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Unit 6                  Introducing Differential Equations 

Because for 01 =y  and 02 >y , we have  
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and this can be made as large as we please by choosing 2y  sufficiently small, 

whereas condition (35) requires that the quotient on the left-hand side of Eqn. 

(35) does not exceed a fixed constant L . 
 
Therefore, we cannot conclude the uniqueness of the solution.  Further, it can 
be checked that the given problem has the following solutions 

i) Dxxy ∈∀= 0)(  

ii) Dxxxy ∈∀= 2

4

1
)( .      (37) 

*** 
 

Example 8: Examine ),( yxf
dx

dy
=  where 
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  with 

1)1( =y  for existence and uniqueness of solution in byaxD <−<− |1|,|1:|  

for ba,  constants.  

Solution: Here 10 =x  and 10 =y .  You may note that the function is not  

defined at 0=x .  It is discontinuous at 0=x .  Thus, at 0=x  the solution does  

not exist.  At all other points the polynomial function  
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∂
is continuous and bounded in D  with 1)1( =y .  Hence, the solution 

exists and is unique for all x  other than 0=x .  Further, you 
may verify that  
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is the unique solution of the given problem for all x  other than 0=x . 

*** 
 
Note that the way function y  is obtained in Eqns. (37) or (38) is just by simple 

integration of the given differential equation.  The details of this would become 
clear to you after you have learnt the methods of solving first order differential 
equations in Unit 7. 
 
You may now try the following exercises. 
 

 

E9) For the following problems determine a region of the xy -plane for which 

the given differential equation will have a unique solution through a point 

),( 00 yx  in the region. 

 i) y
dx

dy
x =  
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Block 2                       Ordinary Differential Equations of First Order 

Remark: I, II and III above indicate situations where differential equations 
occur naturally.  In Unit 8 we shall give the methods of solving these equations 
and also discuss some more physical situations. 
 
Before we ask you to check your ability to formulate some physical situations 
we consider an example. 
 
Example 14: A drug is infused into a patient’s blood stream at a constant rate 

gms/sec.r .  Simultaneously, the drug is removed at a rate proportional to 

the amount )(tx   of the drug present at any time t .  Find the differential 

equation describing the amount )(tx  of the drug in the patient’s blood stream 

at any time t .  

Solution: The rate at which the drug is infused into a patients blood r= . 

The rate at which the drug is removed from a patient blood )()( tkxtx =∝  

where k  is the constant of proportionality. 

∴ The rate of change of amount of drug in a patient’s blood is 

 0, >−= kkxr
dt

dx
.       (69) 

The minus sign in the second term on the r.h.s. of Eqn. (69) shows decrease 
in the amount of drug in the patient’s bloodstream. 
 

Eqn. (69) describes the amount )(tx  of the drug in a patient’s body at any time 

t .  If it is assumed that no drug was present in a patient’s blood at time 0=t , 
then initial condition 

 0)0( =x  

can be used to solve Eqn. (69) and obtain )(tx  at any time t . 

*** 
 
You may now try the following exercise. 
 

 
E14) In the following problems, formulate the differential equation describing 

the given physical situations. 

 i)  A culture initially has 0p  number of bacteria.  Growth of the 

bacteria is proportional to the number of bacteria present.  Find the 
number p  of bacteria present in the culture at any time t . 

 ii) A quantity of a radioactive substance originally weighing 0x gms 

decomposes at a rate proportional to the amount present.  If half 
the original quantity is left after 2 years, then find the amount x  of 

the substance remaining after t  years. 

 

 
We now conclude this unit by giving a summary of what we have covered in it. 

 

6.6 SUMMARY  

In this unit, we have covered the following points: 

 
1. An equation involving one (or more) dependent variables and its 

derivatives w.r.to one or more independent variables is called a 
differential equation. 
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Unit 7            Solving First Order and First Degree Differential Equations 

Proof: Multiplying the given equation by βα −−−− 11 . knkm yx , we get  

 0)(11 =+−− nxdymydxyx knkm , 

or 011 =+ −− dyyxkndxyxkm knkmknkm , where k  is a constant. 

or 0)( =knkm yxd , which is an exact differential equation.  Hence βα −−−− 11 knkm yx  

is an I.F. of the differential equation. 
It may be noted that if the given differential equation is of the form 

0)()( 11
11 =+++ dyxndxymyxdynxdxmyyx

βαβα , where 

111 ,,,,,, mnmβαβα  and 1n  are constants, then also I.F. can be determined. 

