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1.0 OBJECTIVES 

, After going through this unit you will be in a position to: 

explain why we should study econometrics; 

: appreciate the scope of econometrics; and ?. 

learn certain basic statistical tools used in econometrics. 

1.1 INTRODUCTION + 

Econometrics has emerged as a specialized branch of economics which is 
concerned mostly with empirical verification of economic theory. 

-5 Econometrics has both theoretical side as well as applied side. In theoretical 
econometrics several estimation techniques and test statistics for estimates are 
developed. Theoretical developments in econometrics have been quite rapid 
in recent years. It is somewhat dif3cult to keep track of all these 
developments and cover the entire lot in a single course. 

The present unit serves as a foundation for the course. It reviews some of the 
background materials co~kidered to be useful for studying econometrics. Thus 
it covers in very brief the concepts of probability distribution and statistical 
inference. The Unit begins with a definition of econometrics and how 
econometric methods are applied to real life situations. 

1.2  THE NATURE OF ECONQMETRICS 
p- 

I 
kconometrics is a branch of economics which deals with economic - . -  . , . . . . . ,. 



- 

Basic Econometric Theory economic phenomena based on the concurrent development of theory and 
I observation, related by appropriate method., ,)f inference' [Samuelson, 

Koopmans and Stone, 19541. We sho~lld notice 11 ,ree issues being emphasized 
in the above statement. First. econometrics deals with quantitative analysis of 
economic relationship. Second, it is based on economic theory and logic. 
Third, it requires appropriate methods to draw inierences. 

Through logic and experience economists have attempted to estzblish 
relationship between several variables Mote~nents in certain economic 
variables are explained in terms of changes in some other variables. For 
example, the law of demand states that as price increases the quantity 
demanded of a commodity decreases. You will find numerous examples of' 
such relationships. Some of these are apparent while others are quite complex. 
As we do not know what exactly is happening we often make conjectures 
based on logic and our understanding of things. Due to differences in 
perception, often different persons explain the same phenomenon differently. 

Some of the economic relationships have been proved through empirical 
studies and validated under several situations. Some more are put forth as 
hypothesis and unequivocal conclusions are- yet to be drawn. In both the 
cases, however, logic needs to be supported by empirical observation. An 
advantage with the subject matter of economics, unlike many other disciplines 
in social sciences, is that many of the economic variables can be quantified. 
This has helped in empirical measurement of economic variables and 
validation of economic theory. 

We will show how econometrics is different from other braches of economics 
such as mathematical economics or economic statistics. Mathematical 
economics usually presents economic theory in mathematical form. It does 
not bother about empirical measurement of economic theory. Econometrics 
on the other hand is mainly concerned with empirical verification of 
economic theory. In doing so, econometrics makes use of the mathematical 
equations suggested in mathematical economics. Economic statistics deals 
with collection, processing and presentation of data. Statistics provides many 
theories on the basis of which inferences can be drawn. For example, the 
probability laws and sampling distribution are quite important in hypothesis 
testing. The application of these laws to economic theory through empirical 
research is a part of econometrics. 

An important application of econometrics is prediction and forecasting on the 
basis of econometric models. By taking into account actual data it helps 
estimation of the parameters of a model and on the basis of those estimates 
how to make predictions. Thus, econometrics is helpful in policy analysis 
where we can simulate different values of exogenous variables and interpret 
their effects on endogenous variables. 

Let us point out the important steps involved in undertaking an econometric 
study. 

a) The first and foremost issue in econometrics is the statement of 
hypothesis. It is drawn from economic theory or some logic built by the 
researcher. 

b) Second step is transformation of the above hypothesis into mathematical 
equation(s). This is our econometric model that we want to study. 



C) Third step is the collection of relevant data required for the study. Data 
could be from primary or secondary sources. 

d) ?'he next step is estimation of the parameters-of the econometric model. 
This requires selection of appropriate estimation method. As you will 
learn in subsequent units, there are several estimation techniques or 
methods available to us. 

e) Once estimates are obtained, the next tasks testing of the hypothesis put 
forth in the first step above. Basically it amounts to statistical 
significance of the estimates obtained by us. 

f) Finally, we need to interpret' the results. On the basis of inferences 
drawn through hypothesis testing, we find out the implications of the 
results for the econometric model. 

We mentioned above that statistical theory offers important guidelines to us in 
formulation and testing of hypothesis. We present below in very, brief, some 
of the relevant statistical theory that we would be using frequently. 

1.3 PROBABILITY DISTRIBUTIONS 

Let us begin with concept of random variable. jt is a variable that takes 
different values with some probabilities. Suppose the random variable X under 
consideration refers to the possible outcomes (called events) of tossing a coin. 
There are two events in this case (Head and Tail), which are exhaustive and 
mutually exclusive, and have probability of occurrence each. Similarly for 

a fair dice there are six outcomes and each event has a probability of i .  We 

can generalize the concept as follows: A random variable X assumes values 
X , ,  X, ,.......... X, with corresponding probabilities p,, p,, p ,,........ p,. We 

express it as p (X = X,) = p, . When the random variable assumes certain 
isolated values we call it a discrete random variable. On the other hand, if it 

. assumesaany value in an interval it is termed continuous random variable. 

A probability distribution is a statement about the possible values of a 
random variable along with their respective probabilities. Thus it describes 
how the probabilities are distributed over the values of the random variable. 
For a discrete random variable the probability distribution function is called 
probability.mass function whereas for a continuous random variable it is 
called probability densitj function. 

1.3.1 Discrete Probability Distribution 

For a discrete random variable, the probability muss .firnction is given by 
y(X). w k r e  p, is probability and X, is a value of the random variable, The 

mass function should satisfy the following two conditions: 

i) Probability of an event cannot be negative, i.e., for any value X, we 

have p(X, ) 2: 0 

ii) Probabilities of all possible outcomes sum to unity, i.e., C p(X,)  = 1 
all x 
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Basic Econometric Theory There are quite a few discrete probability distributions. We present below the 
probability mass function of an important probability distribution, that is, 
binomial distribution. 

Binomial Distribution 

The binomial distribution is an example of a discrete probability distribution. 
It signifies two possible outcomes of an experiment, the occurrence of an 
event or the non-occurrence of the event. A probability experiment can be 
termed as a Bernoulli experiment, if it satisfies the following conditions. 

1 )  The experiment consists of a sequence of n repeated trials. 

2) Each trial results in an outcome that may be classified either as a success 
or a failure. 

3 )  i'he probability of a success, denoted by p, is known and remains the 
same. in each trial. Consequently, the probability of a failure, denoted by 
q = ( I  - p )  is also known and remains the same in each trial. 

4) The trials are independent. 

The probability of x successes in n trials is given by 

1.3.2 Continuous Probability Distribution 

A continuous random variable X has a zero probability of assuming exactly 
any of its values. Apparently, this seems to be a surprising statement. Let us, 
try to explain this by considering a random variable say, weight. Obviously 
weight is a continuous random variable since it can vary continuously. . 
Suppose, we do not know the weight of a person exactly but have a rough 
idea that her weight falls between 50 kg and 51 kg. Now, there are an infinite 
number of possible weights between these two limits. As a result, by its 
definition, the probability of the person assuming a particular weight say, 50.3 . 
kg will be negligibly small; almost equal to zero. But we can definitely attach 
some probability to the person's weight being between 50 kg and 5 1 kg. Thus, 
for a continuous random variable X, we assign a probability to an interval and 
not to a particular value. Here, we look for a fbnction p ( 4 ,  called the 
probability density function, such th& with the help of this function we can 

- compute the probability ~ ( a  < x < b ) ,  a and b are the limits of an interval (a, 
b) where. a < b. 

A probability density function is defined in such a manner that the area under 
its curve bounded by x-axis is equal to one when computed over the domain 
of X for which p(Y) is defined. The probability density function for a 
continuous random variable X defined over the entire set of real numbers R 
should satisfl the following conditions. 

1 )  p ( X , )  2 0 for all X ,  E R 
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a I Normal Distribution 
1 2 ; 

% i Normal distribution is perhaps the most widely used distribution in Statistics 
T i and related subjects. It has found applications in inquiries coilcerning heights 

and weights of people, IQ scores, errors in measurement, rainfall studies and 
so on. The probability density function p(x) of a continuous random variable 
that follows the normal distribution is given by 

% / where -a < x < a , a n d  

n = 3.1 7 14.1 (approximately) 

e = 2.7 1828 (approkimately). I 

The nonnal density function is completely determined by the parameters p 
and o. It means that given the values of p and o, we can trace out the normal 
curve by obtaining the values ofp(x) for different values of x. In fact, it can be 
sholvn that p and o are respectively the mean and the standard deviation of 
the normal distribution. When a random variable X follows normal 
distribution with mean p and standard deviation CY we write it in symbols as 

X - N(p, a )  and read as*.'X follows normal distribution with meanp and 
standard deviation a .' The normal curve is a symmetrical bell-shaped curve 
as shown in Fig. 1.1. 

Fig 1.1: Normal Cume 

The normal curve stretches from - ao to + a. It is symmetric aboutits mean. 
The following area-properties hold for a normal distribution. In Fig. 1.2 below 
we plot a normal curve with mean p = 50 and standarddeviation a= 4. 

a) 68.8 % of the area under the normal curve lies between the ordinates at 
p - a and p + a. Thus in Fig. 1.2,68.8% area is covered when x ranges 

* ,  
between 46 and 54. 

b) 95.5% of the area under the normal curve lies between the ordinates at 
' p - 2 a  a n d p + 2 a .  InFig. 1.7 95.5%areaiscoveredw 

4 2 5  X 558. 
9 



Basic Econometric Theory c) 99.7% of the area (i.e., almost the whole of the distribution) under the 
normal curve lies between the ordinates at ,u - 3 0  and ,u + 30. In Fig. 
15.2 we find that 99.7% area is covered when 38 I X S 62. 

Fig. 1.2: Area Under Normal Curve 

A problem encountered here is that p and o can take any value and finding 
out corresponding probability is time consuming. This problem is tackled by 
subtracting p from the normal variable and dividing it by o. This way we 

'-', which has mean = 0 and obtain the 'standard normal variate', z = -- 
o 

standard deviation = 1. 

The probability density function of the standard nornlal variate, z, is given by 

Once we obtain a standard normal variate, our seemingly hopeless task of 
obtaining probability areas for different combinations of ,u and a becomes 
elegantly simple. We should note that a standard normal variate has a unique 
mean of 0 and a unique standard deviation of 1. It means, if we can construct 
a table for probability areas of such a unique standard normal variate, it can 
be used for obtaining probability for any normal variable with any 
combination of mean and standard deviation. The only thing is that the given 
n o m l  variable is to be transformed into the standard normal variate. In fact, 
such a table for areas (or probability) has been compiled for a standard normal 
variate (see Table A1 at the end of this Block: Areas under the Standard 
Normal Curve) 

The Student's-t Distribution 

W.S. Gosset presented the t-distribution. The interesting story is that Gosset 
was employed in a brewery in Ireland. The rules of the company did not 
permit any employee to publish any research finding independently. So, 
Gosset adopted the pen-name 'student' and published his findings about this 
distribution anonymously. Since then, the distribution has come to be known 
as the student's-t distribution or simply, the t distribution. 

If z, is a standard normal variant, i.e., z, - N ( o , ~ )  and z, is another 
independent variable that follows the chi-square distribution with k degrees of 
freedom, i.e. z, - ~ , 2 ,  then the variable 
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is said to follow sthdent's-t distribution with k degrees of freedom. 

The probability curves for the student's-t distribution for different degrees of 
freedom are presented in Fig, 1.3 

t with n = 10 - 
8 

Fig 1.3: Studefit'a-t Probability Curves 

We note the important characteristics of this distribution. 

1) As we can see in Fig. 1.3, like the normal distribution, the student's-t 
distribution is also symmetric and its range of variation is also from -a, 
to +a,; however, it is flatter than the normal distribution. We should note 
that as the degrees of freedom increase, the student's-t distribution 

. approaches the normal distribution. 

2) The nleaii of the student's-t distribution is zero, and its variance is 
k 

(k - 2) 
, where, k is the degrees of freedom. 

Like the normal distribution, the student's-t distribution is often used in 
statistical inferences, particularly wheb the sample size is small. The task 
involves the integration of its density function; which may prove to be 
tedious. As a result, in this case also, like the normal cli~tribution, a table has 
been constructed for ready-reference purposes (see Ta' le A2 at the end of the 
Block). 

Chi-Square Distribution 

If z is a standard normal variate, as defined above, then the variable z2  is said 
to be distributed as a variable with one degree of freedom. Since x 2  is a 
squared term, when z ranges from - oo to + oo, chi-squares ranges from 0 to 

+ a,. Moreover, since z has a mean 0, most of the values taken by x 2  will be 

close to 0. As a result, probability density of x 2  distribution will be the 
maximum near 0. We can generalizc the above. If z,,z2 ,..... zk are k 



Basic J2conornetric Theory k 
independent chi-square variables then the variable z = C z ,  follows 

r = l  

X 2  distribution with k degrees of freedom. We denote this b! , The 

probability density functions of for different tlcgl-ccs. of freedo111 are y i ,n 

in Fig. 1.4. Observe that as degree of freedom increases, the , ' distribution 
approaches normal distribution. 

Fig'l.4: Chi-square Probability Curves 

The critical valuw'of Chi-square distribution is given in Table A3 at the end 
of the Block. 

F- Distribution 

Another continuous probability distribution that finds use * .  ii.1 econometrics is 
the F distribution. .,' 3 

If z, and z, are hw chi-square variables that are independently distributed with k, and k, 
degrees of ~ o m  kspectively, the variable 

2 1 4  F=- 
22 / k 2  

follows F distribution with k, and k, degrees of fnxdonl respectively. The 

variable is denoted by 4, ,& ,k, the subscripts k, and k, are the degees of freedom 

associated with the chi-square variables. 
We may note here that k, is called the numaator degrees of freedom and in the same 

way, k2 is called the denominator d e w  of freedom. 
I 

Some important properties of the F distribution are mentioned below. 

1) The F distribution, like the chi-square distribution, is also skewcd to the 
right. But, as kl and k2 increase, the F distribution approaches the 
normal distribu6on. 

2) An F distribution with 1 and k as the numerator and clci~ort~inator 
degrees of freedom respectively is the square of a student's-t 
distribution with k degrees of freedom. 

Symbolically, 



3) F& fairly large denominatoi degrees of freedom k2, the predict of the 
ntln~(~rat.ror degress of freedom k, and the F value is approxima&ly equal- 

: to the chi-squa,*e value with'degrees-freedom . . k ,  i.e., k, F = ~ 1 :  ..  , . - 
. . . .  ,. ,. .... ' ;  . $ y ;  2 ,  . . .  , li , 

. .  .> < .. :, 2 . . .  . . .  . . . . .  - , < ;  ~, + . . 5 ,  ..*. ! . c ' ~  . ' . ~. 

The -F distribution -is extensively -used- in--statistical inference. Again, such 
uses require obtaining areas under the F probabjlity curve and consequently. * . ,  . 

