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BLOCK 6 STATISTICALMETHODS-II

Introduction

This block extends the statistical framework already given for data presentation and

discusses methods.of data collection, their analysis and inference drawing techniques.

Unit 18 dealwith sampling theory covering planning, designing and types of samples;

distribution of sample statistic and standared error derivation. Important sampling

distributions (discrete and continuous) such asBinomial, Poission, normal, chi-square, .

t and F are documented in Unit 19 that help analyst testing the sample coefficients.

The last unit of the block Unit 20 gives the procedure for deriving the tools used for

statistical inference. The estimation theory is presented delineating the characteristics.

of a good estimator and hypothesis formulation and testing. Moreover, the themes

such as fixation oflevel of significance, confidence interval setting, caution against ,

types of errors and critical values for significance test are dealt with to help draw

inference from data analysis.





UNIT 18 SAMPLING THEORY

Structure

.
18.0. Objectives

18.1 Introduction.

18.2 Advantage of Sample Survey

18.3 Sample ',Designs"

18.4 Biases in the Survey

•

18.5 Types of Sampling

18.6 Parameter and Statistic

18.7 Sampling Distribution ofa Statistic

18.8 Standard Error

18.8.1 Utility of Standard Error

18.9 Expectation and Standard Error of Sample Mean

18.10 Expectation and Standard Error of Sample Proportion

18.11 Let Us Sum Up

18.12 Key Words

18.13 Some Useful Books

18.14 Answer or Hints to Check Your Progress

18.15 Exercises

18.0 OBJECTIVES

After going through this unit, you will be able to answer the following:

• what is sample survey and what are the advantages of it over the total

enumeration;

• how to design a sample and what the probable biases that can occur in'

conducting sample survey;'

i

• different types of sampling and their relative merits and demerits;

• a brief idea of parameter, statistic and standard error; and

• expectations and standard deviation of sample mean and proportion.

18.1 INT~tODUCTION

Before giving the notion of sampling, we'll first define' population. In a

statistical invest igation interest generally lies in the assessment of the general

magnitude and the study of variation with respect to one or more characteristics 5
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relating to individuals belonging to a group. The group of individuals under

study is called population or universe. Thus, in statistics, population is an

aggregate of objects, animate or inanimate, under study. The population may

be finite or infinite.

It is obvious that for any statistical investigation complete enumeration of the

population is rather impracticable. For example, if we want to have an idea of

the average per capita (monthly) income of the people in India, we will have to

enumerate all the earning individuals in the country, which is rather a very

difficult task.

If the population is infinite, complete enumeration is not possible. Also if the

units are destroyed in the course of inspection (e.g., inspection of crackers,

explosive materials etc.), 100% inspection, though possible, is not at all

desirable. But even if the population is [mite or the inspection is not

destructive, 100% inspection is not taken recourse to because of multiplicity of

causes viz., administrative and financial complications, time factor, etc.; in

such cases, we take the help of sampling.

A [mite subset of statistical individuals 'in a population is called a sample and

the number of individual in a sample IS called the sample size.

For the purpose of determining population characteristics, instead of

enumerating the entire population, the individuals in the sample are only

observed. Then the sample characteristics are utilised to approximately

determine or estimate the population. For example, on examining the sample of

a particular stuff we arrive at a decision of purchasing or rejecting that stuff.

The error involved in such approximation is known as sampling error and is

inherent and unavoidable in any sampling scheme. But sampling results in

considerable gains, especially in time and cost not only in respect of making

observations of characteristics but also in the subsequent handling of the data.

Sampling is quite often used in our day-to-day practical life. For example, in a

shop we asses the quality of sugar, wheat or any other commodity by taking a

handful it from the bag and then decide to purchase or not. A housewife

normally tests the cooked products to find if they are properly cooked and

contain the proper quantity, of salt.

18.2 ADVANTAGE OF SAMP1LE SURVEY

Sample survey has some significant advantages over doing complete

enumeration or census study. The following are the some of the advantages of

sample survey:

i) Reduction of cost: Since size of the sample is far less than the entire

population, so to do the sample survey less number of staff and time is

required that reduces the cost associated with it.

ii) Better scope for information: In the sample survey, the surveyor has the

scope of interacting more with the sample households, thus can have

better, information in any particular issue than that in census method. In

the census method due to time constraint and financial inadequacy, the

surveyor cannot afford much time to any particular household to get

better information.

6



iii) Better quality of data: In the census method, due to time constraint, we do

not get good quality of data. But in sample survey, one can have a better

quality of data as the survey consists of all the information related to

objective of the study.

Sampling Theory

iv) Gives an idea of the error: For the population, we do not have a standard

error, but for the sample we do have a standard error. Given the

information of the sample mean and standard error, we can construct the

limit within which almost all the sample value will lie.

v) Lastly, the population may be hypothetical or infmite. So to avoid the

problems associated with complete enumeration, sample survey is the

best alternative to do any statistical analysis.

18.3 SAMPLE DESIGNS

Two things to be required to plan a survey - one is validity, i.e., we must

review the valid answers to the questions that we are looking at. And the

second is optirnising cost and efficiency. It is very obvious that cost increases

with the sample 'size. Whereas efficiency, which is measured by inverse of

variance of the estimator (e.g., v(x
n
)=cr2

/n) decreases with the sample size. If

the sample size increases, then values tend to stick around a central value, thus

variance decreases. Now from the cost point of view less number of samples is

desirable while from efficiency point of view large number of samples is

. desirable. So given these two opposite facts, we have to design the sample in

order to collectively optimise the constraints.

Sample survey is done in three different stages. The first and the foremost is

the planning stage which includes -

• Defining the objective: The prime most important thing is to determine the

objective of the survey, otherwise, the process cannot be initiated.

• Defining the population: It is necessary to defme the population of which

samp1e is to be collected so as to make the survey easier otherwise, extra

cost will be incurred for an expanded sample set.

• Determination of the data to be collected: Before starting the survey the

target group has to define, otherwise, the sample collected would not be the

representative one.

• Determining of the method of collecting data: There can be two methods

of collecting data; questionnaire method and interview method. Both of

these methods have some demerits. In the questionnaire method the

responder may not respond at all or may respond partly. In that case, those

. observations have to be excluded for better analytical results though there

can be a risk of inadequate sample observations.

• Choice of the sampling units: Sampling unit has to be chosen on the basis

ofthe objective so that surveying can be done easily.

• Designing the survey: It has two parts, (i) conducting a pilot survey, where

small scale survey is done before the original survey so as to have a brief·

idea about the survey; and (ii) deciding on the flexible variables, where

•

7
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target group should be chosen so as to capture the exact information as far

as possible.

• Drawing the sample: The easiest way to draw a sample is to identifying

each sample unit with a given number; then putting the numbers .in a urn

and mix them up and draw out the required number of sample size.

18.4 BIASES IN THE SURVEY

There can be two types of biases in the sample survey-

i) Procedural bias: Procedural bias can be in the form of response bias,

where people do not tend to respond properly; observational bias, where

sample chosen are not representative of the population. Very often either

of the two occurs. There can be other types of pro cedilla 1biases also, like,

non-response bias, Where people do not respond at all; and interviewer

bias, where the interviewer collects the information with a biased frame

of mind.

ii) Sampling bias: There can be three types of sampling biases: (i) wrong

choice of type of sampling, where collected information may not have

statistical significance; (ii): wrong choice of the statistic, where test ;

statistic chosen is not statistically correct; and (iii) wrong choice of.the

sampling units, which could make the sampling difficult to conduct

Check Your Progress 1

1) List the advantages of sample survey.

2) What do you mean by sample designs?

! :.,. .

........................................................................................

3) What could be the types of bias you face in sample survey?

......................................................................................

18.5 TYPES OF SAMPLING
t:

8

Some of the commonly known and frequently used types of sampling are:

(i) Purposive sampling, (ii) Random sampling, (iii) Stratified sampling, and

(iv) Systematic sampling.



Let us explain these terms precisely .' Sampling Theory

Purposive sampling
,

Pu osive sam lin IS one

definite purpose in view. For example, if we want to show that the standard of

living has increased in the city, New Delhi, we may take individuals 'in the

sample from rich and posh localities and ignore the localities where- low-

income group and the middle class families live. This sampling suffers from

the drawback of favouritism and nepotism and' does not give a representative

sample of the population.

Stratified sampling

Here the entire heterogeneous population - is divided into a number of

homogeneous groups, usually termed as 'strata', which differ from one another

but each of these groups is homogeneous within itself. Then units are sampled

in random from each of these stratum, the sample size in each stratum varies

accordingly to the relative importance of the stratum in the population. The

sample, which is the aggregate of the sampled uriits of each of the stratum, is

termed as stratified sample and the technique of drawing this sample is known

as stratified sampling. Such a sampling is by far the best and can safely be

considered as representative of the population from which it has been drawn.

Random sampling

In this case, the sample units are selected at random and the drawback of

purposive sampling, viz., favouritism or subjective element, is completely

overcome. A random sample is one in which each unit of population has an

equal chance of being included in it. Suppose we take a sample of size n from a

[mite population of size N. Then there are " C
n

possible samples. A sampling

technique in which each of the N C; samples has an equal chance of being

selected is known as random sampling and the sample obtained by this

technique is termed as random sample.

Proper care has to be taken to ensure that the selected sample is random.

Human bias, which varies from individual to individual, is inherent in any

sampling scheme administered by human beings. Fairly good random samples

can be obtained by the use of Tippet's random numbers tables or by throwing

of a dice, draw of a lottery, etc. The simplest method, which is normally used,

is the lottery system; it is illustrated below by means of an example. '

Suppose we want to select r candidates out of n. we assign the numbers 1 to n,

one number to each candidate and write this numbers (1 to n) on n slips which

are made as homogeneous as possible in shape, size, etc. These slips are then

put in a bag and thoroughly shuffled and the r slips are drawn one by one. The r

candidates corresponding to the number on the slips drawn will constitute the

random sample. '

Note: Tippet's random number tables consist of 10400 four-digit numbers,

giving in all 10400 x 4, i.e., 41600 digits, taken from the British census reports.

These tables have proved to, be fairly random in character. Any page of the

table is selected at random and the number in any row or column or diagonal

selected at random. may be taken to constitute the sample.

9
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Simple sampling

Simple sampling is random sampling in which each unit of the population has

an equal chance, say 'p', of being included in the sample and that this

probability is independent of the previous drawings. Thus, a simple sample of

size n from a population may be identified with a series of n independent trials

with constant probability 'p ' of success for each trial.

Note: It should be noted that random sampling does not necessarily imply

simple sampling though, obv.iously, the converse is true. For example, if an urn

contains 'a' white balls and 'b' black balls, the probability of drawing a white

ball at the first draw is [a/(a+b)] = PI (say) and if this ball is not replaced the

probability of getting a white ball in the second draw is [(a-l)/(a+b-l)] = P2 t-
PI. This sampling is not simple, but since in the first draw each white ball has

the same chance, viz. a/(a+b), of being drawn and.in the second draw again

each white ball has the same chance, viz. (a-l)/(a+b-l), of being drawn, the

sampling is random. Hence in this case, the sampling, though random, is not

simple. To ensure the sampling is simple, it must be done with replacement, if

population fmite. However, in case of infmite population no replacement is

necessary.

18.6 PARAMETERANDSTATISTIC

In order to avoid verbal confusion with the statistical constants of the

population, viz., mean (u), variance ((j2), etc., which are usually referred to as

'parameters', statistical measure computed from the sample observations alone,

e.g., mean (x), variance (S2), etc., have been termed by Professor R. A.

Fischer as 'statistic'.

In practice, parameter values are not known and the estimates based on the .

sample values are generally used. Thus, statistic, which may be regarded as an

estimate of parameter, obtained from the sample, is a function of the sample

values only. It may be pointed out that a statistic, as it is based on sample

values and as there are multiple choices of the samples that can be drawn from

a population, varies from-sample to sample. These differences in,the values ofa

'statistic' are called 'sampling fluctuations'. The determination of the

characterisation of variation (in the values of the statistic obtained from

different samples) that maybe attributed to chance or fluctuations of sampling

is one of the fundamental problems of the sampling theory.

Note: Now onwards, I-l and (j2 will refer to the population mean and variance

respectively while the sample mean and variance will be denoted by x and S2

respectively.

Check Your Progress 2

I) List the important types of sampling.

10



2) Distinguish between random and stratified sampling. Sampling Theory

'-.......................................................................................

3) Differentiate between the parameter and statistic.

18.7 SAMPLING DISTRIBUTION OF A STATISTIC

If we draw a sample of size 'n' from a given fmite population of size 'N', then .

the total number of possible samples is:

. N en = NU {n! (N - n)!} = k, (say).

If for each sample, the value of the statistic is calculated, a series of values of

the statistic will be obtained. If the number' of sample is large, these may be

arranged into frequency table. The frequency distribution of the statistic that

would be obtained if the number of samples, each of the same size ('n'), were

infmite is called the 'sampling distribution' of the statistic. In the case of

random sampling, the nature of the sampling distribution of a statistic can be

deducted theoretically, provided the nature of the population is given, from

considerations of probability theory.

Like. any other distribution, a sampling distribution may have its mean,

standard deviations and moment of higher orders. Of particular importance is

the standard deviation, which is designated as the 'standard error' of the

statistic. As an illustration, in the next section we derive for the random

sampling the means (expectations) and standard errors of a sample mean and

sample proportion.

Some people prefer to use 0.6745 times the standard error, which is called the

'probable error' of the statistic. The relevance of the probable error stems from

the fact that for a normally distributed variable x with mean f.! and s.d o ,

.P [11- 0.6745 ():S x s 11 + 0.6745 ()] = 0.5 (ap~r?xiniately).

•
18.8 STANDARD ERROR

The standard deviation of the sampling distribution ofa statistic is known as its

'standard error'; abbreviated as S.E. The standard errors of some of the well

known statistics, for large samples, are given below, where 'n' is the sample
11
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size, cr

2
is the population variance, and P is the population proportion, and Q =

I-P. n, and n2 represent the sizes of two independent random samples

respectively drawn from the given population(s).

SI. Statistic Standard Error

No.