 

By Rule VI, βα −−−− 11 , knkm yx  will make the first term exact, while 

111111 11
,

βα −−−− nkmk
yx  will make the second term exact, for k  and 1k  being 

constants. 
 
These two factors will be identical if  

 111 11 αα −−=−− mkkm  

and  111 11 ββ −−=−− nkkn .  

Values of k  and 1k  satisfying these two algebraic equations can be obtainted.  

Then either factor is an integrating factor of the given equation. 
–       – 

 
We now consider an example to illustrate this rule. 
 

Example 22: Solve 0)2()2( 3223 =−+− dyxxydxyxy . 

Solution: On rearranging the terms of the given equation, we can write  

 0)2()2( 22 =+−+ xdyydxxxdyydxy      (66) 

For the first term, 1,2,0 === mβα  and 2=n  and hence its I.F. is 
2121 −−− kk yx . 

For the second term, 1,2,0,2 1111 ==== nmβα  and hence for the second 

term I.F. is 
1212 11 −−− kk

yx . 

These two integrating factors will be identical if  

 




−=−−

−−=−

1212

2121

1

1

kk

kk

and
      (67) 

Solving the system of Eqns. (67) for k  and 1k , we get 2=k  and 21 =k  and, 

therefore, integrating factor of Eqn. (66) for both the values is same i.e., xy . 

Multiplying Eqn. (66) by xy , we get  

 0)2()2( 33 =+−+ xdyydxyxxdyydxxy  

0)2()2( 423324 =+−+⇒ ydyxdxyxdyyxdxxy  

0)24(
2

1
)42(

2

1 4423324 =+−+⇒ dyyxdxyxdyyxdxxy  

0)(
2

1
)(

2

1 2442 =−⇒ yxdyxd       (68) 

Integrating Eqn. (68), we get the required solution as  







































































 

 

106 

Block 2                       Ordinary Differential Equations of First Order 

Multiplying Eqn. (45) by I.F., we get 

 
xx

eex
xx

v
dx

d
=+

+
=








+
)1(

1

1

1

1
 

Integrating the above equation w.r.t. x , we have  

cce
x

v x ,
1

1
+=

+
 being a constant  

i.e., )1()1( xcexv x +++=  

Substituting ysin  for v , the required solution of the given Eqn. (43) is  

 )1()1(sin xcexy x +++= . 

*** 
 
Let us look at another example. 
 

Example 13: Solve 0,0,0)( >>=−+ yxdyedxeaxyy xx . 

Solution: The given equation can be rearranged as  

 2axyye
dx

dy
e xx += , 

i.e., 2yaxey
dx

dy x−=− .       (46) 

It is a Bernoulli’s equation with 2=n . 

To solve it, let vy =−21 , i.e., 
y

v
1

= .  Then 

 
dx

dy
v

dx

dy

ydx

dv 2

2

1
−=−=  

Consequently, Eqn. (46) reduces to  

 xaxev
dx

dv −=−− , 

i.e., xaxev
dx

dv −−=+         (47) 

It is a linear equation with xdx

ee =∫=
.1I.F.  

Multiplying both sides of Eqn. (47) by I.F., we get  

 axve
dx

d x −=)(  

Integrating w.r.t. x , we get  

 ∫ +−= cdxaxev
x

 

      cc
ax

,
2

2

+−=  a constant. 

Replacing v  by 








y

1
, the required solution can be expressed as  

 

1
2

2

−









−=

ax
cey x . 

*** 
 
Remark: There are many second or higher order linear equations which can 
be solved easily by reducing them to linear first order equations by making 
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Block 2                       Ordinary Differential Equations of First Order 

 

E14) A tank contains 100  litres of fresh water.  Two litres of brine, each 

containing 1 gm of salt, run into the tank per minute.  The mixture is kept 

uniform by stirring and it runs out at the rate of 1 litres per minute.  Find 
the amount of salt present when the tank contains 150  litres of brine. 

 

 
As a natural extension of the above application, we now take up the 
absorption problem. 
 
V. Absorption of Drugs in Organs or Cells 

For the purpose of studying biological problems mathematically, it is often 
convenient to consider an organism (such as human, animal or plant) as a 
collection of individual organs (such as stomach, pancreas, liver or kidney) 
called ‘compartments’.  One such problem is the determination of absorption 
of chemicals, such as drugs by cells or organs.  This has practical applications 
in the field of medicine.  The simplest type of such problems deal only with one 
compartment.  We now illustrate through an example, the formulation of a 
problem which can arise. 
 

