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7.0 OBJECTIVES

After going through thisUnit you should beabletoexplain

® theFisherian ideaof consumption asan outcomeof households intertemporal
choices,

s theLife-cydehypothesisof Modigliani and Brumberg and thePermanent Income
hypothesisof Friedman;

e theRandom W4k Hypothesisof Hall;and

®  theasset pricedetermination through the ConsumptionAsset PricingM odel
(CAPM).

7.1 INTRODUCTION

| n Economi cs, thereexi st closelinks between thecurrent economic variablesand their
past and futureva ues. Asyou haveseenin Blodk 2 (on EconomicGrowth), peststate
often determinesthecurrent state, just asthecurrent gatedeterminesthe future. But
thereisaso alink from futureto the present. Future of courseisoften unknown.
However, expectationsabout future variadlessometimes influencethecurrenteconon ¢
decisions.In other words, thedecision naki ng processof aneconomicagentisoften
'inter-temporal’ in nature— involvingdifferent periodsof time. Consumption and
savingsaretwo primeexampl esof suchinter-tempora decisionmaking.

How doesahousehol d deci de upon how much to consumet oday and how muchto
save?Keynesidentifiedcurrenti noane as theprimedeterminant of current consumption.
Initssimplest form, aK eynesian consumption function can berepresented by the
following linear equation:

C =C+c¥,C>0, 0<c<l, (7.

where C, iscurrent consumption and ¥; iscurrentincome. Noticethatoneimportant
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feature of thisconsumptionfunctionisthet the average propensity toconsume(C,/ ;)
fallsasincomerises.

Early empirica studiesusingcross-sectiona househol ddetafound evidencein support
of decreasingaverage propensity to consume: it wasfound that richer households

(wth higher ¥,) indeed consumed alower fraction of theirincome. However,in 1940s

Simon Kuznets usinglong run timeseriesdata on aggregate consumptionandincome
found that theaverage propensityto consumeremained moreor less constant, even
thoughaggregateincomeincreased substantially over theperiod under consideration.
Thisapparent puzzleled tothedevel opmentof anumber of theoriesofhousehol ds

consumptionbehaviour, all of whichfocusontheintertemporal natureof consumption
expenditure. Thefoll owing sectiondiscussessomeof theimportanttheoriesfromthis
literature.

7.2 CONSUMPTIONASINTERTEMPORAL CHOICE

One of theearliest worksthat depi ctshouseholds consumption expenditureasan
outcomeof households' intertemporal optimizationexerciseisthat of Irving Fisher
(1930). TheFisherian ideacan beeasily explainedintermsof atwo period model of
consumeroptimization. Let usassume that each member of ahousehold livesfor exactly

two periods'andletC; andC, denotehisconsumptionduringthefirst andthesecond
period ofhis liferespectively. Thepersonderivestuitility from both period's consumption
and hispreferencesarerepresented by theutilityfunction U(C,,C,) . LetY; and Y,

betheincomeoftheindividual inthetwo periodsrespectively. Out of hisfirst period
income, the personconsumesC; andsavestherest (S, =Y, - C,) toearnaninterest
income(1 t+ 7)S, inthenext period. InFisher'smodel, theonly purposedf savingsis
future consumption. Accordingly, consumption during second period isequal to
C,=Y,+(1+r)S,.

¢, - %,
By re-arrangingthetermsin C, = ¥, * (1t r)S,, wefind that I_+Lr ey 5.
, G _ 5 G, Y,

—y =2 (Y~ =
Since S, =Y, -C,, wehave; I+r+(' Cl)orCm“Hr Y+
Thus theintertemporal budget constrainisgiven by

C Y. 5
C+—2 =Y +—2-=Y(sa - (7.
e T 14 (s2y) (7.2)

Theleft hand sideofthe intertemporal budget constraint denotesthepresent discounted
valueof thetotal consumption expenditure of theperson, whiletheright hand side

measuresthe present discountedvalueof histotd life-timeincome( y ). The person

decidesonthelevelsof C, and C, by maximizinghisutilitylU(Cy,C,) subjecttohis
intertemporal budget constraint. Noticethat the optimization exerciseof thehousehold
definesthecurrent consumptionasa function of the present discounted valueof life
timeincome( y ) as well astherateof interest (r) onsaving*

i Thetime periods can be broadly defined so that thefirst time period covers his entire youth
and the second one covers his entire old age.

*  Strictly speaking, therate of interest pisthe'expected’ future rate of interest (which isexpected
toprevail in period 2). We areassuminghere that future is certain and known.




In Fg. 7.1 wedepi ctthe optimal consumption choices. WemeasureC, on x-axisand
C, on y-axis. The intertemporal budget constraint intersects the x-axis at

point(1 t )Y, Y, becausewhenC,=0in(72)wehaveC,= (1t r)Y; + ¥,. Smilaly,

Y,
wefindthetC; =¥, + —= whenC,=0.

Y] +
Yz/ ( 1 "l’l‘)

(C1.Ca)

(1+r) 1 tY, 2

Fig.7.1: Intertermporal Utility Maximisation

Itisnow easy to analyzetheimpact of achangein currentincome( ;) oncurrent

consumption(C,). Under theassumptionthat consumptionin both periodsare nomél
goods(i.e., associ ated with positive incomeeffects), anincreasein current income,
ceterisparibus, increasesthelife-timeincomeand henceboth C; andC, will increase.

Theimpactof achangein theinterest rate (r) on current consumptionismoreambiguous
Notethat anincreaseinr impliesadeclineintherd ativepriceof future consumptionin
termsof currentconsumption.? Suchachangeintherdativepriceistypicaly associated
withtwo effects: (i) an incomeeffect, whichin thiscasewill lead toanincreasein
consumptioninboth the periods(sinceadeclineinthepricelevd impliesthechoicesat
of theconsumer becomesbroader), and (ii) asubstitutioneffect, whichinthiscase
will leedtoafall incurrent consumption (snceadeclineintherdativepriceof future
consumption implies that people will substitute current consumption by future
consumption). Theoveral effect onanincreaseinr on current consumptiondepends
ontherdative strength of thetwoeffects. In ceterisparibusanincreaseinr leadsto

anincreaseinC, if theincomeeffect dominatesthesubstitutioneffect; ontheother
hand, anincreaseinr leadsto adecreaseinC, if thesubdtitutioneffect dominatesthe

incomeeffect. In thiscontextalsonotethatinso faras S, =¥, - C,,anincrease inthe

rate of interest would alsoimply higheror lower savingsdependingon therelative
strength of the incomeand thesubstitutioneffect.

ThisFisherian view of |ookingat consumptionasan outcomeof anintertemporal
optimizationexerciseonthepart of thehouseholdscameto play akey roleinthe

Thisisbecausefor the sameamount of current consumption for egone(in theformof savings),
onewill now get higher amount of future consumption.

Consumptionand
Asset Prices
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devel opment of the subsequent i nfluential theoriesof consumption, whichare: (a) the
life-cycle hypothesisof Modigliani and Brumberg (1954), and (b) thepermanent
income hypothesisof Friedman (1957). Boththesetheoriesattempt to explainthe
empiricallyobserveddiscrepancy between thecross-sectiona and timeseriesevidence
ontherel ationshi pbetweenthe averagepropensty to consumeand theincomelevel.

7.2.1 Life Cycle Hypothesis

Toexplainthe life-cycleand permanent incomehypotheses, let usextend thetwo
period model that we havejust discussed to a T-period model where each person
livesfor Tperiods (Where 7 > 2). Theutility functionof therepresentativemember
of thehouseholdisagaingivenby U(C,,C,,C; ..., C;) .FOrexpositionalsmplicity
let usassumean additiveutility function of theform:

U(C,,C,,Csennnnn. ,C) =u(C) +u(Cy) + . +u(Cy) = ZH(C:) .« (7.3)

Theutility function (7.3) iswel behaved inthesensethat marginal utility ispositive(in
symbolsy' > 0) andincreasesat adecreasingrate (impliesthat thesecond derivative
isnegative, ' <0 ). For smplicitylet usalso assumethat therate of interest is zero*
sothat theintertemporal budget constraint of thehousehold now becomes:

T T
SC =4+ 7, - .. (7.4)

t=] =1

wheret,, 1, ,......., ¥, aretheincomesofthe householdinperiodsl.2......,T'respectively

and A, istheamountof initial level of wedthstock of thishousehold. M aximizationof

utility subject totheintertemporal budget constraint will yield a Lagrangian function of
theform:

L=

!

r
=1 =1 =1

T T
zﬂh+{%+ZK—ZQ} - (1.5)
where 2 is the associated Lagrangian multiplier. First order conditions for

optimizationyied:

u'(C,) = A fort=12,...,T ,whereu'(C,) isthemarginal utilityin period .

The above condition implies that #'(C,)=u'(C;,)=""--~=4'(C;)= A, and
thereforeC, = C, =...... = C,. . Hencefrom theintertemporal budget constraint (7.4)
weaobtain
4 1(<
C= —TT"‘—T‘ ZYr forall «. ..(7.6)
1=1

4 Having apositiverate of interest will nat have any effect on the subsequent analysis.



Theterm within the parenthesisin theright hand sideof (7.6) istheaverageva uedf the
total life-timeincomeof the individual. The optimization exercise indicates that
consumptioninany periodisdeterminedtheindividud's total life-timeincome. Let us

denotethelatter by § . Then consumptionat any pointof time tisequal to (A, +¥) /T.

Thisphenomenon,whereby theindividua divideshistotd life-timeresourcesequaly
amongeach period and consumptionat different pointsof timearespread evenly over
theentiretime horizoniscalled consumption smoothing.

At any particularpoint of time t, theactual incomeof'that periodY, may exceedorfall

short of theaverage life-timeincome(y / 7). Given initial wealth, since current

consumption dependsonly on theaveragelife-timeincome, thereforeany changein
current incomewill havean effect on current consumption only to the extent that it
impacts upon the aver age life-time income. To be more precise, suppose a some

timeperiod, say 1 = ¢ , current incomerises by anamount Zfor somereason. The
correspondingincreasein averagelife-timeincomeisequa to z / T and asaresult,

consumptionat periody = increasesonly by theamount z /1. By the sametoken,
if thecurrentincomeat some period rises by an amount Z and theincomeat some
subsequent periodfallsby thesameamount, S0that theaveragelife-timeincomeremains
unchanged,then current consumptiondoesnot changein any period.

Noticethat whilechangesin currentincomehavelimited impact on theconsumption of
that period, current income playsacrucial rolein determinationof current savings.

Recall that savingsat any timeperiod isdefinedass, =¥, - C,.

1(< .
By using the result obtained at (7.6) weget S =1, '?[ZY.]—%. v (7.7)
=1

Aninterpretationof (7.7) isthat savingsishi gh when currentincomeishighreativeto
the averagelife-time income. It isthisideawhich formsthe basisof Modigliani-
Brumberg’s life-cyclehypothess.

According to Modigliani and Brumberg, incomevariessystematically over thelife-
timeof anindividual and savingsallow peopleto smoothenconsumptionover their
life-time, evenwhenincomesin different periodsarenot equal. In other words, people
maintainaneven stream of consumptionover their life-time by savingmoreduringhigh
incomeperiodsand saving lessduring thelow incomeperiods.

Thelife-cycle hypothesis postul atesthat an individual typicaly hasanincomesream
whichislow during the beginning and towardstheend of ones life, and highduringthe
middleyearsof one's life. Thisis because productivity of apersonistypicaly low
duringtheearly and thelateyearsof hislife, and productivityisat thepegk duringthe
middleyears. On the other hand, consumptionat every period remainsthesame a

A

0 1(3 |
C = T + T [Z Y, J . The typical income and consumption stream over the life-time
=1

of theindividua isrepresented by Fig. 7.2. Weobservefrom Fg.7.2, that duringthe
early periodsof one's life, anindividua dissaves(by runningdown hisinitial weslth,
and/or by borrowing); he savesduring the middle periodsof hislifeand dissavesagain
during thelater yearsby runningdown his accumul ated wedlth.

Consumptionand
Asset Prices
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Fig. 7.2: ConsumptionStreamover Lifetime

Giventha consumptionand savingsare postul ated to behavein thismanner over the
life-cycleof aperson, it isnow essy tossehow thishypothesi scan explaintheapparent
disparity between cross-sectional and aggregatetime series dataon consumption
behaviour. When one islookingat thecross-sectiond datafor aparticular point of
time, itislikdythatinarandomly sdected sampledf households (whichareclassified
accordingtoincome), the highincomecategory will containahigher-than-average
proportionof peoplebaongingtomiddlephase of their lifecycle, and thelow income
category will containa higher-than-average proportion of peoplebe ongingto either
theearly or thelatephasesof their life. Snceduring themiddlephase, people havea
higher averagepropendty to save(i.e., ahigher S, / ¥, ratio) and correspondingly a

lower averagepropengty to consume(i.e.,alowerC, / ¥, ratio), thecross-sectiona

data will reflectal ower propensty toconsumefor thehigh income category compared
tothelow incomecategory.