1. Sample mean: x cri';;;'

2. Observed sample proportion: 'p'

~

3. Sample s.d: os' ~cr·2/2n

4. Sample variance: SL cr2.J2/n

5. Sample quartile 1.36263 cr/J;

6. Sample median 1.25331 cr/J;

7. Sample correlation coefficient (l-pL)1 'l/n,

p being the population

correlation coefficient

8. Sample moments Jl3 cr3.J96/n

9. Sample moments Jl4 o" .J96/n

10. Sample coefficient of variation (v)
v~ v

J2;; 1+104 ~ J2;;

11. Difference of two sam:ple
.

means: 2 2
cri cr2

(x] -x2)
~

-+-
nl n2

12. Difference of two sample s.d. 's: (Sr 2 i
cri cr2

S2) -+--
~ 2nl 2n2

13. Difference of the two sample P]QI P2Q2
proportions: (Pl-P2) ---+--

~ n] n2
c

1'8.8.1 Utility of Standard Error

S.E plays a significant role in the large sample theory and forms the basis of

the testing of hypothesis.

i) The magnitude of the standard error gives an index of the precision of the

estimate of the parameter. The reciprocal of the standard-error is taken as

the measure of reliability or precision of the statistic.

12



ii) S.E. enables us to determine the probable limits within which the

population parameter may be expected lie..' '

Sampling Theory

Check Your Progress 3

1) What are the mean and standard deviation of the sampling distribution of

the mean?

2) What is a standard error and why is it important?

3) ,In a random sample of 400 students of the university teaching

departments, it was found that 300 students failed in the examination. In

another random sample of 500 students of the affiliated colleges, the

number of failures in the same examination was found to be 300. Find out

the S. E of the difference between proportion of failures in the university

teaching departments and that of in the university teaching departments

and affiliated colleges taken together .

• • • • • • • • • • • • • • • • • • a. •••••••••••••••••••••••••••••••••••••••••••••••••••••••• : ••••••••••••

c

'18.9 EXPECTATION AND STANDARD ERROR OF

Si\MPLE MEAN '

Suppose a random sample of size 'n' is drawn from a given fmite population of

size 'N'. Let X, (a = 1, 2" ... , N) be the value of the variable x for'thea
th

member of the population. Then the population mean ofx is !l= (1/ N) L:Xa ,
a

and the population variance is 0'2= (1/N) L:(X; -!l)2 .
a

Again.Tet US denote by Xi (i=1, 2, ... , n)the valueofx for the ithmember(i.e.,

, the member selected at the ithdrawing) of the sample. The sample mean of x is

then x=Lfxj " For deriving the expectation and standard error of x, we may
n i=I . .

consider two distinct cases: 13
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Case I: Random sampling with replacement

For further correspondence, let us recall the following two theorems of the

probability theory; (i) If Y = bx, then E(y) = bE(x), and (ii) If x and y be two

random variables and ~ a third random variable such that z = x + y, then E (z) =

E(x) + E(y).

-So from the above two results, it can be written that

E (x)=~ tE(xJ and vart x )> E{x - E (X)}2
n ;=1 •

- E(xD}{x, -E(xj)}

= (l/n
2
) L,var(x;) + (l/n

2
) LCov(x; ,Xj)

ij
i;tj -

To obtain E (x.jand var (Xi),we note that Xican assume the values Xi, X2, ... ,

Xn, each with probability (lIN).

a a

var (Xi)= E(Xi- 11)2= P [Xi= Xu] = L (X, -r- 11)2X(l/N) = (J2 for each i
a

Again cov (Xi,Xj) = E (Xi- 1l)(Xj- 11)

= ~(Xa -11 )(Xa, -11) P[x;=Xa' xj=Xa,]
a,a

Since in sampling with replacements the composition of the population remains

the same throughout the sampling process, Xjcan take anyone of the values Xi,

X2, ..• , XN, with probability (l/N), irrespective of the value taken by Xi. In

other words, for i =1= j, Xiand Xjare independent, so that

P[X=X ,x=X ,]=P[x=X ]P[x=X ,]=(l/N
2
)

1 a J, a I a J a

Hence, cov (Xi,Xj)= (l/N
2
) L (X, - 11)(Xa' - 11)

a,a

= (l/N
2
) L(Xa - 11)L(X

a
, -11) = 0

a, a'

For each i,j (i =1= j), since L (X; - 11) =L (X a' - 11 ), being the sum of the
a, a

deviations of Xi, X2, ... , X, from their mean is' zet:o.

Hence, we have, finally, E(x)= (l/n)x n 11= 11

14
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The standard error of x is, therefore, ()x =()/.,Jr;

Ca§e II: Random. sampling without replacement

As before for each i, E (Xi).= ~ andvar (Xi)= ()2 ,

since here too Xican take anyone of the values Xi, X2, .. , , XN, with the same

probability (I/N). The covariance term, however, needs special attention.

Here, for i -:f. j

P[Xj= Xa, x
j
= X

a
,] = P[xj= Xa] P[x

j
= X

a
, I Xj= Xa] = (l1N)(lI(N- 1)) if a 1=

a' [since Xj can take any value except Xu, the value which is known to have

been already assumed by Xi,with equal probability l/(N-l)] = 0 if a = a'

Hence, cov (Xi,Xj)= (I/N (N-I)) ~ rx, ~~)(X
a
, -~)= (l/N (N-I))

a,a

a:t:·a

2:(Xa - ~ ){~(Xa' - u ) - (X, - ~ )} = (l/N (N-I))
a, a '

{I(Xa -~ )I(X
a
, -~)- I(Xa _~ )2}

a, a a

= - (l/N (N--I)) N ()2 = - ()2 I (N-I)

Thus, in this case we have E (x) = (J/n) n ~ = ~

and var (x) = (l/n2) Xn62 + (l/n2) Xn(n-I) X(- ()2/ (N-I)) '= (()2 IN) {I - (n

- 1)1 (N~1))

= (()2/N) {(N-n) I (N-I)}

Hence the standard error of x is ()x = I ffi-n( cri" n ) 1 - -. -
N-l

In both the cases, the standard error decreases with increasing n. The standard

error of the mean in sampling without replacements is, however, smaller than

that in sampling with replacements. But the difference become negligible if N

is very large compared to n. Also, in sampling without replacements, the

standard error of the sample mean vanishesif.n = N, which is to be expected

because the, sample mean now becomes a constant, i.e., the same as the

population mean. However, this is riot the case with .sampling with

rep lacements.

18.10 EXPECTATION AND STANDARD ERROR

OF SAMPLE PROPORTION

Suppose in population ofN. there are Np members with a particular character

A and Nq members with the character not-A. Then p is the proportion of

members in the population having the character A. Let a sample of size n be

drawn from the population, and let f be the number of members in the sample
15
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having character A. To find the expectation and standard error of the sample

.. proportion fin, we adopt the following procedure.

We assign to the a
th

member of the population the value Xa, which is equal to 1

if, this member possesses the character A and equal to 0 otherwise. Similarly,

to the ithmember of the sample we assign the value Xi, which is equal to 1 if

this member possesses A and is equal to 0 otherwise.

In this way, we get a variable x, which has :population mean (UN) IXa = p
a

and the population variance (llN) LX, 2 _ p2 = P _p2 = pq
a

1 n .

The sample mean of the variable x, on the other hand, is - LXi = fin
.. n i=I

Hence we fmd, on replacing x by fin, ~ by p and ()2 by pq in the expressions

E (x) and o x given in preceding sections,

E (fin) = p [in case of random sampling with replacement]

~ p [in case of random sampling without replacement]

o fin = pq/J;; [in case of random sampling with replacement]t.

pq( N-n\,
-I 1 --) [in case of random sampling without replacement]
n \ N--1

The comments made in connection with the standard error. of the mean apply ..

here also.

Check Your Progress 4

l) Discuss the meaning of random sampling with replacement and without

replacement.

..................................................... ' .

2) Write the standard error of sample proportion.

18.11 LET US SUM UP

16

. Throughout this unit we have learnt the basic concepts of sampling theory. It .

tells about ,different types of sampling along with the method of dra,wing
r



sample. Moreover, one can also be able to understand the concept of standard

error and mean & standard deviation of sample mean and sample proportion.

~ampling Theory

18.12 KEY WORDS

Population: In statistics, population is an aggregate of objects, animate or

inanimate, under study. The population may be fmite or infmite.

Purposive Sampling: Purposive sampling is one in which the sampling units

are selected with defmite purpose in view. "

Random Sampling: A random sampling is one in which each unit of

population has an equal chance of being included in it.

Sample: A fmite subset of statistical individuals in a population is called a

sample and the number of individual in a sample is called the sample size.

Standard Error: The standard deviation of the sampling distribution of a

statistic is known as its 'standard error', abbreviated as S.E.

Stratified Sampling: Here the entire heterogeneous population is divided into

a.number of homogeneous groups, usually termed as strata',-which differ from

one another but each of these groups is homogeneous within itself.

18.13 SOME USEFUL BOOKS

. Goon A.M, Gupta M.K & Dasgupta B. (1971), Fundamental of Statistics, Volume I,

The World Press Pvt. Ltd., Calcutta.

Freund, John E. (2001), Mathematical Statistics, Fifth Edition, Prentice-Hall of India
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18.14 ANSWER OR HINTS TO CHECK YOUR

PROGRESS

Check Your Progress 1
,

1) See Section 18.2

2) See Section 18.3

3) See Section 18.4

Check Your Progress 2,.

1) See Section 18.5
~
r--.
u, 2) See Section 18.5
Cl

'";"
IJ.)

3) See Section 18.6~
C'")

Cl

'7"
Check Your Progress 3u

w
~.

1) See Section 18.7

"'
2) See Section 18.8 17
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3) [Hint: n, =400 and n2 =500, PI =300/400 =0.75, P2=300/500=0.6

- I - •

.p = (nIP~+n2p2)/(nl+n2) = 0.67, q = I-p; S. .E (P---Pl)=-V

[((pq)/(nl+n2))(n2/nl)] = 0.018]

Check-Your Progress 4

1) See Section 18.9

2) See Section 18.H)'

18.15 EXERCISES·

1) A random sample of 500 pineapples was taken from a large consignment

and 65 were found to be bad. Show that S.E. of the proportion of bad

ones-in a sample of this size is 0.015 and deduce that the percentage of

bad pineapples in the consignment almost certainly lies between 8.5 and

18.5.

2) How does one get from a sample statistic to an estimate of the population

parameter? .

3) Wh.at is sampling error?

4) What is random sampling error?

5) What }s a systematic error?

6) How is the sampling error or standard error determined?

7) What is sample size important?

8) What is sample size?

9) What is bias?

r

-co,
M
o
..--,
o
w
2
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UNIT 19 SAMPLING DISTRIBUTIONS

Structure

19.0 Objectives

19.1 Introduction

19.2 Concept of Sampling Distribution of a Statistic

19.3 Sampling Distribution-with Discrete Population Distributions

19.3.1 Sampling Distribution of Sample Total: Binomial Parent

19.3.2 Sampling Distribution of Sample Total: Poisson Parent

19.4 Four Fundamental Distributions Derived from the Normal Distribution

19.4.1 Distribution of Standard Normal Variable

19.4.2 Chi-square Distribution

19.4.2.1 Chi-square Test of Goodness of Fit .

19.4.3 't'Distribution

19.4.3.1 Student's't'

19.4.3.2 Fisher's 't'

19.4.4 'F'Distribution

19.5 Sampling Distributions of Mean and Variance in Random Sampling

from a Normal Distribution

19.6 Central Limit Theorem

19.7 Let Us Sum Up

19.8 KeyWords. .
19.9 Some Useful Books'

19.10 Answer or Hints to Check Your Progress

19.11 Exercises

19.0 OBJECTIVES

After going through this unit, you will be able to understand;

• the concept of sampling distribution of a statistic;

• 'various forms of sampling distribution, both discrete (e.g.: Binomial,

Possion) and continuous (normal chi-square t and F) various properties of

each type of sampling distribution;

• the use of probability density function and also Jacobean.transformation in

deriving various results of different sampling distribution; .

• how to measure the goodness of fit of a test; and

• what should be the way of analysing any sample when it is not randomly

distributed? .
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3) [Hint: ni =400 and nz =500, Pl =300/400 =0.75, P2=300/500=0.6

-P = (nlP~+n2p2)/(nl+n2) = 0.67, q = 1-p; S. E (P-Pl) =..J
[«(pq)/(nl+n2))(n2/nl)] = 0.018]

Check-Your Progress 4

1) See Section 18.9

2) See Section 18.1o

lH.15 EXERCISES

Statistical

Methods-II 19.1 INTRODUCTION

For a fmite sample, it' is not a big problem of assigning probabilities to the

samples selected from the given population. However, in reality, where the

'sample size as well as the population is quite large, the number of all possible

samples is also large. It becomes difficult to assign probabilities of a specified

set of samples. Therefore, we have to think of all possible ways of selecting the

samples from the entire population.

19.2 CONCEPT OF SAMPLING DISTRIBUTION

OF A STATISTIC

Sampling distribution of a statistic may be defined as the probability law,'

which the statistic follows, if repeated random samples of a fixed size are
drawn from a specified population. "<, •. ' . .: ~

Let us consider a .random sample xi, X2,.... , x.,: of size n drawn from.a

population containing N units. Let us furthersuppose that we are interested in

the sampling distribution of the. statistic x (i.e., sample' mean), where
_ 1 . .
x = - (Xl + X2 + + Xn)

n "

If the population size N is finite, there is a finite number (say.k) of possible

ways of drawing n units in the sample out of a total of N units in the

population. Although the k samples are distinct, the sample means may-not be

all different, but each of these will .occur with equal probability. Thus, we 'can.

constructa table showing the set of possible values of the statistic x and also

the probability that' x will take each of these values, This probability

distribution of the statistic x is called' sampling distribution' of sample mean.

The above method is quite general, and the sampling distribution of any other

statistic, say, median or standard deviation of the sarriple, may be obtained.

If, however, the number (N) of units in the population is large, the number (k)

of possible 'distinct samples being even larger, the above method of fmding the

sampling distribution cannot be applied. In this case, the values of x obtained'

from a large number of samples may be arranged in the form of relative

frequency distribution. The limiting form of this relative frequency distribution,

when the number of samples considered becomes infinitely large, is called

'sampling distribution of the statistic'. When the population is specified by a

theoretical distribution (e.g., binomial. or normal), the sampling distribution can

be-theoretically obtained. The knowledge of sampling distribution is necessary

in fmding 'confidence limits' for parameters and in 'testing statistical

hypothesis' .

