—1 —1)Np—
yp=E"‘yo=(I+A)"y0:(1+m+p(pz' ) g2 4 BP ;:p 2)A~‘+...Jyu

p(p—l)A:y er(p—!)(p—Z)A-\y i
2! 3!

= ¥, +pAy, + i

0

This formula is used to compute the value of y near the upper end of the table such
thatO<p<1.7
(ii) Newton’s BD Formula

+1) s
y, =By, =(1-V)"y, :(1+pV+p(p9' dv2 4 P(p”:fp”) V"+...]yn

=yB+pVy0+

0

p(P’: 1) Viy, + p(p+2l(p+2)vx

Interpolation with
Equal Intervals
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Interpolation This formula is used near the lower end of the table choosing x, such that
— 1 <p<0. The CD formulas are used to find the value in the middle of the table.
We can derive several CD formulas with tedius mathematical manipulations.

Next, two popular CD formulas, i.e., in terms of 8, are given below :

(iii) Stirling’s Formula

' =),

P [Pl P '
Yp=Yo+PubYu+%5'Yu+( 3 ]P83y0+—’—0 Yo+

e | e P oo L (p+Dpp-D1
-y“+p2(by§+5y%J+ 2!6 Yo+ T = 3y E+8yE

pz(pz —1¥)
+-—-4!—84y(, . T
This formula should be used for — 0.25 < p < 0.25.

(iv) Bessel’s Formula

1 Pl s pil 1) p+1) _,
= 1B, + 8y, +| = p—= 18y, + &
@ “’T[P 2J 1 [2}1 ¢ (2]3("- 2] '3 (4 J” W
1 1 P| 1, 2 p|l 1),
=—(y,+V,)+| p—= |0y, + .—(8%y,+d + =l p—= 1|6
S(o+y) [p 2) 4 [2] 2( y, +8%y,) [2]3[13 2J Y,
p+1)1
+( 4 ]5(64)(1 +64y0)+

st This formula is used for — 0.25 < p < 0.75.

2.4 EXAMPLES OF APPLICATION OF NEWTON’S
FD FORMULA

We recall Newton’s FD Formula :

=EPy, =(1+A)"y, =[I+PA+p(p2|_l)A2 + p(p_ng_Z)A3+--']YI}a

where, the value to computed is denoted by y, of y corresponding to the given value
of the independent variable x = x;,, and p is given by X, = X, + ph,

% and y, =E’y.

From Table 2, find the value of y for X = 0.5

Solution

using appropriate formula.

Since x, =0.5 is near upper end of the table, we use FD formula. Choose x, =0

so that p:@:O.s.

p(pZ'— 1) Aty + p(p—D(p-2) Ay, + p(p—D(p—2)(p-3) X

Y, =YotPAy, + 0 = 0 o

(0.5)(-0.5)
2

(0.5)(-0.5)(-1.5) %36

=14.0625+0.5%(-7.5) + 5

x(-3)+

18
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0.5)(=0.5)(=1.5)(=2.5) .. Interpolation with
+( X )2(4 )(- )X24 Equal Intervals

; =14.0625 — 3.750 + 0.3750 + 2.2500 ~ 0.9375 = 12.0000
Example 3

Find the Newton’s forward-difference interpolating polynomial which agrees with
the table of values given below. Hence obtain the value of f(x) at x = 1.5.

X 1 2 3. + 5 6
f(x) 10 19 40 79 142 235

Solution
' Table : Forward Differences
X f(x) cAf A’ A
1 10
9
© 9 19 12
21 6
3 40 18 0
39 6 0
4 79 ' 24 0
63 6
5 142 30
93
6 285

The Newton’s forward-differences interpolation polynomial is

fx) = £, + (x — 1) Af, + XD E=2) _1)2(”‘ =2 gy, s XD ;2) &=3) o,
=10+(x—1)(9)+W(12)+ ("_1)(";2”"'3) (6)
On simplification we get
f'(x)zx3 +2x +7
f(15)= (1.5)3 +2 (1.5 +7=13.375
Example 4 _
Given below are the values of y = e” tabulated for x = 1.00 (0.20) 2.00 :
x: 100 120  1.40 1.60 1.80  2.00

y: 27183 33201 4.0552 49530 6.049 7.3891
Approximate the value of yatx =1.12

Solution
X 1.20 1.40 1.60 1.80 2.00
y=¢* 3.3201 4.0552 49530 6.049 7.3891
Ay 0.7351 0.8978 1.0966 1.3395
A%y 0.1627 0.1988 0.2429
Ay 0.0361 0.0441
Aly 0.0080
Ay

19



Interpolation As 1.12 is near the beginning end of the given table, we will use forward
9 differences for x =1.00.

p=(1.12 - 1.00)/0.20 = 0.6;

¥y(1.12) = 2.7183 + (0.6) x 0.6018 + ((0.6) (0.6 ~ 1)/2) x 0.1333 + [(0.6) (0.6 - 1)
(—1.4)/6] x 0.0294 + [(0.6) (0.6 — 1)( —1.4)/24] x 0.0067 + [(0.6) (0.6 — 1) (-1.4)

Ex. 3 : Construct Newton’s forward difference table for the data :

X I 2 3 4 3
fi(x) 1 - 9 16 29

Hence approximate f(1.7) from Newton's forward difference interpolating
polynomial.

Ex. 4 : Using forward Differences, show that the following data :

x | -1 0 1 2 3 4
fx) | 6 | 0 3.1 10 21

represents a second degree polynomial. Find this polynomial and an
approximate value of f(2.5).

Ex. 5 : Using forward differences, show that the following data represents a third degree
polynomial.

o X -3 -2 | -1 0 1 2 3

f(x) -29 | -9 | -1 1 3 11 31

Find the polynomial and obtain the value of f (0.5).