Example 21: A liquid carries a drug into an organ of volume 3cmV  at a rate    

sa /3cm  and leaves at a rate sb /3cm .  The drug concentration of liquid 

entering is 3/ cmgc .  Find the concentration of the drug in the organ at any 

time t . 

Solution: Consider a single compartment of volume V  together with an inlet 

and an outlet as shown in Fig. 3.  Let )(ty  be the concentration of the drug in 

the organ at any time t . 
Then the amount of drug in the organ at any time t  is 

 gVygyV =)/()( 33 cmcm .      (66) 

The amount of drug entering the organ at any time t  is  

 sgacgcsa /)/()/( 33 =cmcm .     (67) 

and the amount leaving the organ is  

 sgbygysb /)/()/( 33 =cmcm .     (68) 

From Eqns. (66)-(68), the differential equation governing the given problem is  

 byacVy
dt

d
−=)(        (69) 

along with the initial condition that at 0,0 yyt ==  (say). 

Eqn. (69) can be written as  

 
V

ac
y

V

b

dt

dy
=+  

which is a linear equation with 
t

V

b
dt

V

b

ee =
∫

=I.F.  

Ae
V

ac
ey

t
V

b
t

V

b

+=∴ ∫  

   Ae
b

ac t
V

b

+=  

or V

bt

Ae
b

ac
y

−

+=         (70) 

Fig. 3 
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Block 2                       Ordinary Differential Equations of First Order 

0( >rxr , an integer), xβsin  or ββ (cos x  constant) or a linear 

combination of such functions, then method of undetermined 
coefficients can be applied to find a particular solution of the equation.  

Particular integral for different forms of )(xQ  is given in the following 

table: 

)(xP  )(xQ  Particular Integral 

a  (constant) mxe  ( m  constant) 














−=

−≠
+

amxe

am
am

e

mx
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if

if

 

 
a  (constant) 

∑
=

n

i

i

ixa
0

  0( >i an   

                 integer) 






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



≠
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∑
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=

+

=

n

i

i
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i
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i

i

aifxb
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0
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0
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






−== −−

a

na
a

a
b

a

a
b n

nn
n

n 11

1
, , 

 

















−

−
−= −−− nnnn a

a

n
a

a

n
a

a
b 122

11
 

and so on. 
 

a  (constant) xx ββ cossin or  

or 

xBxA ββ cossin +  

( BA,,β are 

constants) 

A linear combination of  

xβsin  and xβcos . 

 
 
 
 

 
3. Method of variation of parameters provides an alternative approach 

for finding the solution of non-homogeneous linear differential equation  

 )()( xQyxP
dx

dy
=+ . 

 
4. a) Bernoulli’s equation 

 nyxQyxP
dx

dy
)()( =+ ,  

  where P  and Q  are functions of x  alone and n  is neither zero 

nor one, reduces, to a linear equation by the substitution nyv −= 1 . 

 b) Equations of the type 

   )()()()( xQyfxP
dx

dy
yf =+′  

  reduce to linear equations by the substitution vyf =)( . 

 
5. The differential equations governing physical problems such as 

population model, radioactive decay, Newton’s law of cooling, mixture 
problem and absorption of drugs in the organ have been solved. 
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Unit 8                Linear Differential Equations 

  Using 1)0( =y , we get 
9

10
=c . 

∴ for xxx ee
x

yex 333

9

1

39

10
,0 −+=>  is the required solution. 

 
E4) i) Comparing the given equation with Eqn. (18) 

  1,2,1 === mbka   

Also 0211 ≠=+=+ am  

xxmx

p
bee

b
e

ma

k
xy =

+
=

+
=∴ .1

11

2
)(  

Also in this case, xdxdxP

eee =∫=∫=I.F.  )1( =PQ  

∴ Required solution is  

  x

p cexyy −+= )(  for some arbitrary constant c . 

i.e., xx cebey −+= . 

 ii) The given equation can be written as  

   xe
b

y
dx

dy 3

2
3 =−  

  Here, 3,
2

,3 ==−= m
b

ka  

  am −=∴  

  A particular solution of the given equation is x

p
xe

b
xy 3

2
)( =  

  xdx
ee 33 −−

=∫=I.F.   

  Therefore, required solution is xx ecxe
b

y 33

2
+=  

 
E5) i) The given equation can be written as  

2xy
dx

dy
=− . 

Assume a particular solution of the form  

2

210

2

0

)( xbxbbxbxy
i

i

ip ++==∑
=

. 