In this unit, we will highlight on various properties of different sampling

distributions. So we will mainly concentrate on how different sampling

distributions work and in doing so we use several statistical formulae, Since

our intention is to represent theoretical overview of the topic, number of

numerical example is too less than other units. Here, what is important is to

have the idea of topic theoretically and the numerical part, will be covered

subsequently. .'

20



19.3 SAMPLING DISTRIBUTION WITH

DISCRETE POPULATION DISTRIBUTIONS

Sampling

Distributions

We derive some common sampling distributions that arise from an infmite

population.

19.3.1 Sampling Distribution of Sample Total: Binomial

Parent

Suppose xi and X2 are distributed independently in the binomial form with

parameters m., P and m2, P respectively. Consider then the distribution sum

can take are 0, 1,2, .... , m, + m2.

k

Also, P [Xl + X2 = k] = I P [Xl = k, JP [X2 = k - k] ]
, k,=O •

Now, this sum is nothing but the sum of products of the coefficients of tk, in.

(1+ z)" and l-k, in (1+ t)tn2 , for varying k., and hence equals thecoeffici~nt of

k. ( )m +m .. (ml + m2)
t m" 1+ t ' 2, which IS k'.

Th p[ 'k] (~+m2J k (1 _ )nI' +m2-k

us, ~l + ~2 ~ = k P ""- p _.

This shows that XI+X2is itself binomially distributed with parameteirs m, + m,

and p. We also get from the general result that if xj, X2,... , x, are independently-

distributed binomial variables with parameters m., p; m2, p; .... ; m., p; then the

sum XI+X2+..... .is also a binomial variable with parameters ml + m2 + .... + m,
and p.' " ,

This implies that if Xl, X2, .... , x, are a random sample from a binomial

distribution with parameters of the statistic, x, +X2 + ..... + x, is also binomial

with parameters nm and p.

19.3.2 Sampling Distribution of SampleTotal: Poisson Parent

Suppose xi and X2 are distributed independently in the Poisson form with

parameter Xl and X2,respectively. The sum Xl+X2can then take the 'values 0, 1,

2,..... .

k.

Also, P[Xl + X2 = k 1= I P[Xl = k, ]P[X2 = k - kJ
k, =0

21
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,..

which shows that XI+X2 is itself a Poisson variable with parameter Al + 11.2, It

immediately follows that if XI, X2, , x, are independently distributed

Poisson variables with AI, 11.2, ... , An, then the sum Xl+X2+ ... +x, is .also a

Poisson variable with parameter Al + 11.2+ ..... +An.

The above results give, in particular, the sampling distribution of the statistic

Xl+X2+ .. + Xn when XI, X2, .. , Xn are a random sample from a Poisson

distribution with parameter \ This sampling distribution is also of the Poisson

form with parameter M.

Check Your Progress 1

1) The normal distribution is defmed by two parameters. What are they?'.

• • • • • • • • • • '0 •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ~ ••••••••••••••

, .

2) List the discrete and continuous sampling distributions:

....................... , ' , / .

....................................................................................... .

••••••••••••••••••••••• '.0 •• 0-' ••••••••••••••••• ",' •••• ~ •••••••••••••••••••••••••••••••••

3)' If the scores are normally distributed with a mean 30 and a standard

deviation of5, what percentage of the scores is

a), Greater than 30?

b) Greater than 377'

c) Between 28 and 34'?

........................................................................................

.........................................................................................

22



4) What is a poisson distribution? Discuss the mean and variance of such a

distribution. .

Sampling

Distributions

19.4 -FOUR FUNDAMENTAL DISTRIBUTIONS

DERIVED FROM THE NORMAL

DISTRIBUTION

19.4.1 Distribution of Standard Normal Variable

A (continuous) random variable, which is normally distributed with mean 0

and variance 1, is called a 'standard normal variable' of a normal deviate. It is

generally denoted by r (or z), so that the p.d.f. of standard normal distribution

by he written as

f(r) = -Jl exp(-r2/2~-~<r<a
2rc

0.45-

o- -1 2 3 ------7"- o;

Fig. 19.1: Distribution of a Standard Normal Vairiable

The distribution is, of course, symmetrical about o. The probability-density

.function of standard normal distribution is

The properties of this distribution may be deduced from those of a general

normal distribution.

We shall denote by ra the value of r such that

.23
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4) The following figures show the distribution of digits in numbers chosen

at random from a telephone directory.

Digits: 0 1 2 3 4 5 6 7 8 9 Total

Frequency: 1026 1107 '997 966 1075 933 1107 972 964 853 10,000

Test whether the digits may be taken to occur equally frequently m the

directory .

........................................................................................

.19.4.3 't' Distribution

19.4.3.1 Student's 't'

Let Xi, (i = 1, 2, ..., n) be a random sample of size n from a normal population

with mean f.L and variance (J2 • Then student's 't' is defmed by the statistic

x - f.L

t = .i.r;

h - 1~ ( _)2.. h 1 d 2 1 ~ ( _,)2
were x = - D Xi - X IS t e samp e mean an s = -- D Xi - X IS an

n i=]· n -1 i=1 .

unbiased estimate of the population variance (J2 , .

and it follows t distribution with v = (n -1) df, with probability density function

J (t) = __ ..,-(1_----,--) . ---2
1

_(,-v +-1-'-)/;-2 ; - 00

FvB ~,; 1+tv

< t < 00

A statistic t following Student's t - distribution with n df will be abbreviated as

t ~tn.

1 1
Ifwe take v=1, then J(t) = ( ).( )

B !! 1+t2

2'2

1 1
=-.( 2);-00<t<00

7r 1+ t

.'.r [~1 ~

30

which is the p.d.f of standard Cauchy distribution.

Hence, when v= 1, Student's t distribution reduces to Cauchy distribution.



19.4.3.2 Fisher's 't' Sampling

Distributions

It is the ratio of a standard normal variate to the square roof of an independent

chi-square variate divided by its degree of freedom. If r is a N(O, 1) and X2 is

an independent chi-square variate with n degrees of freedom, then Fisher's t is

given by -

and it follows Student's t distribution with n degrees of freedom.

Since rand X2 are independent, their joint density function is given by

1 ( . 2/) exp(-x2/2)(x2)%-1
~. exp - T /2 . nl2 (n)

-v 27f 2 .r Yz

-00 < T < 00,0 < X2 < 00.

Marketing the one-to-one transformation.

t = UT Ix 1Xr 2 /n } (_ )\/ /n 00 < t < 00 , 0 < u < 00 ,

so that T = tE"x2
= u,

and noting that the Jacobean of the transformation is

aT aT

Rat ou
2J;;; =#J= =

OX' ox'
0

at au

The joint p.d.f oft an? u becomes

{ (
2]} n 11 u t, ---

. ~. exp - '2 1+ -;; U 2 2

Ji;.22.r(n/2).Fn .

-00 <t <00,0 <u <00

Thep.d.f oft is, therefore,

[

00 { (2]} 11 .. u t (n-l)/2
. exp - - 1+ - u du dt

-Ji;.2.J'.r(n/2).J;. ~ . 2 n

3.1
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r[(n +1)/2] 1

1 . [ 2](n+l)/2
.j;,r(n/2)r(2) l+tn

-ex <t c.o:

1
-----------, -a < l < ,a

(

In J [ t21(n+l)/2FnB - - 1+-
, ,
, 2 2 n

which is same as the probability function of Student's t - distribution with n df. i

It should be noted here that, Student's t isa particular case of Fisher's 't'.

Like the standard normal distribution, the t distribution is symmetrical about t

= O. But unlike the normal distribution, it is more peaked than a normal

distribution with the same standard deviation.

The symbol ta,n will be.used to denote the value oft (with df= n) such that

For small' n, the t distribution differs considerably from the standard normal

",' distribution, ta,n being always greater than Ta if 0 < ex <h.For large ~alue of

n, however, the t distribution tends to the standard normal form and ta,n may

then be well approximated by Ta'

32
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-CL <i---4 o 2 4

Fig. 19.4: t distribution with 5 Degrees of Freedom (n=5)

19.4.4 'F' Distribution
\

If X and Y are two independent chi-square variates with n, and n2 df

respectively, then F statistic is defined by

In other words, F is defmed as the ratio of two independent chi-square variates-

divided by their respective degrees of freedom and it follows Suedecor's F

distribution with (n., n2) dfwith probability function given by

~-J

F 2

B(nJ/2,n2/2)
1+!IF

n
2

O<F<oo
(n,:n2)' -

Note: i) The sampling distribution of F-statistic does not involve any

population parameters and depends only on the degrees of freedom

n, and n2.

ii) A statistic F following Suedecor's F distribution with (n., n2) dfwill

be denoted by F ~ F (n., n2).

To derive the above result, note that the joint p.d.f. of X and Y from f (X2) in

X 2 distribution,

"

o.u
:E

O<X <a,O<Y,<a.

Let us now make the one-to-one transformation

33
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34

F= x/nil' .
y / n2 (0. < F < et, 0 <'U < et) ,

u=Y

So that, X =!.'l Fu.
n2

and Y =u.

The Jacobean of the transformation is

ax

J= aF
·ay

er

ax n
au _I u

= n2ay
- 0
au

Hence, the joint p.d.f. ofF and u is

I

"J,

•

-u( n 1xexp - 1+_1 F
2 n

2

o < F < et, 0 < u < et .

The p.d.f. ofF is therefore,

d

f(F) =J h(F,u )du
. 0

,
t
1
(

•.
The distribution is highly positively skewed. It is easily seen from the

defmition oft and F that an F with n, = lis a t
2
, t having df= n2.

As in the previous cases, we shall denote by Fa;n, ,n2 the upper et point of the F

distribution with df= (n., n2); i.e.,

(

c
~.'



p[F>Fa.:n ]=00
. ,1 2
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b 0.8

.r:/)

~ 0.6

?::

d
~ 0.4

~
~ 0.2

I
lao .20 '30 40

-~~oo

Fig. 19.5: F distribution with (10,4) Degrees of Freedom (nl=10, nl=4)

As regards the lower o:point F;-a.;ntn2 ' we see that

or, [ I' 1]P -> =a
. F F;-a;nt,n, ,

Yn ),'
Now, ~, which is of the form xi ,is itself di~tributed as an F with df= (n2,

/».
ni), It follows that

.1

'.
, \

It is, therefore, unnecessary to tabulate the lower a points ofF distributions

with various degrees of freedom, once the upper a points are tabulated ..

19.5 SAMPLING DISTRIBUTIONS OF MEAN AND

VARIANCE IN RANDOM SAMPLING FROM

A NORMAL DISTRIBUTION

Let xr, X2,... , x, be a random sample from a normal distribution.whose p.d.f. i,s
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Metbods-II F - x/nIl
- Y / n2 (0, < F < ~,O < 'u < a) ,

u=Y

So that, X =~ Fu,
n

2

and Y=u,

Statistical

Metbods-II
We shall denote the sample mean and the sample variance of x byx and S,2,

respectrively,

Thus, - L:
nxv.x = I

n
i=1

and
,2 .1 ~( _)2

S ,=--L.,. XI-X

n -1 i=1

In order to obtain the sampling distributions of x and S,2, we start from the

joint p.d.f of X}, X2,.. " Xn,which is

,

We make the following one-to-one transformation from Xi(i=l, 2, .. " n) to Yi(i

= 1,2, .. '" n):

where the (n - 1) vectors (ail" ai2, .. " ain) are of unit length, mutually

, (1 I 1 )
orthogonal and each orthogonal to the vector .r;;'.r;; '''''.r;; ,

One such set of vectors is:

1 < •

.fi (1, -1, 0, 0, .. ,,0,0),

1J ( ) (1, 1, 1, .. " 1, -(n-l)),
n n-l

(

(

~
(.

~.

1
.J6 (1, 1, -2, 0, .. " 0, 0),

The Jacobean of the transformation is then J, such that'

ayl ayl 8YI

8xI 8x2 8xn

1
ay2 ay2 ay2

1-
- 8xI 8x2 8xn ==F-n,

J a

ayn ayn 8Yn

8x
1

8x2 8xn

36 implying that J - =Fan and IJI = an "



. ,

Further, Il = I(x;-J-ll/a2

;=1 ;=1

Sampling

Distributions

Hence, the joint p.d.f. of y., Y2, ... , Yn is

This shows that Yl, Y2, ... , Yn are independently and identically distributed,

each being a standard normal variable.

is linear function of x. Since Yl is a standard normal variable, x must be a
2

normal variable with mean J-land variance ~ (follows from the theorem given
n

in the section 'distribution of standard normal variable').

Thus, the' p.d.f. of x is

n n

A . "2 " 2 -2gam, L.J Y; = L.J Y; - Yi
;=2 i=1

I ~( _)2
= -2 L.J X;-X

a ;=1

n

Now, LY/ , being the sum of squares of (n-I) independent standard normal
i~ .

variables, is a X2 with df=(n-I), and this is distributed independently of y., It

follows jhat (n-l)s'2/a2 is distributed as a X2 with df = (n-l) and is

independent of x .

And the p.d.f of S,2 is,

( 1)(n-I)/2

u(s")~ n- ( fXp[ -(n-l)s"j2o-'](s"f
V
' ,O<s" <00.

(

2 )(n-I)/2 n -1
2a r --

2
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,Check Your Progress 3

1) Given a test that is normally distributed with mean=Sf and a. standard

deviation=6, what is the probability that a single score drawn at random

will be greater than 34 .

.......................................................................................

................................................ " .

• "0 ••••••••••••.•••••••••••••••••••••••••• '.' •••••••••••••• 0-0 •••••••••• ~ •••••••••••••••••

. ,........................................................................................

2) Assume 'a normal distribution with a mean of90 and a standard deviation

of7. What limits would include the middle 65% of the cases .

••••••.••••••••••••••••••••••••••••••••••••• ! ••••••••••••••••••••••••••••••••••••••••••

.................................................................... , .