Ex. 6 : Estimate the missing term in the following data valid it is represents a

Y polynomial of degree.
X : 1 2 3 4 5
f(x) : 3 7 ? 21 31
Ex. 7 : Evaluate the missing term in the following :
X : 100 101 102 103 104
f(x)=logx : 2.000 2.0043 ? 2.0128 2.0170

Ex. 8 : Compute the backward differences for the following set of data :

X 1 2 3 4 5 6 7 8
y 2,105 | 2.808 | 3.614 | 4.604 | 5.857 | 7.451 | 9.467 | 11.985

2.5 EXAMPLES OF APPLICATION OF NEWTON’S
- BD FORMULA

We recall Newton’s BD Formula :

0

y, =E’y, =(1-V)y, =(1 +pV+ p(p; Dy2 4 P(p“;fp*z) % +_..)y

20



(P+1) o» (p+1(p+2)
=yu+PVyu+pl;, viy, + 2 3,p vy, +

0
where, the value to computed is denoted by y, of y corresponding to the given value
of the independent variable x = x,,, and p is given by x, = X + ph,

X, —Xg

1.e, p= and y, = E'y.

Example 5
From Table 2, find the value of y when x = 3.5 using an appropriate formula.
Solution ! '
 Since X, = 3.5 is near the lower end of the table we use BD formula choosing

Xp =4, hence p =-§'—5];£E =-0.5

Y, =YotPVy,+

0

p( 1; T Dy2y PRY 13)'(13 +2) vy, + PB* 1)(p44: 2)(p+3) Viy,

(- 0.2)(0.5) %93+ (- 0.5)(0.5)(1.5) %60

=134.0625+ (- 0.5)(115.5) +

. (= 0.5)(0.5)(1.5)(2.5) we
24

=134.0625-57.75-11.625-3.75-0.9375 = 60.000

Example 6

Find Newton’s backward difference form of interpolating polynomial for the data

X 4 6 8 10
fx) | 19 40 79 142

Hence interpolate f (9).
Solution
We have
Table 6 : Backward Difference

Interpolation with
Equal Intervals

e

f(x) \'4 Vit Vit

19
21
6 40 18
39 6
8 79 24
63
10 142

(x—10) (x —10)
h=2,p= h ,p: 2

(x—lO)(x—S)xE+(x—lO)(x—S)(x—6)x
2! E 3!
63 3

£(9) =P, (9) =142~ -3 -2 =107.125

P (x) =142 + (x —10) % -

Ex.9: Find the Newton’s backward differences interpolating polynomial for the data
of Example 3.

L

8
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Interpolation

22

Ex. 10 : Given below are the values of y = e" tabulated for x = 1.00 (0.20) 2.00 :
x: 100 120 140 160 180  2.00
y: 27183  3.3201 40552  4.9530 6.049  7.3891
Approximate the value of y at x = 1.68.
Ex. 11 : Estimate the value of f (l._45) from the data given below :

X 11 1.2 13 1.4 1:5
f(x) 1.3357 1.5095 1.6984 1.9043 2.1293

2.6 EXAMPLES OF APPLICATION OF STIRLING’S
FORMULA'

We recall Stirling’s Formula :

2 2(.2 _q2
p+1 p’(p*-1?)
Yp=YU+PUBYU+g|52YB+( . ]u53y0+—4,—#

_ 1 P’ (p+Dp(p=D1( 5
_y0+p§[8y%+§y;)+51—8 Yy - > Sy%+6 y%

8y + o

202 12
4!
where, the value to computed is denoted by y, of y corresponding to the given value
of the independent variable x = x,,, and p is given by x, = Xo + ph,

Yo+

X, %y

ie., p= and y, =Efy

This formula should be used for — 0.25 < p <0.25.
Example 7

From Table 2, find the value of y, when x = 1.75, using a central difference
Stirling’s formula.

Solution

Using Stirling’s formula, taking x, = 2.0 so that p = M ==10.25

_ 1 P (+Dp-D 1f o o
yp—y0+p.5(8y; +§y%]?8 y”+TE d y%+3 y_é

p’ pz ~12
+%54y0 s O

The differences used are as follows :

X, ¥

(-0.25)°

y, =-3.9375+ (-0.25)%(22.50—10.50) + x33.00



Interpolation with

(-0.25)"(0.25* -1) Lt Equal Intervals

24

" (-0.25+1)(-0.25)(-0.25-1)
6
=-3.9375-1.5+1.03125+1.875-0.05859375
=-2.58984375

% %(60.()() +36.00)+

2.7 EXAMPLES OF APPLICATION OF BESSEL’S
FORMULA

We recall Bessel’s Formula :
1 Pl .2 Pl 15 p+1) .,
g = +|p—= |3y, + 8y, +| |- p—-= |8y, + &%y, +...
U (2]“ Y 25(-3) ¢ ) '
- 1 p) 1 . Pl 1),
(Yo +¥1) +[p —E]Sy; +[2J , E(S’y. +01y0)+(2]5[pﬁ5]6‘y%

p+1i1
+[ . J5(54Y|+54Y0)+---

where, the value to be computed is denoted by y, of y corresponding to the given
value of the independent variable x = x,,, and p is given by x, = xy + ph, -

B | =

X, —Xg

ie., p= and y =EPy.

This formula is used for - 0.25 <p <0.75.

Example 8
From Table 2, find the value of y for x = 1.75 using Bessel’s formula.
. Solution
We choose x, =1so that p= wz 0.75

Bessc]"‘,s‘r'formula is given by,

1 1 p)l sy, (P[]
y.,=5(yu+y1)+(p—5) Yl+[2]5(52Yo+5"Y|)+[2J3(P—2}53}’%

p+1Y1 _
+( N ]5(54y(,+6“‘y,)+...

The differences used ih the formula are as follows :

8y, oy,
o 2\ A TR
X Yi SZY| 84yl
y, = -]2-(6.5625—3.9375)+(0.75—0.5)(—10.5) +M2'75_D%(—3-0+33-0)
263(0.75-1) T 75)(1.75-1)(1.75-2)(1.75 -
+(075)(g75 1)%(0_75_0_5)x36+(1 75)(1.75 1)(2475 )(1.75 3);(24”4)

= %(2.625)—(0.25)(10.5)—(0.1875)(7.5)—0.28125+0.41015625
=-1.3125-2.625— 1.40625 — 0.28125 + 0.41015625
=—12.58984375. . 23
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Interpolation Note : Usually the compiiation ¢ ey v be done up to second or third
iffer s and 1¢ T it diflenr and an approximaie value of y is

8 SUMM ". Y

In this unit, we

(i) defined the concept of the (basic) difference table, and then illustrated
through an example, how to construct a difference table,

(ii)  cxplained how the differences in the difference table, can be interpreted in
terms of Forward Difference Operator; in this case, we call the difference
table as Forward Difference Table. The same exercise was repeated, in place
of Forward Difference Operator, for each of the Backward Difference
Operator and Central Difference Operator.