: integrating the Fdensity 'functih; I'ithis . , c&@ . - l  also our task is .faslitated.by, 
the p'roviiion o f  the F ~ a b l e .  The critical' , . value foi F . .  distribution j c r : , .  i$ ,given' ini  
. ~ ~ b l ' i  ~L f ' j ~ i  ihe end of t ~ e  ~ l b ~ k .  . . , : . . / .: 

. , . . ,  . .  > , ! : : ,  . ' , . . . .  . ,  . . .  
. ;;. : ! ,  

. .  , 1 #; . '  . . .  . . ,  . J -, . ' .  . I  
:. 

. . . .  . . 

. . .  . . . . .  
, . I . ' .  . . . . . .  . , . : , .  c . ' .  . : . ? .<;!..:.,;.; .; .>,,, : 

Due icf c Onstraints such, ,a? costs, time and manpower it is ofien not. possible to 
undertake. a survey, of the: ,enti~e population (that is,. census)*and we 'resort to; 
sampling . . >  . ,  .. (that. is, ,  we studp .part of the popqlation}.. If the sample is drawn i n  a. 
random manner through appropriate probability. attached to each population., 
unit and the sample size is not very small, the sample can be a representative 
one of the population. It is often argued that sampling resultah 189~~bk ntd- 4 
sampling errors compared to census and thus. it is advisable to go for 

; > ; L .  . ,  . 

sampling rather than census.Theoretiially ji is kssiblk to draw a'number of 
b , ; : : .  ' .  . . ? ; . !  .!.,: 

samples from8 :giv&h populitibii and each sainple provides us with sample . .  ,!.' 

mean (or any othergtatistii).:.~liris the sampie means can be arrangedln the 
form of a frequiii?~ diiffi bution, callid the indjling! d&ibu& . . . . .  of <ample .-, . . . . - i  

mean. 

As sample mean (i) assumes different values and foi each ialbe we can ' 
attach. ceqtain probability, . ,, . it is considered as ... a,.random..variable.: In;real.,;life 
sirnations we have, a ,finite .,population and ; t b .  number : of samples .(and 
therefore number of iample means) i s  fmjte; .. Jn this, case.  f i s  discretefi, 
random variable but when there is infinite number of samples, E couldbea: .  
continuous random-variable. . . .  

. . . .  . ... ', ; ,  . . .  . . .  . , : , , : .  : '  ' , . ., . . . 
i .... ~' ... .I ; . . .  . . . * I  

. : . . ' .,. 

. Now let u s  consider > . .  # . .  q p t h q  important conoept:; the central limit fkorenr: It. :: 
says sampling; !$istributian of . ?  is m a l .  if the .parentpopulation :from 
which the sample is drawn is normal. However, sampling , ,  distribution of 2 . . i s  < ! < , .  

aPPioXimatelj; n6rmal if sample sizk (iiji is :large,ikven iffhc popuhsrl 
. is not normal.. / . ,  [ f ;  the parent , ; . . .  p:~pul? iq  isapprqxiqately normal then smg$ing;,. 

distribution of sample, means is approximgtely normal even. yhen k p l e  size. : 
, is small.  his provides some,. r a t i o ~ l r ,  for! assuning  that^ ;probability 

distributionof a statistic i s  normal! 
. . .  . . .  . . . . .  . . . . . .  , :  . . . . . . .  I 

* . '  .: rr  
' . ' .  2 .  , 

. ,  . .  . . . .  . . .  .,.. I : .  

We know that dispersion of sample means is'sm.qller in value than di~persion 
of;the< parent 'popalati~,i...f;om .whi& f f i e ~ ' . g m ~ l e - ' ; ~ ' .  dYiwn;' 'The 

... deviatiai. , , .  .: of;,tbli  ampl ling. distributioq is called -@~darc$ g p v r . .  Thus. i f .  the 
population has a'standird deviation a then the standard error of sample, 

. . . . .  . . . . . . .  . . . . . . . . . . . .  + .  s, . . . . .  . . . . . . . . . . . . .  > < . '  . . .  * : ,  I,., . 6 '  
n~eans is - -- . , , . 

& 
. . . .  . . .  , . . :  .. c > .  ' : - , ; j :  .,:, . !  

* ., / 
~ s u a l l ' ~  we . conside;; . . . .,.!! iample io  be , ! l j  Large in siz{:if .n > 3.0. For small samples 
( n 1301, y-n~ l ing  , dist!ib,!tion of spmpl'e means . .:. is sim-ilar. ,to student's. t 
distribution. ~ e c h i l  'that in the c&e of t distribution the shape ' of t h e , ,  
probability curve changes according to its 'degrees . of . hedomy .  For n >  30 

. . 
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Basic Econometric Theory the sampling distribution of a statistic is considered to follow norinal 
distribution. 

1.5 STATISTICAL INFERENCE 

~ta t i i i ca l  inference deals with the methods of drawing ~onclusions about the 
population characteristics on the basis of information contained in a sample 
drawn from the population.~Population mean is not known to us, but we know 
the sample mean. In statistical inference we would be interested in answering 
two types of questions. First, what would be the value of the population 
mean? The answer lies in making an informed guess about the population 
mean. This aspect of statistical inference is called esfimcrfion. The second 
question pertains to certain assertion made about the population mean. 
Suppose a manufacturer of electric bulbs claims that the mean life of electric 
bulbs is equal to 2000 hours. On the basis of the sample information, can we 
say whether the assertion is correct or not? This aspect of statistical inference 
is called hypothesis testing. We discuss these two aspects below. 

1.5.1 Estimation 

Estimation could be of two types: point estimution and ihterWl estirnafion. In 
point estimation we estimate the value of the population parameter as a single 
point. On the other hand, in the case of interval estimation we estimate lower 
and upper bounds around sample mean within which population mean is 
likely to remain. 

a) Point Estimation 

As mentioned earlier we do not know the parameter value and want to guess 
it by using sample information. Obviously the best guess will be the value of 
the sample statistic. Here we use a single value or point as 'estimate' of the 
parameter. 

Let us distinguish between the concepts estimate and esfimafor. The estimator 
is the formula and estimate is the particular value obtained by using the 
formula. For example, if we use sample mean for estimation of populatiori 

1 
mean, then -Ex,  is the estimator. Suppose I collect data on a sample, and put 

n 
the sampling units to this formula.and obtain a particular value for sample 
mean, say 120. Then 120 is an estimate of population mean. It is possible that 
you draw another sample from the same population, use the forn~ula for 

1 
sample mean, that is - E x ,  , and obtain a different value, say 123. Here both 

n i 

120 and 123 are estimates of population mean. But in both the cases the 
1 

estimator is the same, which is -Ex,  . Remember that the term statisfic:, 
n I 

which is used to mean a function of sample values, is a synonym for 
estimator. 

There may be situations when you would find more than one potential 
estimator (alternative formulae) for a parameter. In order to choose the best 
among these estimators, we need to follow certain criteria. These are as 
follows: 



i) Unhiusednes: If 8 is a statistic based on n observations then it is said to 
be unbiased if E(8)=8.  It implies that aaestimate may be higher or 
lower than the unknown value of the parameter but the expected value 
of the estimate should be equal to the parameter. The extent of bias in a 
statistic (or estimator) is given by ~ ( 6 )  -8 . You can find that sample 
mean is an unbiased estimate of population mean. 

ii) Consistency: Consistency and asymptotic bias are large sample 
properties of an estimator. A consistent estimator is defined as follows: 
an estimator6 is said to be consistent if plim(8 ) = 8 . The notation plim 
stands for 'probability limit' and it plies that as sample size n increases 
infinitely the statistic should be equal to the parameter value. Notice the 
difference between unbiasedness and consistency. In the Case 
unbiasedness the statistic on the average equals parameter value. In the 
case of consistency, the statistic equals the parameter value when 
sample size tends to infinity. Consistency is important because some 
estimators may not be consistent. Let us take an example from Patterson 
(2000). 

Suppose the statistic (a random variable, as we mentioned earlier) 
assumes two discrete values with corresponding probabilities: 

8 =8 with probability 9 
8 = n with probability 

In this case plim ( 8 )  = B  . Because as n -P or, the probability + 0. 

Thus the statistic is consistent. However, it is not unbiased. For 
example, if sample size is 10, then E ( ~ ) = B  (&)+& (10) = 

0.98+1 #8 .  

iii) Efficiency: It refers to the variance of an estimator. An estimator with a 
smaller variance is said to be more efficient. Usually comparison in 
variance is done among estimators of the same class. For example, we 
can compare among linear estimators (that is, estimators which are 
linear combinations of sample observations) and say that OLS estimator 
is efficient than other linear estimators. 

iv) Asymptotic bias: A statistic is said to be asymptotically unbiased if its 
'asymptotic expectation' equals the parameter value. Asymptotic 
expectation of a statistic is given by 

A E ( ~ )  = lim ~ ( 8 )  as n + or,. 

We observe that an unbiased estimator is asymptotically unbiased but the 
reverse is not essentially true. For example, suppose we modifL our previous 
example as 

b = 8 with probability 

8 = n with probability $ 

In this case 
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Basic Eco~ometr ic  Theory 
b i a r = ~ ( e ) - ~ ~ @ ( q j + f i : ( l ) - ~ :  ! , - - f s - h -  E L  n 1  I 

(~. * 2  ' , 
' I 

' . Thus tk,dmve, stati8tic is aot .unbiased. fh the'limiting 'case, as n -+ co , 

hawever,'lim ~ ( 6 )  =6! Thus it is aymgtot i<ol l~:  1!n5:;lsed. 
2 % 

I . ,  . 
a ' - ! ? > )  . r '4 

Interval Estimation , ,  

The point estigate may q ~ t  be realistic in the sc.nsc that the parameter value 
may not exactly be e q d  to it. An altema$ivc yrocr;durc is to give ;in inter~~al, 
which would hold the with certain probability.. Here we specif) a 
lower limit and upper limit within which the parameter value is likaly to 
remain. Also we spe& the probability of thr parmeter remaining.in the 

, 

interval. We call the interval as 'confidence interval' and the pryb~hiiity of 
the parameter rem$ning ,within this interval as,,,'co~fidenoe .level3 or 
'confidence coefficienti. j , , ,  

, . ,' - -k. 

'How do W$ find out the confiditnce intm'al and confidence 'coefficied",'~et 
us begin with confidenoe coefficient. 1 ' 

We know that the sampling distribution of Y. for large samples is normally - 

A ;  J CT 
Pistribuied with me= and standard crror ,:. where n is the siik of the 

y' n 

sample. By transforming the sampling distribution ( z =, 
x - p  

) we obtain 
o/& 

standard normal variate, which has zero m w  andl unit variance. The 
standard normal curve is symmetrical and therefore, the area under the curve 
for 0 I z <a is 0.5 as we can see from Table A1 given at the end of the Block. 
If we want our confidence coefficient to be 95 per cent (that is, 0.95), we find 
out a range for z which will cover 0.95 area of the stahd&d normal durve. 
Since distribution of z is symmetridal, 0.475 area should reinain 'td the right 
and 0.475 area should remain to the left of z = 0.  From Table A l  we find that 
0.475 area is covered when ~ 1 . 9 6 .  Thus the ,probability that z rpnges 
between -1.96 to 1.96 is- 0:95. Frdm this' ihfo'nnktion" let' us w0i.k' out ' 

; i  j, 
backward and find the rd&e %thin which ,u will krhain. , % .  

- L a '  
, > .  

2 .  - 
We find that 1 .  . > I t  , J 

, . 

P(-1.96 < z  i 1.96)= 0.95 - 

As each sample would provide us with a different value of n ,  the confidence 
interval would be different. In each case the confidence interval may contain 
the unknown parameter or it may not. Equation (1.6) means that if a'large 
number of random samples, each of size n, are drawn from the given 
l +  A :C Fnr n-.fih nmm-1-  tho ;ntnm,ol 



- 
is determined, tlxn in about 95% of the cases, the 

interval will include the population mean p. 

The confidence coefficient is denoted by ( I  -a  ) where a is the level of 
significance. Cotlfiderice coefficient could take any value. We can very well 
ask for a confidence level of say 81 per cent or 97 per cent depending upon 
how precise our conclusions should be. However, conventiotially two 
confidence levels are frequently used, namely, 95 per cent and 99 per cent. 

Let us find out the confidence interval when confidence coefficient ( 1  - a ) = 

0.99. It-I this case 0.495 area should remain on either side of the standard 
normal curve. If we look into the normal area table (Table Al at the end of 
the Qlock) we find that 0.495 area is covered when z = 2.58. 

Thus 

P I- 2.38.5 5 2.58) = 0.99 

By reakt-atlgihg the terms itl the above we find that 

Equatioo (1.8) implies that 99 per cent confidence interval for p is given by 
@ 

3 + 2.58-. 
4 i  

By looking into the nomal area table you can work out the confidence 
interval for confidence coefficient of 0.90 and find that 

We observe from (1.7), (1.8) and (1.9) that as the interval widens, the 
probability of the interval holding a population parameter (in this case p) 
increases. 

The two limits of the confidence interval are called conjidence limits. For 
example, for 95 per cent confidence level we have the lower confidence limit 

IT 0 as x' - I .96-- and upper confidence limit as x + 1.96-. The confidence 
& J;; - 

coefficient can be interpreted as the confidence or trust that we place in these 
limits for actually holding p. 

1.5.2 Hypothesis Testing 

A hypothesis is a tentative statement about a characteristic of a population. It 
could be an assertion or a claim also. In hypothesis testing there are four 
important components: i) null hypothesis, ii) alternative hypothesis, iii) test 
statistic, and iv) interpretation of results. 

Null and Alternative Hypothesis 

Usually statistical hypotheses are denoted by the alphabet H. There are two 
types of hypothesis: null hypothesis ;end alternative hypothesis. A null 
hv~othesisis the statement that we consider to be true about the population 

Introduction to 
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Basic Econometric Theory ' and put to test by a test statistic. We denote the null hypothesis by H,, . 
Suppose on the basis of our logic we put forth tlie.view that female literacy in 
a village in Orissa is higher than that for Orissa. We begin \! ith the 
presumption that female literacy in the village is cqual to that 01'  Orissa 
(which is say 51 per cent). Thus our null hypothesis i s  that 'samplc nieati i s  
equal to population mean'. 

where p is the parameter, in this case fenlale litcracy in Orissa. 

There is a possibility that the null hypothesis tliat we iiitcnd to tcst is not tr~lc 
and female literacy in Orissa is not equal to 5 1 pet. cent. 1 hus there is a need 
for an alternative hypothesis which holds truc rn case thc null  hypothesis is 
not true. We denote the alternative hypothesis ht tlie sqnibol H ,  and 
formulate it as follows: 

We have to keep in mind that null hypothesis and alternative hypothesis arc 
mutually exclusive, that is, both cannot he true simultaneously. Secondly, 
both H ,  and H ., exhaust all possible options regarding the parameter, that is. 
there cannot be a third possibility. For example, in the case of female literacy 
in the village, there are two possibilities - litetacy rate is 51 per cent or it is 
not 5 1 per cent; a third possibility is not there. 

It is a rare coincidence that sample mean ( \ - )  is equal to population mean 
(p). In most cases we find a difference between :r and p. Is the difference 
because of sampling fluctuation or is there a genuine difference between the 

. sample and the population? In order to answer this question we need a tcst 
statistic to test the difference between the two. The result that we obtatn by 
using the test statistic needs to be interpreted and a decision nccds to be taken 
regarding whether the null hypothes'is be rejected or not. 