(&

Atthispoint it is important to note here that current consumption C, = ‘121?‘ + ? (Z Y, ]
t=1

depends not only onthelife-timeincomeof theindividud, but al soon theinitia stock

/G (Long Run)

|
A wm‘g m o
o l....y"upun.. q (Short Run)
B /
> v,

Fig. 73: Shortrunand Longrun Consumption



of asset A,. Intheshort run(or at any particular point of time) theasset stock remains
constant, InFig. 7.3wediagrammatically depict the above relationshipbetweenC,

andY,. Wemeasure C, alongthevertical axisandY, alongthehorizontal axis. Weget
an upwardsloping line(sl opelessthan unity) witha positive intercept, asshownin Fig.
7.3.However, when wearel ookingat thetimeseriesdatawhereincomeisincreasing
over along period of time, then thestock ofasset (which ispositively correlatedtothe
level of income) i also increasing. Thustheintercept term on thelinewill keepon

increasing. In other words, theshort runC, linewill kegpshifting upwardover time
(seethedotted linein Fig. 7.3).Henceif weareexaminingthelongrun consumption
datato determinethelong run rel ationshipbetween C, and Y, , wewill observepoints
likeA, B, Calong successiveshort runconsumptionlines. Inother words, thelong run
consumption function will besteeper, whereC, isproportionalto ¥, ,asshownin Fg.
7.3. Notethat al ong thelong run consumption line, the average propensity to consume
(C, /Y,) remainsconstant.

7.2.2 Permanent Income Hypothesis

Friedman's permanent income hypothesisprovidesan alternativeexplanationto the
apparent discrepancy between cross-sectional and time seriesdataon consumption.
Thepeimanentincomehypothesi sisa sofounded on theFisherian theory of consumption
asanintertemporal choice. However, unlikethelife-cyclehypothess, Friedman does
not postul atethat incomefollow aregul ar pattem over thelifecycleof an individud; he
instead arguesthat individual sexperiencerandom and temporary changesin thelr income

from timeto time. Accordingly, Friedman viewsthecurrentincomeinany period(Y,)
asconsisting of two components: permanent income (Y,” ) and transitory income

(Y,’). Permanent income isthat part of theincomewhich we expect to prevail over
thelong run. Friedman interpretsthisasthelong run averageincomeof theindividual,

1L
ie, V' = T {Z Y, ] . Transitory incomeisany random deviation from thisaverage,

=1

"
‘I' - —_——

r l 7 . . .
e, = T [Z J.Apositive transitory incomeimpliesthat thecurrent income
1=1
exceedsthepermanent income; anegativetransitory incomeimpliesthat thecurrent
L ALl Ay o

incomeis|ess than the permanent income. Since €, = ?0 * T Y W ==+1
1=}

i.e., current consumption of the household depends only on the permanent income,
any increaseinthetransitory part of thecurrentincome, whichleavesthe permanent

income unchanged, will have no impact on thelevel of current consumption.

Let usnow see how Friedman’s permanent income hypothesissolves the apparent
puzzlein the consumption data. According to Friedman's hypothesis, theaverage

propensity to consume(C, /Y,) dependsonthe ratio of permanentto currentincome

Y, /Y, . Thuswhen current incometemporarily risesabovethe permanentincomethe
average propensity to consumefalls; the opposite happens when current income

Consumptionand
Asst Prices
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temporarily falls bel ow the permanentincome. Now when we arelooking at cross-
sectional deta of different householdsat any point of time, typically the high income
groupwill containsomepeoplewithahightransitory income, who will have alower
propensity to consumethantheaverage. Smilarly thelow incomegroupwill contain
somepeople With alow transitory income, whow  haveahigher propensity to consume
than theaverage. Asaresult, wewill observeafaling average propensity to consume
aswemovefrom thelower to the higher income group. On the other hand, when we
areconsi deringlongruntime seriesdata, the random fluctuationstend to even out o
that any increasein incomeinthelog run reflectsapermanent increasein the average
incomelevel. Henceinthelog runtimeseriesdatawearelikely to observeaconstant
averagepropensity to consume.

Check Your Progressi

1) ExplaintheFisherian ideaof consumptionasan intertemporal choice. What are
theimpact of achangein incomeand achangein the interest rate on current
consumption?

e e e e it e e e e e e e e 8 R e e e R e e e A e P e e i
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...............................................................................
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2) Wha isthepuzzle in the consumptiondatathat hasbeenidentified by Kuznets?
How do the Life-cyclehypothesisand permanent income hypothesissolvethis
puzzle?

________________________________________________________________________________



7.3 CONSUMPTIONUNDER UNCERTAINTY:
RANDOM WALKHYPOTHESIS

In our discussionso far we have assumed that people know their averagelife-time
income(or the permanent part of theincome)with certainty. What happensif thereis
some degreeof uncertainty with the permanent incomeaswell? Obvioudy. in the
presenceof uncertainty, people's expectationabout the future becomes important.

We can extend the logic of the permanent income hypothesis to arguethat in the
presenceof uncertainty, individualsmaximizetheir expected utility subject tothe
congtraintthat the sum of total expected consumption cannot exceed thetota vaueof

theexpecied life-time income. In other words, theobjective function of a consumer is
now given by

which he maximizessubjectto iheconstraint

S E(C,) = 4y + Y E(Y,). (7.9)
(=] {=1

Notethat since Futureis uncertain, the expectation of peopleabout futurecomes to
play animportant role, and thereforehow peopleform their expectationa so becomes
important for the decision making process. You haveearlier been introduced to the
rationd expectation hypothesis in Block-3. Accordingto the rationa expectationstheory
theoutcomesdo not differ systematically fromwhat peopleexpectedthemtobe. The
extend onof the permanentincomehypothesis in the presenceof uncertainty combined
with the assumption of rational expectation led to the theory of 'random walk
consumption”, asexpounded by Robert Hal (1978).

Hal argued that if individual 'sconsumptionindeed depended on their expected average
life-timeincome, and if peoplehed rational expectations, then changesin consumption
over timewill be unpredictable, i.e., consumptionwill followa'random walk’. The
intuition behind thisresultissimple: if thelife-timeincomeisexpected to changeat
somefuturepoint of time and people have thisinformation, then they will usethis
information optimally (under rational expectation)and will thereforeimmediatdy adjust
their consumptionover differenttime periods(consumptionsmoothing)so thet current
consumption would not changeat thetime when theactua income changes. Current
consumptioncan changeonly if there aresurprisesinthelife-timeincome, which were
not anticipated. To put it differently, current consumptioncan only changedueto events
which are unpredictable and as a result changes in consumption would aso be
unpredictable.

Theoreticalyit iseasy to seehow this hypothesi sfollowsfrom theabove formulation
of individual's maximization problem,Aswesaw in (7.6) and (7.7) theindividual

7 L
maximizes 2, £[4(C,)] subject to i E(C) =4+ E).Sncetheindividud is
1=l (=1

=]
takinghisdecisionat time¢=1, under rationa expectations,al hisexpectationsare
basedon theinformationavailableat period 1. An optimizing agent will equatehis
expected (as of period 1) margina utilitiesin different periods. Now in period 1,
consumptionin period 1isacertainevent; hence E,[u'(C,)] =4'(C}) . Ontheother

Consumptionand
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hand, expected (asof period 1) marginal utility at any subseguent period isgiven
by: E,[#'(C,)] ; t=2.3,...., T. Thustheoptimaity conditionimplies:

u'(C)) =E,[u(C)]=E,[u(C)] =-... = E [u(C,.)] - (7.10)
In order to explain (7.10) further let us take a quadratic utility function of the

form: u(C,) = C, - 29 C,2 for t=12,...,T. Thenmemarglnd Utlllty function iSlinear
inC,, ie., '(C,)=1-aC, forall « Therefore,
E,[4(C)]=E[1-aC,]1=1~aE(C,).

Usingthisin theoptimality conditionwe get:

1—-aC, =1-aE|[C,]=1-aE [C]="- =1-aE [C,].
Ongamplification,
C =E[G]=E[C]=- =E[C] e (7.11)

Theabove conditionimpliesthat expectationasof period 1 about ', equals C,.In
more general termsif expectations areformed at any period t about afuture period

¢+1,then optimality conditionrequiresthat expectationasof period s aboutC,,, equals

C,,ie, C, = E,[C,,,]. Sinceunder rational expectationstheactual valueof a variable
candiffer from itsexpected valueonly by arandom term, thiswould imply

CI+| = El [C1+l ] + eH—I

= C: té., ’ (712)

wheree,,, isarandom term whoseexpectedva ueiszero. |f youlook carefully, equation

(7.12) saysthat consumption from period t to period t+| would remain unchanged,
exceptforan unpredictablerandomterm. Thisisprecisely theconclusi onof therandom
walk hypothesis. The hypothesis says that changes is consumption over timeis
unpredictable, becausethey canonly change due to the presence of unpredictable

randomevents.

Therandom walk hypothesi shasimportant implications from the point of view of
policy effectiveness. It impliesthat any government policy to influence consumption
(for example, atax cut) can work only to the extent that it is not anticipated. For
example, ifthe government announces atax cut policy today, whichwill beimplemented
from next year, thenconsumers withrational expectationswill adjust their consumption
today itsdf, sothat consumptionwould remain unchanged whenthetax policy actualy
becomesoper ativenext year.

7.4 CONSUMPTIONANDRISKYASSETS:
CAPITAL-ASSETPRICINGM ODEL

While analysing consumpti onunder uncertainty inthe previousSection, wehed implicitly



assumed that the sourceof uncertaintyisthehouseholds income. Inother words, we
had assumedthat therewasno uncertainty asfaras theasset returnisconcerned: the
returnto asset (r) wastreated asgiven. (In fact, for smplicity we had assumedthat it
hasavalueequal to zero). If thereturnto asset isnon-zero, but theexact returnis
uncerta nthentheoptimality conditionofthe individud's utility maximization willinclude
an expected return term asshown below:

ul(Cl) = El [(1 + rl+1 )uI(CJH )] s (713)

wheret isthetime period when expectationsareformed.

Weknow from the theorem for stati stical expectation (operator E) for two eventsA
andBthat £(AB) = E(A). E(B)+ Cov(A4B) (WhereCov(4B) istheco-variance
between the two events A and B). We can visualize(7.13) asacase of two joint
eventsand writethe optimality conditionas:

u'(C,) =E [(1+r)DE[u'(C, )]+ Cov,[(1+r,,,4'(C,,)] . (7.14)

Now supposethere aretwo assets: i) one with acertain(risk-free) return given by

i,,, »andii)anotherwith an uncertainrisky return with an expected returnva ueequa
to E,(r,,) - For therisky asset applicationof the condition (7.14) impliesthat

u,(Cp ) - COV, [(1 + rt+l L4 u’(CHl )]

E (41,1 = T

ul(Cl ) - COV‘ [(1 + rHl ,u’(CH\ )]
E [w'(C,.)] . (7.15)

e, I+£ 7l =

For therisk-freeasset, thereturniscertain and thereforeisuncorrelated to C,,, . In

other words, for therisk-freeasset Cov, [(1*1,,,,4'(C,,,)] = 0. Hencefor therisk-
free asset, thecondition (7.14) impliesthat

- _ ()
= ] T .. (7.16)

Comparing (7.15) and (7.16) weget:

_ COV, [(1 +7%., u’((jl-fl )]

E, [r/+l ] =L E, [u’(CH] )]

L(1.17)

Thecondition (7.17) givesusaway of determiningtheoptima (or equilibrium) expected
returnof arisky asset. Notethat ahigher vaueof C,, impliesalower vaueof #'(C.,,).
Thereforeapositiveco-variancebetweenr,,, andC,,, impliesanegativeco-variance
betweenr,,, and #'(C,,,) . Hence (7.17) impliesthat the higher isthe correlation

(+]

betweenr,,, and C,,,, the greater isthe required expected return on arisky asset
compared tothereturnfrom therisk-freeasset. To put it differently, thegrester isthe
covariancebetweenr,,, and C,,, , thehigher isthe premium that an asset must offer

Consumptionand
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rel ativeto therisk-free rate. Thismodel of determinationof expected return of risky
assetsisknownasthe ConsumptionCapital Asset Pricing Model (CAPM).

Check Your Progress?2

1) Describethe Random Walk Hypothesi sof consumption. What istheimplication
of thishypothes sfrom the perspectiveof government policy?

ot o i 8 e 0 O e e P A e el et e ok o A e e o e
- B e D R N o e L o R O A0 T T e S e O A om0 i e O M o e e e

o - 78 i Y = e e e A o i g Ry 0 b et e ot e e P R e e e e e e
- 0t o e e e P A A o o A A et e o A M kS e S
it i o A e A At e Y e e e o i i A A e P R e i et o e e
e a8 e A e P P T e e A Y 0 P e o e e o A T T b o et e e e o a o A e e

e e o e e e o M e e s e O et e Pt o B P e e B i P e e o e e

75 LETUSSUM UP

The present unit viewed consumptionin adynamic set up and introduced youto the
problemof intertemporal utility maximization. Inthiscontextit discussedthe issued
consumptionand savingswhen more then onetime periodsareconsdered. TheFisherian
i deathat consumptionisan outcomeofhousehol d'sintertemporal optimizationexercise
hasbeenexplainedinthe unit.