(iii) ~ we stated four well-known formulae for interpolation, for the special case
when the tabular points are equally spaced. In this respect, it may be noted
that lhc value Yo of ¥ correSpf ] dmg to the tahular value x,, of x, 1s already

(i) Newton’s FD Formula

-1 > ~1)(p-2) ,»
yp:E"yu=(I+A)"y(]=(l+pA+p(p2’])A'+p(p Dip )A'+...]yn

3!

A‘y“ +

= ~(p-2
s _ y(,+pAyu+p(L;| Do plp=Dip-2)

Ay, + 3l
This formula is used to compute the value of y near the upper end of
the table such that 0 <p < I.

(i) Newton’s BD Formula
’3";.

2
y, =By, =(1-V)T"y, :(l+pV+ p(r;-:rl)v_) + p(p+l)(p+-)v;, +...]y,,

3!

7
=y, +pVy, +—~——-p(l:');lr ])Vly“ .|._p(_p_il‘:fp+__2)vx

This formula is used near the lower end of the table choosing xg such
that—- 1 <p<0.
Next, two popular CD formulas, i1.e., in terms of 6, are given below.

The CD formulas are used to find the value in the middle of the table. We can
derive several CD formulas with tedius mathematical manipulations.

(iii)  Stirling’s Formula

) 2 P+] - pj(pz—l:)_
Yp‘_‘Yu*'PPbYqu%fslyn"'( 3 Jub Yot 41 04)’u+
1. Y pP, (p+Dpp=1D1
= yu+pi(éyi+§y*éj+%b yo+ B ;p 2( 1 +8% ]
pl(pl_ll)
+ TaJyU +-n

o This formula should be used for — 0.25 < p <0.25.



Interpolation with
Equal Intervals

(iv) Bessel’s Formula

%K P| .2 P\l 1 )es p+1) .,
yp=|.1yi; +(p—5)by;+(2]p5 y%+[2J5[p—EJB yi +( 4 Jub y%—i-...
1 1 - (pY 1., . p)l 1.,
=5(3'(>+YI)+(p_EJayi +[2J2(b YI+5 yu)+[2]3(p_5)6zyl

+1)1
+(p4 )5(643/' +8%y, ) +...

This formula is used for — 0.25 < p < 0.75.
and, finally,

(iv) explained how the various operator difference tables can be used to
find the respective interpolating polynomials, and further, explained
how these polynomials, in turn, can be used to estimate value of
dependent variable for some value of the independent variable when
the tabular points are necessarily equidistant.

2.9 SOLUTIONS/ANSWERS
Ex.1:
X fi(x) Af A A’
1 7
6
2 13 -1
5 3
3 18 2
7
4 25
Since four data values are given, a polynomial of degree 3 can be passed through .
them. Hence, fourth differences are 0 and third differences have the same value.
Forward differences of y are bold and backward differences of ys are shaded.
Ex.2:
X y Ay A%y Ay Aty
I 2.105
0.703
2 2.808 0.103
0.806 0.081
3 3.614 0.184 - 0.002
0.990 0.079
4 4.604 0.263 —0.001
r 1.253 0.078
5 5.857 0.341 +0.003
1.594 0.081
6 7.451 0.422 -=0.001
2.016 0.080
7 9.467 0.502
2518
8 11.985 25




Interpolation Thus, first, second, third and fourth forward differences for y; are respecti‘;fe]y
Ay,=0.703, Ay, =0.103, Ay, =0.081, A'y,=-0.002

Similarly, first, second, third and fourth forward differences for y; are
respectively -

Ay>=0.806, A’y,=0.184, A’y;=0.079, A'y,=-0.001
and so on.
Forward differences of y, are bold and backward differences of ys are shaded.
Ex. 3 : Forward Difference Table : |

X f(x) Af A’f A’f
1 1

3
2 4 2

5 0
3 9 2

7 0
4 16 2

9
5 25

f (x) = f(x0) + ((x — xo)/h) Afi(xg) + ((x = xo) (x — x;)/h* 21) A%(x¢) + ((x ~ xg)

X=%) X=x)/h3) A f(xp) +.... 21+ (xX=1)3+(x-1)(x=2)2/2! +0
=1+3x-3+x-1)(x-2)=x"

Ex. 4 : Forward Difference Table

=

X f(x) At A’f
4 6 |

-5
0 I 4

-1 0
I 0 4

3 0
2 3 4

7 0
310 4

1l
4 21

Since third and higher order differences are zeros, f(x) represents a second order
polynomial
26



Ex.5:

(x = x,) (x—xﬂ)(x-—x,)Azfo

2h?

fx)=P,x) =1, + Af, +

=6+(x+1)(—5)+(“"°;("_o)

(4) =2x* -3x +1

f(25 =6

Forward Difference Table

X f(x) Af A*f A’ A%f

-3 -29

; 20

-2 -9 -12
8 6

-1 -1 -6 i 0
2 6

0 1 0 0
2 6

1 3 6 0
8 6

2 11 , 12
20 )

3 31

(x — X,)

f(x)=P,(x)=f(x,) + Af, + 21h?

o X=x%,) x~ ::1) & —%;) A,
3th

$(~29)+(x+3)20—6(x+3)(x+2)+(x+3)(x+2)(x+l)

=29+ xX+3)20+(x+2){-6+(x+D}1]
=x’ + x + 1, hence, f(0.5) = P, (0.5) =1.625

Ex. 6 : Let the missing value be a.

