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BLOCK INTRODUCTION

This block also has three units, about respectively, Numerical Differentiation,
Numerical Integration and numerical solutions of ordinary differential equations.

Though, there are a number of methods for differentiation, yet, this being an
introductory course; in Unit 1, we discuss only methods of differentiation based on
interpolation. We discuss methods of numerical differentiation, first, for uniformly
spaced tabular points and then for non-uniformly spaced tabular points, all based on.
Interpolation. The methods are illustrated through a number of examples.

In Unit 2, we discuss the topic of numerical integration. First, we discuss the
methodology used in the methods discussed in the unit. Then, based on this
methodology, three methods for numerical integration are discussed, which
respectively use: Rectangular Rule, Trapezoidal Rule and Simpson’s (1/3) Rule.
Finally, we discuss the issue of errors introduced by each of the methods.

In Unit 3, we discuss the topic of numerical solution of special type of ordinary
differential equations. For this purpose, first, we define a number of required
concepts, including that of Initial Value Problem (IVP/ ivp). Then, we describe
general) methodology: used by the methods, discussed in the unit, for numerical
solutions of IVPs; in two parts. The following four methods, based on the
methodology, are discussed: Euler’s Method, Improved Euler’s Method, Runge Kutta
Method of Order 2 and Runge Kutta Method of Order 4.

il







UNIT 1 NUMERICAL DIFFERENTIATION

Structure
1.0 Introduction
1.1  Objectives
1.2 Methods Based on Interpolation — Uniformly Spaced Tabular Points
1.3 Methods Based on Interpolation — Non-uniformly Spaced Tabular Points
1.4 Summary

1.5 Solutions/Answers

1.0 INTRODUCTION

Derivatives and higher order derivatives play very important role in scientific
investigations, particularly, in respect of measuring/approximating rate of changes in
some (dependent) variables with respect to some other (independent) variables, occurring
in some scientific phenomena. There are a number of ar al methods in calculus for
ﬁndm the derivatives of dependent variables/functions. However these methods can be
n the (dependent) variables can be expressed in some closed form, like
y = X"+ log (x), etc. Most of the time, the available scientific data either does not
explicitly exhibit such a closed form relationship, or, in many cases, even cannot be
expressed in such a form at all. The data, generally, is available in tabular form. In such
cases, and otherwise also, the numerical methods, to be dlscussed in this unit, many times
+ prove to be quite useful.

Before discussing various methods for the purpose, let us look into some basic issues in
respect of our subject matter. Let us recall a bit of our knowledge of co-ordinate
geometry. The statement ‘An arbitrary point P on a Ime has co- ora'mate x’, has the
underlying assumptions : (i) there is @ ay O whlch has been
assigned (ii) there is a unit of : Then the statement
‘An arbztrary point P on a line has co-ordinate x’ means P is x units away from the
origin Ay,

0 (0) (1 P (x)

In order to explain what we intend to do, let us assume a particular value of x is 22.

Instead of 0 and 1, we now e X,
X1 = Xg (again in terms of the unit mentioned above) as

anit of measurement, where X (say 6)is some | omt other than Xo. Then for the assumed

values, h = x; — Xg= 6 — 2 = 4. Also, thé Same | g 3, will have

‘ome number, S0P (under our assumptions, p-5 ). As the point considered

say 2, (x, times of the unit mentioned above) as

therefore, x = xp + ph.
o »
-0 x h x(l) P (p)

Thus, an arbitrary point P, earlier denoted by (the variable) x, is now denoted by (the
variable) p (and, h being the new unit). Also, x and p are related by the equation

X =Xp+ ph e}

Further, if y is a dependent variable, whlch isa funenon of (mde pendent variable) x,
then, in view of equation (i), ¥ can be ; f ' P. Thus, we can
talk of dy/dp, instead of dy/dx. Also




Differentiation,
Integration and
Differential Equations

The relevance of the above discussion lies in the fact that the derivative of a function, the
subject matter of this unit, will be discussed in terms of the derivative of some
polynomial, obtained as an approximation of the given function, by any of the methods
discussed under Interpolation in Unit 2 of Block 2, namely, Newton’s FD Formula,
Newton’s BD Formula, Stirfing’s Formula, Bessel’s Formula, in the case of equidistant
tabular points and by any of the methods, namely, Lagrange’s Method, Newton’s
Divided Difference Method, etc., in the general case.

Before coming to the discussion of finding the value of a derivative of a dependent
variable; in the rest of the section, we recall the formulae from Unit 2, about
approximating the value of a dependent variable y (not the derivative of y), which
include Newton’s Forward Difference (FD), Newton’s Backward Difference (BD).

For this purpose, let us suppose that we have to compute the value of y corresponding
tc the independent variable x, or the new independent variable p, where, from Eq. (i)

‘we have x = xp + ph or p= (x — x¢)/ h. We denote the value of y at xoby ypl.e., yo= y(Xo).

We also recall Shift operator E, defined as E y(x) = y(x + h) or E (p) = y(p+1) so that
y =y (x) =y (%o + ph) = E’y (xy) = E” y,. In the rest of the section, the independent
variable will be p only. Expressing E in terms of A or V we get FD and BD interpolation
formulas respectively.

(i) Newton’s FD Formula

(p=1) .- (p=1)(p-2
yv=Epyn=”+A)pyﬂ=(l+pA+pp"H L4kt '{)1p )A‘+'"Jyn

(p=1 ,, (p—=1p-2) ,;
=Ytl+pAY<1+p[;' A-}'n“'pp 5 A

:{' 4VTI+"'

This formula is used to compute the value of y near the upper end (the beginning)
of the table such that0 <p < 1.

(ii) Newton’s BD Formula

Yo =EPy, =(1-V) "y, =[]+pV+ p(P+”V2+ P(p+l)(P+2)V3+“_Jyn

2! 3!

o]
P(PTI)V:y +p(.p+l)(p+dv.x

=y, +pVy, + 0 31

Yo+ o
This formula is used near the lower end (the last part) of the table choosing x,
such that = 1 <p <0. The CD formulas are used to find the value in the middle of
the table. Next, two popular CD formulas, i.e., in terms of 3, are given below :

(iii) Stirling’s Formula

2(p3_lz)

? pHl} p
YP=YO+le'8yO+%3-yO+{ 3 ]“63%"' 1 843’0"’---

1 . 22 L (p+Dpp-D1f . :
= Yo +P5[°Y1 +0y J+%5 Y..+%E[b‘h +5‘Y7!J

G R
+p(p 1)54

i Yo+

This formula should be used for -0.25 < p < 0.25.



(iv) Bessel’s Formula Numerical

Differentiation
| 2 B pil 1) 5 p#LYy .
=y, +| p—= |8y, + oy, +| _|=|p—= 1|8y, + Oy, +..
i [-p 2] ¢ (2)" g (z]s(" zJ ¢ [-4 ]“ £

This formula is used for =0.25 <p < 0.75.
— . . - - . . " - —

Lagrange’s Method

In Lagrange’s method a polynomial is fitted passing through all the given points.
Obviously, if (n + 1) points (x;, y;), 1= 0 (1) are given, a polynomial of highest degree n
can be fitted which is represented as,

y(x) =L, (x) ¥, +L, (x)y, +..+Li (x)y, +..+ L, (x)y,

(%= %) (X =%, ) (X 7 %ies ) (X = Xip)-(x =%, )
(x: =20 )(x; _xi)"‘(xi =X J(%; = Xy )%, = %,) ,

where L,(x)=

L, (x) B =0(1) n are known as Lagrange’s coefficients and each of them is a'polynomial
of degree n. It should be noted that they satisfy a property,

Le(x;) =1, i=]
=0,i#j

After having set the background for discussion, let us have a brief look on the objectives
of the unit, before discussing the subject matter in details.
F ‘;n 'é’

1.1 OBJECTIVES

After going through this unit, you should be able to

L state the formulae for finding derivatives and higher order derivatives based
on FD, BD, Stirling’s Difference and Bessel’s Difference Formulae, when
the tabular points are equi-distant;

o use these formulae in finding derivatives and higher order derivatives when
the tabular points are equi-distant;

* state the formulae for finding derivatives and higher order derivatives based
on Lagrange’s Difference Method, when the tabular points are not
necessarily equi-spaced; and

e use these formulae in finding derivatives and higher order derivatives when
the tabular points are not necessarily equi-spaced.

1.2 METHODS BASED ON INTERPOLATION -
UNIFORMLY SPACED TABULAR POINTS

Let us suppose that (n + 1) function values yizf (x;) are given for x =x;,i=0(1)n aﬁd
that xp< x, <x,<...<x, and X, —x,_, =h.i=1()n. ‘ 7
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'As_suming that f(x) is differentiable in the interval 1 =[x,, x, ] we can compute the

derivatives of f(x) at any point.x in the interval | by differentiating some appropriate
interpolation formula. From our discussion in 1.0 : Introduction, we recall the
following :

The symbol y denotes the dependent variable with x denoting independent variable,
or p denoting the new independent variable. Also, from Eq. (i) we have x = Xy + ph or
p = (x — Xo)/h. The value of y at X, is denoted by yyi.e., yo= y(xo). We also recall Shift
operator E, defined as E y(x) = y(x + h) or E (p) =y (p + 1) so that y = y(x) = y (xo + ph)
=E"y (x9) = E"yo. In the rest of the section, the independent variable will be p only.

From p = (x — Xo)/h, we get, dp/dx = 1/h

Hence, dy/dx = (dy/dp). (dp/d

2 2
4y 189 e,
dx® h° dp
Newton’s FD Formula, for y= y(p), y as a function of p, is
p(p—1)

2!

This formula is used to compute the value of y near the upper end (the beginning) of the
table such that 0 <p < 1.

p(p—D(p-2) Ay,

Z
A%y, + 3l

Y= ¥, +PAy, +

(i) Differentiating FD interpolation formula weget (0<p<l),
dy/dx = (dy/dp). (dp/dx) = (1/h) dy/dp
= (1/h) {Ayo+ ((2p — 1)/2) A® yo+ ((3p" - 6p + 2)/6) A'yo+....} ... (A)

d? 1
dx—{=h—2{A2y0+(p—1)A3yo+...}
(ii) Differentiating BD formula we get (-1<p<0)
dy 1 2p+1, 3pP+6p+2 ;s '
— =—1Vy, + Viy. +—————V'y_ +... ian (B
i h{ Yo 1 Yo 6 Yo (B)
dzy 2 3
o {Vyo+(p+1)Vyo v}

(iii) Differentiation of Stirling’s formula gives (— 0.5 <p < 0.5),

dy 1 20 -1 o 20 -p o

— =— R B . S -
= 3 {uSY(y +P5 Yo + 6 “’8 Yot 12 & Yo t ©
d’y 1 6p> —1

—_dxz =T {82 Yo +pu83 Yo + p12 &y, +}

(iv) By differentiating Bessel’s formula we get (0.25 < p <0.75)

s 3 Juitmn Gl
d_y=l {Syl+2%_l Szy +6p 6p +1 63’y +2P SpT-p+l l,l.84y1+..}.‘ .(D)
2

dx h : 12 73 12

ud'y

p - 2_ _
E_Y=i2 oty + 2 lgy LE 001
h i 1 12

0=
3
| S )

It must be remembered, as already indicated, that §

; uer, the point x = X, has to be chosen suitably



cording to the formula used. It may also be noted that to find a derivative

It may also be mentioned that in most of the cases we do not .go beyond second or third
differences in a formula for computing derivatives.

Example 1

The values of y = Jx are given below for x = 1.5 (0.5) 3.3.

1.5 2.0 25 3.0 33
1.2247 1.4142 1.5811 1.7320 1.8708

X
y=+x

Find y” and y” at x = 2.25 using FD formula.

Solution

The difference table is constructed as follows :

X ¥ 1 diff. | 2" diff. | 37 diff. | 4" diff.
15 1.2247
0.1895
20 | 14142 -0.0226
0.1669 0.0066
25 1.5811 -0.0160 -0.0027
0.1509 0.0039
3.0 1.7320 - 0.0121
0.1388
3.5 1.8708

- 2.25-20 -

Choosing x, = 2.0, p = =05

; 1 2p—-1 ., 3n? —6p+2
Y(X)ZE{AY(}*‘ p2 AkYo'i'p_g"P—Asy'a}

#

3% (0.57 —6x(0.5) +2

1><(~ 0.0160) + p

= _1_ 0.1669 + &
0.5 2

X (0.0039)}
=2 {0.1669 + 0 — 0.0001625}

=10.333475
ooy » 2 3
y (X)—h—z{A Yot (p—D Ay}

1
= —0.0160 + (0.5 — 1) x (0.0039
L +(0.5 - 1) (0.0039)}

=4 {-0.0160 — 0.00195}

=—0.0718

Example 2

From the data of the preceding example, compute y’(x) and y”(x) at the tabular
point x = 2.0, using FD formula.