Rejection Region 

While discussing confidence interval we mentioned if confidence level is 95 
per cent then 5 per cent area of the standard normal curve remains under the 
rejection region. Let us look into the standard normal curve presented in Fig. 
1.5, where the x-axis represents the variable z and the y-axis represents the 
probability of z, that isp(z) .  If thc estimate falls under the rejection region 
then the null hypothesis is rejected. Otherwise, the hypothesis is not rejected. 

Fig. 1.5: Rejection Region in Standard Normal Curve 



We should note the following points. 

When sample mean is equal to population ncan (that is, Y = p )  we find 
that z = 0. When % > p we find that z is positive and when x < p we 
find z to be negative. - 

Note that we are concerned with, the difference between x and p .  
Therefore, negative or positive sign of z does not matter much. 

Higher the difference between s and p.  higher is the absolute value of 
L. Thus =-value measures the discrepancy between i and .p,  and 
therefore can be used as a test statistic. 

We should find out a critical value of z beyond which the difference 
between 7 and p is significant. 

If the absolute value of z is less than the critical value we should not 
rqjedt the null hypothesis. 

If the absolute value of z exceeds the critical value we should reject the 
null hypothesis and accept the alternative hypothesis. 

Thus in the case of large samples the absolute value of z can be considei-ed as 
test statistic for hypothesis testing such that 

When we have a significance level of 5 percent, the area covered under the 
standard normal curve is 95 per cent. Thus 95 per cent area under the curve is 
bounded by - 1.96 s z I 1.96. The remaining 5 per cent area is covered by 
z 5 -1.96 and z r 1.96. Thus 2.5 per cent of area on both sides of the standard 
normal curve constitute the re.jection region. . 
For small samples ( n  530), if ~opulatiop standard deviation is known we 
apply z-statistic for hypothesis testing. On the other hand, if population 
standard deviation is not k n o d  we apply t-statistic. The same criteria apply 
to hypothesis testing also. 

In the case of small samples if population standard deviation is known the test 
statistic is 

On the other hand, if population standard deviation is not known the test 
statistic is 

In the case of t-distribution, however, the area under the curve (which implies 
probability) changes according to degrees of freedom. Thus while finding the 
critical value of t we should take into account the degrees o'f freedom. When 
sample size is n, degrees of freedom is - I . Thus we should remember two 

introduction to 
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Basic Econometric Theory things while finding critical value of 1. These are: i)'significance level. and ii) '  
degrees of freedom. 

One-tail and Two-tail Tests 

In Fig. 1.4 we have shown the rejection region on both sides of the standard 
normal curve. However, in many cases we may place the rejection region on 
one side (either left or right) of the standard normal curve. 

Remember that if cr is the level of significance. then for a two-tail test 
L 

area is placed on both sides of the standard normal curve. Rut if it is a one-tail 
test then cr area is placed on one-side of the standard normal curve. Thus the 
critical value for one-tail and two tail test d i f i r .  

The selection of one-tail or two-tail test depends upon the formulation of the 
alternative hypothesis. When the alternative hypothesis is of the type 
H ,  :F # p we have a two-tail test, because Y could be either greater than or 
less thin p. On the other hand, if alternative hypothesis is of the type 
ti, : x < p ,  then, entire rejection is on th"e left hand side of the standard 
normal curve. Similarly, if the alternative hypothesis is of the type 
H ,  : i > p ,  then the entire rejection is on the right hand side of the standard 
normal durve. 

1.6 SOFTWARE PACKAGES FOR 
ECONOMQTRIC ANALYSIS + 

As econometric analysis cbeals with empirical data it involves cumbersome 
computations. We can think of estimating the parameters manually in some of 
the simpler estimatiofi methods, such as ordinary least squares. In other cases, 
however, it is quite difficult and time consuming. Some of the econometric 
methods are iterative in nature and thus require repeated calculations. - 

, In recent years, easy access to computers and availability of Software 
Packages for Econometric ~ n a l ~ s i s - h a v e  made the job simpler. We find that 
the most difficult computations can be done by the computer in few seconds. 
There are several software packages available for econometric applications. 
Most of these software packages include the important econometric 
applications. Moi-eover, since they apply similar methods, they provide the 
same results for a problem. We provide a list of selected software packages 
below. 

SPSS/PC+ by SPP Inc., 444 N. Michigan  venue, Chicago, IL 6061 1,  USA. 

STATA by Computing Resources Centre, 10801 National Blvd., 3rd Floor, 
Los Angeles, CA 90064, USA. 

SHAZAM by Kenneth J .  White, department of Economics, university of 
British Columbia, Vancouver, BC V6T 1 Y2, Canada. 

LIMDEP by W. H. Greene, Stern Graduate School of Business, New York 
University, 100 Trinity Place, New York, USA. 

SASISTAT by SAS Institute Inc., PO Box 1818, Evanston., IL, USA. 
' 



1.7 LET US SUM UP 
introduction to 

Econometrics 

In this Unit we provided an outline of some essential statistical tools studied 
some continuous probability distributions. Among these distributions, the 
normal distribution 'is considered to be the most important one. 

~ e s i d e s  the normal distribution, we have considered three other continuous 
probability distributions, viz., the chi-square distribution, t h e  student's-t 
distribution and'the F distribution. We have already seen from the features of 
the chi-square, student's-t and the F distributions that for large degrees of 
fieedom, these distributions approach the normal distribuiion. This 
relationship between the chi-square distribution, the studznt's-t distribution 
and the F distribution on one hand and the normal distribution on the other 
has tremendous practical implications. When the degrees of freedom happen 
to be fairly large, instead of using the chi-square distribution or the student's-t 
distribution or the F distribution separately as the situation may demand; we 
can uniformly apply the normal distribution. As a result, our task gets 
considerably simplified. 

1.8 KEY WORDS 

.Chi-square , 

Distribution 

Continuous 
Probability 
Distribution 

Degrees of Freedom : 

Discrete Probability : 
~istributidn 

Estimation 

Estimator 

It is an asymmetric distribution where the 
range of variation for the random variable is 
from zero to infinity. For fairly large degrees 
of freedom, it approaches the normal 
distribu~ion. 

It is the probability distribution . fo r  a 
continuous random variable. 

It refers to the number of pieces of 
independent information that are required to 
compute some characteristic of a given set of 
observations. 

It is the probability distribution for a discrete 
random variable. . 

\ 

It is ihe method of prediction about parameter 
kalues on the basis of sample statistics. 

It is anorher name given to statistic in the 
theory of estimation. 

F Distribution : It is an asymmetric distributiop that is skewed 
to the right. For fairly large degrees of 
freedom, it approaches the normal distribution. - 

Normal Distribution : The best known of all the theoretical 
probability distributions. It traces out a bell- 
shaped symmetric probability curve. 

Normal Variable : A random variable that follows the normal 
distribution. 

Paradieter : It is a measure of some characteristic of the 
~ o ~ u l a t i o n .  
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Population 

Probability 
Distribution 

Random Sampling 

Sample 

Sampling 
Distribution 

Sampling Error 

Significance Level 

Standard Error 

Standard Normal 
Variate 

Statistic 

Statistical Inference 

It is the collection of all units of a specified 
type in a given plncc and at a particular point 
of time. 

It is a statement about the possible values of a 
random variable along with their probabilities. 

It is a procedure where every member of the 
population has a definite chance or probability 
of being selected in the sample. It is-also called 
probability sampling. 

It is a sub-set of the population. It can be 
drawn from 'the population in a scientific 
manner by applying the rules of probability so 
that personal bias is eliminated. Many samples 
can be drawn from a population and there are 
many methods of drawing a sample. 

It is the relative frequency or probability 
distribution of the values of a statistic when 
the number of samples tends to infinity. 

In the sampling method, we try to approximate 
some feature of a given population from a 
sample drawn from it. Now, since in the 
sample all the members of the population are 
not included, showsoever close the 
approximation is, it is not identical to the 
required population feature and some error is 
committed. This error is called the sampling 
error. 

There may be certain samples where 
population mean would not remain within the 
confidence interval around sample mean. The 
percentage (probability) of such cases is called 
significance level. It is usually denoted by a .  
When a = 0.05 (that is, 5 percent) we can say 
that in 5 per cent cases we are likely to reach 
an incorrect decision. 

A sample statistic varies across samples which 
can be presented in the form of a probability 
distribution. Standard error is  the standard 
deviation of the sampling distribution of a 
statistic. 

A normal variable with mean 0 and standard 
deviation equal to 1. 

It is a function of the values of the units that 
are included in the sample. 'The basic purpose 
of a statistic is to estimate some population 
parameter. 

It is the process of concluding about. an 
unknown population - .  from a known sample 
drawn from it. 
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UNIT 2 ESTIMATION OF TWO- 
VARIABLE REGRESSION 
MODEL 

Structure 

2.0 Objectives 

2.1 Introduction 

2.2 Error Term 

2.3 Estimation 
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2.5 Coefficient of Determination 

2.6 Intrinsically Linear Models 
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2.8 Key Wsrds 

* 2.9 Some Useful ~ooksf~eferences 

2.10 AnswersIHints to Check Your Progress .Exercises 

2.0 OBJECTIVES 
- - -- - - - - - 

After going this unit you will be able to: 
' ,  

explain the concept of two variable model; 

explain the justification of errorierm; 

estimate beta coefficients; 
# 

explain the concept of &efficient of determination; and 
C * 

e explain the concept of intrinsically linear models. 

'2.1 INTRODUCTION , 

The simplest economic relation is represented through a two-variable model. 
For example, quantity demanded is a function of price; consumption is a 
function of income, etc. However, more realistic formulations- require the 
specifications of several variables in each model. To simplifjr the presentation 
of the estimation for these relationships statistically, we examine first the two- 
variable linear equation model, namely 

Y = a + b X  - ...( 2.1) 

where a and b are unknown parameters indicating the intercept and the slope 
of the model respectively. They are also called the regression coefficients. Y ,  
the left-hand variable, is called the dependent variable and X , the right-hand 
variable, is called the independent variable. 

/ 



Estimation of Two-variable 
2.2 ERROR TERM Regression Model 

Economic theory specifies exact functional relationships among its variables. 
In reality the measurement of the functional relationships among its variables 
is not exact. For a given.observed value of X (the independent variable), we 
may observe inany possible values of Y (the dependent variable). As an 
example, consider the consumption of &I individual who receives a certain 
amount of income each year. Since the amount of money spent on a 
particularly item, say food, is likely'to v.ary each year, we assume that for 
each observation .X , observations on Y will differ randomly. To describe this 
situation 'formally, we add a random "error" term- to the model, and writing it 
as . 

where Y is a random variable, X is fixed or non-stochastic, and E is a 
random error. term whose value is based on an underlying probabilistic 
distribution. We have switched our notation to use Greek letters a and P to 
represent the intercept and slope of the line, i.e., the regression parameters, 

\ .  

since our model now contains a random error term. 

There are several justifications fo: the introduction of error term into the 
equation. First, we may have errors of specification. Errors appear because the 
model is a simplification of reality. It is not always possible to include all 
relevant variables in the functional relation. For example, we assume that 
price iS a sole determinant of demand for a product. In fact several variables 
related to&mand, like individual tastes, population, income, etc. do influence 
the price of the product, which are omitted from the function. Some of these 
variables have positive effects while others have negative effects. The net 
effects of these omitted variables in the equation are represented by the error 
term. If the effects of these omitted variables are small, it is reasonable to 
assume that the error term is random. 

A second source oferror is associated with the collection and measurement of 
the data. It is like$ that income and consumption information we obtained 
from a household may not be accurate. If the data are obtained from a 
government statistical report, the data may not be accurate as a result of 
clerical handling and rounding error. 

Income 

Fig. 2.1: Least Squares Fitarng and Random Disturbances 



Basic Econometric Theory A third source of error is the sampling error. For instance, consider eq. (2) as 
e 

a household-consumption function, where Y is consumption and X is income. 
Even if eq. (2.2) is a correct-relationship, the sample we randomly choose to 
examine may turn out to be predominantly poor families. Thus our estimation 
of a and p from this sample group may not be as good as the estimates from 
a balanced sample group. 

When eq. (2.2) has either one or more of these three sources of error, it is 
justified for the introduction of an error term. Figure 2.1 illustrates eq. (2.2) 
using a household consumption as an example.. 

Given the above sources of error, the representation of the relationship in eq 
(2.2) as a stochastic one is clear. For every value of X there exists a 
probability distribution of E and therefore a probability distribution of the 
Y 's. Thus we say variable Y is stochastic in nature. On the other 
hand, the variable X is non-stochastic. Its values are kept fixed from sample 
to sample. 

2.3 ESTIMATION 

In the specification of the model as described by eq. (2.2), the values of the 
parameters a and p are not known, as a result the population regression line 
is not known. When the values of a and P are estimated, we obtain a sample 
regression line that serves as an estimate of the population regression line. If 
a and f l  are estimated by d. &d B respectively, then the sample regression 
line is given by, 

f =&+j?x, . . .(2.3) 

whkre f is the fitted value of y .  

The theory of estimatidi can be divided into two parts: point estimation and 
interval estimation. In' point estimation, the aim is to use the prior and the 
sample information for the purpose of calculating a value which would be, in 
some sense, our best guess as to the actual value of the parameter of interest. 
In interval estimation, on ihe other hand, the same infirmation is used f6r the 
purpose of producing an interval which would,,contain the true value of the 
parameter with some given level of probability. Since an interval is fully 
chkacterised by its limits, estimating an interval is equivalent to estimating 
its limits. The interval itself is usually called a confidence interval. 
Confidence intervals can also be viewed as possible measures of the precision 
of a point estimator. 

The problem of point estimation is that of producing an estimate that would 
represent our best guess about the value 'bf the parameter. To solve this 
problem we have to do'two things. First, to specify what we mean by 'best 
guess' and second, to devise estimators that would meet this criterion. The 
first part of the problem amounts to specifying various properties of an 
estimator that can be considered desirable. The properties of the estimators 
are: unbiasedness, efficiency, minimum mean s q w e  error and consistency. 
The second part, on the other hand, involves devising estimators that would 
have at least some of the desirable properties. The estimators are given names 



that indicate.nature of the principle used in devising the fo&ula. We will Estimation Of 

~e~ress ion  Model 
t discuss here the least-squares method of devising estimators. 

Check your Progress 1 . 
1) What do you mean by two-variable regression model? 

.... ................................................................................... .. 
2) Give the justifications of the error term in regression model. .. 

2.4 LEAST SQUARES METHOD OF ESTIMATION - 
The dominating and powerful estimating principle is that of least squares. We 
want to estimate the relationship between  and X from the sample 
ob~ervation~ above such that 

f =.a + jx, . . .  
. \  

where and f i  are estimates of the unknown parameters a and, p and Pis 
the estimated value of Y . Th& deviations between the observed and estimated 
values of Y are called residuals E , i.e., 

\ 

A 

E = Y - Y .  .. .(2.4) 

The principle of least squares is to choose and f i  vr!ues that will minimise 
'the sum of squared deriations between the observed and estimated values of 
Y .  