Empirical studies involvingcross-sectiondatafind that richer househol dsconsumea
smaller fraction of their incomecomparedto poorer households. However, sudies
based on time seriesdatashow that the proportion of consumption inincomehes
remained moreor lessthe same a though household incomehas increased manifold,
This apparent discrepancy has been attempted to be resolved through life-cycle
hypothesi sand permanent income hypothesis. According tothelifecycle hypothesis
theshortr un consumption function showsadecliningaveragepropensity to consume
(APC) whilethelong run consumptionfunction exhibitsconstant APC dueto incresse
in asset base. On the other hand, the permanent income hypothesis explains the
discrepancy intermsof permanent incomeand transitory income.

Inthe presenceof uncertainty actud consumptionbehaviour may bedifficult to predict.
Inthisstuationconsumption may followarandom pattern. Thistheory of consumption,
known asthe Random Wak Hypothesis, has been explained here. Findly, in the
presenceof uncertaintytheprice of therisky asset may followaspecific patternwhich
hasbeenexplainedinthediscussiononthe CAPM modedl.



7.6 KEYWORDS

AveragePropensity to Consume

CeterisParibus

Consumption Smoothing

Expected Utility

Intertemporal Decision

Permanent | ncome

Rational Expectations

TrangdtoryIncome

It isdefined asthe ratioof total consumption

C
(C) tototal income (Y). ThusAPC = v

It means'every thingel seremainingthesarae’.

Even though the income of an individual
changesacrosstime periods, hedivides his
lifetimeresourcesequally anongeach period
and consumption at different pointsof time
arespread evenly.

Thetotal utility expected to bederived from
thefutureincomestream.

A decisonwhichinvolvedmore than onetime
period.

That part of the current income that is
expected to remain stableover thelong run,

The hypothesisthat expectationssf people
onthewholeisunbiased.

That part of the current income which isa
deviation from permanent income.

7.7 SOME USEFUL BOOKS

Branson, William H., 1989, MacroeconomicTheoryand Rl i cy (3rd Edition), Harper

and Row, chapter 12.

Romer, David, 2001, Advanced Macroeconomics (2nd Edition), McGraw-Hill,

chapter 7.

7.8 ANSWERS/HINTS TOCHECKYOUR
PROGRESSEXERCISES -

Check Your Progress1

1) Read Section 7.2and writeyour answer.

2) Reed Section7.2and writeyour answer.

Check Your Progress2

1) Readsection7.3 andwriteyour answer.

2) Readsection 74 and writeyour answer.

Consumptionand
Asset Prices
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UNIT8 THE RAMSEY MODEL
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8.0 Objectives
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2.2  Panner'sProblem
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8.4 Governmentin Ramsey Modd and Ricardian Equivalence
85 LaUsSumUp

8.6 Key Words

8.7 SomeUseful Books

8.8  Answer/Hints to Check Y our ProgressExercises

8.9 Mahematicd Appendix
8.0 OBJECTIVES

After going throughthisUnit you should beableto:

s  explantheRamsey problemof optimal growth;

e comparetheoptimal growth problem of the central planner and that of the
decentralized perfectly competitiveeconomy;

¢ explain therole of government in the optimal growth framework and the
correspondingconcept of Ricardian Equivalence;and

o ifyougot hroughthe Mathemati cal A ppendix carefully you shoul d beinaposition
tosolveany standard dynamicoptimizationexercise.

8.1 INTRODUCTION

Inour discussonof househol d'sintertemporal consumptionand saving decisonsin
thepreviousunit have, weconsi deredopti mi zation problemswherethetime horizon
V6 finite. Whilethisisavalid assumptionfor an individual ,ahousehol d(or for thet
matter, thesociety asawhole) isgeneralyinfinitely lived. In other words, onecan
think of ahouseholdas consisting of individua members, each of whomarefinitely
lived, but new membersare bornin eachtimeperiod who arean exact replicaofthe
older members- sothat thehouseholdas a dynasty continuestoliveforever.

Animportant economic question that isoftenasked in thecontext of aninfinitelylived
householdisthefollowing: how should thehousehold all ocateitsresourcesbetween
consumptionand savingsinevery period Sothat the utility of each of itsmemberare
maximized? Inother words, what aretheopti mal consumption pathand optimal savings
path for this househol d?Toput it moregeneraly,inaneconomy consisting of identical
infinitely lived household, whaf shoul d betheoptimal savings/accumulation pattem thet
maximizes theutility of each of dynastichousehol d? Thislatter questi onwas first tadded
by Frank Ramsey (1928), which was | ater generalized by Cass (1965) and Koopmans
(1965). Themodel has subsequently beenknown asthe Ramsey-Cass-Koopmans
optimal growth modd.



TheRamsey-Cass-Koopmans optimal growthmode essentidly involvesadynamic
optimizationexerci sewhereby an agent maximizesitsobjectivefunction defined over
aperiod of time(finiteor infinite) subjecttosomeconstra nts. Theconstraints arealso
dynamic in naturein thesensethat they relateto valuesof thevariablesfor different
timeperiods. Thetechniquefor sol vingsuch dynamicoptimi zationexerciseshas been
specifiedinthe Mathematical Appendix at theend of theUnit. Inthetext weshall

samply state theconditionsfor optimization(withoutgettingintotheunderlyingtechnique)

and explainthe ecohomic intuition behind eachof theseconditions.

+

8.2 PLANNER'SPROBLEM

Intheorigina Ramsey formulation, theoptimal growth problemwaspostulatedasthe
problemof asocial planner who seeksto maximizethe welfareof each household
subjectto theeconomy's resource constraint at each point of time. The households
ared| assumed to beidentical intermsof preferencesand their welfareisrepresented

by aninfinitehorizon utility function of the form # = J‘u(cr) exp ' dl \wherec, is
0

the per capitacensumption inperiods, u(c,) istheassociated instantaneousutility
inperiod¢, and p ispositiveconstant term which representsthe subjectivediscount
rateof thehousehold, or itsrate oftimepr eference. Beforewe proceed further, it is
importantto explain the presenceof the discountfactor inthe household's welfare
function. The positivediscount factor reflectsthe household's preferencefor present
over future. Inother words, itimpliesthat ahousehold putsmore weight on consumption
today vis-a-visconsumption tomorrow. Notethat when; = 0 (i.e., theinitia time

period) exp™”‘ =1. Subsequently whenf=1 , exp™' =exp™®; When

t=2,exp =exp? andsoon,suchthatl > exp™ > exp ™ ........ . Therefore
intheinfinite-time utility function W, current utility a period zeroisassociated withthe
highest weight (unity), and each subsequent utility termisassociated with lower and
lower weights.

Thesocid planner maximizestheintegral W, but heisconstrained by thefact that at
each point of time, theeconomy'stotal consumption and total investment cannot exceed

dK
t

itstotal output.' Toputitformaly, C, + »

=Y, ,whereC, isaggregate consumption

o dk . : : . : :
inperiod 7, ar istheamount of investmentin period¢ which augmentsthecapital

sock (K) of theeconomy and Y, isthe total output produced in periods.

Totd populationat timetisgivenby L, , whichisassumed to grow at a positive

dL

1
exogenousraten: C i .

Output a any point of timeis produced using theexisting capital and labour at that
point of time. Technology is represented by aneoclassical production function

Y, = F(K,, L) ,whereFis continuous, concaveand exhibitsconstant returnsto scale

We rule out international borrowing here.

TheRamsey Model
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(CRS). We have explainedthe neoclassical productionfunctionin Unit 3, while
discussingSolow growthmoded . TheCRS property of the productionfunction implies
that per capitaoutput (y) can bewrittenasthefunctionof thecapital-labour ratio (k)
inthefollowingway:

_Y_F(KL_ LFK/LY) (K J=
yud JED_LREILY K)o s

Moreover themarginal productsof capital andlabour canal sowrittenasthefollowing
functionsof thecapita-labour ratio:

otk ; L=t -4'®).
oK oL

Thecontinuity and concavity propertiesof (L, K) ensurethat /() isasocontinuous

and concave. Additionally weassumethat f(0)=0; f'(0) =o; f'(0) =0.The
first of these assumptionsimpliesthat no production i spossi blewith zero capital-
labour ratio. Thelast two assumptionsareknown asthe Inada conditionswhich date
that when the capital-labour ratiotendsto zero, themarginal product of capital tends,
toinfinity, whilean infinitely highcapita-labour ratioimpliesthat the corresponding
marginal productof capital approacheszero.

. dK .
Theaggregateresourceconstraintfor theeconomy s, €, + o Y, . Dividingbath

. ¢ 1dK_7T dk
sdeﬁQ/L,wecanwrlteltasZJff!_dt'"f,i.e.,C, +E+nk1 = f(k,) where

t

the last equationdenotesthe resource constraint faced by the social plannerin per
capitaterms.?

The economy startswith agivenamount of capital stock and population; hencethe
initial capital-labourratioisgiven, denoted by %». At every point of timetheexisting

capital and labour stocksare fully employed. Hencethe capital-labour ratiok dso
denotesthe per capitacapital stock. Whilereferring to k weshall usethesetwo terms

interchangesbly.

Thecompletedynamic optimization problemfor thesocial planner can now bewritten
intermsof'the two time dependent variablesper capitaconsumption (c,) and per

capitacapita stock (k,):

Maximize W = [u(c,)exp™" dt subjectto % =T (k) - nk, -¢;k, gven
0

ThecorrespondingHamiltonian fynction and thefirst order conditionsin terms of the

Mo KoLK K1) LK
Nowthat U T L\ia) La

3 Seethe Mathematical Appendix for thedefinitions of the Hamiltonian function, control,
stateand co-state variablesin adynamic optimization problem.

ldLJ 1 dK



control variable( ¢, ), satevariable(k,) and co-statevariable(A, ) aregivenby:* The Ramsey Model

H =u(c,)exp™ + A4 [f (k) - nk, —c,]

ia) u'(c)exp™”' =A

dA
iia) af = —/11 (/N(k/) - I’l)

dk
iiia) d_t=f(kr)—’7kr_cl
iva) }l_g.} Ak, =0

Noticethat A, isthe shadow priceof capital (asexplained intheAppendix) or the

vaueof capitd in utility terms. Hencecondition (ia) statesthat dongtheoptimal path
the present di scounted valueof margind utility from consumptionwould beegual to
theshadow priceof capital. Theeconomicsgnificanceof thiscondition would become
clear if you notethat at any point of timeoneunit of output can be put totwodifferent
uses— one can either consumeit or invest it which augmentsthe capital stock. Now
optimality condition requiresthat thereturnsintermsof utility from thesetwo uses
shouldbeequal, whichispreciselywheat condition(ia) states. Conditions(iia)and (jiia)
repectively show how the co-stateand the statevariableschangeover timealong the
optimal path. Thefourthcondition, knownasthetransver salitycondition,implies
that astheeconomy approachesitstermind time(whichinthiscaseisinfinity), either
the value of capital goesto zero(in which caseit doesnot matter for theeconomy if it
leavesapositive capital stock at theend), or, if the val ueof the capital stock ispositive,
then theeconomy usesup all itscapital stock (i.e., kgoesto zero).

Differentiating(ia) Wh respect to t and using (iia) toeliminate 2, , wegetthefollowing

de _[ u'(c,)

differential equation: = _u.(C)J(f'(k,—”‘P). Noting that the

-cu"(c)

term 2(c) = O denotesthed adticity of marginal utility with respecttoconsumgtion,

theaboveequation can bewrittenas:

va) Zf [a](f(k ~n- p)

Equations(iiia) and (va) together form asystemof differential equationswhich, along
with thetransversality condition, determinethemovementsof per capitaconsumption
and per capitacapital stock of theeconomy alongtheoptimal path. Thequalitative
characterizationof thispathisshowninthe phasediagramgivenat Fig. 8.1.

dc dk
Thephasediagramtracesthe lines/curves alongwhich 4+ = 0ad T 0, Thepoint

of intersection of thesetwolinesiscalledthesteady state. A steady Statei sequival ent
tolong runequilibriumwhereby theval uesof thevariableremainconstant overtime. ' 21
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From (v E =0 implieseithere = ¢ or f'(k) = # + p. Ontheother hand, from
dt

(iiia),j—l: =0 implies ¢ =T (k) - nk . Plotting al theselinesand curvesinthec-k

planewith ¢ dongthevertica axisand kalong thehorizontd axis, weget adiagramas
showninFig.8.1.

.......

..fd_c_zo
dt

7

Fig. 81 PhaseDiagram

Thedirectionof arrowsinthe phasediagram showsthe direction of movementsof ¢

and kwhen they arenct onthe%t: =0 and% = 0 linesrespectively. From Fig. 8.1it

isclearthat thereexitsonesteady state, denoted by point Ein thediagram, whichis
associated with positivevaluesof ¢ and k. It can be shown (though we make no
attemptto proveit here) thet thissteady statepoint isa'saddle point' such thet there
exitsauniquepath whichapproachesthesteady state point; all theother pathsmove
away from thesteady state point. Thisuniquepathisdenoted by thedottedlineinthe
diagram.Thisistheonly path which satisfiesdl thefirst order conditionsof optimality
(conditions (ia)(iva) givenabove) includingthetransversality condition. Thispethis
thereforethe optimal path which satisfiesthesocia planner's dynamicoptimization
problem. Givenany initid capital-labourratio, thesocia planner will choosetheinitia
per capita consumption S0as to beonthisoptima path, which will eventudly tekethe
economytoitslongr unequilibrium (or steady Sate) point E.