Numerical
Differentiation



Differentiation, Selution
Integration and .
Differential Equations Choosingxy=2.0,p=0
7 | 1 1
y(x) =E{AYD _5 Az)’n +§A3 yo}
| 1 ' 1
=—+<0.1669 — — x (= 0.0160) + —x (0.0039)
0.5 -2 3 _
=21{0.1669 + 0.0080 + 0.0013}
=0.3524
- 1
y)=17 {A’y, —A’y,}
= 4 (- 0.0160 — 0.0039)
=-0.0796
First derivative
FD y_: a _l_ _ Yiaa =¥
I h
. BD y:_lvt_Yi—Yi—l
h h
1 el "0y L
CD: ==y, =—2—2
y b Yi h
oy Second Derivative
» 1 yi %3 yi + yi
FD y = F Azyi - _.%
s 1 Yi—2¥, +Yi,
BD: yi = i:l-:-'- szi = hz
o 1o Fny =3 ¥ ¥y
CD: h=g7 %= h2
It should be noted that at the tof

10

| can be used and at the 1ow say X = x, only I
be used while the data is provided for x =x,,i=0 (1) n and
X, =X, =h,1=1(1)n.

la can

Example 3
) The values of a function y = f(x) are given below for x =1 (1) 5
x 1 2 3 4 5
y=f(x) 7 15 21 19 3

Find the value of x for which f (x) attains its maximum value. Use Stirling’s
formula for differentiation. '

£-)j00g y50-504



Solution Numerical

E Differentiation
X y 1% diff. 2™ diff. 3 diff.
1 i
8
2 15 =2
6 -6
3 21 —8
-2 -6
4 19 =14
-16
¥ 5 3

We see from the table that maximum should occur in the neighbourhood of x = 3;
hence we choose x; =3, h = 1. Let us assume maximum occurs at some point

x = X, which we have to compute. We find g-z at x = x,, in terms of p. Then we

X

shall put 3_y =0 to get the value of p at which f(x) will have maximum value.
X

From Stirling’s formula for first derivative,

M © i . 3pt-1
y(x)=i{u5yu+p5'yﬂ+ pﬁ u53yo}

o

5, 0 o vy I -1(-6-6
S5 B-Prpl-Ba— [ 5 ]

=3-8p—3p’

o
&

: 53 .3 . = 1
Putting 3p” + 8p — 3 =0 and solving for p gives p = 3 or - 3.
The point where f(x) attains its maximum is given by

x=xp=xu+ph=3+%=-132=3.3333

We neglect p =— 3 since it gives absurd value of x,.

Further, we can also find the maximum value of f(x) at x = ? using Stirling’s
interpolation formula or Bessel’s formula.
Example 4

Find the first and second derivatives of y=f(x) at x = 1.1 from the following
tabulated values.

X : 1.0 1.2 1.4 1.6 1.8 2.0

y=1f(x) : 0.0000 0.1280 0.5440 1.2960 24320  4.0000

11



Differentiation,
Integration and
Differential Equations

12

Solution

We calculate the FDs as given in the table below :

X y =f(x) Af(x) © Af(x) Afx)  Afx) Af(x)
1.0 0.0
01280

12 0.1280 0.2880

0.4160 0.0480
14 05440 0.3360 0.0000

0.7520 0.0480 0.0000
1.6 1.2960 0.3840 0.0000

1.1360 0.0480
1.8 2.4320 0.4320

1.5680
2.0 4.0000

o

Since,x=%xp+ph,x;=1,h=02and x= 1.1, we have p = W:O.S

Substituting the value of p in formula (A), we get
dy/dx = (1/0.2) {Ayo— (0.25/6) A’yy+....}
Substituting the values of Af,andA’f, , in the Eqn., from table given above, we get
f’(1.1) = (dy/dx);, =0.63
To obtain the second derivative, Differentiate formula (A) and obtain
%=;—3{AIYU +(p-D Ay, +...}
Thus f” (1.1)=6.6

Note : If we construct a forward difference interpolating polynomial P(x), fitting the
data given in Table above, we will find that f(x) = P(x) = x* —3x + 2. Also,
f7(1.1)=6.3,f” (1.1) = 6.6. The values obtained from this equation or directly
as done above have to be same as the interpolating polynomial is unique.

Example 5

Find f '(x) at x = 0.4 from the following table of values.

X 2 0.1 0.2 0.3 04 0.5

y=1f(x) : 1. 10517 1.22140 1.34986 1.49182 256

Solution

Since we are required to find the derivative at the right-hand end point, we will use
the backward difference formula. The backward difference table for the given data
is given by



X f(x) Vi (x) V2 (x) V3 £(x)
0.1 1.10517 !
0.11623
0.2 1.22140 0.01223
0.12846
0.3 1.34986
04 1.49182

Sing:e X, =04,h=0.1,x =04, we getp=0.
Substituting the value of p in formula (B), we get

f'(04)= i Af3+lA2f3 +A3f3}
L. 4 2

0.0135 " 0.00127}
3

=L 0.14196+
0.1

=1.14913

Ex. 1 : The position f(x) of a particle moving in a line at different point of time x, is
given by the following table. Estimate the velocity and acceleration of the
particle at points x = b5 and 3.5.

x : 0 1 3 3 4

™ ol

fx) : =25 -9 0 7 15

Ex. 2 : Construct a difference table for the following data :

X Y 1.3 1.5 i 2 1:9 2 | VG 25

f(x) : 3.669 4482 5474  6.686 8.166 9974 12.182

Taking h = 0.2, compute f’ (1.5) and the error, if we are given f (x) = ¢".

1.3 METHODS BASED ON INTERPOLATION -
NON-UNIFORMLY SPACED TABULAR POINTS

In this section, we derive a differentiation formula for the denvatlves using
non-uniformly spaced tabular points. That is, when the difference between any two
consecutive tabular points is not uniform.

Lagrange’s Method

From the Introduction in this unit and from Unit 2, we know that for a given function

y = f(x), for which (n + 1) functional values f(x;) or y; are given for i = 0 (1) n, with x;’s

not necessarily equally spaced; for approximation, by Lagrange’s method, a polynomial
can be fitted passing through all the given. Also, the fitted polynorma] can be of highest

degree n, and is represented as :

P (x)=L,(x)y,+L, (x)y] +..+L,(x)y, +...+L, (x)y,

n

Numerical
Differentiation

13



Diﬁel:;n-t‘i):ﬁ::’ whisie Y (x‘xo)(x'—xl)"'(x—xi—l)(x_xi;-l)"'(x_xn)
})“i:fre:tmE:mﬁom b Lol (xi-xo)(xi—.x,)...(xi-—xiﬁ,)(xi—xiﬂ)...(xi-x“)

?

L;(x).i= 0(1)n are known as Lagrange’s coefficients and each of them is a polynomial
of degree n. It should be noted that they satisfy a property,

Li(x;) =1, i=]
=0,i#]j

The L; (x)’s can also be written as

Li(x) = ¢(x)/{(x - xi) ¢:(xy)}, where _

d(X)=(X—Xo) (X—Xp) ... (X=X)...(X=Xn), and

O1(x) = (X — Xo) (Xi — X1)- oo (i = Xi 1) (Xi = X141) - (Xi — Xn)
Differentiating P,(x) w.r.t. X, we obtain

fiix)="P, (x) = Y ieg L)%

If we want to obtain the differentiation formulas for any higher order, say qth (1 < q < n)
order derivative, then we differentiate P, (x), q times and get

9= P9 (x)= T'iz0 LU ¥
Let us consider the following examples.
Example 6

Find y ’ (x) = f “(x) using Lagrange Interpolation for the data (x, yi). k=0, 1.
Solution

We know that P,(x)=L,(x)f, +L,(x)f,

 Gn? X—X
LandL, (x)= 0
X~ X X1 —Xo

where Lo(x)=

Now, P (x)=Lj(x)fy+L" (X)f,

and L'O (x): ’L'l (x):
% =N X1 —%p
Hence, f'(x)=P'(x)= fo + £ _ (-1
Xo— X X =Xo (X =Xp)
Example 7
Find f’ (x) and f "(x) given f,, fi, f2 at xo, X, X, respectively, using Lagrange
interpolation.
Solution

By Lagrange’s interpolation formula
f(x)=P, (x)=L,(x)f, + L, (x)f; + L, (x)f,

(x—x)(x-X,) ] 2x — X, — X,
where, L,(x)= 2 L\y(x)=
e (Xg = %x)(Xg—Xp) afh) (xg = %) (Xg — X;)
L (x)= (x—x5)(x—X;) ; B (i 2X —Xg — X,
(x; —Xg) (X, —X,) (X, = Xp)(X; — X3)
(x—Xxo)(x—X%;) " 2x — Xy —X;
L, (X)= ; L, =
(= x0) (X = X)) 20 %) (X, - )

14



Hence, f’'(x)= P',(x)=L, (x)f, +L|(x)f,+L’, (x)f,
And P, (x)=L", (x)f, + L', (x)f, +L", (x)f,

2f, 2f, " 2f,

+ +
(Xg =X )(Xg = X;) (X, = X)X, —X;) (X, —X)

Example 8

Given the following values of f(x) = In x, find the approximate value of

f’(2.0)and f”(2.0).
X : 20 2.2 2.6
f(x) : 0.69315 0.78846 0.95551 _

Solution

Using the Lagrange’s interpolation formula, we have

v Mg g B ¢ XX, s M

gt 5 e £+
(XD) 2()(0) (xo_xl)(xo-—xz) 0 (xl_xﬂ)(xl—xz) 1 (XZ —xo)(XZ_‘x!) 2

(Some coefficients of f; and f, become zero at x = x,.)

- we get
£2.0)=—2"22726 (603150 4— 226 0.78846)
| (2-22)(2-2.6) (22-2)(2.2—-2.6)
. 3-23

(0.95551)=0.49619
(26=2){26—-2.2)

The exact value of £ (2.0).=0.5.

Similarly,” ¢
fll(x0)=2!: fO + 3 f] e f2
(xg = %)X —X%3) (X 'xo)(x|_xz) (X, = X)Xy —Xy)
A£1(2.0)=2 0.69315 " 0.78846 % 0.95551
(2-22)(2-2.6) (22-2)(2.2-2.6) (2.6—-2)2.6—2.2)

=—10.19642
The exact value of f “ (2.0) =—0.25.

You may now try the following exercise.

Ex. 3 : Use Lagrange’s interpolation to find f * (x) and f (x) at each of the values
x = 2.5; 5.0 from the following table '

"% 1 2 3 - . 4

f(x) : 1 16 81 256

Numerical
Differentiation
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Differentiation, 1.4 SUMMARY

Integration and
Differential Equations

In this unit, we defined a number formulae for approximating first order and higher order
derivatives of a function y = f(x), using various formulae like FD and BD. Lagrange’s
differences etc. :

AT =

(i) Differentiating FD formula we get (for 0 < p < 1), first two derivatives are
approximated as

dy/dx = (1/h) {Aye+ ((2p = 1)/2) A? yo+ ((3p” = 6p + 2)/6) A’ye+....} ... (A)

d’ 1

#:F{Azyn +(p-1) Ay, +...}

(ii) Differentiating BD formula we get (for — | < p < 0), first two derivatives are
approximated as

1 2p+1 _,
d—yz—{Vy0+ p v

0

3p’ +6p+2
+——Vy, +... ...(B
dx h U 6 Yo o8

d’y 1
#:F{szu-l-(p+l)V3yn+...}

(ifi) Differentiation of Stirling’s formula (for — 0.5 < p £0.5), first two derivatives
are approximated as

dy 1 3p’ -1 2p’ -
di=E{MSYO+PSZYQ+ p6 H33yo+%54%+--} - (C)
dy 1 v, L o'l

dxf?{&YﬁpuS‘Yﬁ AR LRt

(iv) By differentiating Bessel’s formula (for 0.25 < p £0.75), first two derivatives
are approximated as

2 3_a.2
Eij,:l 5y|+33_152y]+§9___§_9+_133y +Mu8"y +...0...(D)
dx h 5 s 12

f'(x)=P,/(x)=Y"i=0L/(x)y,;, where
Li(x) = ¢(x){(x — xp) ¢s(x1)}, and

0 (x) = (X — Xg) (X —Xy)... (x —X,), and

01(X:) = (% — Xg) (X — X1). o voe (K= K5 1) (X — Xps).e. (K — X))

After deriving each of the formulae, we illustrated through examples, how to use
the formula in finding first and higher order derivatives for a function defined by a

table.
16



1.5 SOLUTIONS/ANSWERS | P o i

Exl

Ex.2:

Ex.3:

We are required to find f ‘(x) and f “ (x) at x = 1.5 and 3.5 which are off-step
points. Using the Newton’s forward difference formula with xo=0, x = 1.5,

p=15,wegetf’ (1.5)=8.7915and f” (1.5) =—4.0834.

Using the backward difference formula with x, =4, x =3.5, s =— 0.5, we get
f’(3.5)=7.393 and f” (3.5)=1.917.