The estimated eqktion will be the best fitti& curve oq the least squares 
criterion. We have therefore 

zq2 =z(q -2)' where i =1,2,.,.,; 
r 

= ~ ( r - a - j x , ) .  



, Basic NOW making deviation of both sides and equating zero, we have 

Rearranging these two equations gives the normal equations. 

and 

" 

Now solving the above two normal equations, we c k  get'the values of & and 

a 

a=P-bx 
where 

and 

The value of 4 can also be shown in deviation of Y and X from their 
means. 

Using x, = X , - X  and yl = q - Y ,  weget 

Example 2.1 

We can illustrate the application of the two variable models discussed in the 
earlier section. Following is a numerical illustration of estimating a least- 

7 squares equation. 



1.et us take the relationship b s t w ~ ~ . .  s&ngs " a i d  disposable income as 
' 

foilows: 

where Y is savings and X is disposable income. We take the data for the 
above variables as follows: .. 

Year Savings (Y) Disposable income (X) 
(Ks) (Rs) 

1996 16.95 0.84 
1997 18.25 1.34 

,1998 19.56 -1.75 
1999 20.46 1.55 
2000 21.76 - 1:63 

From the above table we can get'the following values 

Using .these aggregates. we can get 

N , the number of observations, is equal to 10. 

The regression coefficient is estihated as: 

'The intercept is calculated by using the expression as 

Estimation of TWO-vaflable 
Regression Model 



Basic Econometric Theory 

Having estimated the intercept and slope of the regression line, we can now 
construct the regression equation of savings of incom; as 

Example 2.2 

Let us take the relationship between consumption and income as follows: 

where Y is consumption and X is income. Let us take the hypothetical data 
for the above variables as follows: a 

Consuaption (Y) (Rs) 
70 

65 ' 

. . 
Incotne (X) (Rs) 

80 

From the above table we can get the following values 

Using these aggregates, we can get 

N , the number of obsetvations, is equal to 10 

The regression coefficient is estimated as: 



-- 
Estimation of Two-variable 

Regression Model 

The intercept is calculated by using the expression as 

C 

Theestimated regrqssion line therefore is . 

2.5 COEFFICIENT OF DETERMJNA'I'ION , 
w 

a 

Regression residuals can provide a useful measure of the fit between the 
estimated regression line and the data. A-good regression equation is one ' 4 

which helps explain a. large proportion of the variance of Y .  To find a 
measure of goodness of fit, it is reasonable to use the residual variance ' 

divided by the varia~ce of Y . The variation in Y is given by , 

variation (Y) = C ( q  - q2 
Our goal is to divide the variation of Y into two parts, the'first accounted for 
by the regression equation and the second associated with the unexplained 
portion af the model. 

Consider the following identity, which holdstor all observations: -. 

( K - F ) = ( Y - f ) + ( f - F )  . . .(2.13) 

'The term on .the left hand,side of'the equals sign .denotes the difference 
between the sample value of Y and the mean of Y .  The first right hand term 
gives the residual i l ,  and the second right-hand term gives the difference 
between the predicted value of Y and tfie me& of Y . 

To measure variation, we square both sides of eq. (2.13) and sum over all 
observations (1 to N ), 

The last term in eq. (2.14) can be shown to be 0 by using two properties of 
' lea&-squares residuals, 2, = 0 aqd .z i, X, = 0. It follows that 

Variation Residual Explained 
in Y .Variation Variation 



Basic Econometric Theory or. TSS = ESS + RSS 

Total sum Error (Residual) Regression sum 
of squares sum of squares of squares 

From the above' we say that the 'total sun1 of squares' (TSS) is the sum of thc 
'error sum of squares' and the 'regression sum of squares'. 

We divide both sides of eq. (2.15) by the total sum of squares (TSS) to get 

ESS RSS I= -  +- 
TSS TSS 

  hen we define r 2  as 

Since xt12 has a limit between zy12 and 0 ,  r 2  will lie between 0 and I: 

Here r 2  is called the coefficient of determination. It measures the proportion 

of the variation in Y .  Z(r - Y ) ~  is the total variation of the Y values, a?d 

Z(f - F)* is the variation of Y explained by variations in X . Therefore, 

this coefficient indicates the proportion of Y variance explained by the 
variation of X . 

In most cases we use the notation R2 as the coefticient of determination 
instead of r 2 .  There is a slight difference between r 2  and R" r 2  denotes the 
coefficient of determination between two variables, while R' denotes the 
coefficient of determination of more than two variable cases. Thereefor' r 2  is 
called the simple coefficient of determination, while R2 is called multiple 
coefficient of determination. For simplicity, we will call R2 the coefficient of 
determination regardless of the number of variables contained in the equation. 

Example 2.3 ' 

Now to k n o d o w  much of the sum of the squared variation of Y is explained 
by the regression equation, we calculate r 2 .  Following is a numerical 
example based on the'data in Example 2.1. 

I Notice that in some of the text books on Econometrics the acronym ESS denotes 'explained 
sum of squares' and KSS denotes 'residual sum of squares' so that R* is given by 

EL%'/TSS. Be careful and ascertain how these two acronyms are defined. We in this course 
uniformly follow the notation that ESS stands for 'error sum of squares' and RSS for 
L*n"maa;nn e1.m n f  r n , , n m r '  



We have b = 0.099 

Now ,.2 = 
0 . 0 9 9 ~  15.3880 

1.8266 

With r2  = 0.834, we cou.i say that over 83 per cent of the variation of y 
(savings) about its mean value is accounted for by the relationship found. 

Example 2.4 

Let us take.an illustration of the relationship between coffee consumption and 
average retail price of coffee. The hypothetical data is presented in the 
following. Our purpose is to fit the two-variable linear model. 

Year ~ o b e e  consumption Price ohoffee 
. Per person cer day (Rs)(X) 
(no. of-cups)(k? 

1980 2.57 ': 0.77 

The results can be obtained by the formula used in the examples 2.2 and 2.3 
as follows: 
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= 2.691 1 - 0.47951, ...( 2.17) 

and r2  = 0.6628 

The interpretation of the estimated regression is as follows: If the average real 
retail price of coffee goes up by a rupee, the average consumption of coffee 
per day is expected to decrease by about half a cup. If the price of coffee were 
to be zero, the average per person consumption of coffee is expected to be 
about 2.69 cups a day. The r2 value means that about 66 per cent of the 
variation in per capita daily coffee consumption is explained by variation in 
the retail price of coffee. - 

- - 

2.6 INTRINSICALLY LINEAR MODELS 

Linear regression model can be applied to a more general class of equations 
that are intrinsically (inherently) linear. Intrinsically linear models can be 
expressed in a form that is linear in the parameters by transforming the 
variables. That means, if a model is non-linear and after transformation of its 
variables becomes linear then the model can be said to be intrinsically linear. 
Let us take the case of the following non-linear model . 

This model will be intrinsically linear if it can be transformed into 

Using the logarithm of each of the variable in eq. (2.18), we get the following 
transformed equation 

logy = a + /3 log X + E make it log alpha . . . (2.20) 

The relationship in eq. (2.20) is intrinsically linear because it is linear with 
respect to the parameters a and p. We can apply OLS to estimate these 
parameters. Because of linearity, such models are also called log-log, double- 
log, or log-linear models. 

One attractive feature of this model, which has-made it popular in applied 
work, is that the slope coefficient measures the elasticity of Y with respect 
to X , that is the percentage change in Y for a percentage change in X . Thus 
if Y represents the quantity of a commodity demanded and X its unit price, 

megsures the price elasticity of demand. If the relationship between 
quantity demanded and price is shown in Fig. 2.2 (a), the formed equation as 
shown in Fig. 2.2 (b) will then give the estimate of price elasticity (-8). 
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logy = loga-PlogX, 
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1 Figure 2.2 (a) Figure 2.2 (b) 

Example 2.5 

We can refer to the coffee demand example for the data set and find the 
logarithmic value of the variables as follows: 

Year Coffee consumption Price sf  coffee Log Y Log X 
Per person per day (Rs)(X) 
(no. of cups) (Y) 

Using these aggregates, we can get 
I 



Basic Econometric ÿ he or^ 1 1 (log;)(log y) = 1 (log x)(log Y) - -1 log XC log Y = -0.0491 
N 

N , the number of observations, is equal to 1 1. - 
The regression coefficient is estimated as: 

> -  A - c10gY z 4 o g x  
6 = log Y - p log X = ------ - 

N N 

log f = 0.3376-0.2541 log X, 

From this result we see that the price elasticity coefficient is -0.2541, 
implying that for a 1 per cent increase in the real price of coffee, the demand 
for coffee (as measured by cups of coffee consumed per day) on the average 
decreases by about 0.25 per cent. Since the price elasticity value of 0.25 is 
less than 1 in absolute terms, we cari say that the demand for coffee is price- 
inelastic. .* 

Now considering the results o f  the linear demand function (Example 2.4) and 
logrlinear demand function (example 2.5), we may question which model is 
better. Can we say that eq. (2.21) is better thafi eq. (2.1 7) because its r2 value 
is higher (0.7456 vs. 0.6628)? Unfortunately, we cannot say that, for when the 
dependent variable of @,w models is r?ot same (here, logy vs. Y),  thc two r2 
values are not directly comparable. We cannot directly comparc the slope 
coefficients either, for in eq. (2.17) the slope coefficient gives the effect of a 
unit change in the price of coffee on the constant absolute (i.e., not relative) 
amount of decrease in coffee consumption, which is 0.4795 cups per day. On 
the other hand, the coefficient of -0.2541 obtained from eq. (2.21) gives the 
constant percentage decrease in coffee consumption as a result of a 1 per cent 
increase in the price of coffee. 

Check your Progress 2 

1) '.Explain how you would estimate the beta coefficient in a two-variable 
regression model. 



2) Define the coefficient of determination. What does it signify? 

....................................................................................... 

....................................................................................... 

3) Find th; values of a, and r 2  using the following data. 

4) What do you mean by intrinsically linear model? Can you compare the 
results of an intrinsically linear model with that of a lineai model?\Why 
or why not? . .  

2.7 LET US SUM UP 

In this unit we studied the basic framework of regression analysis. The reason 
for inclusion of error term in the regression model is described irividly. We 
also studied the estimation of beta coefficient, which serves as an estimate of 
the population regression line. The overall goodness of fit of the regression 
t~lodel is measured by the coefficient of determination, r 2 .  It tells what 
proportion of the variatiur, in the dependent v a r i a y  is explained by the 
explanatory (independent) variable. The unit also discussed about the 
intrinsically linear models that can be expressed in a form that is linear in the 
parameters 6) trllnsfonning the variables. A number of illustrative 
applications are presented in ihis unit so as to make the students easy for 
understanding. 
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Intrinsically Linear Models : 

An equation, in which there are two 
variables - one dependent variable and the 
other independent variable is called a two 
variable model. 

The measurement of the functional 
relationships among variables in reality is 
not exact. For a given independent 
variable X ,  we may observe many 
possible dependent variable values of Y . 
To describe this situation formally, we 
add a random "error" term to the model. 

The representation of the relationship in 
an equation can be said to be stochastic in 
nature if for every value of X 
(independent variable) there exists a 
probability distribution of & and therefore 
a probability distribution of the Y 's 
(dependent variable). 

In the specificadon of the two variable 
model, the values of the parameters a 

and P are not known, as a result the 
population regression line is not known. 

When the values of a and P are 
estimated, we obtain a sample regression 
line that serves. -.as an estimate of the 
population regikssion line. This is known 
as estifiation. 

The principle of least squares is to choose 

a and values that will minimise the 
sum of squared deviations between the 
observed and estimated values of Y . 
The coefficient of determination indicates 
the proportion of Y variance explained by 
the variation of X . 

If a model is non-linear and after 
transformation of its variables becomes 
linear then the model can'be said to be 
intrinsically linear. 
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2.10 ANSWERSIHINTS TO CHECK YOUR 
PROGRESS EXERCISES 

Check Your Progress 1 

1) Go through Sections 2.1. 

2) Go through Section 2.2. 

Check Your Progress 2 

1) Go through Section 2.5. 

2) Go through Section 2.6. 

3) Go through Sections 2.5 and 2.6. The results are 1, 1.75 and 0.9879 
respectively. 

4) Go through Sections 2.5,2.6 and 2.7. 
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3.1 1 Answersmints to Check Your Progress Exercises 

3.0 OBJECTIVES 

After going this unit you will be-able to: 

describe the assumptions of ordinary least squares; 

a find the best linear unbiased estimator; 

explain- the concept of confidence interval; 

test the significance of the estimators; and 

make prediction of two-variable models 

- -  

3.1 INTRODUCTION 

We have discussed in Unit 2 about the specification of the two-variable linear 
regression model, 

where we have estimated the relationship between Y and X from the sample 
observations such that 



Our objective was to find the estimated values of the unknown parameters a Statistical Inference in 
Simple ~ e g r e i s b n  Model  

and p ,  and the estimated value of y .  iJowever, our objective is not only to 
estimate the coefficients but also to draw inferences about their true va1ues:In 
order to estimate the parameters of the rnodef'stafistically, the-relationship of 
the above equation requires some assumptians about the phbability 

. .  . distri,bution of the error term. , - < 
. (  

3.2 CLASSICAL ASSUMPTIONS FOR OLS * 

. .-.,, 
x .  !~.' 

The assumptions of the ordinary least squares model are as follows: 

1) The relationship between Y and X is linear. 

'2) The error has zero expected value, i.e. 

3) The error term has constant variance for al~-*~cJ&&fd&jj~:g) f . .>i::  ?r! 2: ,3  

~, 
.. .  ... 

: .: :. . , : \ j j  .,. !?, !'..; ,?' 

4) The r a n h .  . : .  %ariablas: : : . E ,  are!' -s&is&ly- . ., , jn&pt$plent,. ,.; = ~ h ~ ~ ,  
L .  

X j --I ... 
E ( E , E , ) = o  for all i +  j. ... (3.4) 

-> - T  .. .,. : ' -.i < 
5 )  The X 's are non-stochastic variables whose ba;~&s are*k!d. Therefore 

the X 's are uncorrelated to the error term, i. d. .I. '-d 

Thepp, assumptions imply that error terms E has Q & @d ,y onstant 
2 

variance o2 and that error terms are uncorrelated to ea~kather. Further, X, 
;>;:.;'?,. ' ' and E, are also uncorrehted. r;i.j,t i-:r,;- :.;,\,,:;. ; ,. ,: . i , - ?  2 1 1 ~ f ~ s . ~  ~ ~ . ~ 3 , . ~ , ~ + c ~ : ~ 3  3f:: .:*zt5t >.,:;! ,,!i 

To examine the characteristics of the least-sqwe+.~armetq % .: fb. $ .  estimates, , .. .:., recall 
that they result from a specific sample of obs&.ati~s-of-k:dep~dent ., . 