At thisjunctureit i simportant to point out certainimportant featuresof thesteedy state
point E. Aswasmentioned before, a the steady state both the per capitacapita
stock, k, and per capitaconsumption, ¢, areconstant. Al so, at thisnon-zerosteady
state, the k-value and the corresponding c-value are defined respectively by the
equations. f"(k)=n+ p and c= f(k) — nk . Theconditionthatf '(k) =n* p is
calledthemodified golden r ule. |t statesthat the steady state value of thecapital-
labour ratioissuchthat themargind product of capita i sequal tothesum o theratedt
population growth and therate of time preference. In any dynamicmodel of capital
accumulationand growth theconcept of golden ruleplaysanimportant role(sse Unit
3). The golden ruleitsalf referstothat seedy state val ueof capital-labourratio where

f'(K) =n,i.e., themarginal product of capita i sexactly equal totherateof growthof
population. Thesignificance of the goldenruleobtainsfrom thefact thet it isthat teedy



satevalueof capital -labourratio whichcorrespondsto the maximum steady state
vaueof per capitaconsumption. Notethat when households rateof'time preference
iszero, themodified golden rule coincideswiththegol denrule and thesteady stateof
theRarnsey model i sattainedat the goldenrule point. However, when peoplehave
postiverateof time preference, they areunwillingto sacrificecurrent consumptionfor
future consumptionbeyond a point; esaresult they accumulatel essandreach al ower
leve of steady stateconsumptionthaninthegoldenrule.

8.3 DECENT.RAL ISEDHOUSEHOLDS PROBLEM

TheRarnssy modd described abovecan beeasily transformedinto theproblemof a
decentraized competitivemarket economy consi stingof many househol ds—all with
identica preferences. Weshd | seethat under certainassumptionsthe optimal solution
pathinthetwo casest urns out to beidentical.

Ingtead of assumingtheexistenceof acentral planner, let uscons der a market economy
wherethe householdsare pricetakers. Therearetwo competitivefactor markets

whichdeterminethewagerae(w,) andtheinterest rateor therateof return oncapital

(r) a@eachpointof time.

There exist many identical competitivefi rns which hirein labour and capitd from the
householdsat theabove mentionedwagera e andrental rate. Usingl abour and capita
thesefirmsproducethefina output, usingthesame technology asthecentral planner.
Competitionensuresthat the wage rateandtherental ratear e equal to therespective

marginal productsof labour and capital at full employment, i.e.,r, =f'(k,) and
W, = f(kl)_ klf’(kl) '

Ezch household maximizes itswelfaregiven asbefore by # = f u(c,)exp™" dt Bach
0

householdstartswithacertain amount of capita st ock and Iabour stock. Additionaly
householdscan borrow from oneanother. Leta, = k, — b, denotethe per capitaasset

stock of anhousehol dat period ¢, which cong stsof the per capitacapital stock owned
by thehousehold & period t minusthe amount of debt (per capita) at period?. (If the

householdisanet lender, thenb, would benegative).Arbitrageconditionintheasset
market ensuresthat physical capital and lendingearnsthesamerateof return. Hence
the per capitaincomeof the househol dat periodtisw, + .a, ,whichthehousehold
spendson consumyption and further asset accumul ation. Thus the budget constraint

faced by thehouseholdin per capitatermsisgivenby: ¢, + %t‘1+ na, =w,+na,,

The compl etedynamic optimization problemfor thehousehol d can now bewrittenin
termsof thetwo timedependent variablesper capitaconsumption( ¢, ) and per capita

asetgock (a,):

N - . da .
Maximize ¥ = _fu(C,)exp 2 dt subjectto Z =w,+(r, -n)a, - ¢;;a, given.
0

The Ramsey Modql\\
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Thecorresponding Hamiltonian functionand thefirst order conditionsinterms of the
control variable(c,), Satevariable(a, ) and co-gatevariable( 4, ) aregiven by.

H=u(c,) exp—pt+ A, [W, +(r, —n)a, - C,]
ib)  w(c,)exp? =24,

di
iib) = =41, —n)

.y 44
iiib) E =w, +(r-na, —c,
ivb) !HE ﬂ'rar =0

Notethat theseconditionsl ook quitesimilar to the first order conditionsthat weobtained
forthecentra planner’s problem (conditions(ia)-(iva) inthe previoussection). However,
for thehousehold's problem there i san additional conditionwhich hasto bestisfied if
wewant to get ameaningful solution. Thisconditioniscalled the No-Ponz-Game
condition which we elaborate below. First note that we have allowed for intra-
hous=hol dborrowing which means thet ahousehol dcan maintain aconsumption stream
aboveitsincomeby borrowing. Now if ahousehold could go on borrowing indefinitely
thenit will beoptimd for thehousehold toa waysmaintain aninfinitely high(or maximum
possi ble) consumptionstream and financesuch highleve of consumptionsmply by
borrowingmoreandmore. Of course, suchagtrategy would al so imply that thenet
per capita borrowing of the household wouldincrease exponentialya therate(r, - n)

(sncethehouseholdhas to borrow not only for consumption, but alsoto pay bedkthe
interest rate aswdl) and the present discountedva ue of the net debt of the household
will approachinfinity, Suchafinancingschemeiscalled Ponzi-Game financing®. In
order to ruleow suchinfinite indebtednessby any family we specify theconditionthat
the even theiugh the household can be temporarily anet debtor (i.e., the present
discounte} value of itsasset istemporarily negative), over asufficientlylonger horizon,
it must eventua ly repay dl itsdebt and hold non-negativeasset stock. Formaly, as ¢
goesto infinity, the present discounted valueof the (per capita) asset stock of the
householdmust be non-negative:

—j(r,-n)df
vb)  lima,exp 20-
~0

condition(vb) iscalled theNo-Ponzi-Gamecondition. For adecentralizedhousehold
conditions(ib)-(vb) specify the optima path the solvesthe household's dynamic
optimizationproblem.

Asbefore, differentiating(ib) with respect tot and using (iib) to iminate 4, , and

-cu(c)
u'(c)

4 Named after CharlesPonzi (1877-1949) whor aised consider ableamount of money promisnga -

high rate of interest (50% for 45 days, 100% for 90 days). As long as new lenders were

attracted to these returns, he was able torepay previous debt. In eight monthsheended up

with 10milliondollar sof certificatesand 14 million of debt. Criminal char geswer efinally levied -
on himintheUS and died a pauper. ‘

noting thet theterm = 0 denotesthedadticity of margind utility with respect




to consumption, we can derive the following differential equation:
B %=(%)6-n-p)
Vlb) d ¢ o t

Equations (iiib) and (vib) together form a system of differential equations which, along
with the transversality condition and the no-Ponzi-Game condition, determine the
movements of per capita consumption and per capita asset stock of the household
along the optimal path. '

Note that while for the economy as a whole the wage rate and the rental rate are given
byr, = f'(k,) and w, = f'(k,) —k f"(k,), the price-taking households take these as
given while optimizing. However we assume that the households are endowed with
perfect foresight, which implies that though they do not know the relationship between

wand r with the per capita capital stock, they can exactly guess the values of w and
r atevery point of time.

Also note that while the households can borrow from one another, in equilibrium for
the economy as a whole net borrowing must be zero. Since households are all identical,

this implies that net borrowing of each household would be zero, i.e.,a, = %, .

Thusreplacingr, = f'(k,) ,w, = f(k,)~k, f'(k,),anda, = k, inequations (iiib) and
(vib), we get a system of differential equation whichis exactly identical to the system of
differential equations that we obtained for the central planner. Hence their solution
must also be the same. In other words, under the assumption of perfect foresight on
the part of the households, the household’s optimal consumption and accumulation
paths are exactly identical to the consumption and accumulation paths that would be
chosen by a social planner. To put it differently, the decentralized market economy’s
solution path coincides with the solution path of the centralized command economy,
and the solution paths can once again be characterized by the diagram given at Fig.
8.1. This is a very strong result which shows the equivalence between the market

equilibrium and the socially optimal solution. This equivalence result however depends.

crucially on the assumption of perfect foresight.
Check Your Progress 1

1) What are the steady state values of per capita consumption and per capita capital
stock in the centralised version of the Ramsey optimal growth model?

_______________________________________________________________________________
-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
e e v o o o o 8 e b R o 9 O D et e
o 04 R
-------------------------------------------------------------------------------

--------------
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2) Would these values change if we consider a decentralized economy instead of
centralised planner’s problem? Explain your answer.

The Ramsey Model
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_______________________________________________________________________________
_______________________________________________________________________________
-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
_______________________________________________________________________________
-------------------------------------------------------------------------------

-------------------------------------------------------------------------------

8.4 GOVERNMENT IN RAMSEY MODEL:
RICARDIAN EQUIVALENCE

The decentralized equilibrium that we discussed above does not incorporate government
as a separate economic agent. It is however easy to introduce a role for the government
in the de-centralized Ramsey model, whereby the government finances its own
expenditure either by imposing a lump-sum tax on the household’s income in every
period. Since the government expenditure is unrelated to the households’ consumption
expenditure, the utility function of the households remain unchanged. However since
the government is taking away a part of the household’s income, the budget constraint
of the household changes. To be more precise, if the government imposes atax r on
the household income then the disposable income of the household reduces

tow, + r,a, — 7; consequently the budget constraint of the household becomes:

da . .. . .
— =W, +(r, —n)a, - ¢, — 7 Therest of the optimal condition remains the same. In

dt

dk
the phase diagram therefore, the i 0 curve shifts downward by the amount 7 , as

shown in Fig. 8.2. The new steady state is obtained at the point E” in Fig. 8.2, where
the steady state value of the per capita capital stock remains the same, but steady state
value of per capita consumption is lowet. The corresponding optimal path of the
household is once again denoted by the dotted line in the diagram.

2

Fig: 8.2: Phase Diagram (with Government)



Now suppose the government decides to finance its expenditure by borrowing from
the households, instead of taxation. Will that make any difference to the households’
optima? At first glance it seems that if the government borrows from the households by
distributing government bonds, then the government bonds would constitute an asset
for the households (because the government would pay an interest on these loans). So
the household’s disposable income is not reduced; only the composition of its asset
portfolio changes. So at first glance it seems that the household’s optima under tax
financing and under debt financing would be different. However, a more careful
consideration of the problem reveals that the mode of financing of the government
expenditure really does not make any difference to the household’s optima. As long
the government is forced to maintain a balanced budget in the long run, that is, it cannot
go on borrowing indefinitely, at some point of time in future the government has to
impose a tax in order to repay its debt incurred earlier, Since the households have
perfect foresight, they would know that at some point of time they would have to pay
the tax. Thus even though they are not paying the taxes today, they will adjust their
current consumption and capital accumulation decisions accordingly which will enable
them to bear the tax burden in future. This is a strong result which states that for
optimizing households endowed with perfect foresight (or rational expectation), the
mode of financing of government expenditure does not matter: tax financing and debt
financing are exactly equivalent as far as the household optima is concerned. This
result is known as the Ricardian Equivalence Result.

Check Your Progress 2

1) Inthedecentralized version of the optimal growth model, how would the equilibrium
values of per capita capital stock and the per capita consumption change if the
government imposes a lump sum tax to finance its own expenditure? In this context,
explainthe Ricardian Equivalence proposition.

-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
-------------------------------------------------------------------------------
...............................................................................
-------------------------------------------------------------------------------
................................................................................
...............................................................................
...............................................................................
...............................................................................
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8.5 LETUSSUMUP

In this unit, we have looked at the Ramsey-Cass-Koopmans optimal growth model
where infinitely lived individuals maximize their life-time utility. We identify the optimal
consumption-accumulation path as the saddle path which takes the economy to its
steady state in the long run. The steady state point is identified with the modified golden
rule point. Although the problem is identified as a social planner’s problem, its basic

The Ramsey Model
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conclusion remains unchanged even when the economy is characterized by competitive
decentralized households. Moreover, introducing a government sector which finances
its expenditure through lump sum taxation does not have any effect on the steady state
values of the model.

8.6 KEY WORDS

Infinite Horizon Dynamic An optimization exercise where the objective

Optimization Problem function is defined over several time periods
starting from time zero to infinity, and where
the relevant variables are dynamically linked
from one period to another through a dynamic
(difference or differential) equation.

Rate of Time Preference The rate at which future utility is discounted
vis-a-vis current utility.
Steady State A long run equilibrium point where all the
‘ relevant dynamic variables remain constant
overtime.
Phase Diagram A diagram which plots the dynamic (difference

or differential) equations in order to
characterize the direction of movements of the
variables over time.

Golden Rule When the marginal product of capital in an
economy is equal to the rate of population
growth. This is also the point where the steady
state value of per capita consumption is at its
maximum.

Maedified Golden Rule When the marginal product of capital inan -
economy is equal to the sum of the rate of
population growth and the rate of time
preference.