X f(x) Af A? A’

1 3

2 7 4 a—11 39 -3a
3 A a-7 28—-2a 3a-39
4_ 21 2l -a a—11

5 31 10

Since, third degree differences are to be same 39 — 3a = 3a— 39, or 6a = 78 and

af(3)=13.

(X - xo) (X i X]) Azf
0

Interpolation with
Equal Intervals
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Interpolation Ex.7:

Ex.8:

Ex.9:

28

The value for x = 102. As four values of f(x) are known, forx =1,

we get, A* f(x) = 0.

X

100

f(x)=log x : 2.000
Af(x):

A f(x) :
A’ f(x) :

-101

2.0043.
a-2.0043 2.0128-a

0.0043

a—2.0086

102

a

103
2.0128

104
2.0170
0.0042

40171-2a —2.0086 +a
(4.0171 - 2a)— (a— 2.0086);; (~2.0086 + a)— (4.0171- 2a)
=6.0257-3a::

As 4 values are given, Third differences must be equal

So

a=2.0086

LE

log 102 = 2.0086.

= —-6.0257 + 3a

The same table as in Ex. 2 will be formed. But order and names of differences
will be different.

X
1

8

y
2.105

2.808

3614

4.604

5.857

7.451

9.467

11.985

Vy
0.703

0.806

1.594
2.016

2518

Viy

0.103
0.184
0.263
0.341
0.422

0.502

V3y

0.081
0.079
0.078
0.081

0.080

V“y

—-0.002
- 0.001
+0.003

-0.001

Thus, first, second, third and fourth backward differences of yg are respectively
Vys =2.518, Viyg=0502, Vys=0.080, V'ys==0.001

Also, first, second, third and fourth backward differences of y; are respectively
Vy; =2.016, Vy,;=0422, V'y,;=0.081, V'y,= 0.003

and so on.
Backward Difference Table
X f(x) vVt Vit Vi
Xo 1 10
9
X 2 19 12
21 6
Xs 3 40 18 0
39 6 w0
X3 4 79 24 0
63 6
X4 5 142 30
93
Xs 6 235




Interpolation with

X—X X—X 2
( s) ( 4) V2 f5 Equal Intervals

P(x)=f +(x—-x5) VL, +

5 (X ~%:) (X~ )R~ X3)
3!

v’f,

=235+93(x-6)+15x-6)(x-5)+(x-4)(x-5)(x -6)
=x+2x+7

Ex. 10 : Given below are the values of y = " tabulated for x = 1.00 (0.20) 2.00 :

x: 1.00 120 140 1.60 1.80 2.00

y=e 27183  3.3201 4.0552 49530  6.049 7.3891
Ay:  0.6018 0.7351 0.8978 1.0966 1.3395

Ay : 0.1333 0.1627 0.1988 0.2429

Ay : 0.0294 0.0361 0.0441

Aty : 0.0067 0.0080

Ny : 0.0013

As 1.68 is closest to 1.80 among the values of x at which y is known, we will use
backward (because, 1.80 is near the back end 2.00) differences for x =1.80.

p = (1.68 - 1.80)/0.20 = = 0.6 and
v(1.68) = 6.0496 +( 0.6) 1.0966 + [(Z 0.6) (2 0.6)+ 1)/2 1% 0.1988 + [(£0.6) (2 0.6 +1)
(= 0.6 +2)/6] x 0.0361 + [(= 0.6) (0.4) (1.4) (2.4)/24] x 0.0067
=6.049 = 0.65796 = 0.023856 = 0.002022 = 0.000225
= 5.36554~ 5.3655.

Ex. 11 : ‘As 1.45 is nearest to 1.50, which is last value of x for which of y = f(x) is given.
Hence, Backward Difference Table

X f(x) \'i Vi V3§ Vit
1.1 1.3357
0.1738
12 15095 0.0151
0.1889 0.0019
13 1.6984 0.0170 0.0002
0.2059 0.0021
14 1.9043 0.0910
0.2050
15 21293

X, =15 x=145h=0.1

p=s

_x-%) 145-15

h

0.1

{15

29



Interpolation

30

f(x)=f, +sVf, +> (S; Dy 4

-+s(s~1-l)(s+2)(s+3)V“fn
4!

=2.1293 — 0.1125 - 0.00239 — 0.00013 — 0.0000075
= 2.01427 = 2.0143.

s(s+D(s+2)_,
: YL

e — L ——

S T T————



UNIT 3 INTERPOLATION WITH UNEQUAL
INTERVALS

Structure
3.0 Introduction
3.1 Objectives
3.2 Lagrange’s Method
3.3 Lagrange’s Method : Inverse Interpolation
3.4 Divided Difference Tables
3.5 Newton’s Divided Difference Formula
3.6 Summary

3.7 Solutions/Answers

3.0 INTRODUCTION

From Unit 1, we know that Interpolation is the process of finding the value of a
dependent variable, say, y, for an arbnrary given value of the independent variable x in
the interval [x,, x,], where, for some n, the values of the function y = f (x) are known at

(n + 1) points X, Xy, . . . , X, of the independent variable.

Ianmt 1 we dlS ussed the tools, useful, when tabular points are equidistant, namely, the
differe nciudmg the Forward leference operator : A (read as

re]atlons between them.

In Unit 2, we derived and discussed those interpolating formulas which are used, when
the data set (x;, y;), i =0 (1) n is such that Xi's d, and then used these
formulas in solvmg interpolation problems.

In this unit, we discuss the general case, i.e., derive and discus those mterpolatm o
formulas Wthh are used when the data set (x;, y;), i =0 (1) n is such that the
il ; , and then use these formulas in solving interpolation

problems.

3.1 OBJECTIVES

After going through this unit, you should be able to

» define and construct the Divided difference table;

° define interpolating polynomials based on each of the methods : Lagrange’s,
Lagrange’s Inverse Interpolation and Newton’s Divided Difference
Method; and

° use the polynomials, mentioned in the previous point, in solving
interpolating problems.