The difference table for given problem is :
X i) Af Af Nf A'f
13 3.669
0.813
1.5 4.482 0.179
0.992 0.41
1.7 5474 0220 0.007
1212 0.48
1.9 6.686 0.268 0.012
| 1.480 0.060
2.1 8.166 0.328 0.012
1.808 0.072
23 -~ 9974 0.400
2.208
25 12.182

Taking xo.= 1.5 we see that p = 0 and we obtain from the interpolation formula

1 A, Af, - A,

f'(1.5)=—|Afy——2+—L2 - —04 |

h 2 3 4

0.220 , 0.048 0.012
3

= [0.992— } =4.475

Exact value is e'> = 4.4817 and error is = 0.0067.

In the given problem xo= 1, x; =2, x,=3,x3=4and fy= 1, f; = 16, f, =81 and
f; = 256.

Constructing the Lagrange fundamental polynomials, we get

3 2 3 2
X —9x°"+26x-24 X —8x"+19x —12
LU(X)=—[ p ];L,(X){ > J

x2=7x*+14x -8 x}-6x*+11x -6
5 ;La(x)= 5

LZ(X)= _(

P,(x)=L'y (x)f, + L, (x)f, + L', (x)f, + L', (),
P, (x)=L'y (x)f, + L', (x)f, +L', (x)f, + L, (x)f,

P"; (x)=L"q (x)f, + L", (x)f; + L"; (x)f; +L"; (x)f; : 17



Differentiation, ‘We obtain after substitution,
Integration and

Differential Equations P'; (2.5)=62.4167;P"; (2.5)=79; P;(5)=453.667;P"; (5)=234.

The exact values of f” (x) and f ” (x) are (from f(x) = x*)

f’(2.5)=625,f"(5)=500; f” (2.5) =75; £ “(5) = 300.

18



UNIT 2 NUMERICAL INTEGRATION

Structure
2.0 ~ Introduction
2.1  Objectives
2.2 Methodology of Numerical Integration
2.3 Rectangular Rule
24  Trapezoidal Rule
2.5 Simpson’s (1/3) Rule
2.6 ' Error in Various Integration Formulas
2.7  Summary %
2.8 Solutions/Answers

2.0 INTRODUCTION

Definite integrals play an important role in scientific investigations and engineering
applications. As an: 111ustrat10n in support of the statement, let us cons1dera mmle

Solution consists in finding the value of

, in rr;hnfépplications the function may not be expressible in a closed form as
is in the example :above, but may be available only in a tabular form. Or, even if, it can be
expressed in closed form, it is in such a (%, which has
no anti-derivative. In such situations, and otherwise also, numerical methods of
integration may be quite useful. In this unit, we will study some of these methods.

As is true of any numerical methods, studied so far, for solving a mathematical problem,
so is true also of methods of numerical integration : a numerical method, generally,

on, but only I. Hence, there is need for error
analysis, which, however is beyond the scope of the course.

You need to remember only the final formulae, and not the derivation of the
formulae.

2.1 OBJECTIVES

After going through this unit, you should be able to
* explain the methodology of numerical integration;
° state, explain, derive and use rectangular rule of integration;
e state, explain, derive and use trapezoidal rule of integration; and

b state, explain, derive and use Simpson’s rule of integration.

19



Differentiation,
Integration and
Differential Equations
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2.2 METHODOLOGY OF NUMERICAL
INTEGRATION

b
We shall be interested in evaluating the definite integral [ = I f (x) dx, where the

a

function f(x) is defined at each point in [a, b] and there is no discontinuity. We also

b
assume that f(x) possesses same sign in [a,b]. It should be remembered that I f(x) dx

represents the area enclosed by the curve y = f(x), the x-axis y = 0 and the vertical lines
x =aand x = b. To compute the area numerically is called ‘quadrature’.

) for evaluating the integral is to divide the interval |;a, b]

into suitable number of sub-intervals, say n, each of width h, such that h = e .Letus

n
so that n

The x;’s, the points on x-axis,
are chosen) such that the

i ]
iR b s e, =

Various integration formulas are devised by approximating the integral over one .
sub-interval, over a (larger) sub-interval of 2 consecutive sub-intervals Of, in genéral,
over a (larger) sub-interval of k consecutive sub-intervals, at a time (say, [X;, X;+1],

[Xis 15 Xis2ls oo [Xigk—1- Xisk)s fori=1, I +k, 1 + 2Kk, ... ). The required value of the
definite integral over the entire interval [a, b] is sum of integrals over disjoint .
combination of these (larger, if k > 1) sub-intervals of k consecutive subintervals of the
form [x;, X;+;]. The methods differ in the choice of k and in the choice of polynomial for
representing the integral over the (larger, if 2 < k) sub-interval consisting of k
consecutive sub-intervals [X;, X; <11, [Xis 1, X 142] -+« s[Xis k- 15 Xi sk, for

i=1,1+k 1+2k...

For example, in the case of discussed below, first, k is-taken as 1. Then,
on each interval [x;, X; , ], for i = 0 (1)n, a polynomial representing a trapezoid, is fitted.
In the case of Simpson's (1/3)1ule, first, k is taken as 2. And, then, on each (double)
interval [x;, X ;»], for i = 0(2)n, a polynomial representing a parabola, is fitted. Obviously
1 (so that the number of nodal points is n + 1) and k have to be chosen so that n is an
integral multiple of k, say mk = n, m an integer. That is, if a formula involving k
consecutive intervals is used then it will be invoked m times to cover the interval [a, b],
where m = (b — a)/kh. In this unit, we shall discuss formulas only when k =1 and 2.

The advantage of fitting m times a polynomial of degree k over fitting a single
polynomial of degree n = mk, is that computing m times a polynomial of degree 'k
passing through (k + 1) points, is much simpler than computing a single polynomial of -
degree n = mk, passing through n + |1 = mk + 1 points.

2.3 RECTANGULAR RULE

‘We approximate the integral over an interval [x,, x,,,] =h as,

Xist

J. f)dx=(x,,, - x,)f(x,)=hf(x,), i=0,1,2,...,n-1

i+l

Adding over all the intervals and denoting f (x,) =1, =y, the formula may be written as,

b X,

If(x)dx"—'.[ yx)dx=h{y,+y, +y,+... + ¥, ,}

a Xg




Geometrically, the integral in each interval is represented by the area of a
rectangle, formed by h, the length of the interval, and ﬁrstvﬁﬂe'y, of the two
values y;and y;i ;.

Yo

(0] Xo=as X X X+l Xa=b
Figure 1 : Rectangular Rule

The rectangular rule is more of a theoretical curiosity, as it is hardly used in applications;
specially, in view of the fact that, for k = 1, an almost equally simple, both theoretically
and computationally, rule called trapezoidal rule is available. Next we discuss the
trapezoidal rule.

Notation : We may denote by Ig[f] the value of the integral of a function f, through
rectangular rule. Ey [f] denotes errer = Actual — Iy [f].

Remark : When more than two nodal points are involved, and at least area of two
rectangles is involved in I then the rule may be called ‘composite rectangular rule’.
But in all cases we will just use the term ‘rectangular rule’.

Example 1

Evaluate I-e" * dx , using Rectangular rule.
0

Solution
The valyes of the function f(x) = e R —0 0.5 and 1 are
f(0) = -—*1 f(0.5) = 0.7788, f(1) = 0. 36788
Taking h = 0.5 and using
(a) Irx=h[f(0)+f(0.5]=0.5][1+0.7788] = 0.8894.

2.4 TRAPEZOIDAL RULE

Trapezoidal Rule/Formula
We approximate the function f(x) in the interval [x,, x,,,] by a straight line joining the
points (x;, y;) and (X,.,, y,,,) . (In case of rectangular rule, the rectangle is obtained by

joining (x;, y;) and (X1, yi)). For convenience let us consider the integral in the first
interval (xq, x;). The line joining (X, yo) and (x,, y;) may be written from the Lagrange’s
formula as,

y(x)= 27N Yo + "5y y,- Also, x, =X, =h.
Xo — % X, —Xp )
Now, If(x)dxzf o y0+x—x0 y, | dx
Xp X xC'_Xl x]_xﬂ

]. x=1|
=E[~ (x —x,)% y, + (x _XU)Q-YI:LH

Numerical
Integration
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h
=.5(YO+ Y1)

Adding over all the intervals the Trapezoidal formula/rule may be written as,

b Xy h
[fdx= [ yodx =210 + 3+ 0+ ¥2) + o4 (s + Ya) + (ot +3)
X _
=5{yU +2(y, +Y2 +"'+Yn4|)+yn}

+
or, =h{yL2L+(yl+y2+...+yH)} : . .(A)

Remark : In case 2 < n, then number of nodal points is at least 3 and the number of
intervals is at least 2. In this case, the trapezoidal rule is also referred to as composite
trapezoidal rule.

Geometrically, the integral in an interval is approximated by the area of a trapezium
(see Figure 2).

y
¥n

O a=xg X] Ly=1 " xe=b

Figure 2 : Trapezoidal Rule
Notation : We may denote by I;[f], the quantity
h {y“—;y-“— +(y,+y, +...+ yn_,)}, the value of the integral of a function f,

through trapezoidal rule. Ey [f] denotes error = Actual - I [f].
Example 2

Find the approximate value of .

1
1=_[d"
1+x
0

using trapezoidal rule with n = 1, the number of intervals.

Solution

y(x) = (x) = ——.
1+x

1
Here xo=0,x=l,andh=1-0=1,y, =1y, = 5 From trapezoidal rule, we

get

I 21[14-1):0.75
2 2



Numerical

Example 3
Integration

. .
dx
Evaluate the integral 1 = I
' J1+x

0

by trapezoidal rule dividing the interval [0, 1]

- into five equal parts. Compute up to five decimals.

Solution
n=5;h= ﬂ =0.2
5
i 0 1 2 3 4 5
X 0 0.2 0.4 0.6 0.8 1.0
- 1 1.0 | 0.98058 | 0.92848 | 0.85749 | 0.78087 | 0.70711
1+ x?
From Trapezoidal Rule;
i .
I”E[YU +ys+2(y, +¥, Y, + ¥l
= 0—22 [1.0 +0.70711 + 2(0.98058 + 0.92848 + 0.85749 + 0.78087)]
=0.1[1.70711 + 2 x 3.54742]
=0.88016
Example 4

6
Evaluatc,a_[ ] [2 + sin (2\/; )] dx using Trapezoidal rule with 11 points.

Solution

y(x) = f(x) = (2 + sin 2%)).

: 02, 6—-1
To generate 11 sample points, we use h = {%} =(.5. The points are 1, 1.5,

2.0,2.5,3.0,3.5,4.0,4.5,5.0, 5.5 and 6.0. Using formula (A), we obtain

_os
2

I [f(l) +f(6) +2{f(15)+fQ)+f2)+fB)+fBS+f @) +f@45) +f(5)+ f(5.5)}:|

=0.25[2.90929743 + 1.01735756]
+0.5[2.63815764 +2.30807174+1.97931647 +1.68305284 +1.43530410 +

+1.24319750+1.10831775+1.02872220 +1.00024140]

= 0.25[3.92665499]+0.5[14.42438165]
=0.98166375 + 7.21219083 = 8.19385457.

6

Ex. 1 : Evaluate the integral I(x2 +x+2)dx using trapezoidal rule, with h = 1.0.
0

Ex.2: (i) Use the trapezoidal (using 2 nodal points for trapezoidal rule).

2
(a) J In x dx
i 23



Differentiation, 0.1

Integration and (b) le "3 dx
Differential Equations 5

/
(c) Itan x dx
0

A
S

Note : Ex. 2 : (ii) is given at the end of Section 2.5.

2.5 SIMPSON’S 1/3 RULE

Simpson’s 1/3™ Rule/Formula

In this case, the integral is evaluated over two intervals at a time, say [X, X;] and [x;, X,].
The function f(x) is approximated by a quadratic passing through the points (xo, yo) and
(X1, y1) and (X, y2). From Lagrange’s formula we may write the quadratic as,

(x—-x)(x-x,) H (x = x,)(x = x,) x—x)x =x)
(x — X)) (X — X5,) ! (x; — x¢) (x;, — Xx;) ] (x; = Xg) (%, — x,) ’

y(x) =

Integrating term by term, using X; —Xo=h=X—-x; and (X - X)) = (X — Xp) + (X2 — X)
=(X—X2) + h; (X —Xp) = (X — Xp) + (X — Xg) = (X — Xp) + 2h, we get

T (x—x,)(x—xz)dXZE
v ChE2n 3

(x_xn)(x_xz)dx=i
h (—h) 3

h

2 ey M

(x —xp) (x—x,) dx:E
(X, =% ) (K, ~ %) 3

> =
2y ¥

Hence we get,

r r h 4h h
;[ f(x)dx=;[ Y(x)dx=EYD+TY1+EY2
h
zg(y0+4YJ +y1)

; ; : n .
Applying this formula over next two intervals and then next two and so on for > times

and adding we get

Xy

Tf(x)dx=T y(x)dx:]’z y(x)dx:j' y(x)dx +...+ f y(x) dx

a Xq Xo X3 Xiia

h
=‘§[(Y0 +4y, + W)+ (Y A, F Y ) A AW At V)

h
=§[yo+yn+4(y,+y3+---+yn_,)+2(y2+y4+---+yn_2)] 0 )

Obviously n should be chosen as a multiple of 2 i.e. an even number for applying this
formula. s

24



Remarks :

(1)  In the Simpson’s rule, number (n+1) of nodal points must be odd and at least
three.