No-Ponzi-Game Condition A condition that rules out the situation where
an individual keeps on borrowing to meet
previous debt obligations and eventually in the
log run ends up with negative assets.

Ricardian Equivalence ‘ A situation where the government’s policy to
influence some economic outcome is nullified
by the actions of the private agents so that
there is a equivalence between the pre-policy
(competitive) and post-policy economy.

8.7 SOME USEFUL BOOKS

The standard references for the optimal growth model of section 8.2 are the following
two classic articles by Ramsey and Cass:

Ramsey, Frank P.,1928, “AMathematical Theory of Sdvings”, Economic Journal,
Vol. 38, pp. 543-559. Reprinted in Sen, Amartya (ed): Growth Economics, Penguin,
1970. ' o ‘



Cass, David, 1965, “Optimum Growth in an Aggregate Model of Capital The Ramsey Model
Accumulation”, Review of Economic Studies, Vol. 32, pp. 233-240.

Al the relevant topics, including the Ricardian Equivalence proposition, can be found
in the following textbook:

Blanchard, Olivier and Stanley Fischer, 1989, Lectures on Macroeconomics, MIT
Press, chapter 2.

8.8 ANSWER/HINTS TO CHECKYOUR
PROGRESS EXERCISES

Check Your Progress 1

1) Read Section 8.2 and write your answer.
2) Read Se'ction 8.3 and write your answer.
Check Your Progress 2.

3) Read Section 8.4 and write your answer.

8.9 MATHEMATICALAPPENDIX

Dynamic Optimisation in Continuous Time (Optimal Control)
A.l  Finite Horizon Problem

Consider the following optimisation problem which is defined over a finite time horizon
fromOtoT:

T
Max. W = [F(u.x,t)dt, subject to B F(t0)
0 at A1)

xo=x; uel.

The objective function here is an infegral, and our task is to find out a time path of the
time dependent variable u from the choice set U, (i.e., to choose ay e U for each
point of time ¢ starting from 0 to 7)) such that this integral is maximized.

But our choice is not unconstrained. (Had it been s0, a simple point-by-point static
optimization exercise would have given us the required solution path). Note that the 7
function (which can be called the instantaneous objective function) depends not only
~onubut also on another time dependent variable x. And our choice of u at each point
of time affects the next period’s value of x through the given differential equation. Thus
our choice of u affects the instantaneous objective function directly, as well as indirectly
through x. So when we are choosing the optimal time path for u that maximizes the
integral /7, we have to take into account how x is changing due to our choice of 4~ this
explains the presence of a constraint function in the form of a differential equatlon inx.

: Smpe we are choosing the variable directly (i.., we have direct control over this
- variable) it is called the control variable. The other time dependant variable, x, which
changes over time due to our choice of u, but we do not have direct control over its 7 29
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change, is called the state variable. The function fin the given differential equation
that describes the change in x over time is called the state transition function.

Pontryagin’s Maximum Principle: et u: be a solution path to the problem specified
in (1), and let x: be the associated path for the state variable, where ut* is a piece-wise

continuous functionof fand x, isa strictly continuous but piece-wise differentiable in

t. Then there exists a strictly continuous and piece-wise differentiable variable A ,and
a function H defined as:

H(u,%,4,) = F(uy,x,,0) + A f (14, %,,1),
such that

i) His maximised with respect to x at ,,* forall £ &[0, T

. o __4a4
Ii) Ox (u’,x‘,&,t) dt

oH dx

v) Axp =0

The function Hiscalled the Hamiltonian F unction associated with the given dynamic
optimizations problem, and the newly introduced time dependent variable ;3 is called
the co-state variable associated with the state variable x.

The co-state variable 4, measures the change in the value of the objective function W

associated with an infinitesimal change in the state variablex at time #. If there were an
exogenous tiny increment to the state variable at time £, and if the problem were modified

optimally there after, then the increment in the total value of the objective would be 4, .

Thus it is the marginal valuation of the state variable at time ¢, and is therefore often
referred to as the shadow price of the state variable at time 7.

Ponﬁyagin’s Maximum Principle gives us four first order necessary conditions for
the optimization problem defined in (1). The first three F.O.N.C’s are defined in tgrms
of the Hamiltonian function. Note that if the Hamiltonian function is npn—linear inu,

oH

then (i) can be replaced by the condition "3, =0 , provided the second

' xA.0)

- 8*H
order check ~, 2"
‘ ‘ 6u (" ,x,4,8)

<0

is verified.

The last condition of the Maximum Prinéiple (condition (iv)), which specifies a terminal |

- condition for 3, is cal}ed the Z}ahswmali{v Conditibn‘.



A2  Infinite Horizon Problems

Consider the following infinite horizon dynamic optimization exercise:

Max. W = IF(u,,x,,t)dt, subject to —d—x=f(u,,x,,t)
0 at Q)

xo=X; uel.

This problem is almost the same as the problem specified in (1); only now the time
horizon is no longer finite.

When the time horizon stretches from 0 to o, additional complications may arise:
Firstly, the integral ' may not converge. In that case it does not make sense to talk

about optimal paths, because any paths(y,, x, ) wi]leventua]lymakeméintegmlmﬁnitely '

large, and no comparison between one set of (1, x,) with another is possible. Hence

for the dynamic optimization exercise to be meaningful, we must impose additional
restrictions so that the integral converges to a finite value.

Secondly, there is some controversy regarding the appropriate transversality condition
in infinite horizon problems. Usually some limiting conditions, which are similar to the
transversality conditions applied in the finite horizon problems, are applied.

\
Consider problem (2) and suppose the integral converges. The first order non-essential
conditions for this problem are given in the following theorem:

Let u: be a solution path to the problem specified in (5), and let x,' be the associated
path for the state variable, where u: is a piece-wise continuous function of fand x: is
strictly continuous but piece-wise differentiable in 7, Then there exists a strictly continuous
and piece-wise differentiable variable 4, , and a function H defined as:

H (u,x,4,t) = F(up, x,,0) + A f (U, x,,0),
such that
) His maximised with respectto u at 3 *forall ¢ € [0,)

. oH __4di
D T

R dx
W a

o'y 9t

V) vﬁ{gﬂ,x,=0
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UNIT9 THE OVERLAPPING GENERATIONS
MODEL
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9.3  Dynamiclnefficiencyin OverlappingGenerationsM odel
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95 LetUsSumUp

9.6 KeyWords

9.7 SomeUseful Books

9.8  Answer/Hints to Check Your ProgressExercises

9.0 OBJECTIVES

After goingthroughthisUnityou should beabl eto exlain:

e thestandardtwo-periodoverlappinggenerationsmodel with production;

* theconceptof dynamicefficiency and examinewnhether the dynamicefficiency
property holdsfor an overlapping generationseconomy; and

¢ theroleof social security systemintheoverlapping generationsframeworkin
eliminating dynamicineffidency.
9.1 INTRODUCTION

Inthe context of intertemporal decisionmaking on the part of the households,you
have comeacrosstheoptimal growth model in the previous unit. Thereisanother
important framework that al So considershousehol ds' intertemporal decisionmaking —
athoughoverfinitetimehorizon. Thisframework iscalled theoverlapping generations
framework. Theframework wasfirst developed by Samuelson (1954) which has
subsequently been widely usedin macro dynamics.

Intheoverlappinggenerationsframework, individua shaveafinitetimehorizon(inthe
standard case, atwo-period time horizon), but the society livesforever. Theterm
‘overlapping generations implies that at each point of time thelife-time of two
generationsoverlaps. Toclarify, let ustakethe standard case whereeach generation
livesexactly for two periods. Thusfor the cohort of individualswho arebornat the
beginning of period't', they arealiveinperiod ‘' (whenthey are young) andin period
‘t+1° (when they areold). On theother hand, anew set of individualsarebornat the
beginning'of period ¢+, who would be alive in period ‘¢+1° and period ‘#+2°
respectively. Thusbetweenthelifetimesof these two successivegenerations, thereis
an exact overlapof oneperiod. Inthefollowingdiscuss onweshall concentrateonthe
two-periodoverlappinggenerationsframework only.

9.2 STRUCTUREOF THE MODEL

Theset of people whoare bornat thebeginning of periodt will becalled 'generation t'.




Let usnow look at theactivities of arepresentativemember of generationt. Each
person isbornwith an endowmentof oneunit of labor. Inthefirst period of hislife,
when heisyoung, he worksand earnsa wageincomeaof whichheconsumesapart
and saves(and invests) therest. Inthenext period of hislife, whenheisold, hedoes
not work anymore. He nonethel essearnsan interest incomeon hispreviousperiod's
savings(investment). He a so gets back the principal amount that heinvested, which
heconsumesin the second period along with theinterest earning. Thus hisfirstand
second period budget constraintsare respectively givenby:

i) c[!+sl=wl;

li) €y = (1 + )St ’

wherec,, andc,, arethefirstand second period consumptionof therepresentative

member Of generation t, andw, andr,,, arethe wagerate at period t and therateof
interest a period s+ | respectively.! Therepresentativemember maximizeshistwo-
period utility functionU (¢,,, ¢,,) Subject to thesetwo budgetconstraints. Notingthat
071 . . .. . .
8 = Q ’r ) we can combinethetwo budget constraints by eliminating s,, which
1+1
givesusthefollowing singleequationthat representsthefife-tinie budget constraint

€y

of theagent: €/ + (L+r.)= Wi

MaximizingU(c,,, c,,) subjecttothelife-timebudget constraint gener atesthefollowing
two first order conditions:

U
1) F]'=(1+"1+l).,

=w’

2) o, + —(————-—
From thesetwo equationswe canwritetheoptimal ¢,, andc,, asfunctions of w, and

Cy, . .

r,,, - Since % = (,r.) +2r ) ,theoptimdl valueof s, dsolecanes afunctionof w, and 7,,, .
t+1

Weshall assumethat all membersof al| generations are identica intemsof tastesand

preferences, i.e., they havesmilar utility functions.?

Let usnowl ook at theoveral | macroeconomic picture. Aswehavementioned before,
at each period therearetwo generationswho aresimultaneoudyalive. Thus at period
t, thereisaset of peoplewho belongto generations-/ (thesearethe peoplewho are
currently old) and a set of peoplewho belongto generation (thesearethe people
whoar e currentlyyoung). Thegenerationt peoplearetheworkersinperiod t, each of

' Note that though the member of generation t made his saving and investment decision a

period t, he earns the interest on that savings only in the next period. Hence "o is the

relevantrateof interes.
2 Similar,but not identical. To bemore precise, thetime subscriptsin theutility function will
bedifferent far different generations.

TheOverlapping
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whomearnawageincome w,. Thegeneration:-| peoplearetheinterest earnerswho
earnan interestincomeontheir previousperiod's savings(i.e., savingsmadein period
t-1) attherate 7, .

Supposethe populationin successive generationsgrows at aconstant raten. Thus
if L, denotesthenumber of peoplebelongingto generationt, and Z,_, denotesthe

number of peoplebelongingtogenerations-1,then L, = (1+ n)L,_, . Tota population

intheeconomy at periodtisgivenby L, t L .

The production sideof theeconomy islikeany standard neoclassical growth modd
that you haveseen before. A singlefina commaodityis produced which isused bothas
aconsumptiongood aswell asaninvestment good. Technology for final commaodity

productionisgivenby aneoclassica productionfunction: ¥, = F(K,,L,) ,whereFis
continuous, concave, exhibitsconstantreturnsto scale(CRS) with respect toitstwo
factors — capital (K) andlabour (L). AsintheRamsey modd, the CRS property of the
productionfunction impliesthat per capitaoutput (v) can bewritten asthe function of
thecapita-labourratio (k) inthefollowingway:

il

F(K,L)ZLF(K/L,1)=F(£1

- 5 ; ]zf(k).

Y _
a;

Moreover themargind productsof capital and labour candsowrittenasthefollowing
functions of thecapital-labour ratio:

oF oF

= Uk —= flk) -k (k

=W ==K,
The continuityand concavityproperti esof (L, K) ensurethat f (k) isalsocontinuous
and concave. Additionally we assumethat theInada conditionshold: f (0) =0;

J'(0)=c0; f(0}=0.
Inamarket economy with perfect competition, thewagerateand therateof interest

are equated with the respective marginal products of labour and capital.
Thusw, =f(k,) =k f'(k) andr, =f '(k,).

For the economy as awhole, savings-investment equality (which generatesgoods
market equilibriumfortheaggregate economy)tellsustha C, + I, =Y, = HK,,L,).
Noting that investment i snothing but the augmentati onof thecapital stock (assuming
nodepreciation),i.e., I, = K,,, — X, ,andalsonotingthat dueto theproperty of CRS

KL,,X,)=wL, *rK, vecanwritetheabovesavings-investment equality condition
as: C,+K,,, - K, =w,L, tr,K, Naticethat C, denotestheaggregateconsumption
at period?#, whichincludesconsumption by theold groupand consumption by the
younggroup. Thereare L,_, number of old peoplewhoarealiveat periodt and each

of them consume an amount ¢,,_; > On theother hand, thereare: Z, nunber of people

€y, isthe 2nd period consumption'of the representative member of generationt-1.



at period ¢ belongingto theyoung generation, each of them consuminganamount ¢,
HenceC, =L _c,,, + Le, .