3.2 LAGRANGE’S METHOD

/

Let us suppose we have (n + 1) pair of values (x;, y;), i =0 (1) n where y; denotes a value,
of dependent variable y = f (x) corresponding to the value x; of independent variable x.
We assume that x, < x, <x, <...<x, and that the interval between two successive
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values of x is not necessarily same i.e, x, — x,_,,i= 1 (1) n may or may not be same all
over. We shall now discuss interpolation methods with unequal intervals.
Lagrange’s Method

In Lagrange’s method a polynomial is fitted passing through all the given points.
Obviously, if (n + 1) points (x;, ), i =0 (1) n are given, a polynomial of highest degree n
can be fitted which is represented as, ’

¥(x) =Ly (%) yo +Li (X) ¥, +--+L4 (x)y; +.+L, (X)Y,

(x - xu)(x - xl)"'(x_ xi—l)(x i xi+l)"'(x _xn)

(xi — X )X, — % )"‘(xi =Xy )(xi'_xiﬂ)‘“(xi _xn)’

where L, (x)=

‘ Ll()f) G(])n are lq-uowués La ange’s coefficients and each of them is a polynomial
of degree n. It should be noted that they satisfy the property :
Li(x;)=1, i=j
=0,1%#]

The Lagrange’s method can be used for inverse interpolation i.e. we can express X as

function of y : x(y) = _FI_ED L, (¥) x,.

(y= Yo dly=¥) (¥ =¥ ) (¥~ ¥i): (¥~ V)
(yi _YD](Yi _Y1)"'(Yi “Yi—l)(Y1 _ym)"'(Yi _yn)
Linear Interpolation : Let just two values of a function f(x) be given at two points, say,

Xo and X, i.e. the data consists of (X, f(Xo)) and (x;, f(x;)). Then, linear interpolation
gives the value of f (x) at X = X,, Xg < X, <X as

where L, (y)=

fxg) = Fa TR gy ¢ BT Xod gy
Xg — X Xy = Xy
This process of finding f (x,) is called linear interpolation.
Example 1
Using Lagrange’s method to find the value of y when x =2.5 from the following
data :
i 0 1 2 3
X, 0 0.5 1.5 3.0
Y, -6 -1.875 0375 0

Compute up to four places of decimal only.
Solution

From Lagrange’s method
Y(x):Ln(xJY() +L1(x)y| +L2(X)YJ +L3(X)Y3
(x = x,)(x = %, )(x = x,)
(%o — %,)(%0 — X,)(%o — X5)

_(25-0.5)(2.5-1.5)(2.5-3.0)
" (0-0.5)(0-1.5)(0-3.0)

L,(x)=

__20x1x(-05) s i
(-0.5)x(-1.5)x(-3.0)




- —

g

Example 2

L (x)=

L,(x)=

L (x)_ {x x())(x

(x=xo)(x=%,)(x=x;)

(3i—% Jxi % (% —%;) _
_{25-0)(25-15)(25-30)  2.5x1x(-05) _
" (05-0)(0.5-1.5)(0.5-3.0) 05x(- 1LO)x(-25)

(x—xp)(x=x,)(x = x;)

(2~ % ) (% =% )25~ %,)

xl)(x_xz)
x,)(x;-x,)

2.5-0)(2.5-0.5)(2.5-1.5)  2.5%2.0x1 _
" (3.0-0)(3.0-05)(3.0-1.5)  3.0x2.5x1.5

y(2.5)=0.4444%(—6) +(—1.0)x(—1.875) +(1.1111)(0.375) +(0.4444) x 0
~-2.666 + 1.875 + 04167 + 0= — 0.3743 ‘

xs xo)(xs

(
_

Use linear interpolation to find £(0.3) for f(x) = 5%

Solution

Take the data at the points xo= 0, x; =1,
Now, f(x) = 5*. Hence, the data is (0, 1), (1, 5).
By the Linear Interpolation formula, we get,

f0.3)= M+

'y

Example 3

0:3~1 0.3-0

22
-1 (5)

Find the Lagrange’s interpolating polynomial for the following data :

Solution

1

i

{5
| W=

[x %J(x_l)——IS - (x=1)
ISR

(x %)(xui—]_z X—l x_l
SIS

Interpolation with
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B Hence P, (x)=Lo(x) (= 1) +Li (%) (2) + Lo (%) (7)
1 1 1 1
Px)=-16|x—— -1)=-36(x—-——|(x-1)+14|x—= e
. (X) [x 3]()& ) (x 4) (x=1) + (x 3} (x 4J
Example 4 .

Given f(x) = sin x, f(0.1) = 0.09983, f(0.2) = 0.19867, use the method of linear
interpolation to find (0.16).

Solution
Using the Lagrange interpolation formula, we obtain

£(0.16) = e (0.09983) +M (0.19867)
0.1-0.2 0.2-0.1

=0.039932 + 0.119202 = 0.159134.
Example 5

If f(1) =-3, f(3) =9, f(4) = 30 and (6) = 132, find the Lagrange’s interpolation
polynomial of f(x). Also find the value of f when x = 5.

Solution
Wehave x0=1,x,=3,%=4,%:=6
and f0=—3, f] =9, f2= 30,f3= 132.
The Lagrange’s interpolating polynomial P5(x) is given by
Px)=L,x)f, +L,x)f, +L,x)f, +L,(x)f, ...(30)

x-3)x-4HYx-6 _ 1

= (x> —13x* + 54x - 72)
(1-3)(1-4)(1-6) 30

where - L, (x) =

_E-DEx-49Hx-6) 1

L (%) = =— (x* = 11x” + 34x - 24)
BG-1)3-4(3-6) 6

L g BEVRBE-8 L s Tt s e =18
4-1)@4-3)4-6) 6

L=S"DE-D&E=d _1 o5 g0, 10x-19

6-1)(6-3)(6-4) 30

Substituting these in Eq. (3.1) we have :

P, (x) = - % x*—13x> +54x -72) (- 3) + é (x> —11x* + 34x — 24)
X (9) — % (x* =10x* + 27x —18) (30)

l 3 2 .
+— (x" —8x" +19x —12) (132
30( ) (132)

which gives on simplification
P3(x) = x" - 3x" + 5x - 6.
fG)=P.(5)=(5"-305)+5%x5-6=125-75+25-6=69
34




Example 6 ' Interpolation with
Unequal Intervals

Find a polynomial of degree < 2 with the properties p(1) = 5, p(1.5) = -3, p(3) = 0.
Solution -

The data given is (1, 5), (1.5, = 3), (3, 0). Using the Lagrange interpolation

tormula, we obtain the second degree polynomial as :

=(x—l.S)(x—B) 5) + (x=1) (x =3) (=3 +(x—1.5)(x—1.5)

— (1=1.5)(1-3) (1:5=1) (1.5—3) (3 -1)(3-1.5) W
=5(x-15)(x-3)+4(x—1) (x—3)=9x"—38.5x + 34.5
Example 7
Find the interpolating polynomial that fits the data :
X 0 1 2 5
Ji 2 3 12_ 147

using the Lagrange interpolation formula.