Substituting )(xy p  in the given equation, comparing the 

coefficients of like powers of x  on both the sides and solving, we 

get  
222)( xxxyp −−−= . 

In this case xdx

ee −−
=∫=

.1I.F.  
∴ General solution is written as  

x

p cexyy += )(  

i.e., 222 xxcey x −−−= . 

 ii) Assume 2

210)( xbxbbxyp ++= . 

  Substituting )(xy p  and )(xy p
′  in the given equation and 

comparing coefficient of like powers of x , we get  

   
2

1
,

2

3
,

4

5
210

−
=

−
=

−
= bbb  
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Block 2                       Ordinary Differential Equations of First Order 

  2

2

1

2

3

4

5
)( xxxy

p
−−−=∴  

  xdx
ee 22 −−

=∫=I.F.  

  Required solution is cecxyy x

p ,)( 2+=  a constant.   

 
E6) i) Assume a particular solution as  

xdxcxyp 2cos2sin)( += . 

Substituting this value of )(xy p  in the given equation, we get  

xxdxcxdxc 2cos6)2cos2sin()2sin22cos2( =+−−  

Equating the coefficients of x2sin  and x2cos , we have  

5

12

62

02
=⇒





=−

=−−
c

dc

cd
 and 

5

6
−=d  

)2cos2sin2(
5

6
)( xxxy

p
−=∴ . 

In this case xdx

ee −−
=∫=I.F.  

∴ General solution is  

)(xyey p

x += α , 

i.e., )2cos2sin2(
5

6
xxey x −+= α . 

 ii) Particular solution of the given equation is  

)cossin3(
5

2

5

3
)92(

27

1
)( 22 xxexxxy x

p
−+++−= . 

The solution of homogeneous part of given equation  

i.e., 03 =+ y
dx

dy
 is given by  

xcey 3−= . 

Hence, the general solution is  

)cossin3(
5

2

5

3
)922(

27

1 223 xxexxcey xx −+++−+= − . 

 

E7) i) Assume a particular solution as )(sin)cos()( xdxcxy p ππ += . 

Subsituting )(xy p  in the given equation, we get  

)cos()sin()sin(2)cos(2)cos()sin( xxxdxcxdxc ππππππππ +=−−+−

Equating the coefficients of )sin( xπ  and )cos( xπ , we have  










+

+
−=⇒





=−

=−−

4

2

12

12
2π

π

π

π
c

cd

dc
 and 

4

2
2 +

−
=

π

π
d . 

Thus, the general solution is  

]sin)2()cos()2([
4

1
)(

2

2 xxexy x ππππ
π

α −−+
+

−= . 

Now, 1)1( =y  gives  

)2(
4

1
]sin)2(cos)2[(

4

1
1

2

2

2

2 +
+

+=−−+
+

−= π
π

αππππ
π

α ee  

  or,  
2

2

2
2

2 4

)2(

4

2
1

−−

+

+−
=






+

+
−= ee

π

ππ

π

π
α . 

 
∴ The required solution is  
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Block 2                       Ordinary Differential Equations of First Order 

 The required solution is 3)1(tan xecy −= . 

 
E9) i) The given equation can be written as  

32 tan2sec xyx
dx

dy
y =+  

Substituting yv tan=  it reduces to  

32 xxv
dx

dv
=+  with 

2
x

e=I.F. . 

Solving the above equation, we get  

)1(
2

1 22

−+= − xecv x . 

Hence, )1(
2

1
tan 22

−+= − xecy x  is the required solution. 

 ii) xx ece
y

2
1 2

2
+= . 

 iii) Divide the given equation throughout by 3y  and substitute 2−= yv . 

The equation reduces to  

   
x

v
x

x

dx

dv 6)1(
=

+
+   

  Solving we get  

   xe
x

c

x
v −+=

6
. 

  Thus, xe
x

c

xy

−+=
61

2
 is the required solution. 

 
E10) Here we have to solve the differential equation  

  kN
dt

dN
=         (74) 

 subject to 0)0( NN =  and 0
2

3
)1( NN 








= . 

 From Eqn. (74), we have  

 ktcetN =)(  where c  is a constant of integration. 

 At 0)0(,0 NNt == .  It follows that cceN == 0

0  so that  

 kteNtN 0)( = . 

 At 0
2

3
)1(,1 NNt == , thus 

 keNN 00
2

3
=  or 

2

3
=ke  

 







=⇒

2

3
lnk . 

 Thus, )2/3(ln

0)( teNtN = . 