Atthispi ntitisimportant to recal thet eschyoungperson i shor n withan endowment
of one unit of labour. Thereisno bequest; thereforetheyoung peopledo not own any
capital stock at period t (capital stock beingthe only assetinthiseconomy). Thusthe
entirecapital stock is owned by theolder generation. And sincetheolder generationis
going todieat theend of thisperiod, they consumetheirentireinterest eaming plusthe
capital stock (which, in the one good world, is directly consumable). Hence

L ¢, =K, 17K, . Again, each young person earns a wage w,, of which he

consumesc,, adsaves s,. Thus L,¢,, = L (w, - 5,). Usngal theseinformation, we
canwritethesavings-investmentequality conditionas:

K +rK, +L(w,-s)+K, —K =wlL +rK,.
Simplifying, weget the goodsmarket equilibriumconditionfor theaggregateeconomy
as K,,, = L,s, Recdl thats, isafunctionofw, ad r,,,.w, andr,,, areintum functions
of k, andk,,,

s(w(k,), r(k,,,)) . Thisalowsustowritethe goods market equilibriumconditionin
terms of the capital [abour ratioasfollows:

respectively. Thuss, can be written as a function ofk, and &,,,:

K1+l = Lls(w(kl ) r(kl+l )
_ K _ LSk ki) _ LisOwk), r(k,,))
L, L, - (1+n)L,
— k,_,.l = S(w(k()7 r(k{+l )) .
(1+n)

Thislastlineaboverepresents thebad cdynamicequationof this overlapping generations
model which specifies the rel ationship between the capital -l1abour ratio of today and
thecapital-labourratiooftomorrow. Tracing thisdynamicequationwill tell ushowthe
capital-labourratioof theeconomy changesover time It isessy to seethat thisequation
isafirst order non-linear differenceequationin k To characterizethesol utionpathwe

shall usethe phasediagramtechnique. Thephase diagramplotsk,, onthevertica

axisandk, onthehorizontal axis. Theintersectionofthe £,,, linewiththe4s° line
denotesthesteady State. L et usnow determinetheslope of thisline. Theslope isgiven

dk,,
by thederivative “&k_' . Asyou can see, theLHS of thedynamic equationisalsoa

function of k,,,. Hencetota differentiating both Sides,
dW dr{+1

s, 2k, + 5, S0 dk,,
dk{+l — ! : 1+1
, (1+n)
. aw . ar _ o : .
Noting that - = —kf"(k) and o T (k) wecan writetheaboveequationas

dk!+1 = Sw[_klf”(kt)]
dk, (+n)=s,f"(k,)"
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Notice that asyet we do not know thesignsof s, and s, ; hence we cannot say

whetherthexk,,, lineispositivelysopingor negativelydoping. Itiseasy to seethat
under theassumptionthat consumptionin both periodsarenormal goods i.e., both
¢, and c, increaseswithanincreaseinw), 0 <s, <1. Thesignof s, howeveris
ambiguous. Sinceanincrease iNr impliesthat there ativepriceof future consumption
in termsof current consumption falls. Hence due to substitution effect current
consumptionshouldfal, whichmeansthat with unchangedwagerate, savingswould
rise. However, afall in relativepricewill also beassociated with apositiveincome
ef f i oncurrent consumption. Thuswhether current consumptionincreasesduetoan
increase inr dependscrucially on whether theincomeeffect dominatesthesubgtitution

effect. If the income effect dominates the substitution effect, thenc, rises and
consequently s, < 0 .Onthe other hand, if the substitutioneffect dominatestheincome
effect, thenc, falls and consequently s, > 0 . Weshall assumeherethat thelatter holds,

i.e., s, >0.Under thisassumptionthek,,, lineispositivelysoping. Westill do not

know thecurvatureof thisline. Dependingon thecurvature multipleequilibria(i.e.,
multiplesteady states) arepossible, asshowninFig. 9.1.
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Fig.9.1: MultipleSteady State

Locd stability of asteady state dependsonwhether thek,,, lineintersectsthe45°line

from aboveor fiombeow. InFig. 9.1wefindthat £, wherethe %, lineintersectsthe
45°linefrom above,isalocally stableequilibrium. Ontheother hand, k*', where
thek,,, lineintersectsthe45° linefiombeow, isalocaly unstableequilibrium.

9.3 DYNAMICINEFFICIENCY INOVERLAPPING
GENERATIONSMODEL

Inthefollowing discuss onweshal assumethat theparametricconditionsare suchthat
there existsa uniqueequilibriumwhichislocdly stable.

Evenwhenthegeady statei suniqueand sable, inan overlgppinggenerationframework
theequilibriumcanstill be characterized by dynamicinefficiency. Thisisaserious



shortcomingof the overlapping generationsframework in comparison to the optimal
growthframework. Beforewed aboratethis point further itisimportant toknow what
we mean by dynamicefficiency or inefficiency.

Theconcept of dynamicefficiencyisclosdy related to the concept of Pareto efficiency.
To understand the concept consider a situation where we are comparing between
various possible steady states or equilibriumpoints. Each ofthese steady statesis
characterized by adifferent capital-labourratio and correspondingsteady statelevels
of per capitaconsumption for theold and the young. Since utility depends on the
consumption during youth and during old-age, each of these steady statesistherefore
associatedwith adifferent level of steady state utility. Now among all these steady
states, theonewhich providesmaximum steady sateval uedf utility i scaled the'golden
rule' point and thecorrespondingcapital-labourratioiscaled the'golden rulée capital
[abourratio. Thispointisthebest possiblesteady sate point which providesmaximum
life-timeutility to each person. Onecan show that steady state utility is maximized a

thepoint where f '(k) = n. Thusgoldenrulecapital-labour ratioisdefinedby &, such

that f'(k,)=».Fig. 9.2 depictsthe golden rulecapital labour ratio as the point
which maximizessteady stateutility.

u(c, . cy)

vV
=

Dynamically inefficient region

Fig. 9.2: Golden Rule Capital L abour Ratio

Nowconsider al the pointswhichlietotheright of &, . Herethe capital-labour ratio

ismorethan optimal. Inother wordspeopleareover-savingand over-investing. I f
insteadof saving, peopleconsumeapart of their savingsinthefirs periodof theirlife,

thenthecapital-labourratiowill fal to , andat thesametimetheir lifetime utility will

increase. Thusall the pointslyingtotherightofk, areParetoinferiorto &, : onecan

improve thecurrent consumpti onwithout reducingfuture consumption and thusimprove
total life-time utility . These pointsare calleddynamicallyinefficientpoints Now consider

al the pointstothe left of k, . Herealsothe utility level islessthan &, ; hence by
movingtok, onecanimprovethesteady statevalueof utility. However suchamove

isnot costless anymore. If onewantsto movefrom apoint totheleft of £, to &, ,then

he has to save more. In other words he has to forgo some amount of current
consumption. Thushiscurrent utility would fall, eventhough hewould bebetter off in

TheOverlapping
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thefuture (oncehereaches £, ). Sincesucha movefrom theleft to right involvesa
current utility loss, we cannot say for sure whether these pointsare better or worse

then &, .All thesepointsarePareto efficient or dynamically efficient.

We have seen that in the optimal growth framework the steady state is defined
by 7'(k) = n t p . Thusthesteady statepoint in that framework isalwaysto the left

of thegolden rule point and is thereforedynamically efficient. In the case of the
overlappinggenerationsframework however dynamicefficiency of the equilibriumpoint
cannot beguaranteed. Infact under very reasonable parametric values the steady
statecould bedynamicalyinefficient.

To sa=how, cons der the following examplewherewe assumeaspecific utility function
and a specific production function. Let the utility functionof the representativemember

of generationt be U(c,,,¢,,) =logc,, Tloge,, .Also et theper worker production

function bef (k,) = 4k] , 0 < a < 1. Boththelog utility function and the Cobb-

Douglas productionfunction areknownto bewdll-behaved whichsatisfy al| thestandard
neoclassical properties.

Withthelog utility function asspecified above, onecan easily verify that thefirst order
conditionsfor individud's utility maximizationexercisearegivenby:

c
)y =(en)
<y

.___-_-:':w{

ii) o+ S
(l + rl+l)
Thesetwofirst order conditionsgenerate asavingsfunction which isgiven by:

1 . . :
s =3 w, Also, with Cobb-Douglasproductionfunction w, = (1- &) Ak} . Thus

1
thebasi cdynamicequationinthisexampleisgivenby: 4.1 = m(l - a)Ak] At

steady state k, = k,,, = k*. Hence putting * at the LHS and RHS of the above

+]

| . A(l _ a) 1/(1-a)
equation, wecan solvefor thesteady statevalueas: & =| =773

L et usnow compare thissteady stateval ueof capital -labourratio withthecorresponding
goldenrule capita labour ratio. Notethat with the Cobb-Douglasproductionfunction,

thegoldenrulecapita |abour ratio inthisexampleisdefinedby: Aa(k)*" =n. Solving,

Aa (1-a) (1+n)’

1(t-a)
we getkg as k, = [—n—] . Thus whenever —&— > k' > k., ie.,

thesteady satewill bedynamically inefficient. For example, theequilibriumwill be
dynamically inefficientif oy = 1/4 ad n =1.

An obvious question that ariseshereis. why isit that the steady state could be



dynamicalyinefficientintheoverlgppinggenerations framework, whilesuchpossibility
isruled out intheoptimal growth framework?Theanswer liesinthefact thatin the
overlappinggenerati onsindividual sareselfish(no bequest). Sincethey do not haveto
sharethebenefitsof theirinvestment withtheir successve generations (whoare growing
at theraten), when they consider the possiblefuturereturntotheir investment, the
returnisnot net of thepopul ation growth. To put it differently, therelevant returnfor

themisnot (f '(k) — n) butjust  '(k) . Hencethey would keinteresedininvestingas
long asthisreturnlis positive, evenif it fallsshort of n. Thisisthereasonfor their
possibleover-saving.

Check Your Progressl

1) Derivethe basic dynamic equation of the standard two period overlapping
generationsmodel with production. Explaintheintuitionbehind thisequation.
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2) Wha isdynamicefficiency? |sthesteady Stateunder theoverlapping generations
structure necessarily dynamically efficient? Give anexampleto el aborate your
answer.
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94 SOCIAL SECURITY

Giventhat theoverlappinggenerationsequilibrium could becharacterized by dynamic
inefficiency, onecanask if there isany rolefor thegovernment here. In other words,
doesthereexist any government policy which could check theover-saving by the
househol ds?Typically thegovernmentcould influencethe savingsdecision through
somekind of social security programmes, What isasocial security programme?A
social security programme is meant to providesome incometo individuals after
retirement. There are usually twotypesof social security programmeswhich arein
vogue-afully funded system and a pay-as-you-gosystem,
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Inafullyfunded system asti pul atedamount i staken by thegovernment fromeach
young personat period t associal securi ty contribution. Thesameamount isinvested
by the government and returned withinterest to theold peopleat period £#+7. Since
theyoung at period taretheold at period #+/, inafully funded system the set of
people who made the contributionstoday and theset of peoplewhowill receivethe

corresponding benefit tomorrow arethesame. If 4, isthecontribution made by each
youngpersonat periodt,and 5,,,isthe benefitreceived by each old person at period

t+i,then b, =(1+r,,)d,.

Inan unfunded pay-as-you-go system, astipulated amount i staken by thegovernment
from eachyoung personat period/ and theentireamount isimmedi ately distributedto
theold people at periodt. In other words, the pay-as-you-go systeminvolvesatransfer
of funds from thecurrent young to the current youth. Notethat population isgrowing

at theraten; thereforeat eachpoint of timetherearen morepeople belongingtothe
currently young groupcomparedto thecurrently old group. Thusif &, isthecontribution

made by each young personat periodt, and b, isthe benefit received by eachold
person & periodt, then b, = (1 +n)d,.

Thet ype of social security system hasimportant implicationsfor thesavingsdecisions
of theyoung. Notethat inafilly funded systemthe government isdoing part of the
savingson behdf of theindividua s. Therepresentativeindividud iseffectively saving

anamountequal to(s, * d,) andinthenext periodearninganinterestincomeequa to

(1 ++£,,)(s, +d,). Since each person knowsthat thisisthe amount that he would

receivein thenext period, in hisown savingsdecision, theindividual will optimally
adjust (cut back) hisownsavingssothat histotd effectivesavingsremains thesame as
inthepre-social security economy. Thusafully funded socia security system hasno
impactonthetota savingsand capital accumulation. If the economy wasinadynamicaly
inefficientsteady statein the pre-social security economy, it will remainsoeven after
introducing afully funded social security system.

In contrast, in apay-as-you-gosocial security system, therelevant rate of returnon
government securitiesfor anindividua isn. On theother hand, therate of interest on
capital accumulationisr. Thusaslongasr<n, it paysto savelessand contributemore
intheformof socid security. Henceif theeconomywasin adynamically inefficient
steady statein the pre-socia security economy (whichimpliesthat r isindeed | essthen
n), introducing apay-as-you-go typeof social security system will reduce private
savingsand capital accumulation. Asaresulttheeconomy will movetothedynamicaly
efficientregion.