-
19.6 CENTRAL LIMIT THEOREM

,The -central limit theorem in the mathematical theory of probability may be

expressed as follows:

If Xi (i = 1, 2, ... , n)be independently distributed random variables such that

E(xi) = f-li and V (Xi) = (jj2, then it can be proved that under certain very

general conditions, the random variables Sn = Xj '+ X2 + .... + Xn, is

asymptotically normal with mean f-l and standard deviation a where

"

n 'n

, ' ' f-l = L f-li and o? = L f-l/
i=I' i=1

This theory, helps us in dealing the observations, which are not randomly

distributed.

19:7 LET US SUM UP

This unit gives us the idea about different types of sampling distributions

concepts and properties of discrete as well as continuous distribution have been

given in the unit. Various properties, associated theorem and results are .being

made clear through the discussion given: The concept of critical value of or

significant value of different distributions is given here and 'the way of

analysing .probability density function and Jacobean transformation are also

made clear. Finally, we have the intuitive idea about central limit theorem,

which IS useful for the non-randomly distributed sample.

38' I
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Central Limit Theorem: If xi (i = 1,2, ,n) be independently distributed

random variables such that E(xi)= .u, and V(xi)=o-; then, under certain

assumption, s,(~tx) is asymptotically normal with mean J1 and variance

0-
2

where

n n

f.1= Lf.1;,o-~ = Lo-;2 .
;~l ;~l

Chi-square Distribution: The square of a standard normal variate is known as

chi-square variate with 1 df. .

F Distribution: If X ~ X2 and Y ~ X2 and if X and Y are independent to each
n} n2

other then F statistic is defmed by

~F
(n, ,n,).

Fisher's 't' Distribution: If t ~ N(O,l) and X2 ~ x2n, and if both are

independent, then Fisher's 't' is givenby t = t'/~X2 In ~ tn

'Standard Normal Distribution: A continuous random variable, which is

normally distributed with mean zero, variance 1 is called standard normal

distribution.

Students's 't' Distribution: If Xi, (i=1,2, ... ,n) be a random sample of size n

from a yormal population with mean f.1and variance 0-
2
, then student's 't' is

dfi b h
.. x-f.1

e mes y t e statistic t = 0-/J;;. ~ t(n_l) .

19.9 SOME USEFUL BOOKS
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19.10 ANSWER OR HINTS TO CHECK YOUR

PROGRESS

Check Your Progress 1

1) See Section 19.3

2) 'See Section 19.3 and 19.4 39
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3) a) 50%

b) 8.08%
'-

c) 44.35

4) See Sub-section 19.3.2

Check Your Progress 2

1) See Section 19.4

2) X2 =14.5 df=5, p=.017

3) See Section 19.4

4) Hint: Here we set up the null hypothesis that the digit occurs equally

frequently in the directory.' Under the null hypothesis, the expected

frequency for each of the digits 0,1,2, ....,9 is 10000/10=1000.

. ()2n O-E
The value of X2 = L ; ; = 58.542

;=1 E;

r

Here Ei=1000 V i = 0,1, ,9

. Oi= observed fIequency given in the table.

Degree of freedom = 10-1=9 (since we are give to' frequencies subjected

to only one linear constraint L 0;, =L E; = 10000 .:
. i .i

The tabulated X~05 9=16.919 < 58.542

Thus, we conclude that digits are not uniformly distributed.

Check Your Progress 3

1) 0.2524

2) 83.46 and 96.54

19.11 EXERCISES

1) The following table gives the number of aircraft accidents that occur

during the various days of the week. Find whether the accidents are

uniformly distributed over the week.

Days: Sun Mon Tue Wed Thurs Fri Sat

No. of Accidents 14 . 16 8 12 11 9 14

(Given: The value of X2 significant at 5,6,7 df are respectively 11.07,

12.59, 14.07 at the 5% level 'of significance)

2).The theory predicts the proportion of beans in the four groups A, B, C

. and D should be 9:3:3:1. In an experiment among 1600 beans, the
40
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numbers in the four groups were 882,313,287 and 118. Does the

experimental result support the theory?

Sampling

Distributions

[Hint: Total no. of bins = 1600

E (882) = ~x 1600 = 900
16

E (313) = ~xI600= 300 and so on
16 .

[

<~,.-.- 2]
2 (O-E) 2

X = L E = 4.7266 <_XO_05,3 (= 7.815)

:. The null-hypothesis is accepted.]

3) What is a normal distribution?
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20.0 OBJECTIVES

After going through this unit, which explains the concepts of estimation theory

and hypothesis testing, you will be able to answer the following:

• How characteristics of any population can be inferred on the basis of

analysing the sample drawn from that population;

• The likeliness of any characteristic of a population on the basis of analysing

the sample drawn from thatpopulation;

• What should be the characteristics of an estimator? and

• What are the test criteria under different situations?

20.1 INTRODUCTION

The object of sampling is to study the features of the population on the basis of

.sample observations. A carefully selected sample is expected to reveal these

features, and hence we shall infer about the population from a statistical

analysis ofthe sample. The process is known as 'statistical inference'.

There are two types of problems ... First, we may have no information at all

about some characteristics of the population, especially the values of the

parameters involvedin the distribution, and it is requiredto obtain estimates of

these parameters, This is, the problem of 'estimation'. Secondly,' some

information or hypothetical values of the parameters may be available, and it is

required test how far the hypothesis is tenable in the light of the information

provided by the sample, This is the problem of 'hypothesis testing' or 'test of

significance' ..

20.2 THEORY OF ,ESTIMATION

Suppose, we have a random sample xr, X2, , x, on a variable x, whose

distribution in the population involves an unknown parameter 8: It is required

to fmd an estimate of Oon the basis of sample values. The estimation is done in

two different ways: (i) Point estimation, and (ii) ~nterval estimation.

In 'point estimation', the estimated value is given by a single quantity, which is

a function of sample observations (i.e., statistic). This function is called

'estimator' .

In 'interval estimation', an interval within which a parameter is expected to lie

is given by using two quantities based on sample values. This is known as

'confidence interval', and .the quantities, which are used to specify the interval,

are known as 'confidence 'limits'. Since our basic objective is to estimate the

parameter associated with the sample conservations, .so before going into

further details, let us discuss elaborately about the notion of parameter space.

20.2.1 Parameter Space

Let us consider a random variable (r. v) x with p. d. f. f(x, 8). In most common

application, though not always, the functional form of population distribution is

•
Statistical Inferences

43



Statistical

Methods-II
assumed to be known except for the .value of some unknown parameter(s) 81

which may take any value on a set 8. This is expressed by writing the p. d. f. in

the form f(x, 8), 8 E e. The set e, which is the set of all possible values of 8,

. is called the 'parameter space'. Such a situation gives rise not to one

probability distributions but a family of probability distribution which we write

as [f(x, 8), 8 E e}. For example, if Xe- N (~,0-2), then the parameter space e =

{(~, 0-
2
): - 00 < ~ < 00; ° <0- < oo}.

In particular, for 0-
2
= 1, the family of probability distribution is given by {N

(u, 1); ~E e}, where e = {W - 00 < ~ <eo}, In the following discussion we

shall consider a general family of distributions {f(x; 81, 82, ... , 8k): 8i E e, i =

1, 2, ... , k.}. .

'Let us consider a random sample xi, X2, ... , Xn,of size On' from a population,

with probability function f(x; 81, 82, ... , 8k), where 81, 82, ... , 8k are the

unknown-population parameters. There will then always be an infmite number

of functions of sample values, called statistic,which may be proposed as

estimates of one or more of the parameters. '

Evidently, the ·best estimates would be one that falls nearest to the true value of

the parameter to be estimated. In other words, the statistic 'whose distribution

concentrates as closely as possible near the true value of the parameter may be

regarded the best estimate. Hence, the basic problem of estimation in the above

case can be formulated as follows:

We wish to determine the functions of the sample observations:

/'- ---- ----
TI = 8

1
(x., X2, ... , Xn),T2 = 8

2
(XI, Xi, ... , Xn), ... , Tk = ~k (XI, X2, ... , Xn),

such that their distribution is concentrated as closely as possible near the true

value of the parameter. The estimating functions are then referred to as

'estimator' .

20.3 CHARACTERISTICS OF ESTIMATORS

The following are some of the criteria that should be satisfied' by a good

estimator: (i) Consistency, (ii) Unbiasedness, (iii) Efficiency, and, (iv)

Sufficiency. We shall now briefly explain these terms one by one.

20.3.1 Consistency

An estimator Tn= T (Xl, X2, ... , xn), based on a random sample of size On' , is

said to be consistent estimator of y(8) , 8 E e, the parameter space, if Tn -

converges to y(8) in probability i.e., ifT n P~ y(8) as n ~ 00. In other words, Tn

is a consistent estimator of y(8) if for every e > 0, 11> 0, there exists a positive'

integer n 2 m(e, 11) such that

P [ITn- y(8) 1< €] ~ 1 as n ~ 00 => P [ITn- y(8) I < €] > 1 -11; V n 2 m,

where m is some very large value of n.

, ,
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Note: If Xi, X2, ... , X, is a random sample from a population with finite mean

E(Xi) = Il < 00, then by Khinchine's weak law of large numbers (WLLN)" we

1 n

have Xn = - LXi - E(Xi) = Il, as n _00 .

n j;[

Hence sample mean (X
n
) IS always a consistence estimator of population

mean.

20.3.2 Unbiasedness

Obviously, consistency is a property concerning the behaviour of an estimator

for indefmitely large values of the sample size 'n', i.e., as n - 00. Nothing is

regarded of its behavior for fmite 'n'.

Moreover, if there exists a consistent estimator, say, Tn of y(e) , then infinitely

many such -estimators can be constructed, e.g., r,' = (n-a)/(n-b), Tn = [1-

(aln)]1 [1-(b/n)], where r. - Tn-y(e), as n - 00 and hence, for different
, ~

values of a and. b, Tn is also consistent for y(e). Unbiasedness is a property

associated with fmite 'n'. A statistic T; = T (x., X2, ... , Xn), is said to be an

unbiased estimator of y(~) if E (Tn) =y(e) , for all 8 E e

Note: If E (Tn) > y(e) , Tnis said to be positively biased and if E (Tn) < Y (e), it

is said to be negatively biased, the amount of bias b (8) being given by b (e) =

E (Te) - y(e) , e E- e

Sufficient Conditions for Consistency

Let {Tn} be a sequence of estimators such that for all 8 E e

i) Ea (Tn) - y(e) as n - 00

ii) Var, (Tn) -0 as n - 00

Then Tn is a consistent estimator of y(e) .

20.3.3 Efficiency

Even if we confine ourselves to unbiased estimates, there will, in general, more

than one consistent estimator of a parameter. There may be found a large

number of consistent es-timators for Il. Indeed, T be consistent, so are, e.g., T + .
a I 'V (n) and T {I+ a I 'V (n)}, where 'a'is any constant independent of 'n' and

'V (n) is any increasing function of 'n'. To choose among these rival estimators,

some additional criteria would be needed. Thus, we may consider, together

with stochastic convergence, the rate of stochastic convergence, i.e., we may

demand not only that T should converge stochastically to y(e) but also that it

should do so sufficiently rapidly. We shall confme our attention to consistent

estimators that are asymptotically normally distributed. In that case the rapidity

of convergence will be indicated by the inverse of the variance of the

asymptotic distribution. Denoting the asymptotic variance 'avar', we may say

that T is the best estimator of y(e) if it is consistent and normally distributed

. and if avar (T) :s avar (T') whatever the other consistent and asymptotically

normal estimator T' may be.

Statistical Inferences
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A consistent, asymptotically normal statistic T having this property is called

'efficient' .

20.3.3.1 M~st Efficient Estimator

If in a case of consistent estimator for a. parameter, there exists one whose

sampling variance is less than that of any such estimator, it is called the most

efficient estimator. Whenever such an estimator exists, it provides a criterion

for measurement of efficiency of the other estimators.

Definition: IfTI is the most efficient estimator with variance VI and T2 is any

other estimator with variance V2, then the efficiency E of T2 is defmed as: E =

VI N2. Obviously, E cannot exceed unity. IfTI, T2, ... , Tn are all estimators of

y(8) and Var(T) is minimum, then the efficiency of E, of T; (i = 1, 2, ... , n) is

defined as:

Ei = Var(T)! VarfTi); obviously Ei:'S 1, (i = 1,2, ... ,n).

20.3.3:2 Minimum Variance Unbiased Estimator (MVUE)

If a statistic T = T(XI, X2, ... ; xn), based on sample of size 'n' is such that:

i) T is unbiased fory(8), for all e E e and

ii) it has the smallest variance among the class of all unbiased estimators of

y(8) , then T is called the minimum variance unbiased estimator (MVUE)

ofy(8). More precisely, T is MVUE of y(8) if Ee(T)=y(8) for all 8 E e
and Var, (T) :'SVar, (T') for all 8 E e where T' is any other unbiased

estimator of y(8) . .

Let us discuss some important theorems concerning MVUE.

• An MVUE is unique in the sense that if T I and T2 are MVUE for Y (8),

then T I = T2, almost surely.

• Let T I and T2 be unbiased estimators of y(8) with efficiencies er and e2

respectively and P = Pe be the correlation coefficient between them, then .-J

(ele2) -.-J {(1- el) (1- e2)} :'SP:'S.-J(ele2) +.-J {(1~ el) (17 e2)).-

• If T I is an MVUE ofy(8), 8 E e and T2 is any other unbiased estimator

y(8) with efficiency e = ee, then the correlation coefficient between TI and

T2 is given by P = .-Je, i.e., Pe= .-Jee,for all 8 E e.

20.3.4 Sufficiency

An estimator is said to be sufficient for a parameter, if it contains all the

information in the sample regarding the parameter. More precisely, if T, =T

(XI, X2, ... , xn) is anestimator of a parameter 8, based on a sample XI, X2, ... ,

x, of size 'n' from the population with density f(x, 8) such that the conditional

distribution of XI, X2,0 ••• , x, given T, is independent of 8, then T is sufficient

estimator for 8.
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Factorisation Theorem (Neyman)

The necessary and sufficient condition for a distribution to admit sufficient

statistic is provided by the 'factorization theorem' due to Neyman.