I 
and 

independent variables. Since the sample may vary!%& estiiateshay vary as 
well and thus are associated with a random va.iable. Because the model is 

f , .  , ., ~.-; t ' ' stMmiv ' f kbG . avej sP;aMi:e(; fmul& . . "  .- &j&<'gwwk:;ht ts'&ww 'Al*'.&[ ; 

6 and p , where the 'hats3, bv& tend :rep-@ i&timted '$ak&-~&& 

tLarefers to the slope estimate resulting from a specific ~amplp.~,;wgll  as t 3  
,,*.; : < ;  .!;-: ;:,..f;$;; i; nf;,: ji::!; < -<?, -;: .: !* ,<.: ..u';i(i:,$.;.f... .......... ,l< J . : . ~ , * . k & . . . . , >  . .  J . , -  .;jJ,! ;::,:?f . 

the estimator (a - ,  fdrmula that applies to any sarnpjk %atat'fillows a probability 
d&ritj@$miF'! i , , ,  , : . ;  . ; ; ;  . .- j . .  . ; ;!.i , :$ ~ ~ ~ ~ ~ : ; ; ~ ~ ~ i j . y ~ ~  jj;.;,j<[(!l;i; 

. . .  - .  
i ;?> [,,* ; ; c,,., ;,:.,:,, !,;,; . . . . . + x ,  . .  1,; : . .  !: 7 ..,- 

.. jCi 3;;trb'i,! :'T 
The ordinary least-squ8fes (0~'s)' isti*atoii'k're " unbiakkd aid cbnsisteni. in  
fact, one of the properties of the &dinary least-squares estimator is that of all 
the estimators bhich are linear and: &hid'# % . *.,:", yield a &! ybiee$.,estimates, . . the 
estimates resulting from the OLS c.itimatijf~~vp th% rhkimhtn'v&&~e. This 
- .l I . F . I  - = '  , ., .'. , -.. ;-, /. \ C  I - ~ 



Basic Econometric Theory therefore, states that given the assumptions of OLS, the estimators ct and Q 
are the best (most efficient) linear unbiased estimators (BLUE) of a and Q 
in the sense that they have the minimum variance of all linear unbiased 
estimators. If some of the assumptions of the Gauss-Markov theorem do not 
hold. the least-squares estimators will no longer be BLUE. It is important to 
realke that the Gauss-Markov theorem does not apply to nonlinear estimators. 
In the following we will prove the Gauss-Markov theorem. Sinie the 
properties of 6 and ,!? are exactly the same we will discuss the properties of 

,i only. 

In order to prove that b is BLUE, we will first prove that p is an unbiased 
linear estimator of Q and then show that it has minimum variance. 

We note that is a linear estimator, since b can be written as a weighted 

average of the individual observations on Y .  The unbiased property of ,!? 
can be seen from the following. 

From eq. (2.10) of Unit 2 we can write 

A Cxiyj  - C x i ( B x i + ~ i )  fl=- - since y, = Qx, + E, 
C x i 2  C xi2 

If we take the expected value of (3.6) we find that 

~ ( b )  = fl since E(E, ) = 0. 

We know that the parameter Q is a constant; thus E(P) = Q . Since X ,  is 
fixed in nature we have 

Hence ) i s  an unbiased estimator of Q . This along with the linear properties 

shows that is an unbiasedSlinear estimator of . 

Next we establish that the variance of B is the best among a class of linear 

unbiased estimators, i.e. ) has the smallest variance. Let us first obtain the 

variance of b, oj2. By using eq. (3.6), we cah find out 



I Thus, the variance of P . isgiverl . by 

To prove that hes the smallest variance of all linear unbiased estimates, we 
define 

and where dl are arbitrary constants. P' can be Mitten as 

To show that E ( f l  ) = p ,  we must assume that bixl = 1 , .  

, Since c, = - Xi  + d, we have C xi2 

x; 
c, XI = - x; + dix, , and therefore, c c,x, = - + c d , x i  = l + ~ d l x l  

c x i  c xi2 

Thus E (pa) = P only if the following condition is hiilled: 

Secondly, let us look into the variance of Pa. It is given by 

Statistical Inference in 
Simple Regression Model 



2 Therefore, of is at least equal to or larger than ob2 ,  since d,' is at least 

0 or larger. This shows that 1 has the smallest variance of all linear 

unbk d estimates. Hence, we conclude that /3 is a best linear unbiased 
%% "3 

estimator (BLUE). i 

. > .  . ,  

TERMS 

It has been shown that the OLS estimators 6 and /? are both linear fbnction 
of the error term, which is random by assumption. ~herebfe ,  the sampliii'g dr 
probability distributions of the OLS estimators will depend upon the 
assumptions made abgyt t& probabiliQ distribution gf tk error term. Since 4 .,L; : , :  ,?I< 8 %  , "?{t 'd'  ? I :  

the probability disttlbut~ons of thesi'estimators are necessary 'to draw 
inferences about their population values, the natqre_,*pf the pr~bability 
distribution of the error term assumes an extrerhklj.'dnportant '%le in 
hypothesis testing. c s r , k  

, I\, 1=J?SP 

Since. he method of OLS does not make any assuplption about the f prob;dblll,$tic nature of the error term, it is of little M&M' the pdpose of 
drawing inferences about population from sample. This void can be filled if 
we are willing to tam thatc thi?*!@mk term fd~ow*~$ome ptMklity 
distribution. In the regression context, it is usually assumed that error terms 
follow the normal distribution. 

;A ; ' a  
. - -  . $ , ' < .  - 

The normal distribution is a bell-shaped probability distribution'and' can be 
fully described by its mean and variance. The classical normal linear 
regresrion. r , ., assumes J @ t  each .error term is distfibqted 3. ,.:: normally with_ zero 

1 -% 

- 
b.L ' ,.;" , ?  

mean arid'constant variance, i.e. E, - N @,02) .  , - 

We know from (3; ii);~:that E, =.f E-i. a - f l  XI ) . .Was the brba i l i ty  

distribution of E, would be 
I I 

- ,+ 

We would apply the above property of in, hypothhsis $$&g whichis given 
in Section 3.6. 

.- 
Y '  

* 7 1 . l  
Check Your Progress 1 -4 

1) What are the assumptions of two-variable linear &&$ion model? 



. . ~ - , ? '  

-;;jflc*i!f. .. .-. ........ a f ~ ~ r ~ i . f ~ : .  ... .:. ... .:r.Wi~;qj+i,. . ,! .;,. . - . ~ j !  .'j..i$:;,!ii.. .. ,.;;. ;.;;,ji. 4{~'+;.:.. i;. \c*~i:)? $Y;tati~Cioalfhrf~mk&in 

.\ ,.?. :- - . .  Simple Regression Model 
, : 2 : z ~ j  i t . . . . . . . .  :.,i, fl:.j;; -:. j ' j~dff9;;  1 .  , ':: ., i% ~ ~ d j  L. . , ,. ;'.iJ ,%i31;, . -  . 

,'A t I ( 

2) Prove that the estimated residuals from the linear regression and the 
' $ .  \g~~respondhg r;slunple valuds ;;ht X me'{ uriaorre1ated;vt)ht is, 

3) Prove that p is the best lineq qnbiased estimator of p . 
I q-- 

: ( 1 C'- -- '. I - ;t;x - - 
-. 

ESTIMATION 

I - !..F - ~ & ~ r d i m  l ikel~d~~~st imat ion-focuses  on the fact'thatsdifferents~'o'pulations 
generate different samples; any one sample being scrutinized is more likely to 
have E ' h e  from &$dpulatiarms &&Tifrom others. mii' * , a * :  i,ri;; I 

-1. ,';; 3 1  S!Cij$! t t 1 6 q : ? ~  -... t r l  :Il '  9',1 > 

We define the maximum-likelihood estimator of a parameter P astthg yalue 

of p ,  which woutd qost  likely generate the obse d,sample ohsewations 
.!I i!ijkj+- .) )Trb 1 .1C31 I . !  I:-! E'j , - ~ t i l h 3 ~ 3 ~  <, & ,+. ., Y, . In general I: is normally distribut@'ed , J2. each af ,&$ : L.Y's id is 
drawn independently, the maximum likelihood estimator maximizes 

where each p represents a. probability assaq ted with ),the normal 
> f T T  r. 

d&kkd;tion. , i i.'q 
$9-. . - 

A L L  - 

Thus, the calculated maximum likelihood estimate ,is a functiy of the 
pq@ipvJar sample of Y 's chosea,,A different $&le would'%ult in a 
different maximum likelihood estimate. 1Ae makirnr& likelihood; or we can 
say likelihood, function depends not-only on the sample values but,iflso on the 

< >  -13 
unknown parameters of the problem. Maximum likelihood estimation 
iyv&yy a search over alternative parameter, eqpators  to .- d those 
estimators which most likely would generate the sanipfe ' 

!I' 
;Lj.C) :>A>z 



Basic We will now show how this can be applied to the osiimatipn of econometric 
models. We will see that a great advantage of  maximum likelihood estimation ' 
is that under a broad set of conditions parameters are both consistent and (for 
large samples) asymptotically efficient. 

We begin the analysis with the linear regression model 

We know that each I: is normally disltrikuted with mean a  + /3Xl and 

variance a2. The probability can be written as 

The likelihood function is the product of the individual probabilities taken 
over all N observations. In this case the likelihood function is 

With maximum likelihood estimation our goal is to find the valws of the 
parameters a ,  /? and a2 which are most likely to generate the sample 
observations I.;, Y, ,. . . , YN . This is achieved by maximizing the likelihood 
function given above with respect to each of the parameters. To do this it is 
more convenient to work with the logarithm of the likelihood &notion. The 
log-likelihood function is given by 

To find the maximum we differentiate the log-likelihood function with 
respect to each of the three unknown parameters, equate the derivatives to 
zero, and solve. 

Differentiating eq. (3.12) partially with respect to a, P and a2 and setting the 
derivatives equal to zero yields 

From (3.1 1) we get 

From (3.1 2) we get 



From (3.1 3) we get 

Note that eq. (3.14) and eq. (3.15) are the same as the normal equations 
obtained in OLS method. Solving eq. (3.14) and eq. (3.15) we get h and f i  . 

Clearly, the maximum likelihood estimators of a and P are identical to the 
least-squares estimators when the error terms of .OLS follow the normal 
distribution. It follows therefore that h and b are best linear unbiaked 

estimators (BLUE). b2 is, however, a biased (although consistent) estimator 
of a*. To obtain an unbiased estimator, we need to divide the numerator by 
N - 2 ,  adjusting for the degrees of freedom. 

Since the method of least squares with the added assumption of normality of 
E, provides us with all the tools necessary for both estimation and hypothesis 
testing of the linear regression models, there is no loss for readers who may 
not want to pursue the maiimurn likelihood method because of its slight 
mathematical complexity. 

-- -- 

3.6 STATISTICAL INFERENCE IN REGRESSION 
MODEL 

3.6.1 Estimation of Standard Error 

To make statistical inferences about p or to test its statistical significance, we 

have to know the variance of p .  According to eq. (3.7), the variance of p is 

a function of the disturbance variance a'. Therefore, an estimator of the 

Statistical Inference in 
Simple Regression Model 



7 i  ,;-.!o.j-;<!ni [e,ag;zjjsf,' , i - ,  .-, 
@ M & ~ s B ~ ~ $ ~ ~ ~  diitwb&ce variance o' should first ~ ~ e , ~ ( t ~ t & i & ~ < @ 6 j n ~ ; i  && sample 

observations in order to estimate the variance of p . +;.(. . ,- .-,- 5:; ('t ' , r .1  ct!c>;;? 

The estimation of o2 can be based on the error : 1 sum gfsquares Z2#; 
, : a ;  

r : .  !4 

- * - * -ig = ( y , + Y ) - ( j i + Y )  since y , = P - Y &  .Ct=K-Y' 71-?: 

: . . . 
> - ,v.!-Z 

Averaging = a + /?Xi + 6, over the N s;ifnp16 bb&hatidns',.; -&x obtain 

Y = a + / ? y + ~ ,  SO that .!< .... .3 

Also recall that 
8 -  '. ........ 

c I ; L ~ : : ~ ; ~ ~  ~ : ; ; ; ~ C . f j @ ? p P ~ ~ , : 2 ~ ~ . + + ~ ~ ~  l,<i.i j . ' i  r.:i ::;<;: :;&lTd 
;.. , '* ' .  . .- . , . *. 

a <;. :>!l,.; .),< j::.,: ,, , !I.&? * , +  :,:- , a $ . >  '. . !,,;:At ;:;:,g i.$~: " < r cj <.f{fi:;.:<3p; .i,;(jf:;,>z{: ? ??' ; I:.; ;>9i;:~ . ;<j~ 
A . : . j  

We have,. therefore, j, = px, . -. 
;:.5 ,. i: , c* 2 

('i '$ 
" I' ? . . . . .  ' -.-:, - >'.. - .... 

Squsikg .and summing both the sides, we obtain '7 
: 

.T. 
' '.,..**. 

Taking epectations r . on both sides gives . . .  
: . . I  lx$j :>.i . ~ S > ~ J { T ~ G ;  .;?;,: y'. .?:(;!> $3 'j:; ~ * , 3 ~ ; j , ~ ~ , ~ ~ j ; . j ~ - : : ;  i,! ;-b;j:!:;;jij cf;;;c7iycirr; 3 d ~  p x ~ ~ ; ~ ~ 4 j ~ 3  
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, . 

b (or s ) is a square root of 3' (or s2 ),and it is called the stand* error of 
tHk e'stiiilapk.ss';: ,?C.":;'>'""i;!o': ;, , * - . :.? ;?,;it ?: ,.:y;ji ::-i < .  .:[; i i i j i . ;  >?r8i -;~~:.;:.';T<3: 

. .  . r r T  I , $  2,,;[i :,,;-it; ,r.ic.,i.,!,:,,, ..y; Cii '! >.::!; ',:. : , r + ! + : . ; = L ;  - . A . ,  < i A ?  . . * ,  t * , c - , ? , . q - p i  , . . .  ~ ' 8 ,  -:,;,..... . - . , < : : . . z i ; ! , ! : r - i  

,,. , ;.! ', ~ , . t j ;  <;:-:;:; /::;: An unbiased estimator of oP2 can be ob ta incd :as~fc i~oks~~~~ , , , r  

6' - r, 2 = -- - c7-- Ei A 

C El2 
" x , '  ( 1 v - 2 ) C x t 2  

Confidence .; interval~~provide a range of values, which are 1ikely.to contain the 
irile!re@&bn ,&yin&,& : w i ~ ) s 4 @ & ' : i c b 8 ~ 2 6 2 &  'iir*efizI I $8- tiiks&i$t;;' 5 
level of statistical significance. The confidence inte+~~~~hi ;&&~~t&t'&~~h 
that the probability that the interval contains the true parameter ,: i, :. i is 1 minus the 
1eyel::of 2ignificance. . - ... 

Confidence intervals are particularly useful for testing statistical hypotheses 

aboqj, t+ t ; i $ 7 -  e ~ t i m ~ ~ @ ~ , ~ : q g ~ $ o ~ , ~ ~ a j : ~ ~ ~ s ~ , ~ ~  : L + s :  a.4d begig!,~@:,a ~4i:~Mh"Sj~i 
w h i ~ h  tdja2ct2bi usually >.#ri j.&$de*i;&, states that ;;iif a certain h;d.;ih;;; effect is ii; ~ ~ ; ; i - ~ i ~ ~ ~ ~ % r ~ ;  notpresent &cause a rgmLgg!;t we  qf&n.Qopg :inak'esiiib 

rej@i& possible. To test the validity of \ . , .  ol.. - -  $@el ye. @t ; up,;@e null 
hy$bth&k that p equals 0 .  We hope to reject the""nul1 liypothesis by 

obtaining a value of a which is sufficientl$ ' d & ~ '  fi6& $'?6"'~&f 

significant doubt on the h ~ ~ o t h $ q ,  thpt {fl :-y$s -; + s ? p q ~ ~ f q e p ~ p l . ~  -, 

that is 0.9. If we choose a level of significance of 10 per cent, the 90 per 
i -. i:;, cent confidence interval for p might be ?,, I .: .. ... .. . < 4 '  r. L .  ' , ,, . I ii. :.. ; 

- ,  
1: ' . 