Check Your Progress2

1) [es awt ype of socia security Syst emnecessarily eliminate thedynamicinefficiency
problemintheoverlapping generationsframework ?El aborateyour answer with
thetwotypesof socid securitysystems.
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95 LETUSSUMUP

In thisunit, we discussed at the standard overl appinggenerationsframework with
production. We have derived the bas ¢ dynamicequationwhich basically statesthat
thetomorrow's capital stock isequal to the savingsby theyoung generationstoday.
We have derived the steady state conditions. It has been shownthat the steady state
under the OL G framework may not bedynamicaly efficient. Thegovernment can play
an importantrole hereto ensuredynamicefficiency by introducingasocial security
system.However the type of thesocial security system isimportant: apay-as-you-go
typeof socid security system iseffectiveindiminating inefficiencywhileafully funded
social security systemisnot effective.

9.6 KEY WORDS

DynamicEfficiency The situation where an increase in future
consumption implies a fall in current
consumptionso that future utility cannot be
increased without reducingcurrent utility.

Overlapping Gener ations A framework where agentshavefinite lifetime
and & every point of time more than one
generation of agentscoexit.

Social Security System A provisionfor retirement benefit such that
an agent receivescertain monetary benefit
from thegovernment when heisold.
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Check Your Progress1

1) ReadSection9.2and Miteyour answer.
2) ReadSection 9.3and writeyour answer.
Check Your Progress2

1) ReadSection 94and writeyour answer.
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UNIT 10 MONEY AND THE ROLE OF
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10.0 OBJECTIVES

After goingthroughthisUnit youshould beabletoexplain:

e theroleof money infacilitating thetransactionin astandardtwo period overlapping
generationsmodd of exchange;

e why money haspositivevaueinaneconomy wheremoney istheonly medium of
exchange ad

® theroleof moneyin amodd wherepeoplederivedirect utility by holdingmoney.

1 1 INTRODUCTION

Asyouknow, money isthe medium of exchange. In old daysgold and silver were
used as the medium of exchange. Thesewerecommodity money, which had some
valueapartfromtheir role as medium of exchange. However,inthe modern world,
money istypicaly paper money whichdoesnot haveany worthonitsown: itsonly
valueisintermsofthe commoditiesthat you can buy in exchange.

Money also servesa second purpose. In o far as money is needed to carry out any
exchange, itisad soused as agoreof vaue However, asastore of value, money istypically
dominated by all other assetsin thesensethat holding money involveszero returnin
nominal terms, whereasall other assetscarry somepositivereturnin nomind terms.
Thenwhy ispaper money vaued at dl? Herewesha | ssek theanswer tothi squestion.

Theneod ass cd growthmode sthat you havestudied so far are bassd on theassumption
thet thereisasinglefird conmad ty. Henceal |l payments—includingthewagerate and
therateof interest— aremadeintermsofthisfird commodity. Thereisnomoney. In
thischapter weshall seehow thepresenceof money affects thereal decisionsand the
dynamicequilibriainthesemodels.

10.2 MONEY INTHE OVERLAPPING
GENERATIONSMODEL

For moneytobeva uedit must fadlitatetheexchangeprocess. Samuelson’s overlgpping




generdions(henceforthOLG) st up can illustrate theusefulness of money asamedium Money and the Role of
of exchange. M onetary Policy

Let uslook at an OL G modd of exchange. Thestructureofthe modd isvery smilarto
the OLG growth model that you havestudied earlier. Theonly differenceisthat the
present modd isan OLG model of exchange—thereisno production.

Thehouseholdsidg of thestory isexactly sameasbefore. Each generationlivesexactly
for two periods. Thusfor thecohort of individua swho areborn at thebeginningof
period't', theyarealivein period‘r’ (whenthey areyoung) and inperiod ‘#+1° (when
they areold). Onthe other hand, anew set of individual sare bor n at the beginningof
period #+1, whowould bealivein period ‘t+1* and period ‘t+2° respectively. Theset
of people who are born at the beginningof period ¢ will be called ‘generation ¢.
Populationin successive generationsgrowsat therate n. We shal assumethat the

initial stock of population ( L, ) wasunity, so that number of people belonging to
generdiontisgivenby: L, = (1t n)'.

Therepresentativemember of generationt isendowedwith one unit of aconsumption
good when young and receivesno endowment when ol d. Thisconsumptiongood is
perishable; henceit cannot bestored forf ut ure consumption.On theother hand money
can bestored. Thusanybody whointendstoconsumein thenext peri od must sell the
commodity in exchange of money in thefirst period and then again buy back the
commodity againstmoney inthenext period. Thetwo-period utility function of the

representativemember isgivenby U(c,,,¢,,) , wherethe utility function hasall the
standard properties.

At any peiod theconsumption possibilitiesfrom thesociety's point of viewisshownin
thefollowingdiagram. The horizonta axis measuresthe per capitaconsumptionof
young and theper capitaconsumptionof theold. Notethat & any point of time¢, the

total endowment of goodsisgiven by L, (Snceeachyoung personreceives unitand

thereare L, number of young per sons intheeconomy at pointt). If the entireendowment

i sconsumed by the young, theneach of them consumeone unit, whichisdenoted by
point Aonthehorizonta axis. If, on theother hand, theentireamount isconsumed by
theold, then each of them consume(1+~) units, whichisdenoted by point B onthe
vertical axis. The straight line joining these two points representsthe society's
consumption possi bility frontier: each pointon thislinerepresentsacertain distribution
of thetotal endowment between theyoungandthedld (seeFig. 10.1).

> Cli
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Let usnow seewhat i sthe best point from anindividual'spoint of view. Theindividua
hasan utility function U(c,,,c,,) . If hecould choose betweenall the pointson the

consumption possi bility frontier then hewoul d have chosen the point whichwould
havemaximized hislife-timeutility. Thispointisrepresented by point EinFig. 10.2.

= C|¢

1
Fig. 10.2: Lifetime Utility Maximisation

Itis however importantto notethat without money, thispoint isnot reachableby
any individual. In other words, asimpletrade betweenthe current young and the
currentold cannot ensurethat point E isreached. Why not?Thereasonisthefollowing.
In order to reach the point E the current young will have to give a part of their
endowment to the current old. In exchangethey will haveto be given part of the
endowment of tomorrow's young generation. Sincetomorrow's young generationis
not present'yet, such acontract cannot beenforced on them tomorrow. So notrade
can takeplace.

L et usnow see how introductionof money can hel peverybody to reach the optimal
point. Suppose at timet thegovernment givesthe current old generationan amount of

money, 37, whichisequally distributed amongall themembers ofthe current old

generation. Suppose everybody in theeconomy (includingthefuture generations)
believesthat they will beableto exchange money for goodsat acertain price. The
pricelevel can vary from timeto time depending on the demand for and supply of

money. Let P, denote the price level at timet. It is obvious that the current old

generationsarethesuppliersof money. But whodemandsmoney?Thedemandersare
thecurrentyoung. Why do they demand money?Sincemoney isnot perishable(while
theconsumption good is perishabl e),theyoung generation can storethemoney andin
the next period (when they are old) can exchange it for goods so as to reach the
optimal point. To seetheargument moredearly, let uscons der themaximization problem

of arepresentativemember of generationt. Hewill maximizehisutilityU(c,,,¢,,)
subject to thefollowing two constraints:

) P(-c,)=M;ad
ll) })r-H;CZt =M;1’

where M ¢ isthe demand for money by the representativemember of generationt.

The underlyingintuition behind thesetwo constraintsarequitestraightforward. The
firstcongtraint saysthat out ofhis endowment of oneunitof final good, therepresentative

member of generation t saves an amount(1 - c,,) when young. This amount he

exchangesfor money a periodt atthecurrent price 7. Thus £, (1 - c,,) constitutehis



total demandfor money in periodt. Inthenext period hesellsthestored money As¢

to the young members of generation #+/ at aprice 7, , to get a second period

+17

consumption¢,, = M/ / P,,. Rearrangingthetermsweget thesecond constraint.

(+1*°

Eliminating A fromtheabovetwo constraints,wecan generate asingleconstraint:

F(l-c,)=F, .y

+1
Maximizingutility subject to thissingleconstraint onecanderivethefollowingfirst

.. Ul (CII’CZI) — Uz(clncz:)
order condition: P = P

t t+1

. Thisfirstorder conditional ong with one

of thecongtraintsin tumn defines theoptimal demandfor money functioninred terms

. M _ R
asafunctionof P, and P,_;: P =F P
{

1+1

Next wecharacterizetheequilibriuminthemoney market. At timer each of thecurrent
youngdemandsA/ ¢ amount of money. Hence thetotal demand for money at timet s

{

givenby L M ,or (d+ n)’Lo.F(P

i+1

]'Pr .On theother hand, theentireold generation

receivesamoney endowment equal to 37 . Thusthetotal supply of money at periodt
isgivenby 37 . Equating demandand supply, we get themoney market equilibrium
.conditionat period tas.

(1+n)’L0.F[ k ]p, =M |
t+l
( P 3\
Notethat L P J istherateof returnonmoney inred terms. It hascloselirk withthe
t+1

{ p\

£y

rateof deflation. Thelatter concept is definedasz, , where (1 +7,) = LP: lJ.Thus

wecan writethemoney market equilibriumconditionat any period ¢ intermsof the
current rate of deflation and the current price level in the following way:

(A+n) L, Fll+xz )P =M.

Noti cethet the money market equilibriumcondition definesashort run equilibriumrate .

of deflationfor every point of time. At timet theequilibriumrateof deflationisgiven by
(1t n)F(1+7,)=M ,and atimet+| theequilibriumrateof deflationisgiven by
A+m)L . Fl+=,)P,, =M. Comparing the two we get:

| B Fl+r,)
F(i+,)P, = (1+m)F(1+ 7,,)P., Reamangingterms: .~ = 1 + M7 0y,

' Sincethereareonly twocommaodities— the final good and money — money market equilibrium
in any period, by Walras’ Law,impliesthat thegoods market isalsoin equilibrium.

Money and theRole of
Monetary Policy
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, _ Fll+r,,
1€., (+m)=(+ ”)—;(1 T 1)).At the steedy state (long runequilibrium) therate
+ 4

of deflationisconstant which, from theaboveequation,impliesthat =, = r,,, =».

That is, at thelong run equilibrium, the rateof deflationisequal totherateof growth of
population.

Witharateof deflationequal to n, thebudget lineof anindividual (whichisrepresented
by theequation, (1 —¢,,) = 2,,.c,,) coincideswithlineAB infig. 10.2and therefore

therepresentativeindividua choosestheoptima point E, whichmaximizeshisuutility,
Thusintroductionof money inthisoverl gppinggenerationsmodel enabl esthemembers
to reach theoptimal point which wasearlier unattainablein the barter economy (without

money).

Whiletheoverlappinggenerationsmode highlightsthe usefulnessof money,the model
isinadegquateasa theory of money.Inthe OL G modd discussed above, money isthe
only asset which can be used asa storeof value. Had there been any other asset (say,
physical capital) witha return highert hen money, money would haveceased to have
any positivevaueinthisframework. Aproper theory of money must explain why
money continuesto be valued despite being dominated in terms of return by other
assets. Wenow turn to other theoriesof money whichaddressthisissue.

Check Your Progress1

1) Inabarter economyintroductionof money may enablepeopleto reachthesocialy
optimal outcome - do you agree? Elaboratein the context of a two-period

overlappinggenerationsmodel of exchange.
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10.3 CASH-IN-ADVANCEMODEL

Thecash-in-advancemodel emphasi zestherol eof money asamediumof exchange.
Themodd gartswith theassumptionthat"money buysgoods, goodsbuy money but
goodsdonotbuy goods' . Thisassumptionisknown asthe'Clower' constraint or the
‘cash-in-advance' constraint. Theterm 'cash-in-advance' impliesthat to buy goods
onemust accumul ate somecashin advance; one cannot directly exchangegoodsfor
goods.



Initssmplestform the cash-in-advancemodel specifiesthat purchaseof goodsmust
bepaidfor withmoney heldat the beginningof the period. Theforma presentation of
themodd isasfollows.

Lettheutilityfunctionof an infinitely lived representativeagent be

L

Y ule ,c,z‘, ¢ o)

t=0

wheree! ¢2, ¢?,.....c" represent theconsumptionof goodl, good2, good 3, ..., good
n respectively. Theagent can kegp hissavingsether in theform of money, whichearns
zero nomind return, or intheform of bond which yiel dsapositive nominal return
denotedby o . Theagent startswithacertain stock of money and acertain stock of
bond. Healsohasan income Y at each period Hencethe period t budget constraint of
theagentisgiven by:

DR + My + By =Y+ M, +(1+p.)B,.
1=|

It iseasy to seethat since bondsearnspositivereturnwhilemoney earnszero return
(that is, money isdominatedby bond), maximizationof theutilityfunctionsubject to
thisbudget constraintwill generatean optimal sol utionwherehol dingof money will be
zexo.