Statement: T =; t(x) is sufficient for 8 if and only if the joint density function L

(say) of the sample values can be' expressed in the form L = ge [t(x)].h(x) where

(as indicated) ge[t(x)] depends on 8 and x only through the value of t(x) and

h(x) is independent of G.

Note: '.

i) It should be clearly understood that by 'a function independent of8' we not

only mean that it does not invo lve 8 but also that its domain does not

contain 8. For example, the function f(x) = 1I2a; a- 8 < x < a + {}and -00 < 8

< 00, depends on 8.

ii) It shouldbe noted that the original sample X = (Xi, X2, ... , Xn), is always a

sufficient statistic.

~.

!

iii) The most general' form of the distributions admitting sufficient statistic is

Koopman's form and is given by L = L(x, 8) = g(x).h(8).exp{a(8) 'I' (x)}

where h(8) and a(8) are functions of the parameter 8 only and g(x) andwtx)

are the functions of the sample observations only. The above equation

'represents the famous 'exponential family of distributions', of which most

of the common distributions like the binomial, the Poisson and the normal

with unknown mean and variance are the members.

iv) Invariance property of sufficient estimator

If T is a sufficient estimator for the parameter 8, and 'I' (t) is a one to one

function ofT, then 'I' (t) is sufficient for 'I' (8).

v) Fisher - Neyman 'Criterion

A statistic t 1 = t 1(x., X2, ... , xn) is sufficient estimator of parameter 8 if and

only if the likelihood .function (joint p.d.f. of the sample) can be expressed

as:

i=l

where gI(tI, 8) is the p.d.f. of statistic tI and k(XI, X2, ... ,xn) is a function of

sample observations only, independent of 8. ~.

"

o,
:"l
:>
r-

".)

.u
~

Note' that this method requires working out of the p.d.f. (p.m.f.) of the

statistic tI(XI, X2, ... , xn), which is not always easy.

Check YOUT Progress 1

1) Discuss the .meaning of point estimation' and interval estimation.

........................................................ /" .
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......................................................................................

.......................................................................................

2) List the characteristics of a good estimator .

•••••••••••••••••••••••••••••••••••••••••••.•••• 0 •••••• ; •••••••••••••••••••••••••••••••••••

. 3) XI, X2, '" , x, is a random sample from a normal population N (u, 1).

Show that ..-x =~ Ix; , is an unbiased estimator of Jl2+ 1.
n i=I .

4) A random sample (Xi, X2, X3, Xa, Xs) of size 5 is drawn from a normal

population with unknown mean Jl. Consider the following estimators t 0

estimate u:

Find i.. Are tl and t2 unbiased? State with giving reasons, the estimator

which is best among tl and t2.

•

.
......................................................................................

5) Let .Xj, X2, ... , X, be a random sample from a population with p.d.f :
n

f(x,S) = S X
9
-
l

; O<x<l, S>O. Show that tj= IlX
i

,is sufficient for S.
i= I

\.

~.
........................................................................................

............... ; .
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20.4 CRAMER-RAO INEQUALITY

1ft is an unbiased estimator ofy(8), a function ofparameter 8, then

...• [~L(X'9)],
var (t) ~ [a ]

E - 10gL
a8

[ y' (8)rand 1(8) = E [{~ log L(x, 8)}2],
1(8) a8

where I (8) is the information on 8, supplied by the sample. In other words,[, r
Cramer-Rao inequality provides a lower bound y (8) to the variance of an

1(8)

unbiased estimator of1(8) .

The Cramer-Rao inequality holds given the following assumptions, which are

known as the 'regularity conditions for Cramer- Rao inequality'.

i) The parameter space e is a non degenerate open interval on the real line

Rl (-00, 00).

ii)
a .'

For almost all x = (x., X2, ... ) xn), and for all 8 E e, a8 L(x, 8) exists, the

exceptional set, if any, is independent of O.

iii) The range of integration is independent of the paranieter 8, so that f (x, B)

is differentiable under integral sign.

iv) The conditions of-uniform convergence of integrals are satisfied so that

differentiation under the integral sign is valid.

v) 1(9) = E[{'~ 10gL(x, 8)}2] exists and is positive for all 8 E e.
00 ." . '

An unbiased estimator t of y(8) for which Cramer-Rao lower bound is attained

is called a minimum variance bound (MVB) estimator.

20.4.1 MVUE and Blackwellisation

Cramer-Rao inequality provides us a technique of fmding if the unbiased

estimator is also an MVUE or not. Here, since the regularity conditions are

very strict, its application becomes quite restrictive, Moreover MVB estimator

is not the same as MVUE estimator since the Cramer-Rao lower bound may

not always be. Moreover, if the regularity conditions are violated, then the least

attainable variance may be less than the Cramer-Rao bound. There is a method,

of obtaining MVUE from an unbiased -estimator through the useof sufficient

statistic. This technique is called Blackwellisation after D., Blackwell. The

result is contained in the following theorem due to C. R. Rao and D. Blackwell.

Statistical Inferences
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20.4.2 Rao-Blackwell Theorem

Let X and Y be random variables such that E(Y) = !l and var (Y) = cr~ > 0

Let E (Y I X = x) = <p(x), then

i) E [<p(x)]=!l and (ii) var [<p(x)]:s var (Y)

Thus, Rao-Blackwell theorem enables us to obtain MVUE through sufficient

statistic. If a sufficient estimator exists for a parameter, then in our search for

MVUE we may restrict ourselves to functions of the sufficient statistic.

The theorem can be stated slightly different way as follows:

Let U = U(xJ, X2, ... , xn) be an unbiased estimator of parametery(8) and let T

= T(xJ, X2, ... , xn) be sufficient statistic fory(8). Consider the function <p(T) of

the sufficient statistic defined as <p(T) = E (Y I T = t) which is independent of8

(since T is sufficient for y(8). Then E<p(T)= y(8) and var <p(T) S var (U).

This result implies that starting with an unbiased estimator U, we can improve

upon it by defining a function <p(T) of the sufficient statistic given as rp(T) = E

(Y I T = t). This technique of obtaining improved estimator is called

Blackwellisation.

If in addition, the sufficient statistic T is also complete, then the estimator <peT)

discussed above will not only be an improved estimator over U but also the

,best (unique)' estimator.

20.5 TESTS OF SIGNIFICANCE

A very important aspect of the sampling theory is the study of tests of

significance, which enables us to decide on the basis of the sample results, if (i)

the deviation between the observed ,sample statistic and the hypothetical

parameter value, or (ii) the deviation between two independent sample

statistics, is significant or might be attributed to chance or the fluctuations of

sampling.

Since, for large 'n', almost all the distributions, e.g., binomial, poisson,

negative binomial, hypergeometric, t, F, chi-square, can be approximated very

closely by a normal probability curve, we use the 'normal test of significance'

for large samples. Some of the well-known tests of significance for studying

such differences for small samples are t-test, F-test and Fisher's z-

transformation.

20.5.1 NuIl Hypothesis

The technique of randomization used for the selection of sample units makes

the test of significance valid for us. For applying the test of significance we

first set up a hypothesis - a definite hypothesis of no difference, is called 'null

hypothesis' and usually denoted by Ho. According to Professor R. A. Fischer,

null hypothesis is the hypothesis, which is tested for possible rejection under

the assumption that is true.
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For example, in case of single statistic, Ho will be that the sample statistic does

not differ significantly from the hypothetical parameter value and in the case of

two statistics, Ho will be that the sample statistics do not differ significantly.

Having set up the null hypothesis, we compute the probability P that the

deviation between the observed sample statistic and the hypothetical parameter

value might have occurred due to fluctuations of sampling. If the deviation

comes out to be significant (as measured by a test of significance), null

hypothesis is refuted or rejected at the particular level of significance adopted

and if the deviation is not significant, null hypothesis may be retained at that

level.

20.5.2 Alternative Hypothesis

Any hypothesis, which is complementary to the null hypothesis is called an

alternative hypothesis, usually denoted by HI. For example, if we want to test

the null hypothesis that the population has a specified mean u, (say), i.e., Ho: Jl

= ~la, then the alternative hypothesis could be

i) HI: Jl f:- Jla (i.e., u > Jla or, Jl < Jla)

The alternative hypothesis in (i) is known as 'two-tailed alternative' and the

alternatives in (ii) and (iii) are known as 'right-tailed alternative' and 'left-

tailed alternative', respectively. The setting ofalternative hypothesis is very

important since it enables us to decide whether we have to use a single-tailed

(right or left) or two-tailed test.

20.5.3 Critical Region and Level of Significance

Aiegion (corresponding to a statistic t) in the sample space S that amounts to

rejection of Ho is termed as 'critical region'. If (f) is the critical region and if t =

t(XJ, X2, ... ,Xn) is the value of the statistic based on a random sample of size

on', then P[t E (f) I Ho] =a and P[t E (f)' I HI] = ~, where (f)', the

complementary set of (f), is called the 'acceptance region'. We have (f) U «i'<S

and (f) n (f)' = rp. The probability of a that a random value of the statistic t

belongs to the critical region is known as the 'level of significance'. In other

words, level of significance is the size of the type I error (or the maximum

producer's risk). The levels of significance usually employed in testing of

hypothesis are 5% and 1%. The level of significance is always fixed in advance

before collecting the sample information.

20.5.4 Confidence Interval and Confidence Limits

Let Xi, (i = 1, 2, .. , n) be a random sample of 'n' observations from a

population involving a single unknown parameter 0 (say). Let f(x, 0) be the

probability function of the parent distribution from which the sample is drawn

and let us suppose that this distribution is continuous. Let t = t(xJ, X2, ... , xn), a

function of the sample values be an estimate of the population parameter 0,

with the sampling distribution given by get, 0).

Statistical Inferences
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Having obtained the value of the statistic t from a given sample, the problem is,

"Can we make some reasonable probability statements about the unknown

parameter 8 in the population, from which the sample has been drawn?" this

question is very well answered by the technique of 'confidence interval' due to

Neyman and is obtained below:

We choose once for all some small value of U (5% or 1%) and then determine

two constants, say, Cl and C2such that P [Cl< 8 < C2]= 1- a . The quantities Cl

and C2, so determined, are known as the :confidence limits' and the interval [Cl,
C2]within which the unknown value of the population parameter is expected to

lie, is called the 'confidence interval' and (1 - a) is called the 'confidence

coefficient'. Thus, if we take u = 0.05 (or 0.01), we shall get 95% (or 99%)

confidence limits.

How to find Cl and C2?

Let Tland T2 be two statistics such that P (T 1 > 8) = u
1

and P (T2> 8) = u
2

where u
1

and u
2

are constants independent of 8. So, it can be written that P

(T 1<8< T2) = 1- a where u = u, + u2• Statistics T I and T2 may be taken as Cl

and C2as defmed in the last section.

For example, if we take a large sample from a normal population with mean ~

and standard deviation o , then Z = x -)!:. ~ N (0, 1)
ol-Jt: .

and P (- 1.96 <Z<1.96) = 0.95 [from normal probability tables]

( X-Ji )
=> Pl-.1.96 <(J/Fn < 1.96j = 0.95

Thus, x ± 1.96 ~ are 95% confidence limits for the unknown parameter ~ -
"\In .

the population mean and the interval

[x - 1.96 J;;' x + 1.96 J;;] is called the 95% confidence intervaL

20.5.5 One-Tailed and Two-Tailed Tests

In any test, the critical region is represented by a portion of the area under the

probability curve of the sampling distribution of the test statistic,

52

A test of any statistical hypothesis where the alternative hypothesis is one-

tailed (right-tailed or left-tailed) is called a 'one-tailed test'. For example, a test

for testing the mean of a population Ho: ~ = ~o against the alternative

hypothesis: Hi: ~. > ~ (right -tailed) or Hi: ~ < ~ (left-tailed), is a 'single-

tailed test'. In the right-tailed test (Hi: ~ > ~o), the critical region lies entirely in,

the right tail of the sampling distribution of x, while for the left-test (HI: ~ <

~o), the critical region is entirely in the left tail of the distribution. Let us

consider a test of statistical hypothesis where the alternative hypothesis is two-

tailed such as: Ho: ~ = flo, against the alternative hypothesis HI: ~ =I- ~ (u > ~



and Il < Ilo) is known as 'two-tailed test' and in such a case the critical region is

given by the portion of the area lying in both the tails of the probability curve

of the test statistic.

In a particular problem, whether one-tailed or two-tailed test is to be applied

depends entirely on the nature of the alternative hypothesis. If the alternative

hypothesis is two-tailed we apply the two-tailed test and if alternative

hypothesis is one-tailed, we apply one-tailed test.

For example, suppose there are two popular brands of bulbs, one manufactured

by standard process (with mean life Ill) and the other manufactured by some

new technique (with mean life 1l2). To test if the bulbs differ significantly, our

null hypothesis is Ho: III = 112and the alternative will be HI: III f.1l2, thus giving

us a two-tailed test. However, if we want to test if the bulbs produced by new

process have higher average life than those produced by standard process, then

we have Ho: III = 112and H1: III < 1l2, thus giving is a left-tailed test. Similarly,

for testing if the product of new process is inferior to that of standard process,

we have set: Ho: III = 112 and HI: III > 1l2, thus giving is a right-tailed test.

Accordingly, the decision about applying a two-tailed test or a single-tail test

(right or left) will depend on the problem under study.

20.5.6 Critical Values or Significant Values

The value of the test statistic, which separates the critical (or rejection) region

and the acceptance region is called the 'critical value' or 'significant value'. It

depends upon: (i) the level of significance used, and (ii) the alternative

hypothesis, whether it is two-tailed or single-tailed. As has been pointed out

earlier, for large 'samples, the standardized variable asymptotically

corresponding to the statistic 't' viz., Z = t - E(t) ~ N (0, 1); as n ~ 00. The
, S.E (t)

value of Z given by the above relation under the null hypothesis is known as

the 'test statistic'. The critical value of test statistic at level of significance a

for a two-tailed-test is given by Za where Za is determined by the equation P [IZI
> za] = a i.e., Za is the value so that the total area of the critical region on both

tails is a. Since normal probability curve is symmetrical curve, so from P [IZI
> za] = a we can write,

P [Z > za] + P [Z < -za] = a

=> P [Z > za] + P [Z < za] = a

=> 2P [Z > za] = a

=> P [Z > za] = a 12

i.e., the area of each tail is a 12.