(2) Composite Simpson’s rule : If number of parabolas/quadratic
polynomials that can be fitted is at least 2(hence, the number of nodal points
is at least 5 and number of sub-intervals is at least 4) then, the rule is also
called composite Simposn’s rule.

(3) The Simpson 173 rule is very popular. It integrates exactly a cubic function
or, equivalently, gives the area under a segment of cubic curve. On the other
hand, the trapezoidal rule integrates exactly a linear function only.

Notation : We may denote by I[f] the value of the integral of a function f, through
Simpson’s rule. E [f] = error = Actual - I [f].

Example 5

0.8
dx
Evaluate the integral I =
‘0[ J1+x

[0, 0.8] to 4 equal sub-intervals. Compute up to five places of decimal only.

by Simpson’s 1/3™ rule dividing the interval

Solution
n=4 h=0'8_0=02
4
I 0 1 2 3 4
X 0 0.2 0.4 0.6 0.8
i 1. 1.0 0.91287 | 0.84515 | 0.79057 | 0.74536
= . ’
1+x

From Simpson’s 1/3™ Rule
= |
e 0

=—[y, + ¥, +4(y, +¥5) +2%xy,)]

h
ydx = g [(yo +4y; +Y,) +(y, + 4y; + ¥,)1

w | =

= g [1.0 + 0.74536 + 4(0.91287 + 0.79051) + 2 x 0.84515)]

3

= % [1.74536 + 4 x 1.70344 + 1.69030]
=(.68329

Example 6
1

dx
Find the approximate value of [ = I
s l+x

using Simpson’s rule (3 nodal points for

Simpson’s rule).

Solution
1
Here x0=0,%x;,=0.5,x;=1and h= 5

Using Simpson’s rule we have

I, [f]=%[f(0)+4f(0.5)+f(1)]=%[1+§+0.5}=0.694445

Numerical
Integration
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Differentiation, Example 7
Integration and )
Differential Equations Calculate the value of the integral

5.2
jlog xdx by
4 -

(a) Trapezoidal rule
(b) Simpson’s% rule

Assume h = 0.2. The values of log x for each point of sub-division are given

below :
- f(x)=logx
=4 £(0) =1.3862944
X th=42 | r(1)=14350845
% +2h=44 | f£(2)=1.4816045
X, +3h=46 | f(3)=1.5260563
x, +4h=48 | f(4)=15686159
x, +5h=5.0 £(5)=1.6094379
x +6h=52 | £(6)=16486586
Solution

Taking & = 0.2, divide the range of integration (4, 5.2) into six equal parts.
(a) By Trapezoidal rule, we have

532
.[ log xdx :%[f(0)+f(6)+2{f(I)+f(2)+f(3)+f(4)+f(5)}]
4

= 0—22 [3.034953 +2x7.6207991]

=(0.1(18.276551) =1.8276551

(b) By Simpson’s 1/3 rule, we have

52
jlog xdx = % [FO) +1(6)+4{f (1) +fB)+ ()} +2{f2) + f(D}]
4 :

0.2

= T’[3.O34953‘+ 4(4.5705787) + 2(3.0502204)]

= %—2—[3.034953+ 18.282315 + 6.1004408]

= O—fx 27.417709 =1.8278472 .

. Example 8
F S
dx A
Evaluate |—— -
valuate .([|+x usimg

(a) Composite trapezoidal rule and (b) composite Simpson’s rule with 2, 4 and
8 subintervals.

£-)00§ $50-51g



Solution

1-.
We give in Table below the values of f (x) withh = 3 fromx=0tox=1.

Table
X : 0 1/8 2/8 3/8 '4/8 5/8 . 6/8 7/8 1
f(x) : 1 8/9 8/10 &/11 8&/12 8/13 8/14 8/15 8/16
fo f) f, f3 £, fs fe f; fs

If n = 2 then h = 0.5 and the ordinates f , f; and f5 are to be used

Weget I, [f]=i[fo +2f, + f8]=%=0.708333

1 25
| L= If + 4, +£]=22=0.694444
If N = 4 then h = 0.25 and the ordinates fo, f;, f, fs, f3 are to be used.

We have IT[f]zé[fo +fg +2(f, + £, + £, )]=0.697024
IT[f]=é[f0 + £y + 4(f, + fg)+ 2 £,]=0.693254
If N = 8 then h = 1/8 and all the ordinates in Table 1 are to be used.
We obtain IT[f]=%[f0 FEy 4 2(f, 4, + 6y 4+, + 65+ £, +,)]=0.694122
Is[f]=%[f0 By + A6 + B + B + £)+ 2(F, + £, +£,)]=0.693147

Example 9
6
Evaluate L [2+sin(2,x )] dx using Simpsons rule with 11 points.

Solution
To generate 11 sample points we use h=(6—1)/10= 0.5, the points are same as
in Example 4. Using the Simpson’s formula, we get

I= % [f (1) + £(6) + 4 {f(1.5) + £ (2.5) + £ (3.5) + f (4.5) + £ (5.5)}
+2{fQ)+f@B) +f @) +f(5}]

I= é[2.90929743+1.01735756]

+ 2.0{2.30807174 +1.68305284 +1.24319750 +1.02872220}
+4.0{2.63815764 +1.97931647 +1.43530410+1.10831775+1.00024140}
= %[(3.92665499) +2.0(6.26304429) +4.0(8.16133735)] = 8.18301550.

Example 10
|

Evaluate J-e*"’ dx, using
0
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Differentiation, (a) trapezoidal rule and b) Simpson’s rule (each with minimum number of nodal
Integration and points). If the exact value of the integral is 0.74682 correct to
i 5 decimal places, find the error in these rules.

Solution
The values of the function f(x) = e ™ at x =0, 0.5and lare

f(0)=1,f(0.5) = 0.7.788, f(1) =0.36788
@ I [f]=%[f0 +f |wegetI, [f]=%(] +0.36788)=0.68394.
(b) Taking h =0.5 and using Simpson’s rule, we get
| [f]=%[f0 +4f, +f3] :%[f(0)+4f(0.5)+f(1)]= 0.74718

Exact value of the integral is 0.74682.
The errors in these rules are given by Er [f]=0.06288,E, [t]=—0.00036.

Ex.2: (ii) Use the Simpson’s rule to approximate the following integrals (3 nodal
points for Simpson’s rule).

2
(a) Inxdx.
!
0.1
(b) J‘xl”dx i
0
/4
(c) j-tanxdx

0

1.5
Ex. 3 : Find an approximation to I e" dx,using
1

(a) the trapezoidal rule with h=0.4
(b) Simpson’s rule with h =0.2

= by subdividing the interval (0, 1) into 6 equal parts and

I
Ex. 4 : Evaluate J =

nl+x
using.

(a) Trapezoidal rule,

(b) Simpson’s rule. Hence find the value of © and actual errors.

Ex. 5 : A function f(x) is given by the table

X ; 1.0 1.5 20 2.5 3.0

f(x) : 1.000 2.875 7.000 14.125 25.000

Find the integral of f(x) using, (a) trapezoidal rule, (b) Simpson’s rule, using
h-0.1. £
28



Ex. 6 : The speedometer reading of a car moving on a straight road is given by the
following table Estimate the distance traveled by the car in 12 minutes using
(a) Trapezoidal rule (b) Simpson’s rule. ’

Time ¢ 0 2 4 6 8 10 12
(minutes)
Speedo meter : 0 15 25 40 45 20 0
Reading

04

Ex. 7 : Evaluate j (siqx—lnx+e" )dx
02

using (a) Trapezoidal rule and (b) Simpson’s rule taking h = 0.1.
¢ dx
Ex. 8 : Find the approximate value of [ = Ir using (i) Trapezoidal rule (two points)
. e S
and (ii) Simpson’s 1/3 rule (three points). Obtain a bound for the error in the

Trapezoidal Rule. The exact value of I =1In 2 = 0.693147 correct to six decimal
places.

1
Ex. 9 : Evaluate the integral I = I 1 L using (i) composite trapezoidal rule, and
s 1+ X

(ii) composite Simpson’s rule, with 2, 4 and 8 equal subintervals.

2.6 ERROR IN VARIOUS INTEGRATION
FORMULAS

The maximum error in various integration formulas in the evaluation of the integral
b

I:j' f(x) dx is

i)  Exlf] in Rectangular Rule : (b—;a) ()

- 2
(i)  Er[f] in Trapezoidal Rule : — ngi £”(€)
(iii) Es [f] in Simpson’s 1/3" Rule : — % £ (&)

~ where x =& is some point in [a, b] for which f’(x) or f"(x)or f ™ (x) has maximum
numerical value.

2.7 SUMMARY

In this unit, we discussed various methods of evaluating the definite integral
b

1= I f (x) dx where the function f(x) is defined at each point in [a, b] and there is no

discontinuity. For the methods discussed, we also assumed that f(x) possesses same sign

in [a, b]. All the discussed methods follow the same methodology, or essentially the same

sequence of steps, outlined below :
— for evaluating the integral is to divide the interval [a, b] into suitable

number of sub-intervals, say n, each of width h, such that h = ﬂ. If the points of
n
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division on x-axis are denoted as: a = x, <X, <X, <...<X, =b, then

Points x; are known
Each pair of successive points defines a sub-interval, which may
be denoted as [x;, X,,,],i=0()n 1.

) arious integration formulas are devised by approximating the integral over
one sub-interval, over a (larger) sub-interval of 2 consécutive sub-intervals 8f) in
general, over a (larger) sub-interval of k consecutive sub-intervals, at a time (say,

[Xi, Xiv1)s [Kiv1s Xis2ls -« o o[Xivx—1> Xisids fori=1, ' +k, 1 + 2k, . . .). The required value
of the definite integral over the entire interval [a, b] is sum of integrals over disjoint
combination of these (larger, if k > 1) sub-intervals of k consecutive subintervals of the
form [x;, X411, covering whole of [a, b].

al for representing the

"—'mtegral over the (larger if 2 < k) sub-interval consisting of k consecutive sub-intervals

[xqul-lv]] [xl+]1x1+2] [xl-l-k [vx|{-!(] for]‘-l l+k 1+2k

The methods discussed in the unit are :

! e, obtained by taking k = | and the polynomial, which
represents a horizontal straight line joining (x;, yi) and (x;, 1, v; (i.e.,
fqrmmg a rectangle with other boundaries),

By

ile, obtained by takmg k = 1 and the polynomial, which
represents a straight line joining (x;, y,) and (X4, ¥i+ 1) (i.e., forming a
trapezmd with other boundaries),

s g, obtained by taking k = 2 and the polynomial, which
represents a parabola passing through 3 points (x;, yi), (Xi+1, ¥i+1)and
7(xl+2v Yi+2):

2.6 SOLUTIONS/AN SWERS

Ex.1: Herex,=0,%x,=1,x,=2,x,=3,x,=4,x,=5,%,=6,h=1.
Therefore,

= % [f (0) + 2f (1) + 2 (2) + 2F (3) + 2f (4) + 2 (5) + £ (6)]

= %[2 +2(4)+2(8) +2(14) +2(22) + 2(32) + 44] = 103.
Ex.2: (i) and (ii) combined
(@ I [f]:%[fo +f,]=0.346574
I, [f]=%[fo +4f, +1, ]
:03;5[4“: 1.5+1n2]=0.385835

(b)  I;[f]=0.023208, |E;[f] |=none.
I5[f]=0.032296, [E|f] |=none.
(©)  I[f]=039270, [E[f] |=0.161.

Is[f]=0.34778, |E[f ] |=0.00831.




Ex.3:

Ex. 4:

I, [f]=1.49718
I {f]=1.47754

With h = 1/6, the values of f(x) =

1+x?