 To find the time at which the bacteria have tripled  

 we solve )2/3(ln

003 teNN =  for t , which yields  

 )2/3(ln3 te=  or 3ln)2/3(ln =t  

 71.2
)2/3(ln

3ln
≈=⇒ t  hours. 
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Block 2                       Ordinary Differential Equations of First Order 

or,   )()()()()( 11

2

1

2 yyyyvxcyyvxbv +−+−=′     (58) 

From Eqn. (57), we have  

 1)( 1 =− vyy  or, 1)( 1 −=− vyy .     (59) 

We can thus write  

12)(2)2()( 111111 +=−+=−+=+ vyvyyvyvyyyvyy  (using Eqn. (59)). 

Further, vyyvyyvyy )()()( 11

222

1 +−=−  

              vyvy 11 21)12()1( −−=+−=     (60) 

Substituting from Eqn. (60) in Eqn. (58), we get  

 )(])(2)([ 1 xcvyxcxbv −+−=′ ,      (61) 

which is a linear (non-homogeneous) equation for determining a function v . 
The general solution of Eqn. (61) can be obtained and the substitution of this 
general solution in Eqn. (57) gives us the required solution 
 
Let us now go through some examples to understand the above analysis. 
 

Example 16: Solve 22 yxyy +−=′ . 

Solution: On comparing the given equation with Eqn. (56) we find that 

1,0 −== ba  and 2xc = .  The given equation is a Riccati’s equation which 

has a particular solution 01 =y .  To obtain the general solution y , we 

consider 

 
vvv

yy
11

0
1

1 =+=+=  

and then determine the function v  

Substutiting the values of b  and c  in Eqn. (61), we have 

  2xv
dx

dv
−=         (62) 

Eqn. (62) is a linear first order equation with  

xdx

ee −−
=∫=

1I.F  
The general solution of Eqn. (62) is then given by  

 ∫ +−= − xxx
Aedxxeev

2
 

 xAexx +++= )22( 2 . 

The general solution y  of the given equation then assumes the following form: 

 
22

1
2 +++

=
xxAe

y
x

, 

which contains A  as an arbitrary constant of integtration. 

*** 
 
Let us look at another example. 
 

Example 17: Solve 221 yxy +−−=′ . 

Solution: By inspection, we see that xxy −=)(1  is a solution of the given 

Riccati’s equation.  Comparing the given equation with Eqn. (56), we get 

0,1 2 =−−= bxa  and 1=c . 
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Block 2                       Ordinary Differential Equations of First Order 

 ∴ Eqn. (85) reduces to  

 VP
V

U
UUP

V

U
VUV +=










−  

 )1( PUPV ++=⇒  

 which is of Clairaut’s form and has its solution as  

  )1( ccUV ++= . 

 ∴ The solution of Eqn. (85) is  

  )1(22 ccxy ++= . 

 

E11) i) Clairaut’s (Hint: Substitute vy =2 ) 

 ii) Neither 

 iii) Riccati’s 

 iv) Clairaut’s (Hint: Substitute vy =3 ) 

 v) Neither 
 
E12) i) The given equation is  

   21 yxyy +−=′       (86) 

  Let 
v

xy
1

+=   (given )1 xy =  

  
dx

dv

v
y

2

1
1−=′∴ . 

  Then Eqn. (86) reduces to  

   
v

x

v
x

v

x
x

dx

dv

v

21
1

1
1

2

22

2
+++








+−=−  

  1−=+⇒ xv
dx

dv
      (87) 

  Eqn. (87) is a linear equaton with 2/2xdxx

ee =∫=I.F.  

  And dxeeecv
xxx

∫
−− −= 2/2/2/ 222

. 

  ∴ The required solution is  

   ∫−+= ][/1
2/2/2/ 222

dxeeecxy
xxx

. 

 ii) 
dxeeec

xy
xxxxxx

∫
+−++ +

++=
)2()2()2( 222

1
1  

 iii) 

∫
+

+

−

+=

dxec

e
xy

xx

xx

)
3

2
(

)
3

2
(

2

3

3

 

 

E13) Here 
)()(

)()(

xFxcf

xGxcg
y

+

+
=   

 )()()]()([ xGxcgyxFxcf +=+⇒      (88) 

 Differentiating w.r.t. x , we get  

  GgcyFfcyxFxcf ′+′=′+′+′+ )(])()([    (89) 

 From Eqn. (88), we get  

  )]()(/[)]()([ xgyxfxyFxGc −−=     (90) 

 ∴ Substituting for c  from Eqn. (90) in Eqn. (89), we get  


