Thus, z, is the value such that area to the right of Za is cl12 and to the left of -z,

is a 12.

In case of single-tail alternative, the critical value z, is determined so that total

area to the right of it (for right-tailed test) is a and for left-tailed test the total

area to the left of -z, is a, i.e., P [Z > za] = a (for right-tailed test) and P [Z < ,

-za] = a (for left tailed test).
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Thus, the significant or critical value of Z for a single-tailed test (left or right)

at level of significance' a ' is the same as the critical value of Z for a two-

tailed test at level of significance '2 a '. The critical values of Z at commonly

used levels of significance for both two-tailed and single-tailed test are-given in

the following table:

1%

Level of significance (a)

5% 10%

Critical values (za)

Two-tailed test

Right-tailed test

Left-tailed test

IZal = 2.58

Z; = 2.33

Z; = -2.33

IZal = 1.96

Z; = 1.645

Z; = -l.645

IZal =1.645

Z; = 1.28

Za = -1.28

Note:

If n is small (usually less than 30), then the sampling distribution of the test

statistic Z will not be normal and in that case we cannot use the above

significant values, which have been obtained from normal probability curves.

Procedure for Testing of Hypothesis

We now summarise below the various steps in testing of a statistical hypothesis

in a systematic manner.

1) Null Hypothesis: Set up the null hypothesis Ho.

2) Alternative Hypothesis: Set up the alternative hypothesis HI. This will

enable us to decide whether we have to use a single-tailed (right or left)

test or two-tailed test.

3) Level of Significance: Choose the appropriate level of significance (a)

depending on the reliability of the estimates and permissible risk. This is

to be decided before sample is drawn, i.e., a is fixed in advance.

4) Test Statistic (or Test Criterion): Compute the test statistic

t - E(t)
z = under the null hypothesis.

S.E(t)

5) Conclusion: We compare z, the computed value of Z instep 4 with the

significant value (tabulated value) Za, at the given level of significance

"a '.

If IZI < z.; i.e., if the calculated value of Z (in modulus value) is less than z, ,

we say it is not significant. By this, we mean that the difference t - E(t) is just

due to fluctuations of sampling and the sample data do not provide us sufficient

evidence against the null hypothesis which may therefore, be accepted.

If IZI > Za, i.e., if the calculated value of Z is greater than the critical or

significant value, then we say that it is significant and the null hypothesis is

rejected at level of significance' a " i.e., with confidence coefficient (l - a).
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Check Your Progress 2

1) What is Cramer-Rao inequality?

2) What do you mean by test of significance?

3) What is the purpose of hypothesis testing?

20.6 TYPE I AND TYPE 11ERROR

The main objective in sampling theory is to draw valid inferences about the

population parameters on the basis of the sample results. In practice, we decide

to accept or reject the lot after examining the examining the sample from it. As

such, we are liable to commit the following two types of errors:

Type I Error: Reject Ho when it is true.

Type II Error: Accept Ho when it is wrong, i.e., accept Ho when HI is true.

Ifwe write, P [Reject Ho when it is true] = P [Reject Ho I Ho] = a

and P [Accept Ho when it is wrong] = P [Accept Ho I HI] = ~

~
r--

Iu,
o..-

I

~
M
o..-

I

o
LU

:2

then a and ~ are called the sizes of type I error and type II error respectively.

In practice, type I error amounts to rejecting a lot when it is good and type II

error may be regarded as accepting the lot when it is bad.

Thus, P [Reject a lot when it is good] = a

and P [Accept a lot when it is bad] = ~
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where a and ~ are referred to as 'Producer's risk' .and Consumer's risk'

respectively.

The probability of type I error is necessary for constructing a test, cif

significance. It is in fact the 'size of the critical region'. The probability of type

11error is used to measure the 'power' of the test in detecting the falsity of the

null hypothesis. ' ,

It is desirable that the test procedure be so framed, which minimises both the

types of error. But this is not possible, because for a given sample size, an

attempt to reduce one type of error is generally accompaniedby an increase in

the other type. The test of significance is designed so as to limit the probability

of type I error to a specified value (usually 5% or 1%) and at the same time to

minimise the probability of type 11error. Note that when the population has a

continuous distribution,

Probability of type I error = Level of significance = Size of critical region

20.7 POWER OF THE TEST

The null hypothesis is accepted when the observed value of test statistic lies

outside the critical region as determined by the test procedure. Type 11error is

committed when alternative hypothesis holds even though null hypothesis is

not rejected, i.e., the test statistic lies outside the critical region. Hence, the.

probability of type 11 error is a function of the value for which alternative

hypothesis holds.

If ~ is the. probability of type 11error (i.e., probability of accepting Ho when Ho

is false), then (1- ~) is called the 'power function' of the test hypothesis Ho

against the alternative hypothesis HI. The value of the power function at a

parameter point is called the 'power of the test' at that point.

Power = 1 - Probability of Type 11error = Probability of rejecting Ho when HI

is true.

20.8 OPTIMUM TEST UNDER DIFFERENT

SITUATIONS

The discussion till now enables us to obtain the so-called best test under

different situations. In any testing problem, the first two steps, viz., the form of

the population distribution, the parameter(s) of interest and the framing of Ho

and HI should be obvious from the description of the problem. The most

crucial step is the choice of the 'best 'test', i.e., the basic statistic 't" and the

critical region W whereby best test we mean one which in addition to

controlling a at any desired low level. has the minimum type 11 error ~ or

maximum power (1- ~), compared to ~ of all other tests having this a. This

leads to the following definition.

,
t

t
e.
,

20.8.1 Most Powerful Test

Let us consider the problem of testing a simple hypothesis Ho: 8 = 80 against a

simple alternative hypothesis HI: 8 = 81

56



Definition: The critical region W is the most powerful critical region of size a

(and the corresponding test as most powerful test oflevel a) for testing Ho: 8 =

80 against Hi: 8 = 81 ifP (XE W I Ho) = a and P (XE W I Hi) 2:P (XE WI I Hi)

for every other critical region WI satisfying the first condition.

20.8.2 Uniformly Most Powerful Test

Let us now take up the case of testing 'a simple null hypothesis Ho: 8 = 80

against a composite alternative hypothesis Hi: 8 =F 80. In such a case, for a

predetermined a , the best test for Ho is called the uniformly most powerful test

of level a .

Definition: The critical region W is called uniformly most powerful critical

region of size a (and the corresponding test as uniformly most powerful test of

level a) for testing Ho: 8 = 80 against Hi: 8 =F 80. IfP (x E W I Ho) = a and P (x

E W I Hi) 2: P (x E WI I HI) for all 8 =F 80, whatever the, other critical region WI

satisfying the first condition may be.

20.9 -TEST PROCEDURE UNDER NORMALITY

ASSUMPTION

The general procedure to be followed in testing a statistical hypothesis has

been explained in the previous sections. -

We shall now take up one by one some of the common tests that are made on

the assumption of normality for the underlying random variable or variables.

20.9.1 Problems Regarding the Univariate Normal

Distribution

Consider a population where x is normally distributed with mean 1..1. and

standard deviation a . Let XI, X2, ... , x, be a random sample obtained from this

~istribution. We sha'll denote by x the sample mean of x: x= ~ ~Xi and by

1 n

S,2 the sample variance of x: S,2=-' L (Xi - xy . The distinction between S2
n -1 i=\

and s,2 is to be noted. In S,2 the divisor is (n-I), which makes it as unbiased

estimator ofc".

n

For L(x\ - xY = L(xj - Ilt - n(x - Ilr '
i=\

. '1,,2 1 n _ 2 1 n 2 _ 2

so that E(s ) ~ - E{L (Xi - X) }= - E{L (Xi - u) -.n (X-- 1..1.) }

\ n - 1 i=\ n -1 i=\

1 '" • _ . 1 2 a
2

2= --{~ var(xJ-n var(x)} = --{na -n-}=a .
n-l i n-l n
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Case I: f.l unknown, 0 known

Here we may be required to test the null hypothesis Ho: 11 = 110. It has already

been shown that the test procedure for Ho in this case is based on the statistic

J;;(x - 110) / 0, which is distributed as a normal deviate (1") under this

hypothesis.

a) For the alternative H: 11 > 110, Ho is rejected if for the given sample 1" > 1"a

(and is accepted otherwise)

b) For the alternative H: 11 < 110, Ho is rejected if for the given sample T < 1"1-a

(= -1"a)'

c) For the alternative H: f.t;i:IlO, Ho is rejected if for the given sample It I>1"aI2'

In each case, a denotes the chosen level of significance.

As -regards the problem of interval estimation of 11, it has been shown that the

limits (x - 1"al2.0/J;;) and (x + 1"aI2.0/J;;), computed for the given sample, are

the confidence limits for 11 with confidence coefficient (1 - a).

Case II: f.l known, 0 unknown

Here one may be interested in testing a hypothesis regarding 0 or in estimating

0.

A sufficient statistic for 0 is ~ (Xi - 11)2 or, ~~ (Xi - 11)2 . It is seen that Xi is

a normal variable with mean 11 and standard deviation 0 .

Hence, I(Xi: 11) 2 , being the sum of squares of n independent normal
I

deviates, is distributed as X
2
with df = n.

For testing Ho: 0 = 0
0
, we make use of the fact

I(Xi: 11r = I (Xi - 11)2 /0~ is a X2 with df= n under this hypothesis.
I

a) For the alternative H: 0> 0
0
, Ho is rejected in case for the given sample X2

2

> Xa,n'

b) For the alternative H: 0 <0
0
, Ho is rejected if for the given sample X2 <

2

XI-a,n'

c) For the alternative H: 0 *0~, Ho is rejected if for the given sampler" <

2 -or X2 2
XI-aI2,n ' >XaI2,n'
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1
As consistent (but biased) point estimate ofo , we have - I (Xi -1l)2 . To get

n i

a corifidence interval ofo , we note that

p[ 2 <,,(Xi-Il)2 < 2 ]-1-
XI-aI2,n - ~ cr2 - Xal2,n - a

p[,,(Xi-ll/ < 2<,,(Xi-J..I.)2]=I_
or, ~ 2 - o - ~ 2 a

• i Xal2,n i XI-aI2,n

The confidence limits of cr
2
with confidence coefficient (1 - a) are therefore,

~Xi2-1l)2 and (x~ -1l)2 . The confidence limits ofo are just the positive square

t:«. XI-aI2,n

roots of these quantities, with the same confidence coefficient, (1 - 0:).

Case Ill: f.l and o both unknown

In this case, x and s' are jointly sufficient for Il and a . Here to test Ho: Il = Ilo or

to have confidence limits to Il, one cannot use the statistic :;;; (x - u) / a since a

is unknown. a is in this case is replaced by its sample estimate, s'

1 ~( -)2--~ Xi-X.
n -1 i=I

The resulting expression will be.,J;; (x - u) Is' .

Now from the discussion made in the last. unit, it IS clear that
n

"(Xi ~x/
(n-I) s.z ~

= i~1 is a X2
with df = (n-I) and is distributed independently

cr
2

cr
2

. .,J;;(X -1l)/cr. T

of X. Thus, Fn(X-.Il)/S'= , being of the form ,

(n-I)s'2
/
(n_I) ,~x2/(n-l)

cr
2

where x2
has df = (n-I) and is independent oft, is distributed as a 't' with

df=(n~ 1)

To test Ho: Il = /lOwe may, therefore use statistic t =.,J;; (x - Ila) Is' with df =

(n-I). We shall have to compute 't' (computed from the given sample) with tu,

n-l or '1' with - ta.,n-1 or ItI with ta/2,n-1, according as the alternative of interest

is H: Il > /lO,H: Il < /lOor H: Il =I f.!O.

In order to obtain confidence limit to. ~~we see that
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I .

The 1OO(1- a)% confidence limits to ).l will, therefore, be (x - to 12, n-I) SI and::
-vn

I

(x+ tal2, n-I) sI' these being computed from the given sample.
- -vn

The procedure has been called as Student's t-test.

In this case, we may have also the problem of testing Ho: 0"= 0"0or the problem

of obtaining confidence limits to 0". From what has been said above, it is clear
n

~)Xi-xf
i=1 = (n-I} S'2is, under the hypothesis Ho, a ..x2with df=(n-l).

~ ~ .

This provides us with test for Ho. The value of this X2, computed from the

given sample, is compared with X~,n-l or X~-a,n'-l-' according as the alternative is

H: 0">0"0or H: 0"<0"0'

that

For the alternative H: O":f:- 0"0' on the other hand, the computed value is to be

compared with both X;-a12,n-l and X~12,n-l' Ho being rejected ifthe computed

value is smaller than the former or exceeds the latter value.

. [ 2 (n-I) S'2 2 1
Smce P XI-al2 11-1 ~ 2 ~ Xal2 n-l . = 1- a

, 0" ' '

.. [en-I) S'2 2 (n-l) Sl2J
le P < r: < =1-a•• , 2 - v - 2

XaI2,n-l Xl-aI2,n-1

(n-I) S,2 . (n-I) S'2
The confidence limits to 0"2are 2 and 2 • The confidence limits

Xa/2,n-l XI-aI2,n-1

with the same confidence coefficient (1 - a) to 0" are, of course, .the positive

square roots of these quantities.

Check Your Progress 3

1) Which is wider, a 95% or a 99% confidence interval?
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2) When you construct a 95% confidence interval, what are you. 95%

confident about?

3) When computing a confidence interval, when do you use t and when do

you use z?

4) What Greek letters are used to represent the Type I and II error rates .

..........................................................................................

5) What levels are conventionally used for significance testing?

-......................................................................................

6) When is it valid to use a one-tailed test? What is the advantage of a one-

tailed test? Give an example of a null hypothesis that would be tested by a

one-tailed test.

7) Distinguish between probability value and significance level?
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8) The following are 12 determinations of the melting point of a compound

(in degrees centigrade) made by an analyst, the true melting point being

16SoC. would you conclude from these data that her determination is free

from bias?

164.4, 161.4, 169.7, '162.2, 163.9, 168.5, 162.1, 163.4, 160.9, 162.9,

160.8,167.7.