From x =0 to 1 are given by table :

X

f(x) : 1 0972973 09 0.8 0.692308 0.590167 0.5

0 1/6 2/6 3/6 4/6 5/6 1

Ex.5:

Ex.6:

Ex.7:

Now IT[f];%[fD+f6+2(f,+f2+f3+f4+f5)}

=0.784241
I [f]:%[fﬂ +Eo+4 (£, +,+£)+2(f, +f,) ]

=(.785398

1
1
| dxg:[tan-‘x] .. Exact 1= 3.141593
s 1+x 0 4 k:

Value of n from I [f]=4 x 0.784241=3.136964

Error in calculating w by I, [f ] is E, [f]=0.004629

Value of « from I, [f]=4 x 0.785398=3.141592

Eror iI-l:?'I: by I, [f] is E, [f]=1.0x107°

Letv, =0, v, =15,v, =25,v,=40,v, =45,v, =20,v, =0, h = 2. Then

h
E [f]:[ij[fo +f, +2(f, +£, +1,) ]
N ity
=(174)[1425+2(2.875+7 +14.125)]=18.5

I [f]:(%][fn HE, 426, +4(f, +1,)]

= (1/6)[1+25+2 X 7+(2.875+14.125)]=18

12
Iz‘( vdt,
0

IT[v]z(%J[vo F Vet 2V, 9+ Vv, Y, +v5)]= 200

I [v]=222_20333.
30

The values of f(x) =sin x — In x + e" are

£(0.2)=3.02951,f(0.3)=2.849352,f (0.4)=2.797534
I, [f]:[%][f(ozh 2(0.3)+£(0.4)]=0.57629

Numerical
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I [f]=[%}[f((_).2)+ 4£(0.3)+1(0.4)]=0.574148

Exact value = 0.574056

(1

(1)

Er=2234x%x10"?
E.=92x1075

Using the trapezoidal rule, we have

I= %[1 + %J =0.75 Error =0.75-0.693147 = 0.056853

Using the Simpson’s rule, we have

1=1(1+§+l}=§=0.001297.
6\ "372) 36

Error = 0.75 - 0.693147 = 0.056853.

When n = 2, we have h = 0.5, Nodes are 0,0.5 and 1

1 * (. 4 1
1. == £f(0)+2f(0.5)+f(1) |==| 1+—=+— | =0.708333
7 4[ (2 (03)+100 4( 3 2}

‘We obtain 8 1
I, = %[f(O) +4£(0.5)+ f(l)] = é(l +§+ E) =0.694444

n =4: h=0.25, Nodes are 0, 0.25, 0.5, 0.75 and 1. We obtain

1 = % [£ (0 +2{f (0.25) + £ (0.5) + £ (0.75)} + £ (1)] = 0.697024

Iy = é [f (0) + 4f (0.25) + 2 (0.5) + 4f (0.75) + f(l)] = (0.693254
n = 8: h=0.125, nodes are 0, 0.125, 0.25, ..., 1.0.

We have eight subintervals for trapezoidal rule and four subintervals for

Simpson’s rule. We get

i o
L=—|fO)+2) f (éj + f(l)] = 0.694122

| & (2i-1 2, (%
k=—|f@)+4) f +2) f|=|+f(1)|=0693155.
24| =\ 8 o 8 :

The exact value of the integral is [ = 0.693147.



UNIT 3 ORDINARY DIFFERENTIAL
EQUATIONS (ODEs)

Structure
3.0 Introduction
3.1 Objectives
3.2 Definitions of Basic Concepts
3.3  Methodology for Numerical Solutions of IVPs — Part (i)
3.4 Euler’s Methods
3.5 Improved Euler’s Method
3.6  Methodology of Numerical Solutions of I'VPs — Part (ii)
3.7 Runge Kutta Method of Order 2
3.8- Runge Kutta Method of Order 4
3.9 Summary |
3.10 Solutions/Answers

3.0 INTRODUCTION

The essential fact is simply that all the pictures which science now draws of nature,
and which alone seem capable of according with observational fact, are
mathematical pictures. . ..

: Sir James Jeans

Differential equations occur in almost every scientific discipline and play a significant

. role in modeling problems from almost every discipline of human experience. Their

significance can be visualized from their ability to mathematically describe, or model,
real-life situations, concerning diverse disciplines of, viz., demography, ecology,
chemical kinetics, architecture, physics, mechanical engineering, quantum mechanics,
electrical engineering, civil engineering, meteorology, and a relatively new science called
chaos.

In this context, it may be noticed that even the same differential equation may be
important te several disc¢iplines, although for different reasons. For example,
demographers, ecologists, and mathematical biologists would immediately recognize the
equation : dp/dt = rp, as the Malthusian law of population growth. It is used to predict
populations of certain kinds of organisms reproducing under ideal conditions — whereas
physicists, chemists, and nuclear engineers would be more inclined to regard the equation
as a mathematical portrayal, or model, of radioactive decay. Even many economists and
mathematically minded investors would recognize this differential equation, but in a
totally different context: it also models future balances of investments earning interest at
rates compounded continuously.

Ho'wever, a large number of classes of differential equations are not solvable by
conventional analytical methods giving closed form solutions. Numerical methods for
solving differential equations can be useful in such situations and otherwise also.

3.1 OBJECTIVES

After studying this unit, you should be able to

® classify differential equations into various types : ordinary, partial, linear,

non-linear, of a particular order, and of a particular degree; -
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° define and explain the concepts: canonical form of a differential equation,
initial condition, initial condition problem (IVP), boundary condition,
boundary condition problem (BCP), general solution and particular solution
of a differential equation; and

° solve ordinary differential equation(ODE) using
o  Euler’s method
o} Improved Euler’s Method
o Runge Kutta Method of Order 2
o Runge Kutta Method of Order 4.

3.2 DEFINITIONS OF BASIC CON CEPTS

(A Portion of this Section has been adapted from Section 3.2 of CS-71.)

Before we start discussion of various methods of solving differential equations, let us
consider definitions of some basic concepts from the discipline.

Definition : An equation involving one or more variables, to be called dependent
variables and their derivatives (at least one) with respect to one or more variables, to be
called independent variables, is called a differentjal equation. For example,

(4x+y)ﬂ=2y+x « i)
dx
3x-a£+4ya—z—z=y+2z s w5:(2)
dx dy

are differential equations. In Eq. (1), y is the only dependent variable and x is the only
independent variable, whereas in Eq. (2), z is the only dependent variable, and x and y
are independent variables.

Differential equations of the form (1), involving derivatives w.r.t. a §igle independent
variable, are called ordinary differential equations (ODEs) whereas, those of the form
(2) involving derivatives w.r.t. Wi re independent variables are called partial
differential equations (PDEs).

Definitions: The order of a differential equation is the order of the highest order
derivative appearing in the equation and its degree is the highest exponent of the highest
order derivative after the equation has been rationalized i.e., after it has been expressed in
the form free from radicals and any fractional power of the derivatives or negative power.
For example, the equation

3,2 2 3
7[99 428 s Y e (W) o - )
X dx dx dx
is of third order and second degree. Equation
y= 2xd_y 4 i
dx dy/dx
is of first order and second degree as it can be written in the form
dy dy )’
—=2x|—| +15, ... (4
¥ dx (dx) i

after rationalization, free from fractional power derivatives, etc.



Definition : When the dependent variable and its derivatives occur in the first degree Ordinary Differential
only and not as higher powers or as products with each other; the equation is said to be Equations (ODEs)
linear, otherwise it is said to be nonlinear.

) 2
The Equation 2%+4y =3x’is a linear ODE. On the other hand, the differential
X .

. » dy : z b . dy

equation (x +y) d—=1 is a nonlinear ODE, because, it involves products like y d_
X X

and y* | —=|.

’ (dx)
a9’ z, d’z ([ dz
ox Tt 3y’ | ax dy

g N2
Sumlarly, J =0, is a nonlinear PDE, as it involves{ aa J ;

x dy

The general form of a linear ODE of order n can be expressed in the form

(n)

Liyl=a 0 y” 0+a @ y" "0+, . +a, 0y 0+a©0y©=1x) ...(5)

where r(x), a(x),i=0, 1, 2, . . ., n are known functions of x only and

L = ay(x) " +a; (x) a;nn—j]-+...+aﬂ4 (x) c;ix + a, (%),
is the linear differential operator. The general nonlinear ODE of order n can be written as
F&x,y,Y,y"...,y")=0 ... (6)
or, YO =X Y.Y.7 . . Y. .. (D

Eq. (7) is called a canonical representation of Eq. (6). In such a form, the highest order
derivative is expressed in terms of lower order derivatives and the independent variable.

By the solutioft‘'ef an ODE of the form F(x, y, ¥, ¥”, ..., y™) = 0 or, of the form

® = f(x,y, ¥y . .., y" ), we mean, a relation, say, y = g(x), free of derivatives;
such that if throughout, y is replaced by g(x), in the differential equation, then the
equation is satisfied.

The general solution of an nth order ODE contains n arbitrary constants. In order to
determine these arbitrary constants, we require n conditions.

These constraints can be determined and a particular solution can be obtained if n
suitable conditions on y and/or its derivatives are prescribed. In numerical analysis, we
are concerned with finding only the particular solution.

Definitions : If all these conditions, to determine the values of arbitrary constants
involved in the solution of a differential equation of order n, are given at one point, then
these conditions are known as initial conditions and the differential equation together
with the initial conditions is called an initial value problem (IVP)/(i.v.p.).

The nth order IVP along with assomated initial ondltI ns can written as
(n)(x) f(x y,y y T (n l))
y? (x0) =y, p=0, 1,2,..., ~1

..(8)

- Definitions : If the n conditions are prescribed at more than one point then these

conditions are known as boundary conditions. These conditions are prescribed usually

at two points, say Xq and x, and we are required to find the solution y(x) between

Xo < X < X;. The differential equation together with the boundary conditions is then

known as a boundary value problem (BVP). 35
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In this course, we study only IVPs.

3.3 METHODOLOGY FOR NUMERICAL
SOLUTIONS OF IVPs - PART (i)

Earlier, in Section 2.2 of this block, we discussed: Methodology of Numerical
Integration. A methodology is a sequence of general steps, which (i.e., the sequence)
forms an outline of many of the methods used for solving a particular type of problems.
Here, we discuss first two steps of the methodology for solving IVPs. Rest of the
steps will be discussed later.

In order to solve an IVP involving n" order differential equation, transform the IVP into
n IVPs, each involving only first order derivatives, and attempt to solve only these IVPs
involving only first order derivatives.

The justification for doing so is based on the following argument

Consider an i. v. p. of order n,
d"y
dx"

when the n initial conditions are prescribed at x = xp as

=R VY Y s D)

Y= Yo ¥ (Rg) = Yoo V) = F G vo Y ()= o

Introducing new variable z,, z,,..., 2z, _, such that

dy N d2y dyn—l

Z, =2, =—>, ..., L =——
'odx dx? =l

The above o.d.e. of order n reduces to the following n o.d.e.’s each of order one,

@y _,
dx
dz, _
dx :
dz, , ,
——=f (X, ¥, Zis Xpp0000 %)
dx

The above n first order equations have to be solved simultaneously for
¥sZys Zys ..., Z, _,, With prescribed n initial conditions, namely,

y(xo), Z; (X )s Zy (Ko )y o oo 5 Ty g (Xg)

replace the given IVP
differential equations, and then

Summarizing, the first step of the meth
by equivalent set of n IVPs involving only first ¢
attempt solutions of these differential equations.
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Hence, in order to solve an IVP of order n, basically we need to discuss the methods for Ordinary Differential
Equations (ODEs)

solving an IVP involving only first order equation, say ?- =f(x, y) with initial
X

condition y (x,) = y,-

Step 2

Thus, from Stepl, the problem now is to solve the IVP:

y =1(x, y), y(x0) = ¥o ‘ ... (10)

In order to explain Step 2 of the methodology, let us recall what is meant by solution of
a first order differential equation, first, (i) in general, then (ii) at a point and finally -
(iii) over an interval (the definitions can be easily generalized to an arbitrary ODE):

Let y be a dependent variable, which is a function of an independent variable x. This fact

is denoted as y = g(x), for some g, or may be denoted simply as y(x). The value of y for a

given value of x, say x= 3, is denoted as y(3). In general, the value of y for x =a or

X = X is denoted respectlvely as o). Generally, in such cases, we cal
y(a) or y(xp), respectively, as ¥ t point a, or at point X,

For a given first order differential equation dy; , we may note that in the initial
stage of the problem, it is not known (exphcntlyllmphcnly) what is the functional
relation, between y and x, free of derivatives, like y = 5x’ + log x+ 9, or, in general, like
y = g(x). In other words, g is not known. By the solution of an ODE dy/dx =1(x, y), we
mean, a relation, say, y = g(x), free of derivatives; such that if throughout, y is replaced -
by g(x), in the differential equation dy/dx = f(x, y), then the equation is satisfied. Finding
such a general functional relationship, in the case of most of the differential equations, is
generally, quite difficult or even impossible.

For a given IVP dy/dx =1 (x, y), ¥ (Xo) = ¥o, and for a given point ¢ > xy, we attempt to
find y (c), such that y ” (¢) = f (c, y(c)). Finding y(c), constitutes a solution of the given
differential equation at x = c. Finally, by solution of the differential equation

dy/dx = f(x, y) we mean solution of the differential equation for

In the IVPs, as.a part of the definition of IVP, as is done in (10), it is assumed that
solution of the differential equation, at some point, generally denoted by X, is known, i.e.,
Yo = y(xp) is known so that y * (x¢) is calculated as f(xo, yo).