, - .  ,.,,, , ? > . '  ,. ,. ,;oy,h* r . .  , ; ; 

t This means that the probability that p is within tl?& f&&! '0% tb"l2 '1s 8 ~ ~ .  
1 In addition . .  . .  , _ I , it means that we can reject , . -. {he ; , ,, nub t. :, hy~pthesiq (.,.;: , :. . that, .I: ; fi, ~ J , , :  quals  0 

. . <  with 90 per cent confidence. 

Heie)v&.will discuss the tests of significance of the regression ootffjbient and 
that of the coefficient of determination. The former is done through t test, - 

whi]e,.thnlla&r: is.,m$&. &rough ;Ei test- B ~ e t h ~ t k e ~ i ~ & ~ ~ - p m ~ k d  ip $he 
following. . . ,~ 

, . , :  . . , i 1.. . a .  
, . . . .  

Tests of Regression Coeffi~ients - .  
< i; - : r i , : ,  :. , < ;  :.: ;;,;; , ,*r' , :  ,;:.,;, ,;;:,, .-*;i;.:. .,::I;: F,r>;.::::, :>c&~;~-;'>:~;, ,;.; ,;..[;,::;:<;<; ::: <: 
The statistical; tes(;foirejbeti~mndk:h~fheis ~ ~ ! . r y i t l u : a i r & g ~ e ~ i o n  
~~efficient- ,  4s ,ws.My - : b M ,  I on- $be::. ft: ::di$tgib~tjpn. : The; i t :  jdktribllti~~ ;i4 
rele~an5b~egpp.y -fp! s-~~is!/~~~~~e,s~; we ~q?&!q-iutilke , ,akuqplq&qqi  4 t  
the error variance rathei. than its true valu&.. To use the t distribution to 
construct 95 per cent confidence intervals for the estimated P T ~ W , ; , ~  

. first standardize the estimated, regressiqn parameter, Say b,  by subtra;ting it* 
. , ,  :~ . , , ,  ,.,-: ;.:. . ,  ' . .  . -  -!.,-,','.' 

i ". - ,, , . , 1 0  ::!:>;,;:j~~'.;;,; i:;*ji.,..fi!b:: ,i r : j  ~ : ~ 3 ~ ~ , . 1 , ; : ~ < , ~  -: 
hypothe'shed true value & and dividing by the est~mate of its standard error 
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(see Unit 1). Thus, t = - @ - "  where sb is the standard error of p .  We 
sb 

consider the null hypothesis that P = 0 or equivalently, that there is no 
relationship between tbe variables X and Y in the two-variable model. In 
this case the t statistic is given by 

The subscript (N - 2) indicates the degree of freedom for which t-test should 
be undertaken. If the t statistic (calculated value) is greater than t, , the 
critical value (tabulated value), we reject the null hypothesis. Here the 
subscript 'c' indicates the level of significance. 

More generally, we can test the null hypothesis that P = Po. To do so wt 

calculate the t statistic: 

the standardized variable tN-,  also follows that a i distributian with N - 2 
degrees of freedom. With a 5 per cent test, the critical value is defined so that 

Prob (-t, < t,, < f,) = .95 

where Prob denotes probability. 

Now, by substituting from eq. (3.2 6) we obtain 

Modifying eq.. (3.28) We get 

Prob ( p - C ~ q  < Po < f i  + f,sq) = .PS 

From eq. (3.29) we obtain a 95 per cent confidence interval for P : 

Using a similar procedure, we obtain a 95 per cent confidence interval for a : 

4 f .t,s& ...( 3.31) 

It is possible to determine confidence intervals for any' level of significance as 
long as the critical value of t distribution is correctly chosen. Eq. (3.30) tells 
us that an interval of t ,  standard deviations on either side of the estimated 
slope parameter has a probability of .95 of containing the true parameter. 

Example 3 4  

Following is a numerical illustration of testing the regression coefficient. 



From the above data we can calculate 

We have 

The estimated equati~n is written as 

Now we can calculate 

For the 5% level of significance (i.e., 95% level of confidence), the value of t 
d 

is 3.182 for a two-tailed test with degree of freedom, 3. The calculated t 
value is 5.63, which is higher than tabulated t value, 3.1 82. Therefore, we 
reject the null hypothesis and conclude that X is a statistically significant 
variable in explaining the variation of Y .  

.. 

Example 3.2 

Statistical Inference in 
Simple Regression Model 

Let us return to o w  ponsurnption-income example in Unit 2. 



- "  - - . " - "  " L -  - - .-  - - - - -  - -- .-- 
Consumption (Y) 

J - . " -. - - A < - .  > "- Income (X) 
(Rs)' 

70 80 
65 -3 IPO 
90 "20 

We found that 
- ~ - .  * , . , ?c-p ---. 

xi,' = 337.2728 
*. _ 

The estimated regression line is 

We can calculate 

r 
l ,. - i' I , *  

For the 1% level of significance (i.e., 99% level of confidence), the value of  t 
is 3.355 for a two-tailed test with degree of fregdorn,,]8. The calqulated t 
value is 14.26, which is higher than tab-ulated b value, 3.355. Therefore, we 
reject the null hypoaesis and conclude that X is a statistically significant 
variable in explaining the variation of Y . r, : t 

i ,. * J f  

The 99% confidence interval for would be 

We observe that 0 lies outside the 99 ppr~ent confidence intervti?'f@ ')), 
dlowing us to rejkt'iif f h ~  1 '@@~~oent ~ 6 F b f  ~igniW%%Wthe null liserthbis 
that P,,= 0. 



,-"_-. . 
Similarly, Statistical Inference in 

Simple Regression Model 

The .... , ,  ?9% : confidence . , , interval. , ,  . . . .  fcy j ,  p :, would ? , : !  be .. . . 
. < .,:.,cii;;j;;:<<,...- c :  ;yf..:! ..':- . $ \  , '  7 , .  . I f :  

'~ ! 
. . 

. A 

a f t,.s, = 24.4545 f (3.355)(6i4J,38,):5.,W.43F+5. . ., k 2&5k~%3:; I .i:;: i.i(; 

......................... or. -- -......... _" . . . . .  - . . .  .-----. . . .  - - . - . . . .  .- ....-. ... - . .--. - ....... 

Wbe,igbserve . .  ........... .that.,:Q.:li~, , :  . . . . .  , s . a  -.-. outside tk,i$3: ,pe,rcqt ~confidencqil.8gtenta1 .:fpr 5%; 
a1loying.u~ . . . . -  ,, . . . to reject. s .:- , at . _ the . I . , : .  per F 1 : .  cent !e\iel of, significance the :null. . h y p ~ , ~ e s i s  . . . .  . .  

.I.. 122 , ! ' j  : :  ' .!,>. 2%. 
that a' .g 0. Equi~al&itly, w$ observethatthe calt%[?ted valve of / (3.8 13) is 

.lhe,,,&.q'~ai$a,h6 of 3.j59-%d;agifA:i2jgct thr j hjii;.6twk;Ji3:;i,: :,": 
. . - .  < . .  .,..i ' .  > ' , ,  . i [ ,  :,>!;ij;\,.: ~ x ~ . ~ i ~ . , $ * - . : ~ ; > . < ; > - ; ( ~ :  ..;;ii ,:,, ::, <;:"<. ;;,::; : . .;. 

Tests for the ~ o e h c i e n t  of Determination 
r i ;  . , . .:. <.t 

To test the significance of R2 that R2 is not different f rdh ?I', that" is not 
explained by the explanatory variable in the.equation, ( .  , '..: F,<,! .:: we can, : ! make r y,w.of.:F, " , , ..? .! ,> . : . : .,!. 

. . . . .  . . . . . . .  . 
test. T@s is an example of the analysis of v&iance:In the case of two-variable 

. . .  models with the null hypothesis = 0 ,  .., L : , .. k t -L . . . . . .  , !  ..... . .  -.:, . , 
, ,. 

where F has (I, N - 2) degrees of freedom. The ,.., ,1 high value of F leads to the 
::-:* .; K>, ..; . :. .: ':'!, 4. .:: : 

rejection of the null hypothesis. Therefore, it is quite natuial"ihat Yej ection of 

null hypothesis occurs when RSS is high relativatq.:ES$, thatis .... when R2 is 
-: ;; 1 ,i, 

) ., , ,: ..>v.., $ .. . .. 
high. 

r ; .  . . ~h~ F test is designed to test~~~~Yhel:iignifiegfi~eb~~xI1~.~~iiA~C$~&I': h;es:&f 
variables in the equation. Hqyqver, in the two;.variable h .  case the, F test is 
used for testing the single &&&tot);,~$~&l$ ar ' i$6- i ' e ; t ime  is 
equivalent to test the significance of R2 ., 

. . . . . . .  ; ..; ,,: . , . \ ? .I ;,, ..%.. ; - ;  4, : + 1 : 1.- i i . ' , '  , . . , ~ 
< :  

,, ,, , j  :.. 
r .  

> \ . )  
1 ' 

Example 3.3 
. ) . . i  . . ,  

. .  ::,,,,. ;, ; ,*< . ~ . : . , . ! : i : , : { { : t  ,; ;:, ;>::>;:!: r!:; ,.; 

Following is a numq+al_illustra~gp;qf tgstjn 
the data provided in'the'~xarn~1e 3.1. 

. .  ; a :  ? .  . . . . . . . .  ,?.. " j  ,,-, :".,<; ;..~ . .:,; .;,: :,. - 4 . I - !  : .  , 
I .  :;., ' .  . 5 <  ,> :,?<:,.i ,:., . ! :: From the data provided in example Tl 'we  'calctlfgIfd - 



Basic kconometrir.   he or^ 

The F value is calculated based on the information above as 

At a 5% level of significance ~ ( 1 , 3 )  is 10.13, which is jess than 31.6R. 

Therefore, R2 is statistically significant. 

3.7 PREDICTION 

One of the objectives of econometrics is the prediction of economic 
phenomena. The estimated regression equation 9 = & + BX is used for 
predicting the value of Y for given values of X . Let Xo be the given value of 

X . Then we predict the corresponding value of Y ,  of Y by 

where the true value Y ,  is given by 

Y ,  = a + f l X , + ~ ,  

The prediction error will be 

The expectation of the prediction error will be 

= 9 ' since ~ ( r i ) = a ,  E(B)=f l ,and  E ( C ~ ) = O .  

Therefore, Le predicted value of Y is an unbiased estimate. In fact, it can be 
shown that Y,  is the best linear unbiased estimate (BLUE). 

Now the variance of the prediction error will be 



where ofO2 is E [(a - B )  + (/? - i) Eq. 13.33) implies that the error 

made in predicting an individual value is the sum of two uncorrelated errors: 
the error in estimating the parameters of the regression equation and the error 
of the random disturbance during the forecasting period. 

Check Your Progress 2 

1) Find the maximum likelihood estimators. Are they same as least-squares 
estimators? 

....................................................................................... 

2) Prove that b2 is not an unbiased estimator of o2 . 

3) Define the concept of confidence interval. 

4) Test the hypothesis that there is no relationship between the variables X 
and Y in the two-variable model. 

Statistical inference in 
Simple Regression Model 
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5 )  Find the values of a .  and r 2 ,  and conduct I and F tzsrs lioin t t ~ e  

following data. 

In this unit we first discussed about the classical assumptions of ordinary least 
squares. We presented five assumptions of least squares, viz., linear 
relationship of the variables, zero expected value of 'ei-ror terni;'constant 
variance, independent random variables, and non-stochastic independent 
variable: -The sixth a~sumption~on'rioimal' distribution was discussed'l'at~r. We 
discussed the estimation of best linear unbiased estimator. The maximum 
like1i'liooil (ML) method' of estiination 'is'also 'd.isc;ssed.' It is' found that the 
ML estimators are the same as those of least squares estimatgrs. We disqussqd .... j : ,<,,,, r - r . -  , :  a ;. ..... the tests of significance <+f i~gkYlon rnoa6l; , l i ~ &  f distrib:ti$A; and :* teht; 
Finally,, we made-prediction about the depend.ent. variable for known values of 
explanatory variable. 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.9, .my. WORDS. 

, . . . . *  ,? I... . . . . . . . . .  . . . .  
Best 'Linear Unbiased : Glven the ' 'assuh$tions of '  OL'S;' the 
Estimator estimators q e  sqid:<Jo be the best, ,linev ; i:,j-. , , ,-., < A ~ , ' . t  , ><A,,. ,......-., :.;;::> , 3 .,,, " t ' , , - < .  . , ~ - . *  

unbiased estimatbis ' @y~Ej' whiii' they 
. . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . .  .have . the . .minimurn. . variance. .of: . all .linear 

unbiased estimators. 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

C6nfidence ~nterval : Confidence intervals provide a range of 
. . . . . . . . . . . . . . . . . . . . . . . . . .  values, which are .likely, .to. contain. the true 

regression parameters. With every 
. . . . . . . . . . . . . . . . . . . . . . . .  -confidence intewal we associate a level of 

statistical significance. The confidence " .,. ,:: ..$.. - . -  > .  , , ; : . : > \  . . . . . . , .comm&ed.i ;; : 'that th& 
probability $ha# Ihe inte*al:~bntain$, the true 

. . . . . . . . . . . . . .  . . . . . . . . .  . . . . . . . . .  parameter is 1 minus the level of 
significance. These are particularly useful 

. , , , .  , . . ~ . .  , ,  . , ,  . ,  . ~. for testing statistical ~. hypotheses, about the 
estimated regression parameters. 

Ma.ximuiii Likelihobd' ' ' . ' - ': ' ' Maximum' likelihood estimation' focuses on 

. . . . .  . . . . . . . . . . . .  , . .  
the fact that different populations . .~ generate . .  

'different shp1es;  any one sample being 



scrutinized is more likely to have come 
from solve populations than from others. I t  
involves a search over alternative parameter 
estimators to find those estimators which 
most likely would generate the sample. 

Normal Distribution : The normal distribution. is a bell-shaped 
probability distribution It can be fully 
described by its mean and variance. 

Probability Distribution : A random variable is examined by the 
process which generates its values. This 
process is called probability distribution, . 

which lists all possible outcomes and the 
probability that each will occur. 
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3.1 1 ANSWERSIHINTS FOR CHECK YOUR 
..PROGRESS EXERCISES 

Check Yo~nr Progress 1 
I 

t 1) Go through Sections 3.1. 

I 2) The pmblem will be iasier if you work with the data in deviations form. 

3) Go through Sections 3.2. . 
Check Your Progress 2 

1 )  Go thi-ough Section 3.4. 

2) Go through Section 3.5: 1. 