20.9.2 Comparison of Two Univariate Normal Distributions

Let the distribution of x in each of two populations be normal. Suppose the

mean and the standard deviation of x for one population are III and ai' for the

other they are 112 and a2' respectively. Suppose further that x, I, X12, ... , Xln are

a random sample from the first distribution, andx-j, X22, ... , X2n are a random

sample for the second set. The first set of observation is also supposed to be

independent of the second set. Then
nl

x]=Lx]j In] and
j

n,

SI = I (X]j - X])2 I (n, -1) are the mean and standard deviation of X in the
j

n2 n2

first sample, and x2=Lx2j/n2,s2= L(x2j-x2)2/(n2-1) are the
j j

corresponding statistics of the second sample.

Case I: JlI, Jll unknown hut a] , a2 known

In this case one may be concerned with a comparison between the population

means. One may have to test the hypothesis that III and 112 differ by a specified

quantity, say Ho: III - 112 = ~o, or one may like to obtain confidence limits for

the difference III - 112.

It may be seen that XI - X
2
, being a linear function of normal variables, is itself

normally distributed. It has mean E (XI -x
2
) = E (XI) - E (x

2
) = III - 112 and

a
2

a
2

variance var(x] -x
2

) = var(x
l
) + var(xJ = _I '+ _2 ,and the covariance

n
l

n2

(x] - x2) - (11] -112)
term being zero since XIand x

2
are independent. As such 2 2

(~ + a2 yl2
n] n2

is distributed as a standard normal variable. To test Ho: III - 112 = ~o, we make
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\ (- -) ~x - x -
f h .. I 2 0 h' h i d' ib d d d Iuse 0 t e statistic 2 2 ' W IC IS .istn ute as a stan ar norma

(
0'1 . 0'2 )1/2~+~
nl n2

variable ( T ) under Ho. Ho is to be rejected on the basis of the given samples if

r > 't
a

or if'r < - 'ta' according as the alternative hypothesis in which the

experimenter is interested in H: III - 112> SOH: III - 112< So.

On the other and, if the alternative is H: III - 112i- ~o, Ho is to be rejected when

ITI > 'taI2• In the commonest cases, the null hypothesis will be Ho: III = 112for

which So = O. If the problem is one of interval estimation, then it will be found,

following the usual mode of argument that the confidence limits to III = 112
2 2

(
- -) 0'1 0'2 1/2

(with confidence coefficient 1 - a ) are x I - X 2 - 't a / 2(- + -) and
n

l
n

2

Case 11: Il J, 112 known but 0'1,0'2 unknown

Here it may be necessary to test the hypothesis that the ratio of the two

unknown standard deviations has a specified value, say Ho: 0', / 0'2= So, or to

11,

set confidence limits to this ratio. Since L (x'j - 11,)2 / O'~and
j=1

n,

L (x2j - 112)2/ O'~ are independent X2 s with n. and n2 degrees of freedom,

i=:

Fa 12; 111, 112

= l= c

",
'" ' 2 2L.. (X'j - Ill) / n,O',

_~l~_::::; j=' ,
"2

L (X2j - 112)2 / n20';
j=L

I
respectively, P

F .a12, n2,n l

::::;----

",
L (Xli - fl,)2 / n,O'~

j='
--O.-~~~~~~~. is distributed as an F with (n., n2) df.

11,

L (x2j - fl2)2 / n20';

j='

11,

L (x'j , - fl,)2 /0';
i=: I '.

--'----~~~~~- X-2 IS an

~. 2 2 ~o
L.. (X2j - fl2) /0'2
j=1

F with df = (n., r»). This provides a test for Ho. When the alternative is H: 0'1I

0'2> ~o, Ho is to be rejected if for the given samples F > Fa; nI,n2.

Under the hypothesis Ho: 0', / 0'2= ~o, therefore,

If the alternative is H: 0', I 0'2< ~o, HO is to be rejected if for the given samples

F<FI-a;nl,n2, i.e., ifl/F>Fu;n2,nl.
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Lastly, when the alternative is H: °1I crdc ~o,Ho is to be rejected if the samples

in hand give either F < FI_ tin. ni, n2, i.e., lIF > F an. ni, n l , or

F > F tin. 112 n l-, s ,

The commonest form of the null hypothesis will be Ho: °1= o 2 for which ~o =

",
L(x

lj
- f.l1)2/ri,

j~1
1, and here F::: ------

n ,

L(x2j - f.l2)2 In2
j~1

For the purpose of setting confidence limits to °11°2, we see that

n,

I
L(xli - f.l1)2I n10~

I
p

j~1
= I-a:::; :::;

FaI2:n2.nl

n ,
F .

LeX2j - f.l2)2 I n20;
0/2,nl,n2

j~1

i.e., P

Fa 2:n2.nl
=l-a

2

The confidence limits to °~ewith confidence coefficient I - a) will, therefore,

°2
n, ",

LeXl) -f.l1)2/nl
I

LeXlj -f.l1)2/n
l

be
j=l

and
j~1

F 0 I 0

n~

Fa 12;n2,nl

n ,

a 1_. n ,11_

LeX2j -f.l2)2/n2 LeX2j - f.l2)2 In2
i~I j~1

The corresponding limits to °1I 02 will naturally be the positive square roots of

these quantities.

Case Ill: Means and standard deviations all unknown

We shall first consider methods of testing for the difference of the two means

and of setting confidence limits to this difference.

For the sake of simplicity, we shall assume that the two unknown standard

deviations are equal. Now if o denotes the common standard deviation, then

eXI - x 2) - (u, - f.l2)
-'------=------'---=-- is a standard normal variable, while

0( 1 + 1 )1/2

°1 n2
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which is the sum oftwo independent X2 s, one with df = (n, - 1) and the other

with df= (n, - 1), is itself a j ' with df= (n, + n, - 2).

Hence, denoting by S,2 the pooled variance of the two samples, so that
'2 . , 2

'2' (n, -1)sl + (n, -1) S2s = ----''------'------''------=-

n
l
+ n

2
- 2

(x
we have I

- x2) - (Ill - 112)

'JFfls -+-
nl n

2

T

a quantity of the form ~ 2 . ' where X2 is independent of T and
X I(nl +n2 - 2)

has df = (n, + n2 -2). As such, the quantity of the left hand side of the above

equation is distributed as t with df= (n, + n2 -2).

A test for Ho: III - 112= ~ois then given by the statistic t =

with df= (ni + n2 -2). This is called Fisher's t.

For acceptance or rejection of the hypothesis Ho, one will have to compare the

computed value oft' with the appropriated tabulated value, keeping in view the

alternative hypothesis.

Following the usual procedure, it can be found that the confidence limits to

" 'JFfl(Ill -112) arefx. - X2) - (taI2n+n -2) S -+- and
'I 2 n

l
n

2

(X, - x,) + (t,,," •• _,) s ~ I + I . Obviously, in both cases we are using s'
, 1 2 n

l
n

2

as the estimate of the common variance 0'2.

Next, consider the problem of testing a hypothesis regarding the ratio 01 I .az or

the problem of setting a confidence limits to the ratio. The difference between

this problem and the corresponding problem. mentioned in case II may be

noted. Since III and 112are unknown in the present case, they are replaced by

their estimates Xl and x
2

, and we use the fact that
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'2

For testing Ho: (51/ (52= ~o, we will use the F statistic, but now F;;;; S,I, X ~
S2~ SO

with (n, -1, n2 -1) degrees of freedom. The confidence limits to a~la; now

S'2 _ S'2

will be ----- ,1
2

and ,I, . The corresponding limits to a
l
I

Fa12; ni-I, n2-1 S2 Fa12: n2-1, ni-I S2-

a 2 will be the positive square roots of these quantities.

Check You r Progress 4

1) When is a significance test done usingz? When is it done using t? What

is different about test of differences between proportions?

. .
......................................................................................

2) The scores of random sample of 8 students on a physics test are given

below. Test to see if the sample mean is significantly different from 65 at

the .05level

60,62,67,69,70,72,75,80

3) State the effect on the probability of a Type I and of a Type II error of:

a) the difference between population means

b) the variance

c) the sample size

d) the significance level

\

......................................................................................
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4) The following data are the lives in hours of two batches of electric bulbs.

Test whether there is a significant difference between the batches in

respect of average length of life.

Batch 1: 1505,1556,1801,1629,1644,1607,1825,1748.

BatchII: 1799, 1618, 1604,1655, l708, 1675, 1728.

20.9.3 Problems Relating to a Bivariate Normal Distribution

Suppose in a given population, the variables x and y are distributed in a

bivariate normal form with means flx and fly, standard deviation Ox and 0yand

correlation coefficient p. Let (x., YI), (X2, Y2), ... , (x., Yn) be random sample of

size 'n' drawn from this distribution. We shall assume that all the parameters

are unknown. :

Test for correlation coefficient:

Here the sample correlation coefficient is r = I I

{~(X,- x)'n~(y,-Y)'r
where x and yare the sample means. When p = 0, the sampling distribution of

r assumes a simple form fer) ~ (. 1 ) (1- r' )'" ."" and in that case
. 1 :n-2

B - --
, 2' 2 .

r .In - 2 /~ can be shown to be distributed as a t with df= (n - 2).

This fact provides us with a test for Ho: P = O.As to the general hypothesis Ho:

P = po, an exact test becomes difficult, because for p i- 0 the sample correlation

has <l: complicated sampling distribution. For moderately large n, there is an

approximate test, which we have not discussed presently.

Problems regarding the difference between /-lx and /-ly

Information regarding the difference between the means, flx and fly, may be of

some importance when X and y are variables measured in the same units.

To begin with, we note that if we take a new variable, z = X - y, then this z,

being a linear function of normal variables, is itself normally distributed with

mean flz = flx - fly and variance 0~ = 0~ + 0~ - 2 pOx 0y'
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It will follow, from what we have said in the section for univariate normal

d· ibut: hat if - ~ I d', 2 1 ~ ( -)2istn ution, t at 1 we put z, = Xi - Yi, Z = L....Zj n an Sz = --L.... Zj - Z ,

j n -1 j

then j;; ("2- Ilz) I s~will be distributed as a t with df = (n - 1). This will provide

us with a test for Ho: Ilx - Ily = ~o, which is equivalent to Ho: Ilz = ~o and with

confidence limits to the difference Ilz = Ilx - Ily . The statistic j;; ("2 - Ilz) I s~ is

often referred to as a paired t.

We may, instead, be interested in the ratio Ilx I J.1y = 11 (say). In this case, we

shall take Z = X - 11Y, which again is normally distributed with mean Ilz = Ilx-11

J.1y= O. Hence the statistic t =j;; "2 I s~is distributed as a t (i.e., paired t) with df

= (n - 1). This can be used for testing the hypothesis Ho: J.1x I J.1y = 110 or for

setting confidence limitsto the ratio J.1x/ J.1y.

Problems regarding the ratio a; I cry

When x and y are variable measured in identical units, one may also be

i~terested in the ratio ox I oy • Let us denote the ratio by ~.

If we consider the new variables u=x + ~y and v = x - ~ y,

then u and v are jointly normally distributed, like x and y, and

cov (u, v) = cr~ - ~2 cr~ = 0

Thus, u and 'v are uncorrelated normal variables.

In going to test for the hypothesis Ho: cr
x
/ cry = ~o, we shall therefore take the

new variables u = x + ~ y and v = x - ~ y and shall instead test for the

equivalent hypothesis Ho: Puv = O. This test will be given by the statistic

t = r ~n - 2 I ~ with df = (n - 2),~ ~l-~ ,
. -

ruvbeing the sample correlation between u and v.

To have confidence limits for ~, we utilize the fact that, with u = x + ~ y and v

=x - ~ y

'[IruyI~ ]
P ~1- r~y :::;tal2, n·2 = 1- a

[

rU
2
y (n - 2) 2 ]

or, P' 1- r~y :::;taI2,n-2= 1- a

By solving the equation r:~ (n - 2) = t~/2,n-2 (1- r~y) or, say, \If (~) = 0 for the

unknown ration ~ = crx I cry, two roots will be obtained. In case, the roots, say ~l

and ~2' are real (~l < ~2), this will be the required confidence limits for ~ with

confidence coefficient (1 - a).
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Again, \jf (~) may be either a convex or concave function. In the former case,

we shall say ~l :s~:s~2, while in the latter we shall say 0 :s~:s~J or ~ :s~:s00.

But the roots may as well be imaginary, in which case we shall say that for the

given sample IOO(I - a) % confidence limits do not exist. .

Check Your Progress 5

1) The correlation coefficient between nasal length and stature for a group

of20 Indian adult males was found to be 0.203. Test whether there is any

correlation between the characters in the population.

2) a) What proportion of a normal distribution is within one standard

deviation of the mean? b) What proportion is more than l.8 standard

deviations from the mean? c) What proportion is between I and l.5

standard deviations above the mean?

3) A test is normally distributed with a mean of 40 and a standard deviation

of7. a) What score would be needed to be in the 85
th

percentile? b) What

score would be needed to be in the 22
nd

percentile?

4) Assume a normal distribution with a mean of90 and a standard deviation

of7. What limits would include the middle 65% of the cases.
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In this unit, we have learnt how by using the theory of estimation and test of

significance, an estimator can be analysed and how sample observations can be

tested for any statistical claim. The unit shows the way of testing various real.

life problems through using statistical techniques. The basic concepts of

hypothesis testing as well as of estimation theory are also made clear.

20.11 KEY WORDS

Alternative Hypothesis: Any hypothesis, which is complementary to the null

hypothesis, is called an alternative hypothesis, usually denoted by HI.

Confidence Interval and Confidence Limits: If we choose once for all some

small value of a (5% or 1%) i:e., level of significance and then determine two

constants say, Cl and C2 such that P [Cl < 8 < C2]= 1- <1, where e is the unknown

parameter then, the quantities Cl and C2, so determined, are known as the

'confidence limits' and the interval [Cl, C2] within which the unknown value of

the population parameter is expected to lie, is called the 'confidence interval'

and (1 - a) is called the 'confidence coefficient'.

Consistency: Tn is a consistent estimator of yea) if for evety E > 0, 11> O,there

exists a positive integer n 2: m(E, 11) such tha;

P [ITn - y(O) I < E] ~ 1 as n ~ 00 => P [Iin - yea) I < E] > I -11; v n 2: m

where m is some very large value of n.