Solution
We have
£ ()= X=%x)(x=X%,)(x—X;) £(x,) + (X=X4)(x—X,)(x—X;) F(x)+
(Xo—%1)(Xg—X,) (Xg—X3) (X, —Xo) (%, =X, ) (X, —X;3)
(x —Xg) (X — %) (X — X3) £(x,) + (x—-X) (x—%)) (x —%;) £x)
(X, —Xg) (X5 — X)) (X5 — X3) (X3 — Xg) (X3 — X)) (X3 — X;)
='(x—1)(x—2)(x—5)x2+(x—())(x—z)(x—S)><3+ '
0-1)0-2)0-3) (L—8(1= 2) (1 D)
(x—())(x~-1)(x-—5)Xlz_l_(x—O)(x—l)(x—Z)xm,lr
2-002-1)2-5 G-005-1)5B-2)
=—("_”(";2)("_5)+%x(x-z) (x=5)=2x(x=1) (x=5)
+ %x(x—])(x—Z)
Example 8

Compute f* (2.0} from the following data of values :

X 1.8 1.9 2.0 2.1
f(x) 6.05 6.69 1.39 8.17

Solution

Since, four data points are given, the data represents a cubic polynomial, P(x). We
can construct the polynomial P * (x) and find P * (2.0). Alternatively, we can
construct a quadratic polynomial P(x) using the data values (1.9, 6.69), (2.0, 7.39),
(2.1, 8.17) and find P’ (2.0). The cubic polynomial is given by :

P(x)= (x~1.9)(x—2.0)(x—2.1)(6_05) LEELx-20)(x-2.1)

(6.69)
(—=0.1) (- 0.2) (—0.3) (+0.D{—0.1)(-02)

4 (x=1.8)(x=1.9)(x—2.1) (739) + (x-1.8)(x-1.9)(x-2.0)

(8.17)
(+0.2) (0.1) (- 0.1) (0.3) (0.2) (0.1)
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‘Ex.1

Ex.2:

Ex.3:

Ex.4:

Ex.5:

Ex.6:

Ex.7:

Differentiating P (x), we have,
6.69

P'(x)=—( G ](3 ' -12x +1199)+(
0.006 0.002

[739)(3){ —11.6x +11. 19)+(81
0.002 0.006
Hence, P* (2.0) = 10.08 - 66.9 + 39.95 + 27.33 = 7.46

Alternatively, the quadratic polynomial is given by

(x —2) (x = 2.1) (x —1.9) (x — 2.1)

] (3x* —11.8x +11.58)

] (3x* — 11.4x +10.82)

P(x) = . (6.69 : -~ (7.39
&) (- 0.1) (- 0.2) (0:69) + (0.1) (- 0.1) (7.39)
(x =19 x=20) ¢ o0

(0.2) (0.1)

P’ (x)=+3345(2x-4.1)-739 (2x — 4) + 408.5 2x - 3.9)
Hence, P’ (2.0)=-33.45+40.85=7.40.

: Find Lagrange’s interpolating polynomial for the following data. Hence obtain
f(2).

X 0 I |-4 5
f(x) 8 11 | 68 123

Using the Lagrange’s interpolation formula, find the value of y when x = 10.

X 5 6 9 11
F(x) 12 13 | 14 16

Using Lagranges interpolation formula, find the value of f(4) from the following
data :
X 1 3 7 13
f(x) 2 5 12 20

In the following table h is the height above the sea level and p the barometric
pressure. Calculate p when h = 5280.

h : 0 4763 6942 10594

p : 27 25 23 20
The following table is given :

X : 0 1 2 5

f(x) 2 2 3 12 147.

Find the interpolating polynomial that fits this data.

The following values of the function f(x) for values of x are given :
f(1) =4, f(2) =5, f(7) = 5, f(8) = 4.

Find the value of f(60).

By means of Lagrange’s formula, prove that
Y1=y3=03(ys-y-3) +02(y-3-y-5)

where y; = y(i), the value of the dépendent variable y at x = 1.




3.3 LAGRANGE’S METHOD : INVERSE
INTERPOLATION

One of the advantages of methods ofﬁig_, lation
pomts x;over mcthods for ne ".. ssar !

vanaﬁle y

This is in view of the fact that, even when the values of the independent variable x may
be equidistant, the values of the dependent variable y may not be equidistant. Therefore
the earlier methods of interpolation with equidistant tabular points cannot be applied for
inverse interpolation.

In inverse interpolation, in a table of values of x find y = f(x), one is given a number y

and wishes to find the point X so that f (f ) =7y, where f(x) is the tabulated function. For

this, we naturally assume that the function y = f(x) has a unique inverse x = g(y) in the
range of the table. The problem of inverse interpolation simply reduces to interpolation
with x-row and y-row in the given table interchanged so that the interpolating points now
become yo, ¥1, . . ., ¥a (Same as fo, f, . . ., f, i.e. f(x;) = fi= y;) and the corresponding
function values are xo, X,, . . . , X, where the function is x = g(y). Since the points

Yo. Yis - - - » ¥n are not necessarily equally spaced, this interpolation can be done by
Lagrange’s form of interpolation (also by Newton’s divided difference form discussed
later). By Lagrange’s formula

Y-y
P(y)=2% x I -2 21
=0 MY — Yy
and . x=P (y).
This process is called inverse interpolation.
Example 9
Find the value of x when y = 3 from the following table of values :
) 4 7 0 | 12
y =] 1 2 4

Solution
The Lagrange’s interpolation polynomial of x is given by
G-Dy-2G -4 G+ -2)G-4
1-D-1-2-1~4) (1=D31—-2y(1—4)
LODO-DO=4 (0 G+DE-DE=2)
B3 M2 (5) 33
2)(1)(—1 H)(—1
So P(3)=Mx(4)+wx(7)
-2)3) O3 2)(=3)

" @D (10) + @2 1) (12
r -3)®@ (5)(2) (3)

4) +

x=P(y) = (7

(12)

14 40
I I N
15 3 3 15 15

x(3)=P(3)=12.1333.