Main part of Step 2 : For IVP (10), solutions are attempted
may be that we are given some b > x,, and solutions are to be found over [xy, b], or it
may be that no such b is given. In that case, we assume that solutions are to be found
: Xo. In either of these cases,

(i)  determining a suitable step size h > 0 either through calculation or by
assumption, so that solutions are attempted Al at points : xo+ h, Xo+ 2h,
Xo+ 3h, ..., (Xo+nh) . .. (If, the solution is required at any other point,
then, addirionally, some other method including interpolation may be used.).
Let x, = (xo+nh), withn =1, 2, 3, . . . These x,’s are called grid points or
mesh points.

(ii)  Solution of the IVP (10) is attempted in a step-by-step manner as follows :
First, solve (10) at x,+ h; use this solution in finding solution at x,+ 2h, and
s0 on, i.e. for attempting solution at Xo+ (i + 1) h, we must have found
solutions at xo+ h, xo+ 2h, . . ., X9+ i h, and then we use these solutions in
attempting solution at xo+ (i+ 1) h.

The rest of the steps of the methodology will be discussed after description of two
methods, which follow the methodology. First, we discuss some methods based on
these two steps. 37
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3.4 EULER’S METHOD

Let }
of the i. v. p. of order 1
y " (x) = (dy/dx) = f(x, y)

with initial condition at

atx;=xp+h

X =Xgasy (Xo) =Yo ... (10)

=gz

, h’
y(x,) =y, +h)=y(x,) +hy (x;) +—2—’ il b PYE

ond term we approximate the value of y (x,) as :

Summarizing, for the i. v. p. of order 1 :

y ’ (x) = (dy/dx) = f(x ,y) with initial condition at x = X as y(Xy) = Yo,

For any general point x = X, , ;, the may be written as,

YYo= YH+hf(xn’Yn)u

while the error in the formula would be (h*/2) y 7 (£), X, = & = X, 1, in the
computation of y,,; from y,.

Example 1
Use Euler method to find the solution of y" = f(t, y) =t + y, given y(0) = 1.
Find the solution on [0, 0.8] with h = 0.2.

(note again: t is taken as independent variable, instead of x. Given diff. eq. is
y'=t+y=f(t,y). Hence, f(t,y) =t +y and fy=value of fat (t =0)= (0 + 1) =1).

Solution
We have yui=ya+hf,
y(0.2) =y, =yo +(0.2) f,
=1+02)[0+1]=12
y(04)=y, =y, +(0.2) f,
=12+(0.2)[0.2 +1.2]
=148
¥y(0.6)=y; =y, +(0.2) f;
=148+ (02) [0.4+1.48]
. =1.856
y(0.8)=ys=y: +(0.2) f5
= 1.856 + (0.2) [0.6 + 1.856]
=2.3472
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Example 2 Ordinary Differential
Equations (ODEs)
Solve the differential equation y’ =t+y, y (0) = 1;t € [ 0, 1] by Euler’s method

using h = 0.1. If the exact value is y (1) = 3.436564, find the exact error.

- (Note again : t is taken as independent variable, instead of x. Given diff. Eq. is

y’=t+y=f(t y). Hence, f(1, y)=t + y and yo = fy= value of f at
(t=0)=(0+1)=1). ‘

Solution
Euler’s method is
Ya+1= Yo+ Dy =Ya+hf(t, yo) = ya+h (ta +ya)
For the given problem, we have
Yn+1= Yo+ h [ta +¥al
“=(1+h)y,+ht,
h=0.1,y(0) =1,
yi=(1+h)y+(0.1)0=
(1+0.1)DH+0.1)(O)=1.1
y2=(1.1) (1.1) + (0.1) (0.1) = 1.22,
ys = 1.362, ys=1.5282,
ys = 1.72102, ye = 1.943122,
y; =2.197434, ys =2.487178
yo = 2.815895, Vio=3.187485 = y(1)
Exact error = 3.436564 — 3.187485
=0.249079
Example 3
Using the Euler’s method tabulate the solution of the IVP
ey =-2ty% y(0) =1
in the intérval [0,1] taking h = 0.2, 0.1,
Solution

We know, for i.v.p. of order 1 : y ” (x) = f(x, y) with initial condition at x = x as
y (Xq) = Yo, for any general point x =X, , the Euler’s formula may be written as

Yi«1= Yi+ hf(x, y)
In this problem, f (t, y) = — 2ty’

At a general point x = X;,,, the Euler’s formula, in this case, may be written as,
Yisi=Yithfx,y)=yi-2hyg yf, ie,;
Yie1=¥i-2ht y;

Starting with t, =0, yp = 1, we obtain the following table of values for h = 0.2.

Table : h=10.2
T Y (t)
0.2 1
0.4 0.92
0.6 0.78458
0.8 0.63684 )
1.0 0.50706 39




Differentiation, Thus, y (1.0) =0.50706 withh=0.2
Integration and

Differential Equations Similarly, starting with to-= 0, yo = 1, we obtain the following table of values for
h=0.1.
Table : h =0.1
T y() B S L)
0.1 L0 0.6 0.75715
0.2 0.98 0.7 0.68835
0.3 0.94158 0.8 0.62202
0.4 0.88839 0.9 0.56011
0.5 0.82525 1.0 . 0.50364

y (1.0) =0.50364 withh =0.1.

Remark : Since the Euler’s method is of O(h), it requires h to be very small to obtain the

: desired accuracy. Hence, very often, the number of steps to be carried out
becomes very large. In such cases, we need higher order methods to obtain the
required accuracy in a limited number of steps.

Example 4

For the IVP: y'+2y=2-¢e™*, y(0) =1. Use the Euler’s method with step size

h = 0.1 to find approximate values of the solution at t = 0.1, 0.2, 0.3, 0.4, and the
percentage errors in the solutions. The solution of the differential equation is

1 —4t 1 -2t
y(t) = 1+Ee —Ee
Solution
In order to use Euler’s Method, we first need to rewrite the differential equation as
y'=2—-e™-2y.

Hence, f(t,y) = 2-e 4~ 2y . The initial values are ty = 0 and y, = 1 (given).

Euler’s method gives y;.. = y;+hf (t, y)) .

We have for j=0,and h=0.1.

fo="F(to,yo) =£(0,1) = 2@ —2(1) =1
yi=Yo+hfo=1+(0.1)(-1)=09

Therefore, the approximation to the solution at ¢, = 0.1

y(0.1) = y;=0.9.

Forj=1, we get,

f, =£(0.1,0.9) =2-e™*"" -2(0.9) =-0.470320046,
¥, =Y, +hf, =0.9+(0.1)(-0.470320046) = 0.852967995
Therefore, the approximation to the solution at , = 0.2 is y(0.2) = y, = 0.852967995.

For j =2, 3, 4 we obtain the following values.

f, =—0.155264954, y, = 0.837441500
f, =0.023922788, y, =0.839833779
f, =0.1184359245, ys =0.851677371
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The percentage error in the numerical solutions is defined by Ordinary Differential
exact value — a; roxjmate| Bt
ue — .
PP | % 100. The results are presented in

Percentage error =

exact value
the following table :
' ty Approximation Exact Error
=0 Yo =1 y0)=1 . 0 %
t,=0.1 y; =0.9 y(0.1) = 0.925794646 | 2.79 %

t,=02 | y,=0.852967995 | y(0.2) = 0.889504459 | 4.11 %
t;=0.3 | y;=0.837441500 | y(0.3) = 0.876191288 | 4.42 %
ty=04 | ys=0.839833779 | y(0.4) = 0.876283777 | 4.16 %
ts=0.5 | ys =0.851677371 | y(0.5) = 0.883727921 | 3.63 %

Example 5

Repeat the previous example with the approximations att = 1,t =2,
t=3,t=4andt =5.Useh=0.1,h=0.05,h=0.01, h =0.005, and
h =0.001 for the approximations. i

Solution

Below are two tables, one gives approximations to the solution and the other gives
the errors for each approximation. We’ll leave the computational details to you to
check.

Approximations
Time Exact h=0.1 h=0.05 | h=0.01 |k =0.005 | =0.001
=1 [ 0.9414902 | 0.9313244 | 0.9364698 | 0.9404994 | 0.9409957 | 0.9413914
2 | 0.9910099 | 0.9913681 | 0.9911126 | 0.9910193 | 0.9910139 | 0.9910106
3 | 0.9987637 | 0.9990501 | 0.9988982 | 0.9987890 | 0.9987763 | 0.9987662
=4 | 0.9998323 | 0.9998976 | 0.9998657 | 0.9998390 | 0.9998357 | 0.9998330
5 0.93Q9773 0.9999890 | 0.9999837 | 0.9999786 | 0.9999780 | 0.9999774

Percentage Errors
Time | h=0.1 h=005 |+ h=0.01 h =0.005 h =0.001
=] 1.08 % 0.53 % 0.105 % 0.053 % 0.0105 %
t=2 1 0036% | 0.010% | 0.00094 % | 0.00041 % | 0.0000703 %
t=3] 0029% | 0.013% | 0.0025% | 0.0013 % 0.00025 %
t=4 | 0.0065% | 0.0033 % | 0.00067 % | 0.00034 % | 0.000067 %
t=510.0012 % | 0.00064 % | 0.00013 % | 0.000068 % | 0.000014 %

We can see from these tables that as h decreases, the accuracy of the
approximations are improved.

Example 6

Solve the initial value problem to compute approximation for y (0.1), y (0.2) using
Euler’s material withh =0.1. - ,

dy

-2t —4t
E?"' 2y =3e™,y(0) = 1. Compare with the exact solution y(t) = Ge” —3¢7) )

2
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. Differentiation, Solution
Integration and

Differential Equations lEuler’s method gives yi«1= y,+hf (1, y;)|
where, f(t,y) =3e™ — 2y..
Forj=0,
We get, y, =y, +hf(t,,y,).
Now, f(t,,y,) =f(0,1)=3e"-2=1.
We obtain, y(0.1) =y, =1+(0.1)(1)=1.1
The exact solution is y (0.1) = 1.0413 and the absolute érror is 0.0587.
For the next time Stepj=1,
We gety, =y, +hf(t,,y,).
Now, f(t,,y,)=(0.1,1.1)=3e™* - 2(1.1)=-0.189
We obtain y(0.2) =y, =1.1+0.1(-0.189) =1.0811.
The exact solution is y(0.2) =1.0018 and tht_: absolute error is 0.0793.
Solve the following IVPs under Ex. 1 to Ex. 5 using Euler’s method
Ex.1: y—y= —%e”z sin(5t) +5e"? cos(5t), y(0)=0
ol Use Euler’s Method to find the approximation to the solution at t = 1. Use

h=0.1, h =0.05 for the approximations and find the percentage errors.
Ex.2: y’'=1-2xy, y(0.2) = 0.1948. Find y(0.4) withh =0.2.

1
Ex.3:y'=— -, y(4) = 4. Find y(4.1) taking h =0.1.
X" —4y

PR

Ex.4:y’= 2~ y0)=1.Find y(0.1) with h=0.1.
+

Ex.5: y'=1+y? y(0)= 1. Find y(0.6) takingh =0.2 and h=0.1.

3.5 IMPROVED EULER’S METHOD

Let us suppose that y, has been computed from the Euler’s formula as above and let it be
denoted as,

y: =Y, + hf (X,, ¥o)

- We compute y'(x) = %x =f (x, y) atx=x; where y(x,) =y, i.e. gx—y =F X, Y-
X

The value of y, is then improved in the Euler’s formula by taking the average value

of g_y for (x,, y,)and (x,, y;) . Then modified (improved) Euler’s formula may be
X

. h .
written as, y, =Y, +§ {f (x4 ¥o) + £(x;, ¥,)}




At a general point x = x,, , ;, the Improved Euler formula/method becomes

Y:+I =Y() +hf (Xn’yn)

h .
YI'I.+1 =yn +5{f(xn’ Yn) +f(xn+!’ Yn+l)]

Example 7
Using modified Euler’s method, find the value of y for x = 0.1 and 0.2 from the

differential equation g—y =x>+y* —2; y(0) =1. Compute upto 5 places of
X

decimal only.
Solution
»  Euler’s modified formula is,

y:1+l = yn+hf (xn’ yn)

h ‘ .
yu}l = Yn +5{f(xn’ yn) +f(xn+:9 Yn+1)}

Here, - h=0.5 f(x,y)=x*+y" -2, x,=0; y, =1 x,=0.1
f(Xp, ¥)=0+1-2=-1.0
y =y, +hf (x,, y,)=1+0.1 x(=1.0)=0.9
f(x,y)=01"+09" -2=-1.18

h -
YI = YO +E[f(x0v y0)+f(x|1 Y|)}

=l.0+%[—l.0—l.]8}=0.891
For Xx=X,=x,+h=02; x,=0.1, y, =0.891
f(x,,y,)=0.1"+0.891" -2 =-1.19612

Yo=Y, +hf (x,,y,)
=0.891+0.1x(-1.19612) =0.77139

f(x,,y,)=02"+0.77139" — 2 = — 1.36496
" h .
YZ =yl + —i{f(x]v y:) +f(x2, y2)}

=0.891 + 9-2—1 {—1.19612 — 1.36496} = 0.76295 .