Cramer-Rao Inequality: If t is an unbiased estimator of y(O) , a function of

parameter 0, then

[a J2-" L(x, 8)

var (t) ~ =---;aO:--_------=::O-

" E[~ 10gLJ
aO .

[ y' (0)J [{ a }2 ]
1(8) and 1(8) = E a8 log L(x, 8) .,

where I (8) is the information on 8, supplied by the sample. In other words,

[y' (0)r
Cramer-Rao inequality provides a lower bound to the variance of' an

1(0)

unbiased estimator ofy(O) .

Critical Region: A region Icorresponding to a statistic t) in the sample space

S, which amounts to rejection of HO, is termed as 'critical region':

Critical Values or Significant Values: The value of the test statistic, which

separates the critical (or rejection) region and the acceptance region is called

the 'critical value' or 'significant value'.
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Efficiency: T is the best estimator (or efficient estimator) of y(O) if it is

consistent and normally distributed and if avar (T) :s avar (T') whatever the

other consistent and asymptotically normal estimator T' may be.



Level of Significance: The probability that a random value of the statistic t

belongs to the critical region is known as the 'level of ~ignificance' .

Minimum Variance Unbiased Estimator: T is Minimum Variance Unbiased

Estimator of y(O) if Ee(T)=y(O) for all 8 E e and Var, (T) :sVan, (T') for all 8

E e where T' is any other unbiased estimator of y(O).

;

Most Efficient Estimator: If T I is the most efficient estimator with variance

V I and T2 is any other estimator with variance V2, then 'the efficiency E of T2 is

defmed as: E = VI /V2. Obviously, E cannot exceed unity. IfTI, T2, ... , T, are

all estimators of y(8) and Var(T) is -minimum, then the efficiency of E, of T,

(i=1,2, ... , n) is defined as: E;=Var(T)/Var(Ti); obviously Ei:S1, (i:=1,2, ... , n).

Most Powerful Test: The critical region W is the most powerful critical region

of size a (and the corresponding test as most powerful test of level a) for

testing Ho: 8 = 00 against HI: 8 = 81 ifP (x E W I Ho) = a and P (x E W I HI)?:' P

(x E WI I HI) for every other critical region WI satisfying the first condition.

Null Hypothesis: A definite hypothesis of no difference is called 'null

hypothesis' and usually denoted by Ho.

One -Tailed and Two - Tailed Tests: A test of any statistical hypothesis

where the alternative hypothesis is one-tailed (right-tailed or left-tailed) is

called a 'one-tailed test'. For example, a -test for testing the mean of a

population Ho: !l = !lo against the alternative hypothesis: HI: Il > Ilo (right-

tailed) ct Hrv: < Ilo (left-tailed), is a 'one-tailed test'.

,

Let us consider a test of statistical hypothesis where the alternative hypothesis

is two-tailed such as: Ho: Il = Ilo, against the alternative hypothesis HI: !l =F Ilo (u

> Ilo and !l < Ilo) is known as 'two-tailed test'.

Parameter Space: Let us consider a random variable x with p. d. f f(x, 8).

The p. d. f. of x can be written in the form f(x, 8), 8 E e; The set e, which is

the set of all possible values of 8, is called the 'parameter space'.

Power of the Test: The power of the test can be defined as

Power = 1 - Probability of Type II error

= Probability ofrejecting Ho when HJ is true .:

Sufficiency: If T, = T (XI, X2, ... , xn) is an estimator of a parameter e, based on

a sample xi, X2,.. ,. , x, of size 'n' from the population with density f(x, e) such

that the conditional distribution of XI, X2, ... , x, given T, is independent of e,
then T is sufficient estimator for 8.

Type I and Type II Error: Type I Error: Rejecting the null hypothesis Ho

when it is true:

Type II Error: Accepting the null hypothesis Ho when it is wrong, i.e., accept

Ho when HJ is true.

Unbiasedness: A statistic T, = T (XI, X2, , xn);- is said to be an unbiased

estimator of y(O)ifE (Tn) =y(O) , for all 8 E,"0
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Uniformly Most Powerful Test: The critical region W is called uniformly

most powerful critical region of size a (and the corresponding test as uniformly

most powerful test of level a) for testing Ho: 8 = 80 against Hj: 8 of 80. ifP (XE

W I Ho) = a and P (XEW I Hi) ~ P (XEW11 Hi) for «u e of 80, whatever the

other criticaLregion W, satisfying the first condition may be.

20.12 SOME USEFUL BOOKS
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Das, N.G. (1996), Statistical Methods, M.Das & Co. (Calcutta).

20.13 ANSWER OR HINTS TO CHECK YOUR

PROGRESS

Check Your Progress 1

1) See Section 20.2

2) See Section 20.3

3) Solution: Here we are given E (Xi)= 11,v (x.) = 1 Vi = 1,2, ... , n.

Now E (Xj2)= v (x.) + E (Xj2)= 1+ 112

4) Solution: We are given E (Xi) = 11,var (X?) =cr
2
, (say);

Cov (Xi, Yi) = 0 (i of j = 1,2, ... , n)

i) E (tl) = !tE(Xj) =( 115).511 = 11=; tl is an unbiased estimator of 11·
5 j=i

ii)

(since le = 0)

Since v (t.) is the least, t, is the best estimator (in the sense of least

variance) of 11.
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5) Solution: L (x, e) = IT f (Xi,e) = en IT (X~-1)
i= I i=l

~ So (n Xi)' . ( 0. Xi )-g (tl. e). h (x., X2•... , x,,), (say).

n

Hence by Factorization theorem, tl = IT Xi , is sufficient estimator for e_
i=l

Check Your Progress 2

1)· See Section 20.4

2) See Section 20.5

3) See Section 20~5 .

Check Your Progress 3

1) 95% is wider.

2) You are 95% confident that the interval contains the parameter.

3) You use t when the standard error is estimated and z when it is known.

One exception is for aconfidence interval for a proportion when z is used

even though the standard error is estimated.

4) See Section 20.5

5) See Section 20.6

6) See Section 20_6

7) See Sections 20.6 and 20_7

8) The determination made by the analyst may be said to be unbiased if the

mean determination in the population, that could be obtained if she took

an infmite number of readings, can be supposed to be 165°. We have,

therefore, to test the null hypothesis Ho: 11 = 165 against all the

alternatives H: 11 i- 165. '

It will be assumed (a) that the population distribution of determinations is

of the normal type and (b) that the sample observations are random and

- mutually independent.

Under. these assumptions, a test Ho IS provided by the statistic

t = Fn(x-165) / s, which has df= (n-l)-

For the given observations, n = 12, x = 163.992,

s = -1-~)Xi _X)2 = 3.039; so that t = -1.149.
n-1 i
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From t table to.025,11 = 2.201 and to.005,11 =3.106. Since for the given

sample ItI is smaller than both these tabulated values, Ho isto be accepted

at both the 1% and the 5% level of significance. In other words, we find

no reason to suppose that the analyst's determination is not free from

bias.

Check Your J>rogress 4

1) Read standardization of normal variate and answer

2) p=0.101

3) see Section 20.6

4) Here we have to test Ho: fll = fl2 against the alternative H: flI -:j:. fl2. The

test for Ho is then provided by the statistic t ~ ~ which is t with
, 1 1

S -+- .
, n] n

2

df= n, + n2 - 2. And to.025,13= 2.160, to.005,13= 3.012.

Check Your Progress 5

1) The null hypothesis here is Ho: p =-- 0, to be tested against all alternatives.

As we have seen, under certain assumptions, which may be considered

legitimate here, the test is given by t = r.Jn - 2 /~ which has df=

n- 2.

Here t = 0.880 and tabulated values are to.025,18 = 2.101 arid to.005,18 =
2.878. The observed value is, therefore, insignificant at both the levels;

i.e. the population correlation coefficient may be supposed to be zero.

2) (a) 50%; (b) 8.08%; (c) 44.35

3) (a) 47.25; (b) 34.59

4) 83.46 and 96.4

20.14 EXERCISES

1) If T is an unbiased estimator of e, show that T
2

is -a biased estimator for
e2. .

[Hint: Find var (T) = E (T2) - e2. Since E (T2) -:j:. e2
, T

2
is a biased

estimator for 8
2
. ]

2) Xi, X2, and X3 is a random sample of size 3 from a population with mean

value fl and variance ()2, T 1, T2, T3 are the estimators used to estimate

mean value fl, where

i) Are T 1 and T2unbiased estimators?

74 ii) Find the value,ofA such that 13 is unbiased estimator of u.



iii) With this value of A is T3 a consistent estimator?

iv) Which is the best estimator?

[Hint: Follow Check Your Progress 2]

3) Let Xj, X2, ... , X, be a random sample from a Cauchy population:

1 1
f(x, 8)=-. ?; - oo<x<oo, - 00<8<00.

1( 1 + (x - 8t

Examine ifthere exist sufficient estimate for 8.

n 1 n[ 1 ]
[Hint: L(x, 8) = n f(xi' 8) =-n ·n 2

i=l 1( i=l 1 + (x - 8)
i- g (t., 8). h

Hence by Factorization Theorem, there is no single statistic, which alone

is sufficient for 8.

However, L (x, 8) = k, (Xi, X2, ... , Xn, 8). k2(Xl, X2, ... , Xn) => The

whole set (Xi, X2, ... , Xn) is jointly sufficient 8. .

4) The weights at birth for 15 babies born are given below. Each figure is

correct to the nearest tenth of a pound.

6.2,5.7,8.1,6.7,4.8,5.0,7.1,6.8,5.8,6.9,7.6,7.9, 7.5,7.8,8.5.

Give two limits between which the mean weight at birth for all such

babies is likely to lie.

[Hint: Let us denote by x the variable: weight at birth per baby. Our

problem here is then to find, on the basis of the given sample of 15

babies, confidence limits for the population mean of x. We shall assume

(a) that in population x is normally distributed (with a mean f..l and

standard deviationo , both of which are unknown) and (b) that the given

observations form a random sample from the distribution.

Under these assumptions, the 100(1- a) % confidence limits to f..l will be

s' s'
(x - ta/2. n-l) fit and (x+ tal2• n-l) fit ]

5) It has been said by some educationists that mathematical ability varies

widely. To examine this suggestion, 15 students of class IX are given a

mathematical aptitude test carrying 100 marks. The score of the students

on the test are shown below:

73, 16, 84, 20, 13,63,53,68, 19,40,52,91, 12,25, 17.

Examine the more specific suggestion that the standard deviation of score

per student is higher than 20.

[Hint: We shall assume that the random variable x, viz. score per student

on the test is distributed normally for students of class IX with some
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mean 11 and standard deviation (J , both unknown. Further the given set of

observations will be regarded as the observed values for a random sample

of size n =15 from this distribution. So the problem can be stated as Ho:

(J = 20 against the alternative H: o > 20. Under the usual assumption the
n

L(xi-xY
test is given by X2 = i= I 2

(Jo

The value of X~.05,14 = 23.685 .]

6) Two experimenters, A and B, take repeated measurements on the length

of a copper wire. On the basis of the data obtained by them, which are

given below, test whether B's measurements are more accurate than A's.

(It may be supposed that the readings taken by both are unbiased.)

A's measurements: 12.47, 12.44, 11.90, 12.13, 12..77, 11.86, 11.96,

12.25, 12.78, 12.29.

B's measurements: 12.06, 12.34, 12.23, 12.46, 12.39, 12.46, 1l.98,

12.22.

[Hint: The problem can be stated as Ho: (JI=(J2' against the alternative
, 2

H: (JI>(J2' Under the usual assumption the test is given by F =~ with
S2

(n, -1, n2 -1) degrees of freedom. The tabulated values are F1I05;9, 7 =

3.68; FOOl;9, 7 = 6.72.]

7) In a certain industrial experiment, a job was performed by 15 workmen

according to a particular method (say, Method I) and by 15 other

workmen according to a second method (Method II). The time (in

minutes) taken by each workman to complete the job is shown below:

Method I: 55,53,57,55,52,51,54,54,53,56,50,54,52,56,51.

Method 11:54,53, 56,60,58, 55,56,54, 58,57, 55,54, 59,52, 54.

Test if there was difference oftirne taken between these two method.

[Hint: The problem can be stated as Ho: III= 112, against the alternative H:
- -

III < 112. Under the usual assumption the test is given by t = (X
J1

- x2
)

, 1 1
. S -+-

n
1

n
2

with (n I+n2 - 2) degrees 0f freedo m.

The tabulated values are -to.05,28=-l.701; -to.0I,28= ·-2.467.]

8) The marks in mathematics (x) and those in English (y) are given below

for a group of 14 students:

x: 52,31,83,75,95,78,85,23,69,32,48,9,84,54.

76

,

y: 69,42,50,31,43,38,59,44,51,61,33,43,27,46.



These will be used to examine the claim of some educationists that

mathematical ability and proficiency in English are inversely related (i.e.

negatively correlated).

[Hint: The problem can be stated as Ho: p=O, against the alternative H: p

< O.Under certain assumptions, the test is given by t = r ~ /~

which has df= n-2. Here t = -0.495 and tabulated value is to.05,12 = -1.782,

Ho is to be accepted at the 5% level of significance. In other words, we

find no evidence in the data to support the claim that x and y are

negatively correlated.

9) The weights (in lb.) of 10 boys before they are subjected to a change of

diet and after a lapse of six months are recorded below:

Before: 109,112,98, 114, 102,97,88, 101,89, and 91.

After: 115, 120,99, 117, 105,98,91,99,93, and 89.

Test whether there has been any significant gain in weight as a result of

the change in diet.

[Hint: The problem can be stated as Ho: /lx = /l,. against the alternative

H: u,> /ly. Under certain assumptions, the test is given by t = Fn z / s,

with df= n - 1, where z =x - y.

Here, z= 2.5, s~= 3.171, t = 2.493 and tabulate~ value is to.05,9 = 1.833

and to.or, 9 = 2.821. The observed value is thus significant at the 5% but

insignificant at the 1% level of significance. If we choose the 5% level,

then the null hypothesis should be rejected and we should say that the

change of diet results in a gain in average weight.

10) What is meant by a level of confidence, or confidence level?
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