3) Go through Section 3.5.2, 

4) Go through Section 3.5.3. . 
5 )  Go through Section 3.5.3. 

Statistical I~ifercnce in 
Simple Regression Model 



UNIT 4 MULTIPLE REGRESSION 
MODEL 

Structure 

4.0 objective: 

4.1 Introduction 

Multiple Regression ~ d d e l  

Additional Assumptions 

Tests of Significance 

Coefficient of Determination 

Matrix Form of Multiple Regression Model 

Structural Stability of Regression Models - Chow Test 

Prediction with Multiple Regression Model 

Let Us Sum Up 

Key Words 

Some Useful Books 

AnswersIHints to Check Your Progress Exercises 

4.0 OBJECTIVES 

After going through this unit, you will be in a position to: 

a e-xplain the concept of multiple regression; 

explain the concept of coefficient of determination; 

test the structural stability of regression models; and 

make prediction with multiple regression. 

4.1 INTRODUCTION 

In Units 2 and 3, we studied the basic statistical tools and procedures for 
analysing relationships between two variables. However, the two-variable 
framework is too restrictive for realistic analyses of economic phenomena. 
Economic models generally contain more than two variables. When a 
regression equation has three or more than three variables, we call it a 
multiple regression model.. The statistical formulas for estimating the 
parameters, variance, and testing the parameters are very similar, or in some 
cases identical, to the two-variable regression model. 

 he simplest possible multiple regression model (without using matrix 
algebra) is three-variable regression, with one dependent variable and two 
explanatory variables. If you can understand the analysis of a relationship 
between three variables, you should be able to generalize the concept to 'a 
multiple regression model. A conventional example of a three variablc 
equation is a demand equation in which quantity demanded depends not only 
on the price of the commodity but also on the income of a consumer. 



Multiple Regression Model 1 4.2 MULTIPLE REGRESSION MODEL 

We extend the two-variable model by assuming that the dependent variable Y 
is a linear function of a series of independent variables XI ,  X, ,. ... , Xk and 

an error term. This model is a natural extension of the two-variable model. 
We write the multiple regression model as 

where Y is the dependent variable, X's are the independent variables, and E 

is the error term. X,, represents the i th observation on explanatory variable 

X, . Explanatory variable X, is taken here as 1. P, is the constant term or 

intercept and PI,. -. , pk are slopes of the equation. 

For simplicity we have used a three-variable regression model. The model is 
written as follows: 

The least-squares procedure is equivalent to searching for parameter estimates 
which minimize the error sum of squares,'defined as 

ESS = ci12 = ~ ( x  - f ) 2 ,  where f = 8, + b 2 x 2 ,  +AX,, 

Just as we did in Unit 2, we-can find the values of P I ,  P, and P3 which 

miniinize ESS. To minimize ESS, we partially differentiate it with respect to 
the three upknown parameters p, , P2 and 4, and set the resulting expression 
to zero and solve them simultaneously. 

To simplify we use the model in deviation form, so that 

then 

2 To solve, we multiply eq.(4.3) by x x , ,  and multiply eq.(4.4) by x x 2 , x 3 ,  , 
and then subtrkt the latter from the former: 
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Similarly, multiplying eqT.(4.3) by Ex2, and eq.(4.2) by Cx,,x,, and 
subtracting the latter by the former and solving them, we get 

Finally, if we set the derivative of ESS with respect to PI equals to zero, we 

find that 

In the three-variable model, the coefficient P2 measures the change in Y 

associated with a unit change in X, on the assumption that the variable X, is 

held constant. Likewise, the coefficient ,!& measures the change in Y 

associated with a unit change in X, while X, is held constant. In both cases 
the assumption that the values of the remaining explanatory variables are 
constant is crucial to our interpretation of the coefficients. 

4.3 ADDITIONAL ASSUMPTIONS 

The assumptions of the multiple regression model are quite similar to those of 
the two-variable podel. Besides the assumptions of two-variable regression 
model, the multiple regression model has another assumption, viz. na exact 
linear relationship exists between two or more independent variables, or we 
can say there is no multicollinearity. Suppose in eq.(4.2), Y ,A',, and A', 
represent consumption expenditurg, income and wealth of the consumer 
respectively. In postulating that consumption expenditure is linearly related to 
income and wealth. economic theory presumes that wealth and incothe may 
have some independent influence on consumption. If not. there is na sense in 
including both income and wealth variables in the model. In the extreme, if 
there is an exact linear relatibnship between income and wealth, we have only 
one independent variable, not two, and there is no need to include 60th the 
variables. In short, the assumption of no multicollinearity requires that in the 
regression model we include only those variables which are not linear - 
functions of some of the variables in the model. 

4.4 TESTS OF SIGNIFICANCE 

To test the statistical significance of ii Jividual regression coefficients. we 
need to ask whether the Gauss-hlarkov theorem extqnds to the multiple 
regression models and whether one can obtain an unbiased estimate of the 
variance a' as well as information about the distribution of the estimated 

. regression parametgrs. The statistical properti'es of the multiple regression 
models are presented in the following: 

1) The Gauss-Markov theorem applies to the m~~lt iple regression rnodcls. 
That is, the ordinary least-squares estimator of each coefficient /3,. 
j =1,2;..,k, is BLUE. 

2) An unbiased and consistent estimate of o' is provided by 



2 CZ,' s =- . . . (4.8) 
N - k 

3) When the error is normally distributed, t tests can be applied because 

Multiple Regression Model - 

In other words, the estimated regression parameters, which are 
normalised by subtractkg the mean and dividing by the estimated 
standard error, follow the t distribution with N - k degrees of 
freedom'. 

4) The F -statistic calculated by most regression programmes can be used 
in multiple regression models to test the significance of the R2 statistic. 
The F -statistic with k - 1 and N - k degrees of freedom allows us to 
test the hypothesis that none of the explanatory variables helps explain 
the variation of Y about its mean. In other words, the F -statistic tests 
the joint hypothesis that P2 - .P, = ...Pk = 0 .  It can be shown that 

If the null hypothesis is true, then we would expect RSS, R ~ ,  and therefore 
F to be close to 0 .  Thus, a high value of the F -statistic is a rationale for 
rejecting the null hypothesis. As F -statistic is not significantly different from 
0 lets us conclude that the explanatory variables do little to explain the 
variation of Y about its mean. In the two-variabb model, the F statistic tests 
whether the regression line ii horizontal. In sbch a case, R2 = 0 and the 
regression explains none of the variation in the dependent variable. Note that 
we do hot test whether the regression passes through the origin; our objective 
is simply to see whether we can explain any variation around the mean of Y . . 
The F -tests of the significance of a regression equation may allow for 
rejection of the null hypothesis even though none of the regression 
coefficients are found to be significant according to individual t tests. This 
situation may arise, for example, if the independent variables are highly 
correlated with each other. The result may be high standard errors for the 
coefficients and low t values, yet the model as a whole may fit the data well. 

4.5 COEPFICIENT OF DETERMINATION 

R2 is called the coefficient of determination. To use R~ as a measure of 
goodness of fit in the multiple regression model, we extend the discussion in 
Unit 2 about the decomposition of the variation in the dependent variable Y . 

1 Recall that in a two-variable model we tested for the significance of /? at (N - 2) degree of 
&--A,- + h a  --A-l :mnl..AnA h . r r \  n-lrl-n-tn-, ~ ~ ~ ~ ; - l - r l n o  .,;" n~nr tant  to- 9 n A  Y 
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We can break down the difference between and its mean L as follows: 

squaring both sides and summing over all observations (1 to N ), we obtain 

Variation . Residual Explained 
in Y Variation Variation 

or, TSS = ESS + RSS 
Total sum Residual (Error) Regression sum 
of squares sum of squares of squares. 

Then we define R2 as 

R2 measures the proportion of the variation in Y which is explained by the 
multiple regression equation. R2 is often used informally as a goodness-of-fit 
statistic and to compare the validity of regression results under alternative 
specifications of the independent variables in the model. 

The difficulty with R~ as a measure of goodness of fit is that R2 pertains 
only to explained and unexplained variation in Y and therefore does not 
account for the number of degrees of: freedom. A natural solution is to use 
variances (which equals variation divided by degrees of freedom), not 
variations, thus eliminating the dependence of goodness of'fit on the number 
of independent variables in the model. We define R 2 ,  or corrected/adjusted 
R 2 ,  as 

where N is number of observations in the equation and k is number of 
parameters in the equation. It can be seen that as N becomes large, the 
differences between R2 and R2 tend to be small. 

R2 has a number of properties which make it more desirable goodness of fit 
measure than R 2 .  When new variables are added to a regression model, R2 
always increases, while R2 may rise or fall. The use of R2 eliminates at least 
some of the incentives for researchers to include numerous variables in a 
model without much thought about why they should appear. 

Example 4.1 

Following is a numerical example for a three variable case. 

Y v 
L x2 Y X I  x2 



I The above information gives us 

I Therefore, 

ESS = E *' = 96.84 

so that 

Thus the estimated equation will be 

i Where the value in parentheses is the standard error of the coefficient. From 
this equation we can compute 

1 RSS = cj2 = 1383.16 

and 

Finally, the test of significance of R' is provided by F ratio 

- - RSS I (k - 1) 
= 14.28 

) ESS I (n - k) 

This F ratio is a ,  test of significance of both explanatory variables 
simultaneously. Here it is Significant at 10 per cent level of significance as the 
computed value (14.28) exceeds the critical value (9.0) at 10 % level of 
significance. 

Multiple Regression Model 
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For illustrating the ideas introduced so far, we consider the following 
information, where Y = actual rate of inflation (%j at time t ,  X ,  = 

unemployment rate (%) at time t ,  and X ,  = expected or anticipated inflation 

rate (%) at time t .  This model is known as the expectations-augmented 
Philips curve. 

Year Y 

Based on the above data, the OLS method gives the following result. 

where figures in the parentheses are the estimated standard errors. The 
interpretation of this regression is as follows: For the sample period if both 
X ,  and X ,  were fixed at zero, the average rate of actual inflation would have 
been about 7.19 per cent. The partial regression coefficient of -1.3925 means 
that by holding X3 (the expected inflation rate) constant the actual inflation 
rate on the average increased (decreased) by about 1.4 per cent for every one . 

, unit (here one percentage point) decrease (increase) in the unemployrnerit rate 
over the period 1970-1982. Likewise, by holding the unemployment rate 
constant, the coefficient value of 1.4700 implies that over the same time 
period th? actual inflation rate on the average increased by about 1.47 per cent 
for eve1:I one percentage point increase in t4e anticipated or expected rate of 
inflation. The R, valle of 0.88 means that the two explanatory variables 
together account for about 88 per cent of the variation in the actual 
inflation rate, a fairly high amount of explanatory power since R2 can at best 
be one. 



Example 4.3 

With the information given in'example - 4.2, we will now test whether the 
coefficients significantly determine the rate of inflation. We can postulate the 
following hypotheses. 

1) H , : P 2 = 0  , and H, : P2 # 0 

2) H , : f i = O  and H ,  : f i  # 0 

Multiple Regression Model 

The null hypothesis states that, holding X ,  constant, unemployment has no 

(linear) influence on the actual rate of inflation. Similarlv. holding X ,  
constant, expected inflation has no influence on actual 
null hypotReses, we use the t test. If the computed 

d * u 

inflation. To test 
t value exceeds 

the 
the 

critical t value at the chosen level of significance, we may reject the null 
hypothesis. 

1) Noting that 13, = 0  under the null hypothesis, we obtain 

Using the two-tailed t test, the critical t value is 3.169. Sirice the 
computed t value of 4.566 exceeds the critical value of 3.169, we may 

reject the nil1 hypothesis and say that b2 is statistically significant, that 
is, significantly different from zero. 

2) Similarly, for testing the significance of 4 ,  we obtain the t value as 

In this case, the computed t value exceeds the critical t value of 3.1 69 
at 1 per cent level of significance. Therefore, we reject the null 
hypothesis and find that the coefficient is significantly. different from 
zero. 

The above two t - tests show that the independent variables have 
significant influence on the dependent variables. In other words, the 
increase (decrease) in actual inflation is due to both the decrease 
(increase) in unemployment rate as well as the increase (decrease) in 
expected inflation. 

Check Your Progress 1 

1) The following sums were obtained from 10 sets of observations on Y, 
X I  and X ,  : 
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' Estimate the regressi~n of Y on X, and X2 , including an intercept 

term, and test the hypothesis that the coefficient of X2 is zero. 

2) Consider a multiple regression model for which all classical 
assumptions hold, but in which there is no constant term. Suppose you 
wish to test the null hypothesis that there is no relationship between Y 
and X, that is, &+ 

against the alternative that at least one of the p ' s  is nonzero. Resent 
the appropriate test and state its distributions (including the numbers of 
degrees of freedom). 

4.6 MATRIX FORM OF MULTIPLE REGRESSION 
MODEL 

The multiple regression model can be represented in matrix form. We begin 
by representing the linear model in matrix form. We can see from eq. (4.1) 
that the regression model includes k + 1 variables - a dependent variable and 
k independent variables (including the constant term). Since there are N 
observations, we can summdise the regression model by writing a series of W 
equations, as follows: . . 

The matrix formulation of the above niodel is . 
' Y = X ~ + E  ... (4.14) 

' 8  

in which 



where .. 
Y = N x 1 column vector of de~endent~variable bbservations 

... X = N x k matrix of independent variable observations 

p = k x 1 column vector of unknown parameters 
.rL 

E = N x 1 column vector of errors .- 
. . . . .  

In our representation of the matrix X ,  each component X,, -has two 

subscripts, the first Satisfying the appropriate column. (variable? d d  the 
second signifying row (observation). Each column of X represent3 a vector . r' 
of N observations on a given variable, with all observations associated ;with 
the intercept equal to 1. 

The assumptions of t h i  classical linear regression model can be represented as 
follows: 

(i) The elements of X are fixed and have finite variance. In addition X 
has rank k , which is less than the number of observations N . . 

(ii) E is normal1 distributed with E (E) = 0 and E (EE') = 021, where I is Y 
an N x N identity matrix. 

The variance-covariance matrix o 2  I appears as follows 

Using the assumptions of homoscedasticity and no serial correlation, the 
above matrix reduces to 

Multiple Regression Model 
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= a 2 ~  

where I is an N x N matrix. 

Our objective is to find a vectoy of parameters p which minimise ESS. 

Where 

And 
i=xp 

B represents the N x 1 vector of regression residuals, while P represents the 
N x 1 vector of fitted values for Y . Substituting eqs. (4.17) and (4.18) into eq. 
(4.16), we get 

i ' E  = (Y- x ~ ) ' ( Y -  xB) . 

The last steps follows because B'x ' Y  and Y ' X ~  are both scalars and are 
equal to each other. 

From Unit 2 we know that 'the least-squares estimators can be obtained by 
minimizing ESS. In order to minimise ESS we take partial derivatives with 
respect t o p  so that : 

By solving for the above we obtain . 
b = (x'x)-' (x'Y) ... (4.19) 

The matrix X ' X  , called the cross-product mutrix is guaranteed to have an 
inverse because of our assumption that X has rank k .  The cross product- 

. . I I 



Now consider the properties of the least-squares estimator ). First, we can 

prove that B is an unbiased eeimator of p. 