3.6 METHODOLOGY FOR NUMERICAL
SOLUTIONS OF IVPs - PART (ii)

We recall that in order to solve the IVP :

y'=fxy),yxo)=yo 5 5 st
for any general point X =X, .1,
* the Euler’s formula tflay be written as,

Yn+1= yn+hf(xmyn)- (1D

Ordinary Differential
Equations (ODEs)
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Differentiation,
Integration and
Differential Equations

The Improved Euler formula/method becomes

y;-rl =YO +hf (xn" yn)
h ) > . (12)
yn+| =yn +5{f(xn’ yn)+f(xn+l’ yn+|)}

From the above, we find that in both of these methods, the solution at grid point
Xq + 1 is obtained from the solution at grid point x, from the following general
formula : .

y::+l=Yn+h¢(xmymh) : s.a(13)

where, in Euler’s method, ¢ (Xp, ¥n, h) = f (X,, yn), whereas, in Improved Euler’s method,
¢ (Xq, ¥n, h) is obtained through the two steps (refer to Eq. (12) above) : first y*,,,is
obtained and then its value is used in calculating ¢ (X;, y., h). The advantage of Improved
Euler’s method is that if we expand vy, , , in terms of y, through Taylor’s series, then the
terms up to coefficients of h’agree and the error is of O(h?).

It has been found that, with some restrictions on f(x, y) of Eq. (10), by using p
appropriate steps, (as two in the case of Improved Euler’s method) methods may be
devised, so that terms up to the coefficient of h” in the computation of y, . ; by the
method, coincide with the corresponding terms in the expansion of y, . ; by Taylor’s
series. The error, due to the method, is of order O(h®*'). Such a method using p steps,
with error of order O(h**"), is called a method of order p.

Step 3 of the methodology consists of finding appropriate p-step methods of order p
to calculate ¢ (x,, y,, h), so that error in computation of y, . ; by the method is
O(h**"). Two German mathematicians Runge and Kutta have been pioneers in this field,
and in discovering methods using Step 3 of the methodology. Hence, these methods are

=i

Next, we study some R-K methods of order 2 and of order 4 (only), suggested by
them.

3.7 RUNGE-KUTTA (R-K) METHOD OF ORDER 2

We have seen that modified/improved Euler’s method gives value of y, ,  at a general
point X = X, , 1, through the following steps

Y:+1 =y, +hf (x,,y,)

h .
yn+] = yn +E{f(xn’ Yn) s f(xn+l‘ Yn+l)}

The method involves two steps. Also, the error in the method is O(h*). Hence, it is second
order method. And, it is a two-step method.

A general R-K Method is a two-step method of Order 2, developed as follows
Let the value of y, say y,, be known at x = X,

The other values of y, , ; in the general R-K method of order 2, at x =x,, ,,, are
obtained as follows :

Vos1=Yo+k, forn=0,1,2...
where, k is obtained as follows :

ki=hf(Xa,yn):

ks =h f (x,+ ah, y,+ B ki) 7.
and k = wki+ wok,




©--00d V&U‘SJ'&

And the parameters o,  and weights w; and w, are determined so that y, , ; agrees with Ol'di“ﬂl'}'_Diffel‘enﬁﬂ
Taylor’s expansion of y(x,+ h) up to powers of h”, and hence, it becomes a method of Camntions (ODLS)
order 2, i.e., error in computation of y, , ; is of O(hY).

Improved Euler’s method can be obtained as R-K method of order 2, by taking in
Eq. (A), a=1,p =1, w; = (1/2) = w, to arrive at the following formula : .

Yo+1=Yo+ k, forn=0,1,2...

- where, k is obtained as follows:

ki=hf(x, Yu)
ko =hf (x,+h, y.+ k) ...(B)
and k=(1/2) (ki+ ky)

Lookjnglclose]y, it is same as Modified Euler’s formula, though derived differently.
Improved Euler’s Method is also called Modified Euler’s Method and also called
Improved Tangent Method.

There are other R-K Methods of Order 2, including Heun’s method and Optimal
method. But, we will not discuss these methods.

Example 8

Solve the IVP y" = —ty?, y(2) = 1and find y(2.1) and y(2.2) with h = 0.1 using
Improved tangent method/modified Euler method. Nk

Compare the results with the exact solution y (t) -

t5—=2"
Solution

We have the exact values

y(2.1) = 0.82988 and y(2.2) = 0.70422

Improved tangent method is
Yo =¥ Ky
7".1(,] =hf(tnvyn)

K,=hf(tn +£yn +&].
. 2 2

For this problem f(t, y) =—t y* and
K,=(0.)[(-2)()]=-0.2

K,=(0.1)[ (-2.05) (1-0.1)* | =—0.16605

y(2.1) =1-0.16605 = 0.83395
Taking t; = 2.1 and y, = 0.83395, we have

K, =hf (t,,y,)=(0.1)[ (-2.1)(0.83395)" | =—0.146049
h k
Kg_ =hf (tl +5,y| +7]J.

=(0.1)[ (2.15)(0.83395-0.0730245)" | =—0.124487

y(2.2) = y; + k = 0.83395 — 0.124487 = 0.70946.
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Integration and
Differential Equations
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3.8 RUNGE-KUTTA (R-K) METHOD OF ORDER 4

Next, we discuss, the fourth order R'K method or R- K method of order 4, which has an
accuracy of O (h). It is a[sa called classical R“K method and is the most popular for
solving first order o.d.e’s. Let us suppose that value of ¥n is already known for x = x,,.
Then the value y, . at x = X, ; is computed in four stages as follows:

kI :hf(xn’ yn) ; kZ =hf{xn +%hv yn +%kl)

k3=hf[xn +%h, y, +%k3) .k, =hf (x, +h,y, +k,)

k-—'é(k] +2k, + 2k, +k,)

yn+I=Yn +k

As mentioned above, this method is also called Classical R-K method of order 4.

Of course, there are other R-K methods of order 4, including R-K-Gill method But,
in this course, we will not consider any other R-K method of order 4.

Example 9
Using fourth order R-K method compute the values of y for x =0.2 and x =0.4
taking a step size of 0.2 from the differential equation, gx =x(1+y), y0=1.
Compute upto 4 decimals only.
Solution
h=02; f(xy)=x(+Y); x0=_0,y0=l X, =%X,+h=02
k,=02x0x(1+1)=0
k,=02xf(0+0.L14+0)=02xf(0.1,1)=02x{0.1(1+1}=0.04
-k, =0.2x f(0+0.1, 1+0.02) = 0.2xf (0.1, 1.02) = 0.2%{0.1 (1+1.02)} = 0.0404
k,=0.2xf (0+0.2,1+0.0404)=0.2xf (0.2,1.0404)=0.2x{0.2(1+1.0404) }=0.0816
=% (0 + 2x0.04 + 2 x0.0404 + 0.0816) = 0.0404
¥, =¥, + k=1+0.0404 = 1.0404
x, =02, y,=1.0404 ; x,=04. y,=?7; h=02
k, =0.2x(0.2,1.0404) = 0.2x 0.2 (1 + 1.0404) = 0.0816
k, =0.2xf(0.2 + 0.1,1.0404 + 0.0408) = 0.2x 0.3 (1 + 1.0812) = 0.1249
k,= 0.2 f(0.2+0.1,1.0404 + 0.0624) = 0.2 x 0.3 (1 + 1.1028) = 0.1262

k,=02xf(0.2+0.2,1.0404 +0.1262) =0.2x 0.4 (1 +1.1666) = 0.1733
:é (0.0816 + 2% 0.1249 + 2x 0.1262 + 0.1733) =é (0.7571) = 0.1262

¥, =Y, +k =1.0404 + 0.1262 = 1.1666




Example 10

Solve the IVP y' =t +y, y (0) = | by Runge-Kutta method of order 4 for
t € (0,0.5) with h =0.1. Also find the error at t = 0.5, if the exact solution is

“y(t)y=2e' -t -1.
Solution
Initially, y (o) =y (0) =1
We have

K, =hf(t,,y,)=(0.1)[0+1]=0.1

K, =hf[t0 nug,y0 + %J=(0.l) [0.05+1+0.05]=0.11

K, =hf (tﬂ +!21,, Yo +%J=(0.1)[0.05 +1+0.055]=0.1105
K, =hf (t, +h,y, + K;)=(0.1)[0.1+1+0.1105]=0.12105

=1+ é [1+0.22+0.2210+0.12105] = 1.11034167

Taking t; = 0.1 and y; = 1.11034167, we repeat the process.
- Ky =hf(t;, ;)= (0.1) [0.1 + 1.11034167] = 0.121034167

h K
K, =hf [t,+5,yl+?']

w} = 0.132085875

= (0.1) [0.1+0.05+1.1103416+(

h K
K; = hf [t, +5,y1+72J

2 3

== (0.1) [0.1+0.05+1.1 103417+

(0.132085875)}
——— | =0.132638461

0.132085875
Ky=hf (t; + h, y; + K3) =(0.1) [0.1 + 0.05 + 1.11034167 + Q

=(.144303013

| :
y2=y1+€ (K]+2K2+2K3+K4)

=1.11034167 + % [(0.121034167 + 2(0.132085875) + 2(0.132638461)

+0.1443030131 = 1.24280514

Rest of the values y3, y,4 and ys are given in Table below.

Table

ty ¥n
0.0 1

-0 1.11034167
0.2 ; 1.24280514
0.3 1.39971699
0.4 1.58364848
0.5 1.79744128

Ordinary Differential
Equations (ODEs)
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Differentiation, Now the exact solution is
Integration and
Differential Equations y(t) =2e' —t—1

Erroratt=0.5is

] 1.79
0.5)-y, =(2e* -05-1)- ——
y(0.5)-y; =( -GS
=1.79744254 — 1.79744128
=0.000001261
=0.13x10"".
Example 11
t-y

Use Runge-Kutta method to solve the IVP y' = on [0, 0, 2] with

y (0) = 1. Compare the solutions with h = 0.2 and 0.1.
Solution
h=02,k =-0.1, k,=-0.085, ks =— 0.08575,
ks =-0.07(425,u (0.2) = 09145 125-;'}1 =0.1,u(0.1) = 0.95035,
u(0.2) = 0.911726.
Example 12
Solve the IVP y' = 2y+3e', y(0)=0 using classical R-K method of order 4.

Find y (0.1), y(0.2), y(0.3) taking h = 0.1. Also find the errors at t = 0.3, if the
exact solution is y(t) = 3(e™ —e").

Solution

Classical R-K method is
1
Yo+1=Y¥n+ E (K +2K; +2K5 + Ky)

Here tp=0,y0=0,h=0.1
Ki=hf(ty, y0)=0.3
h K,
K;=hf|t, +5,y0 +T =0.3453813289

Ky=hf (to +%,y0+%J= 0.3499194618

Ky =hf(ty+h, yo + K;3) =0.4015351678
y1 = 0.3486894582

Taking t,=0.1,y, =0.3486894582, we repeat the process and obtain

K;=0.4012891671 K, =0.4584170812
K; = 04641298726 K, =0.6887058455
v(0.2) = 0.8112570941
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Taking t;, = 0.2, y, = 0.837870944 and repeating the process we get Ordinary Differential
Equations (ODEs)

K,;=0.53399502 K, = 0.579481565
K; = 0.61072997 K, = 0.694677825
- y(0.3)=1.416807999

From the exact solution we get
y(0.3) = 1.416779978

Error in classical R-K method (at t = 0.3) = 02802 x10™*
Example 13

Solve the initial value problem v’ = — 2tu® with u (0) = land h =0.2 on the
interval [0, 1]. Use the fourth order classical Runge-Kutta method.

Solution
We have Xo = 1, ug = 1, h=0.2, and f(t, u) = —2t’
Forn=0
| k, =hf (ty,u,)=0

k,= hf[t(,+
hf[
(

k, =hf(t,+h,u, +k,)=—0.0739715

b
2’
h

£ el k] ~0.038416
2

u (0.2) =u = 1+ —6—[0 —0.08-0.076832— 0.0739715] =0.9615328
Forn =1

t =0.2,I.I1 =0.9615328

k =ht t,,ul) —0.0739636

=h ( gu+ kj —-0.1025754

=hf[t,+2 o k ) ~0.0994255

k, =hf(t, +h,u, +k) ~0.1189166

u(0.4)=u, = 0’.96153284-%[—0.0739636—0.2051508—0.1938510-0.1 189166]

=0.8620525
Similarly, we get, u(0.6) =u, =0.7352784

u(0.8) =u, =0.6097519, u(1.0) = u, =0.5000073

Example 14
A ball which is at temperature 1200 K is allowed to cool down in air at an ambient
temperature of 300 K. Assuming heat is lost only due to radiation, the differential
equation for the temperature of the ball is given by

E-B—=—-2.2067'><10"2 0* —81x10%), 0 (0)=1200K.
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Differentiation, Find the temperature at t = 480 seconds using Runge-Kutta 4th order method.