Interpolation with
Unequal Intervals
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Ex. 8 : From the following table, find the Lagrange’s interpolating polynomial, which
agrees with the values of x at the given value of y. Hence find the value of x

when y = 2. '
X 1 19 49 - 101
Y 1 3 -+ 5

Ex. 9 : Using the inverse Lagrange interpolation, find the value of x when y = 3 from the
following table of values :

X 36 54 72 144
Y -2 1 2 -+

~ 3.4 DIVIDED DIFFERENCE (DD) TABLE

Let us suppose that values of a function f(x) are provided for x = xg, X, X2, . . . , etc.
which are not necessarily equi-distant. We define-the divided difference (DD) as
follows : -

First DD :
= - f -f
f(xo,x!).—.f(x') f(xa)‘f(xz) f(xl)"“, (%) = F(x4) -
S e R — Xy
Second DD :
f(x,,%;) = f(x,, {5 AP - :
f(xg,xp.%,)= Bkt xl),f(xk,kaxm): (oua i) = (ty000 %)
X2 =%o Xie2 — X
Third DD :

f(xnxz’xa)_f(xo’xnxz)

f£(x), X5 X,5%5) = and so on.

X3 =X,
We form a DD Table as follows :
Table 6 : Divided Difference (DD) Table

X | fix) | 1*DD 2" DD 3 DD 4" DD

Xo | f(xo)
f(xo, x1)

x| f(xp) F(xo, X, X3)
f(x;, x2) f(xq, X1, X2, X3)

X2 | f(x2) F(xy, X2, X3) f(x0, X1, X2, X3, X4)
f(x2, X3) f(x1, X2, X3, X4)

X3 | f(x3) F(x2, X3, X4)
f(x3, x4)

Xa | f(x4)




S
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e kth divided differences relative to x;, X; 4, . . . » X; + 1 18 defined as follows

£ X ds e s Xl = FEitss « oo Fiakd = F s Xi iy ovns Kiex— )i XD,

where th'e (k —1)st divided differences f(x;, . . ., Xi+k-1) and f(x; 1, ..., X;y) have
already been determined. From the above, we can see that, by definition, the kth divided
difference is obtained by dividing the (k —1)st divided differences by (x;, x— ;).

Example 10
If f(x) = x°, find the value of f (a,b,c).
Solution
= 3 a3
fia, Bt W PRy e g

b-—a b-a
Similarly f (b, ¢) = b’ 4+ bc +¢*

f[b, c] —f[a, b]
c—a

Hence f(a, b, c)=

- b? +bc + ¢ —b* — ba — a?

C—a

=(c—a)(c:-b-a+b)

s (c—a)
o =a+b+c
Example 11
Find the Newton’s divided difference Table for the following data :
X -4 -1 0 2 5
f(x) 1245 33 5 9 1335
Solution
Divided Difference Table _
X f(-) f(-’ -) f(-s *3 ') f)» 29323 -) f)-: =373 -!-)
-4 1245
— 404
-1 33 94
- 28 - 14
0 5 10 3
2 13
2 9 88
442
5 1355

39



ey

Interpolation
|

abed’

{ .
Ex.10: If f(x) = —,showthat f(a,b,c,d)=—
% 3

Ex. 11 : Form the divided difference table for the following data :

X 1 2 3 5 6
f(x) 1 3 ) 21 31
Ex. 12 : From the table of values- given below, obtain the divided difference
interpolation table : :
X 0 2 3 4

F(x) -4 6 26 64

3.5 NEWTON’S DIVIDED (DD) FORMULA

£(x) = k) (x = ) (1005, (X =) (X, ) (x50,
+(x =% ) (=%, )(x =%, )F (X0 X} X5 X5 ) +. ..

#

Example 12 _
Form the Newton’s divided difference Table of Example 11 above, for the
following data, form interpolating polynomial for

X -4 -1 0 2 3
f(x) 1245 33 5 9 1335

Also approximate f(1) from the polynomial.

Solution
The Divided Difference Table of Example 11 is :
X f(.) f(.,.) e essd) Desssd
-4 1245
- 404
-1 33 94
r - 28 - 14
0 5 10 3
2 13 :
2 9 88
442
5 1355
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Hence, P,(x)=1245-404 (x +4) +94 (x+4) (x+D)-14(x+4) (x+1) x +
3x+4)x+Dx(x—-2)
f=PM=-5

Example 13
Prepare a DD table for the following data :
. & -03 0 1 3 4
f(x) -28 2 4 32 70
Find f(2) using Newton’s DD formula.
Solution
I W | f(x,) 1" DD 2" DD 3DpD | 4"DD
0 -3 -28
2+28
=10
1 Y i 0+3
2-10_ .
1+3
4-2 4+2
—=2 —=1
2 1 4 1 343 0
-2 4
3-0
32-4 8—4
—=14 —=1
3 3 32 > 0
38-14 -3
4-1
70-32
4 4 70 T 38

Newton’s DD formula is given by
y(x) =1 (x0) +(x =0 )£ (5%, )+ (x =% ) (x =%, )£ (o, %, %)
+(x =% ) (x =%, )(x =%, )£ (%4, X, X5,
Hence, y(2)=-28+(2+3)x 10+ 2+3)x2-0)(-2)+(2+3)2-0)2-1)x 1
=-28+50-20+10=12

Example 14
From the following table of values, find the Newton’s form of interpolating
polynomial approximating f(x).

x | =t 0 3 6 7

f(x) 3 -6 39 822 1611

Also find the approximate value of the function f(x) at x = 2.