Now supposewe add a cash-in advanceconstraintto thisframework. That is, we

specifyan additional constraint of the form: ZP;'C,' < M, Thiscongtraint saysthat

i=l
all the purchasesmust be carried out from the stock of money. One can show that the
ol utionto theKuhn-Tucker maximization problemwith thisadditional constraint will
imply theoptimal money holdingisnolonger zero. In otherwords, adding acash-in-
advanceconstraintimmediatel y generatesademand for money.

Check Your Progress2

1)  What isClowerconstraint?How doesit ensurethat money haspositivevalue?
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10.4 MONEY INTHEUTILITY FUNCTION

The cash-in-advancemodd described abovehighlightsthetransaction demandfor
money. Thereexi stsa secondapproachwhichemphasi zesthefact that money might
providesome utility onitsown. Inthelatter approachmoney, or moreprecisely the
amount of red balances, entersdirectly into individual's utility function. Wedescribe
bel ow amodel which usesthisframework. Thespecific modd that weshall consider
hereisduetoSidrauski. Themodd isanextensionof the Ramsey mode whichalows
for holdingaf money.

Asisthe Ramsey model weassumethat at each point of time tthesociety consists
of L, number of infinitely lived individua swho haveidentical preferences. Theutility

finction of therepresentativeindividudl isgivenby 7 = [u(c,,m,)exp™' dt where,
0

and m, arerespectivelythe per capitaconsumptionand theper capitaholdingof regl
balancesin period £, u(¢,) istheassociatedinstantaneoustutility inperiodt,and o is
thesubjectivediscountrate of theagent. Theinstantaneousutility functioniswell-

behaved and hesall thestandard properties: ., u,, > 0;u,,,u,, > 0. Thepopulation
inthiseconomy growsa aconstant exogenousraten.

Peoplecan hald their wealtheither intheform of money or in theform of physical
capital. Ateachpoint of timethegovernmentdistributescertainamount of new money
stock equally amongthehousehol ds. Thesecondtitutetransferswhichinreal terms is

denotedby X, .Accordingly thesociety's budget constraint a period t isgiven by:

dKk, 1 dM,

C,+—t+——L=wL +rKk, +X

d P d
Nofine 1dK dk+nk dllg_ﬁi—@-+nm+m here kis th
oting atLd ” A Y Y WS R PS

capitacapita stock and x istherate of inflation, wecanwritethe budget constraintin
per capitatermsas:

dk, dm,
c, '74"71(, +—d?-+(n +7r,)m, =W]+7;k, + X,

Notethat per capitahouseholdwedthisgivenby g = m + k. Thereforewecan write
theabovebudget constraintintermsof per capitaweslthas:

da
' +"§;‘ =W, +(r1 —n)al +X, —(7[1 +r,)m,‘_

Asin theRamsey mode!, thecompl etedynamic optimi zationproblemfor the household
can now bewrittenintermsof thethreetimedependent variablesper capitaconsumption

(¢, ), per capitareal money balancesholding (m,) and per capitaasset stock (a, ):

c

MaxnmzeW = Ju(cn m,)exp"" dt
0



da .
subject tO gt (r, —ma, +x, -¢, - (7w, +r.)m, ;a, given.Alsothehousehold

treatsthewagerate (w,), therate of interest (r,), therateof inflation( 7, ) and the
transfer from government ('x, ) asexogenoudy given. Thusfor the household now

therearetwo control variables, ¢, and m, , and onedaevariable a,. Thecorresponding

Hamiltonian function and thefirst order conditionsin terms of thecontrol, stateand
co-statevariablesare givenby:?

H= u(c,,m,)exp"”+ /l,[w, +(r,—n)a, +x, —c, —(x, +r,)m,]

D u,(c,,m,)exp ™ = 2,

i) z),,,(c,,m,)exp"’lr =zl,(7r, +r,)
dA
111.) E[‘z_ﬁ"(al —n)
v) %=w,+(r,—n)a,+x,—c,—(n‘,+r,)m,
v) ||m/1,a, :O .

{—x

Additionally thereistheNo-Ponzi-Game conditiongiven by

—I(r,-n)dr

Vi) lima,exp * >0-

Finalynotethat whilethe householdtreatsw, , 7,77, and x, asexogenoustoitsdecision

making process, it nonethel esshas perfect foresight so that it can exactly guess the
correct valuesof thesevariablesat every pointof time. Accordingly in equations(i)-

(viywecanputw, = f(k,) -k, f'(k,) and r, = f' (k) .Also aswehave mentioned
before, the new money i sdistributed asgovernment transfer (in real terms) tothe

1{1dM
households, so that *: =f[73—'c—lt_)' We can write this latter term as
t !

LM

aM
X = I P {T\I/I_ (I] =m0 wheres istherate of growth of nominal money st ock.

Let us now look at the steady state of this economy. At steady state

-d—aaﬂz_d—.;{_zo Th dt dm=0 I " . th d
d dt dt - fheconaiion ==Y 1mplieS = = & . Putting these an

the other steady state conditionsin equations(i)-(iv), we get the steady state per
capitacapital stock and thesteady stateper capitaconsumptionas. f* (k') = p+n;
and ¢’ = f(k*) —nk”. Comparingthesevalueswith thecorresponding steady state

2 Toknowthe mathematical techniquego back totheMathematical Appendix of Unit 9 where
the infinitehorizon Ramsey mode has been discussed.
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Thecash-in-advancemode described above highlightsthe transaction demandfor
money. Thereexistsasecond approachwhich emphasi zesthefact that money might
providesomeutility on itsown. Inthelatter approachmoney, or more precisely the
amount of real balances, entersdirectly intoindividua's utility function. We describe
bel ow amodel whichuses this framework. The pecificmodd that we shall consider
here i sdueto Sidrauski. Themodd isan extensondf theRamsey model whichalows

for holdingof money.

AsistheRarnsey mode weassumethat at each point of timet thesociety consists
of L, number of infinitely lived individua swhe haveidentical preferences. Thedtility

function of the representative individua isgiven by ¥ = J-u(cl’ ,m,)exp ' df \where ¢,
0

andm, arerespectivelythe per capitaconsumptionand the per capitahol ding of real

balancesinperiods, u(c,) istheassociatedinstantaneoustutilityinperiods,and £ is
the subjectivediscount rateof theagent. Theinstantaneousuitility function iswell-
behavedand hasall thestandard properties. u,, u,, > 04, ,u,,, > 0. Thepopulation

inthiseconomy growsat aconstant exogenousraten.

Peoplecan hold their wedlth eitherin the form of money or in theform of physical
capital . At each point of timethe governmentdistributes certainamount of new money
stock equally amongthe households. Thesecondtitutetransferswhichinred termsis

denoted by X, . Accordingly thesociety's budget congtraint at periodtisgivenby:

C,+ﬂ+ ln =wil +rK +X,
d P dr
1dK _dk 1 1dM dm
———=—4 — - =—+rmm+
NotmgthatL Faato nk dL 5 - rm + 7m  wherekistheper

capitacapital stockand - istherateofinflation, wecan writethebudget constraintin
per capitatermsas

dk dm
c, +—d?’+nk, +7+(n+7r,)m, =w,+rk +x,,

Notethat per capitahouseholdwedth isgivenby ¢ = m + k . Thereforewecan write
the abovebudget constraintintermsof per capitawedthas:

c, +iigi.= w,+(r, —n)a, +x,—(x, +r)m,,
dt
AsintheRamsey modd , thecompletedynamic optimizationproblemfor thehousehol d

can now bewrittenintermsof'the three timedependent variablesper capitaconsumption
(c,),per capitareal money balances holding(m,) and per capitaasset stock (a,):

' Maximize# = [u(e,mYexp™" di
o . . 0 ‘



. da
subjectto 7 w, +(r, ~n)a, +x, - ¢ — (7 +r)m q, given.Alsothehousehold

treatsthewagerate (w,), therateof interest( ), therate of inflation (n,) and the
transferfrom government(x, ) asexogenoudy given. Thusfor the household now

therearetwo control variables, ¢, and m, , andonestatevariable a, .The corresponding

Hamiltonian function and thefirst order conditionsinterrnsof thecontrol, stateand
co-statevariablesaregivenby:*

H =u(c,,m,)exp'p’+ﬂ,[w, +(r,=-n)a, +x,—-¢, - (7, +r,)m,]

) uc,m)exp™ = 4,

i) u,(c.m)exp = A(x, +1)
da
n - -n
. da
IV) E—:w‘+(r,—n)a,+x,—c,~(7r,+r,)m,

V) limAa, =0,

Additionaly thereistheNo-Ponzi-Gamecondition given by

t
~|(r=n)dr

Vi) lima, exp © >0-
=
Findly notethat whilethehouseholdtreas: w,, r,, 7, andx, asexogenoustoitsdecison

making process, it nonethel esshas perfect foresight so that it can exactly guess the
correctvaluesof thesevariablesat every point of time. Accordingly ineguations(i)-

(vi)wecanputw, = f(k,)—- k7 (k) and r, = '(k,) . Alsoaswehavementioned
before, the new money isdistributed as governmenttransfer (in real terms) tothe

1({1dM
households, so that *: =Z_(—F—dt J We can write this latter term as
1 !

M dt J =m0 whereo istherateof growth of nominal money st ock.

Let us now look at the steady state of this economy. At steady state
da _dm _di

had Z=0.Th diti dm-—O' li n. Puttingth d
Gtz ar Y- Thecondition—-=0 impliess = o - n. Putting thesean

the other steady state conditionsin equations(i)-(iv), we get the steady state per
capitacapital stock and the steadly state per capitaconsumptionas, /(¢ ) =p+n;
and ¢* = f (k") — nk" . Comparingtheseval ueswith the correspondingsteady state

2 Toknowthe mathematical techniquegoback tothe Mathematical Appendix of Unit 9 where
the infinitehorizon Ramsey model has been discussed.
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valuesof'the origina Ramsey mode without money (described inunit 9), wefind that
they areexactly identical, Thusintroductionof money to the Ramsey modd doesnat
affect thereal equilibrium.

10.5 POLICYIMPLICATIONS

Wehavesofar discussedthreedifferent dynamicframeworkswith money. Notethat
the stock of money often constitutesanimportant policy variable in the hand of the
government. By varying the stock or therate of growth of money the government may
influencethereal decisionsof theagents. L et us now examine the effectivenessof
monetary policy inthesedifferentframeworks.

Let usfirst considerthe OL G framework. If thegovernmentincreasesthestock of
money in each period at aconstantrate and distributesit aslumpsum transfer to the
old generation, thenthat i ncreasesthe second period endowment of theold. Anincrease
inthesecond period endowment will unambiguoudydecreasesavingswhichin turn
will affect thepricelevel and thereforetherateof inflation. Notethat the negativeof the
rateof inflation(i.e., therateof deflation) isthered return on money holding. Hencea
changeintheinflationrateimpliesachangeinthered returnto money, which will affect
theoptimal decisonabout theother red variablesaswell. Thusinthe OLG framework
money isnot neutrd.

Inthe Cash-in-advancemodel a soincreasingthe supply of money easesthe Clower
constraintand enablesthe househol dsto buy moregoods. ThusaslongastheClower
congtraint is binding, money affectsthereal variables.

In themoney-in-the-utility-function approach, on theother hand, the teedy Satevaues
of thered variablesare unaffected by theintroductionof money. To bemoreprecise,
therate of growth of money stock doesnot affect thereal equilibrium. Thisresultis
knownasthe 'supemeutrality’ of money. Thusmonetary policy hasnoroletoplayin
thismodd.

Check Your Progress3

1) If oneintroducesmoney inthe Ramsey model how doesthelong runequilibrium
valuesof thered variableschange?
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2) Canchangeinthemoney supply haveany impact onthereal variables?Discuss
your answer inthecontext of thedifferentmode of money thatyou havesudied

here_

ot 0 e 8 O e e e



- e s e o e A T O oy 0 e e e G S B et e S T A A A s
e P i e e o T S e e o O O g O e e S o S A
B e O 8% e (o A8 o 0 D B O R e

e O e e o s 0 O P B O B P e S8 e e P e e ey e i e W

10.6 LET USSUM UP

Inthisunit,wehavelooked a theroleof moneyinaneconomy. Firsd wehaveintroduced
money inthestandard overl appinggenerationsframework of exchange. WWehaveseen
that inthi sframework money alowstheeconomyto reachitsoptima point. Weaso
discusstheroleof money inthe presencecf Clower constraintwhenall transactions
must be carried out intermsof money. Wea so discusstheroleof moneyinamodel
where peoplederivedirect utility frommoney. Thislatter modd i sanextension of the
Ramsey modd. Wefind that introductionof money hasnoimpact onthered variables
inthismodd.

10.7 KEYWORDS

Clower Congraint A gtuaionwheremoney istheonly medium
of exchangesothat any transactionrequires
money.

Super -neutralityof Money A situation where a change in the rate of

growth of money stock does not have any
impact ontheequilibriumvaluesof thered
variablesintheeconomy.
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10.9 ANSWER/HINTSTO CHECK YOUR
PROGRESSEXERCISES

Check Your Progress1

1) Read Section10.2and writeyour answer.
Check Your Progress2
1) ReadSection10.3andwriteyour answer.
Check Your Progress3
1) Read Section10.4andwriteyour answer.

2) Read Section10.5 and writeyour answer.
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