Integration and Assume a step size of h = 240 sec.
Differential Equations .

Solution

From the given differential equation, we have,

f (t, 0) = — 2.2067 x 10~ (8* — 81x 10%)
Runge-Kutta method gives Gn;, =0,+ % (k, + 2k, + 2k, + k,)

Forn =0, we havet,= 0, 0,= 0 (0) = 1200

k, =£(t,,0,) =£(0,1200) = -2.2067 x 10'2(1200* —81 x 10*) = —4.5579

k,=f (tﬂ +—;~h,90 +%k|h] E f(0+%(240),1200+%(—4.5579)240]

=1(120,653.05)
=-2.2067 x 107"%(653.05" 81 x 10%)
=—(.38347

k, :f[to +%heﬂ +%k2h) = f[0+%(240),1200+%(—038347)240J

=£(120,1154.0)
=2.2067=10"(1154.0* =81 x 10*) = -3.8954

k, =f(t,+h,6,+hk,)="f(0+240,1200+240)(-3.8954) = f (120, 265.10)
=2.2067 x 107'%(265.10* —81 x 10*) = 0.0069750

We obtain, -

6(240)=0,=6, +%(kl +2k, +2k, +k,)

=1200+ % (—4.5579 +2(—0.38347) + 2(-3.8954) + (0.0069750)

8, =1200+40(-13.1087) = 675.65

At the next step, For n = 1, we have, t, = 240, y, = 675.65
We obtain,
k, =1(t,,8,) =-0.44199

K, =f(tl +%h,9, +%k]hj —-031372

ks

f(tl +Lne, +lk,h] =—-0.34775
2 3 "
k; =f(t,+h,8, +k,h)=—0.25351
6(480) =0, = 9.+%(k, +2k, +2k, +k,)

_ 675.65 +% (—0.44199+ 2(~0.31372) + 2(~0.34775) + (~0.35351))

=675.65+40(-2.0184) =594.91
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Solve the following I'VPs using R-K method of order 4 :
Ex.6: y'=y—-t,y(0):1. Find y(0.5) taking h =0.5.
y+t

*Ex.7: y’'=1-2ty,y(0.2) =0.1948. Find y(0.4) taking h = 0.2.
Ex.8: 10ty'+y’ =0,y(4)=1. Find y(4.2) taking h = 0.2. Find the error given the

|
exact solution is y(t)=———— where ¢ =0.86137
c+0.lint’

Ex.9: y"=—15——~)[i—y2, y(l)=—1. Find y (1.3) taking h = 0.1. Given the exact solution to

be y(t) = l find the error at t = 1.3.

Ex. 10 :Using Runge -Kutta method of order 4, find y(() 2) given that y =3x+y/2,
y(0)=1 taking h =0.1. :

Ex. 11 :Using Runge-Kutta method of order 4, compute y(0.2) and y(0.4) for the IVP
10y’ =x*+y*,y(0) =1, taking h =0.1.

Ex. 12 : Apply Runge-Kutta fourth order method to find an approximate value of y when
x=0.2giventhat y'=x+y withy(0)=1and h=0.2.

3.9 SUMMARY

In this unit we have covered the following points :

tions ; Differential equations of the form (1), involving derivatives w.r.t. a
smgle inde 'e,hdent variable are called ordinary differential equations (ODEs)
whereas, those of the form (2) involving derivatives W.I.t. tWo or more
independent variables are called partial differential equations (PDEs).

The order of a differential equation is the order of the highest order derivative
appearing in the equation and its degree is the highest exponent of the highest
order derivative after the equation has been rationalized i.e., after it has been
expressed in the form free from radicals and any fractional power of the
derivatives or negative power. For example, the equation

3 dx- dx dx

30y 2 3
T[H-J +129—-),i—5-d—y+3:k2 [ﬂj =0 is of third order and second degree.
X

The general ODE of order n can be written as
FX, v, Y,y ...y = ...(6)

{n}

or, =T, %7 y,...,y‘" ot i 0

Eq. (7) is called a canonical representation of Eq. (6). In such a form, the highest
order derivative is expressed in terms of lower order derivatives and the
independent variable.

By the solution of an ODE of the form F(x, y. y". y”,...,y") =0or,
Yy =f(x, .5, ¥" ..., y" "), we mean, a relation, say, y = g(x), free of
derivatives; such that if throughout, y is replaced by g(x), in the differential

equation, then the equation is satisfied. 51
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The general solution of an nth order ODE contains n arbitrary constants. In order
to determine these arbitrary constants, we require n conditions.

These constraints can be determined and a particular solution can be obtained if n
suitable conditions on y and/or its derivatives are prescribed. In numerical
analysis, we are concerned with finding only the particular solution.

When the dependent variable and its derivatives occur in the first degree only and
not as higher powers or as products with each other; the equation is said to be
2

z+4y=3x2is a
:

linear, otherwise it is said to be nonlinear. The Equation 2

linear ODE.

If all these conditions, to determine the values of arbitrary constants involved in
the solution of a differential equation of order n, are given at one point, then these
conditions are known as initial conditions and the differential equation together
with the initial conditions is called an initial value problem (IVP).

The nth order IVP along with associated initial conditions can be written as

y(n} (X)=f(x, v, yr’ y», o ,y(n_l))
v (x0) = y{,"’,p=0,l,2,...,n—1.' :

If the n conditions are prescribed at more than one point then these conditions are
known as boundary conditions. These conditions are prescribed usually at two
points, say ty and t; and we are required to find the solution y(t) between t,<t<t;.
The differential equation-together with the boundary conditions is then known as a
boundary value problem (BVP).

In this course, we discuss solutions of only IVP’s, defined explicitly in the box
above. ¢

In order to solve an IVP involving n r differential equation, transform the
IVP into n IVP’s, each involving @ 1 derivatives, and attempt to solve
only these IVP’s involving only first order derivatives.

(i) a suitable step size h > 0 is either calculated or assumed, so that solutions are
attempted at points : Xo+ h, Xo+ 2h, X+ 3h, ..., Xo+nh) ... (Ifthe
solution is required at any other point, then some other method including
interpolation may be used.) Let x, = (xo+nh), withn=1,2,3 .........
These x,’s are called grid points or mesh points.

(ii) Solution of the IVP (10) is attempted in a step-by-step manner as follows :
Solve (10) at xo+ h, use the solution in finding solution at xy+ 2h, and so
on, i.e. while attempting solution at xp + (i + 1) h, we must have found
solutions at xo+ h, xg+ 2h, . . ., X+ ih, and then use these solutions in
attempting solution at Xo+ (i + 1) h.

(i) the assumption that y, ., can be obtained from y,, using the general
rule:
Yn+1=Y¥a+h ¢ (Xp, Yoy h)

(ii) finding appropriate p-step methods of order p to calculate ¢ (x,, y,, h),
so that error in computation of y, , ; by the method is O(h**").
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Two German mathematicians Runge and Kutta, conceived and developed the ideas Ol'diﬁal'ypiffel‘enﬁal
behind the methods, are called Runge-Kutta (R-K) methods. Equations (ODEs)

Definition : A method for solving an i.v.p., is said to be of order p, if it yields a

“solution of the i.v.p, so that, for some positive integer p, the first (p + 1) terms in
the calculation of y, , | from y,, coincide with the corresponding terms in the
Taylorl’s expansion of y, , ; in terms of y, and its derivatives. The error then is of
O™ ).

initial condition at x = Xy as y (X,) = ¥o; in which y, , is calculated using

yn+l=yn+h¢(xn5Yn,h)'

The following methods based on the idea differ from each other in what value
is determined and assngned to (X, Yo, h)

(i) Euler’s methodlformula may be written as :
Yo+1= Yat+hfx, Yn)a

so that ¢ (X,,, Yus h) is taken as f (x,,, y,). In this method, the error in the
formula would be (h*/2) v (&), Xi = & = X, in the computation of y, ,
from y,. This is why the method is first-order method.

(ii) Improved Euler formula/method is a two-step method. At a general
point x = x,, , |, formula becomes ‘

Yor =Yo +hf (x,,y,)

h x
lYn+l = Yl) +E{f(xn’ Yn) + f(xn+l7 yn+l)}

so that ¢ (x,, Yn, h) is taken as (1/2) {f (x4, yo) + f (Xo41, y*n+ 1)}. In this
method, the error in the formula would be O(h’) in the computation of y, .
from y,. This is why the method is fsecond-order method.

(iii): A ééheral R-K Method is a two-step method of Order 2, developed as
follows : '

Let the value of y, say y,, be known at x = x,,.

The other values of y,, , ; in the general R-K method of order 2, at
' X =X, .1, are obtained as follows :

Yo+1=¥Vautk, forn=0,1,2,...

where, k is obtained as follows :

=hf (X, ¥a);
ko =hf (x,+ ah, yo+ P ki) ... (A)
and k=wk+ wak,

And the parameters o, [} and weights w, and w, are determined so that y, , |
agrees with Taylor’s expansion of y(x, + h) up to powers of h?, and hence, it
becomes a method of order 2, i.e., error in computation of y, , | is of O(h3 ).

Improved Euler’s method can be obtained as R-K method of order 2, by
taking in (A), o =1, =1, w;= (1/2) = w,.

a special case of general R-K method of order 4,
and the most popular for solving first order o.d.e’s. is defined as follows :

(iv)

Let us suppose that value of y, is already known for x = x,,. Then the value
Yn+1 at X = X, 41 is computed in ﬁiﬁ& stages as follows : 53
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Integration and k,=hf(x,,y,): k, =hf (x., =l # —k,)
Differential Equations . N

k, =hf(x“ +%h, Ya +%k1J ik, =hf(x, +h,y, +k,)
k:é(k| + 2k, + 2k; + k)

y|.+l :yn +k'

3.10 SOLUTIONS/ANSWERS

Ex. 1 : The solution to the linear first order differentiai equation is y(t) = e'* sin(5t) .

Approximations at t = 1 are : with h = 0.1, y(1) =—0.97167, and with h = 0.05,
y(1) =—1.26512. The percentage errors are 38.54 %, 19.98 % respectively.

Ex. 2 : Euler’s method is
Y1 =Y+ hfy =y +h (1 -2x, y)
y(0.4) =0.1948 + (0.2) (1 -2 x 0.2 X 0.1948)
=0.379216.

1

x2+y

Ex.3: y'= y(4)=4; y'(4)=0.05

y(4.1) = y(4) + hy'(4)
=4+ (0.1) (0.05) = 4.005.
Ex. 4 : Euler’s method y' = (y — x)/y + x), y(0) = 1, y'(0) =
y0.1)=1+(0.1)(1)=1.1
Ex.5: Euler’s method is y,, ;= h + y, + hyﬁ.
Starting with to = 0 and y, = I, we have the following tables of values :

Table : h=0.2

T Y(t)
0.2 1.4
0.4 1.992
0.6 2.986

y(0.6) = 2.9856.
Table : h=0.1

T Y(t)
0.1 1.2
0.2 1.444
0.3 1.7525
0.4 ~ 2.1596
0.5 2.7260
0.6 3.5691
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Ex.6:

y(0.6) = 3.5691
y(0.6) = 1.99171 with h = 0.05.

K, =0.5, K, =0.333333
K; =0.3235294118, K, =0.2258064516
¥(0.5) = 1.33992199. |
Ex.7: K, =0.184416, K, = 0.16555904
K;=0.1666904576,  K,=0.1421615268
y (0.4) = 0.3599794203.
Ex.8: K, =-0.005, K> = — 0.004853689024
K, = — 00048544, K4 = — 0.004715784587
y (4.2) = 0.9951446726. '
Exact y (4.2) = 0.995145231, Error = 0.559x 10
Ex.9: K, =0.1, K, = 0.09092913832
K;=0.9049729525,  K,=0.8260717517
y(1.1).= — 0.909089993
K, =0.08264471138, K,=0.07577035491
K; =0.07547152415, K, = 0.06942067502
y(1.2) =— 0.8333318022
K, = 0.06944457204, K, =0.06411104536
K; = 0.06389773475, K, =0.0591559551
y(1:3) = - 0.7692307692
Exact y(l-:3) =—.7692287876
Error =0.19816 x 10™°
Ex. 10 :1.1749.

Ex. 11 :1.0207, 1.0438.

Ex. 12 :k; = 0.2, k= 0.2400, k= 0.2440, k, = 0.2888, y(0.2) = 0.2468.

Ordinary Differential
Equations (ODEs)
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