Solution

We note that the values of x, that is x;, are not equally spaced. To find the desired

polynomial, we form the table of divided differences of f(x).

Interpolation with
Unequal Intervals
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Table 2
x f() (., 2) 15 54) | ) I  § Po——
X0 — 1 3
-9
xx 0 -6 6
15 5
X2 3 39 41 1
261 13
X3 6 822 132 '
789
x4 1 1611

Newton’s interpolating polynomial P4(x) is given by
P,(x) =f(x,) + (x — xp) f[xy, X, ]+ (x = %) (x = x,) £[x,, X, X,]
+ (X = Xo) (X — X1) (X — X2) f (X0, X1, X2, X3)

+ (X — Xp) (X — X1) (X — X2) (x — X3)f(x0, X1, X2, X3) wis o (32)

The divided differences f(xo), f(Xo, X1), f(X1, X1, X2), f(Xo, X1, X2, X3), (X0, X1, X2, X3) are
those which lie along the diagonal at f(x,) as shown by the dotted line. Substituting the
values of x; and the values of the divided differences in Eq. (3.2), we get

PAx)=3+x+DED+Ex+DHE-00)+(x+1)x-0)(x-3)(5)
+(x+)(x-0)(x-3)(x-6)(1)
This on simplification gives
P,(x) =x* — 3x’ + 5x*— 6
f(x) =P, (x)
f(2)=P,(2)=16-24+20-6=06.

Ex. 13 : From the divided differences table of Ex. 11, show that the following data :

X 1 2 3 3 6
f(x) 1 3 7 21 31

represents a second degree polynomial. Also, obtain this polynomial. Hence,
find the approximate value of f(4).

Ex. 14 : From the table of values given below, obtain the value of y when x = 1 using
(a) divided difference interpolation formula, and

(b) Lagrange’s interpolation formula.

X 0 2 3 4
F(x) -4 6 26 64

In case of (a), you may use table of Ex. 12.




3.6 SUMMARY

In this unit, we

° defined the concept of the divided difference table, and then illustrated
through examples, how to construct a divided d_ifference table;

1e tabular points are not necessarily e y spaced :(agre’
Method, and its use in Inverse Interpolation, and (b) Newton’s Divided
Difference Method;

® explained how, using each of the methods, to derive interpolating
polynomials; and

° explained how these polynomials, mentioned under the previous point, can
be used to estimate value of dependent (and in the case of Lagrange’s
Method, even for independent) variable, for some value of the
independent/dependent variable, when the tabular points are not necessarily
equidistant.

3.7 SOLUTIONS/ANSWERS

Ex.1: P(x)=x’—x" +3x +8, f(2)=18

Ex.2: 14.6667

Ex.3: 6.6875

Ex. 4 : Use Lagrange Interpolation p (5280) = 24.8.

Ex. 5: By Lagrange’s formula, we get, f(x) = X'+ x> — x + 2.

Ex. 6 : Applying Lagrange’s formula for the above values, we get

[-x? +9x + 16]
6

Hence, f(6) = 5.667.

fx)=

Ex.7: We are required to obtain y, the value of y at x = 1 while ys y_s y_s, ys, are
given. By Lagranges formula, we have
. (1+3)(1-3)1-5) P 1+5)1-3)(1-5)
(5+3N-5-3)(5-5) " 3+5)3-3)(3-5)

1

1+50+3)1-5 (1+50+3)(1-3)
+ yt Vs
(B+53+3)3-5) 5+5(G5+3)(5-3)

=y3—03 (ys—y-3) + 0.2 (y-3— y_9).

Ex. 8 : Let x = g(y). The Lagrange’s interpolating polynomial P(y) of g(y) is given by

P(y) = - % (v’ —12y* + 47y — 60) + 142 (y° —10y* + 29y — 20)

—4—39(y3 —9y? +23y—15)+1gl(y3 — 8y* + 19y —12)

Interpolation with
Unequal Intervals
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Interpolation which, on simplification gives
Py =y’ —y"+1
when y = 2, x=P2)=35.

Ex.9: x=g(y)

w+mw—mw—m_

G-DiFy-2)-4) (36) +

P(y) = 2
R YY) B DI

+(y+2)(y—l)(y—2)'(]44)

+(y+2)(y—1)(y—4).(_’2)

@ME2) (6) (3)(2)

X=H$=ngﬂl9x@®+glﬂﬂ;ﬂ
T2 9

x (54)

Mool i

2+ DO
36

=1-30+90+40=101"

X
a__1

b—a ab

o | —

Ex.10: f[a, b] =

1
f[b, c]=— —
[b, c] o

. 1
and f[c,d]=——
[c, d] -

1 |
f a, b,C = sf b, C,d =
[ ] abc [ ] bed

_flb,c,d]-fla,b,c] 1

d—a abcd

fla, b, c, d]

Ex. 11 : The required Divided Difference Table is :

x -, f(x) | S0 T |
1 1
2
2 3 1
+ 0
3 7 1 0
7 0
5 21 1
10
6 31

(54)




Ex. 12 : The required Newton's Divided difference tableis :
X f(x) f(.,.) f(,..)f(,...)

0 -4
5
2 6 5
20 1
3 26 9
38
4 64

Ex. 13 : From the difference table of Ex. 11, we observe that since third and higher
order divided differences are zeros, given data represents a second degree
polynomial

P (%) =L [x,] #(x =%,] £y %1% (0= %)% =0 [Xg0 % %3]
=1+(x—1).2+(x—1)(x—2).1=x2—x+1f(4)=P2(4)=]3
f(4)=P,4) =13

Ex. 14 : Lagrange
P(x) = % (x’ —9x* + 26x — 24) + -;— (x* = 7x* +12x)

- ? (x* — 6x* + 8x) + 8(x* — 5x* + 6x)

= x’ + X — 4on simplification.

Difference table of Ex. 12, we get
PX)=—4+x-0)5+xx-2)B)+xx-2)(x=-3)(1)
1 = X +x-4

£(1)=p()=-2.

Interpolation with
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