Substituting Y = X P  + E into eq. (4.19) gives, 

= P since E ( E )  = O 

Hence, the least-squares estimators are unbiased. 

The least squares estimator will be normally distributed, since B is a linear 
I function of E and E is normally distributed. 

From eq. (4.20) we get 

By definition 

= E [( X ' X  ) I x ' & E ' x ( x ' x ) - I ]  

Multiple Regression Model 

since X 's are non-stochastic 
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= ( x  'x)- '  ~ ' O ? I X ( X  'x)-I 

We have already proved that the least-squares estimator4 is linear aiid 

unbiased. In fact, B is the best linear unbiased estimator of P in the sense that 
it has the minimum variance of all unbiased estimators. To complete the proof 
of the Gauss-M 

estimator has greater variance than p . 
We have a 

p = ( x ' x ) - '  ( x ' Y )  

and 

v U t - ( j )  = O ' ( X ~ X ) - '  

Let we take 

(x 'x) - '  x'= w ' .  so that B = u$Y 

p* = c' Y , where c'= w'+d' 

= c' (xp + E )  

'= c ' x p  + C ' F  

' ~ ( p  *) = C' xp + C I  E ( E )  

/3 * will be an unbiased estimator, if and only if, 

c 'X = I ,  

SO 

E ( P * )  = c ' X p  = I k P  = p 

We have 

p *  ; - ' y  = c ' ( x ~ + E )  = c ' X ~ + O ' E  = P + c ' E  

' Or 
1 



Now 

vur(p *) = E[(B * - P I P  * -PYI 
= E [(ctc)(&' c ) ]  

2 ' = a clc  

We have . 

~ u r ( a )  = a2(x 'x ) - '  
= 

We have taken 

C1 -- rvl+d' 

Or 

c'c = (wP+d')(w + d )  

= ~ ~ ' w + d ' d + w ' d + d ' w  

= w ' w + d l d  

since M J ' ~  = 0  and d 'w  = 0 
J? 

Now 

a 2 c ~ C  = cr2w'w +cr2d'd . 

or .' 

v a r ( ~  *) = ~ur(,?l)+ 0 2 d ' d  

Since 

Hence, a is the best linear unbiased estimator. 

Now for calculating R' , we decompose the total variation of. Y as follows. 
I )  

Then 

= ~ ' X ' X B + E ' X ~ + ~ ' X ' P + ~ ' $  

= B ' x ' x B + E ' E  (since X I P = O  and 2 ' X  = 0 )  . . . (4.23) 

Multiple Regression Model 



Basic ~conornetr ic  Theory or ,  .TSS = RSS + ESS. 

Then 

ESS - 
R? 

- I-- 2 '2 - - .  B ' X ' . Y ~  
TSS Y '  Y Y ' Y  

To correct for the dependence of goodness of fit on degrees of freedom, we 
define R2 as 

From a sample of 10 observations c'orresponding to the regression model , the 
following quantities were calculated: 

Find the least squares estimates of Q, . Q, , Q, using the data in the deviation 

form. Calculate R2 and interpret the estimated relation. 

From the above data we construct the following deviation forms: 

Now we hav: 
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Basic Econometric Theory may undergo.change so that there is a structural change in the model. In order test 
for structural stability of a model there are several tests. 

The Chow forecast test leads naturally to more general tests of structural 
change. A structural change or break occurs if the parameters underlying a 
relationship differ fiom one subset of the data to another. There may, of 
coufse, be several relevant subsets oc data, with the possibility of several 
structural breaks. For the moment we will consider just two subsets of n, and 

n, observations making up the total sample of n = n, + n, observations. 

Suppose; for example, that we wish to investigate whether savings in a 
country differs between pre-liberalisation and post-li6eralisation periods. 
Suppose we have observations on the relevant variables for n, pre- 

.liberalisation years and n, post-liberalisation years. A Chow test could be 

performed by using the estimated pre-liberalisation function to forecast 
savings in the post-liberalisation years. However, grovided n, > k , one might 

alternatively use the estimated post-liberalisation function to forecast savings 
in pre-liberalisation years. It is, however, not clear which choice should be 
made, and the two procedures might well yield different answers.' If the 
subsets are lqge enough it is better to estimate both functions and test for 
common parameters. 

To see the structural change, we formulate the savings functions for the two 
periods as follows: 

'Period I: 

Period 11: . 

where Y is personal savings, X is personal income, the k ' s  are the 
disturbance terms in the two equations, n, and n, are the number of 
observations in the two periods. 

A structural change may mean that the two intercepts are different, or the two 
slopes are different, or both the intercept and the slopes are different, or any 
other suitable combinatjon of the parameters. If there is no structural change 
(i.e., structural stability), we can combine all the n, and n, observations and 
just estimate one savings function aS 

The assumptions of Chow test are two fold: . 

(a) E,, - N (0, 0,) and E,, - N (0, c2 ) ,  is. ,  the two error terms are 

- normally distributed with the same variance, and 

(b) E,, and E,, are independently distributed. ' 



The Chow test proceeds as follows: 

Step I: Combining'all the n, and n, obse'rvations, we estimate (4.28) and 

obtain restricted residual (error) sum of squares, say ESS, , with 

DF = (n, +n, -k), where k is the number of estimated 

parameters estimated. 

Step 11: Estimate (4.26) and (4.27) individually and obtain their ESS, say 
ESS, and ESS, , with DF = (n, - k) and (n, - k), respectively. 

Step 111: Add these two residual sum of squares, say''ES~,, (unrestricted 

residual sum of squares), with DF = (n, + n, - 2k) . Find 

ESS,,, - ESS,,, , with DF = k . . 

Step IV: Given the assumptions of Chow test, it can be shown that 

follows the F distribution with DF = ( k ,  n, + n, - 2k). If the F 
computed from (4.29) exceeds the critical value at the chosen 
level of confidence level, reject the hypothesis that the regressions 
(4.26) and (4.27) we the same, that is, reject the hypothesis of 
structural stability. 

Example 4.5 

We present the data o n  personal savings. and personal income in the~united 
Kingdom for the period 1946-1963 in the following. We want to test whether 
the savings function is same in the two time periods. 

Period I Period I1 
1946-1954 Savings Income 1955-1963 Savings Income 

1946 0.36 8.8 1955 0.59 15.5 

1947 0.2 1 9.4 1956 0.90 16.7 

I 948 0.08 10.0 1957 0.95 17.7 

1949 0.20 10.6 1958 0.82 18.6 

1950 0.10 11.0 1959 1.04 19.7 

195 1 0.12 .- 11.9 1960 1.53 21.1 

1952 0.4 1 12.7 1961 1.94 22.8 

1953 0.50 13.5 1962 1.75 23.9 

1954 0.43 14.3 1963 1.99 25.2 

Multiple Regression Model 

In the above data, we have n, = n, = 9.  

Step I: 

f = -1.0821 + 0.1178 X, 
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t = (77.4548) (1 3.43 16) 

R' = 0.9185, ESS, = 0.5722, D F  = 16 

Step 11: Period 1946 - 1954 

R' = 0.3092, ESS, = 0.1396, D F = 7  

Period 1955 - 1963 

. - .  

Step 111: 
. . 

ESS, ,  = 0.3327 

ESS, - ESS, ,  = 9.2395 

Step IV: 

At the 5% level of significance the critical value o f  F,,,, = 3.74. Since 

the &served F value of 5.04 exceeds this critical. value, we can reject 
the hypothesis th%t the sqvings function in the two time periods is the 

1 
same. 

Though we accept the conclusion that the savings functions in the two 
time periods ~ T Q  different, this difference is due to either a difference in 
the iatercept values, or slope values, or both. Although the Chow test 
can be adapted- to show this, dummy variables can show this more 
readily. 

4.8 PRE'DICTION WITH MULTKPLE 
REGRESSION MODEL 
. 

The formulas far prediction in multiple regression are similar to those in the 
case of simple regression except that to compute the standard error of the 
predicted value we need the variances and covariances of all the regression 
coefficiehts. 



' 1  Let the estimated regression equation be 

Now consider the prediction of the value Y ,  of Y giverl values x;, of X 2  

and X,, of ,Y, , respectively. 
L 

t Then we have 

Consider 

t  = b, + Ax2, + B3x30 
I The prediction error is 
t 
I 8-Y, =bl - p ,  + (B2  - ~ 2 ) ~ ~ + ( 8 ~ - ~ 3 ) ~ 3 ~  -co 

Since E(B,  - A ) ,  E ( &  -a), E ( &  - 4 ) .  and E ( E , )  ark all equal to zero, 

we have E(C - Y ,  ) = 0.  Thus the predictor $ is unbiased. Since and Y,' 
are random variables ~ ( t )  = E (Y,, ) . 

The variance of the prediction error is 

We estimate a2 by RSS l ( n  - 3 )  in the case of two explanatory variables and 

by. RSS 1 ( n  - k-- 1) in the general case. 

Check Your Progress 2 

. 1 )  Data on a three-variable problem yield the following results: 

i (a) What is the sample size? 

(b) Compute the regression equation. 

(c) Estimate the standard error of b2 and test the hypothesis p2 is 

zero. 

Multiple Regression Model 
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2) Data on expenditure and income of a State in India for two periods of 
time is presented in the following. Test whether the expenditure 
function is same in the two time periods. 

Period 1 Period TI 
1981-91 Expenditure NSDP . 1991-2001 Expenditure NSDP 

(Rs. Cr.) (Rs. Cr.) (Rs. Cr.) (Rs. Cr.) 

4.9 LET US SUM UP 

This unit introduced the simplest possible multiple linear regression model, 
namely, thc three-variable regression model. This has also been generalised to 
a multiple 11-war regression involving k number of variables model with the 
help of matrix. This unit also discussed testing the individual significance of 
regression coefficient and testing the overall significance of regression. The 
coefficient of determination, which measures the proportion of the variation 
in Y is often used informally as a goodness-of-fit statistic and to compare the 
vnliditv nf r ~ u r ~ s s i n n  r~qiiltq iinder alternative snecifications of the 



independent variables in the model. This has been dealt with in this unit. 
Besides, this unit discussed testing for structural stability of regression models 
and prediction of dependent variables, given the-values of the $dependent 
variables. 

'I 

4.10 KEY WORDS I Adjusted R-square : It is a measure of goodness of fit which 
accounts for not only explained and 

i unexplained variation in Y but also for 
the number of degrees of freedom. It is 
therefore corrected R~ which accounts for 
only the former. 

: When linear relationship exists between 
two or more independent variables, we 
say there is multicollinearity. 

Multiple regression model : When a regression equation has three or 
more than thrce variables, we call it a 
multiple regression model. 'The simplest 
possible multiple regression model is three- 
variable regression, with onc dependent 
variable and two explanatory variables. 

Regression sum of squares : The variation of Y is divided into two 
parts - The, first part, which accounted for 
by the regression equation, i.e: explained 
portion, is called regression sum of 
square. 

Residual sum of squares : The variation of Y is divided into two 
portions. The unexplained portion of the 
model is called the residual (or error) sum 
of square. 

Structural stability : When there is no structural change or 
break, i.e.. the parameters underlying a 
relationship do not differ from one subset 
of the data to another, we say there is 
structural stability of a function. 
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4.12 ANSWERSIHINTS TO  HECK YOUR 

PROGRESS EXERCISES 

Check Your Progress 1 

1) Go through sections 4.2,4.4 and 4.5. 

2) Go through section 4.4. 

Check Your Progress 2 

1) Go through sections 4.4 and 4.6. 

2) Go through section 4.7. 
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5.10 Answei!4fHints to ~Keck Your Progress ~xerkises 

5.0 OBJECTIVES 

After going this u?it, you will be able to: . 

spec* the-generalised least squares model; , c  

estimate the parameters by the generalised least squares method; and 
. ' 

show that GLS covers classical regression, heteroscedasticity and 
autocorrelation as special cases. 

5.1 INTRODUCTION 

The mlltiple regression model discussed in the previous Unit is based on a 
number of assumptions concerning the stochastic error term. Two important 
assumptions regarding the error term E, are that, it has a constant variance 

(that is, homoscedasticity) aAd the error terms are not related to one another 
(no autocorrelation). These two assumptions may not hold in real life and 
actual data that we take for analysis may not fulfil them. When the error term 
does not have a constant variance, that is, error term 'varies according to 
changes in certain variable we have the problem of heteroscedasticity. On the 
other hand, when the error terms are related to one another we encounter the 
problem of autocorrelation. We will learn about the consequences, detection 
and remedial measures for these two problems in Units 7 and 8 respectively. 
Here in this Unit we discuss an estimation method, that is, generalised least 
squafes, which can solve both these problems. 
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5.2 ASSUMPTIONS OF CLASSICAL REGRESSION 

MODEL 

The classical regression is based on tather restrictive assumptions concerning 
the behaviour of the error term. An. alternate model, known as 'generalised 
linear regression model', is considerably less restrictive in this respect. If we 
do not make these assumptions, but retain all other assumptions of the 
classical normal linear regression model, we have the so-called generalised 
linear regression model. Now the full description of the model is given below. 

2) The joint distribution of E, ,E, ,..., E ,  is multivariate normal. 

5 )  Each of the explanatory variables is non-stochastic qnd such that, far 
any sample size 

is a finite number different from zero for every k = 2,. . :, k . 

6) The number of observations exceeds the number of explanatory 
variables plus one, i.e., N > 4 + 1. 

7) No exact linear relatian exists between any of the explanatory variables. 

According to assumpt i~~s  (3) and (4) abave, 0,' is the variance of 8, and a,, 

(i p j )  is the covariaqfe of E,  wd E / .  Using the matrix notation, we can 

restate the model as 

Y = X P + E  ...( 5.1) 

where 

Y = ly x 1 ~olumn vector of dependent variable observations 

X = N x K matrix af independent variable observations 

,O = k x 1 column vectol; of unknown parameters 

E = N x 1 column vector of errors 

The assumption (4) given above can be written as 



Generalised Least Squares 

This model is called 'generalised' because it includes other models as special 
cases. The classical normal linear regression model is one such special case, ' =in which V is a diagonal matrix kith 0' in place of each of the diagonal 

1 elements and zero at other places. Thus for the classical regression model we 
I 

have 

Another special case is the keteroscedasticitic model, where V is again 
diagonal, but all the diagonal elements are not necessarily the same. Thus we 
have 

ti 
For the mode1 in which the disturbances follow a first-order autoregressive 
scheme, the error variance-covariance matrix V becomes 

... 1 - 1 p pn-' - 

... i 2 p 1 P " - ~  .. v = 6  .(5.5) ........................... 
P ! ~ - l  p.. . I 

- - 

In Unit 4 ,  under OLS estimation, we assumed that 

E(EE' )  = 0'1 

where I is the identity matrix. 

llnder this assumption we obtained the OLS estimator as (see equation (4.19)) 

a = ( X ! X ) - ~  ( x ' Y )  

It is easy to show that j,, is unbiased so long as E(E)  = 0. We have seen 
from (4.20) that 

= (x'x)-I (x 'Y)= p + ( x ' x ) - '  X ' S  

Therefore, we have 
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However, if E(EE') # cr2 I 

then Do,,, is unbiased but not efficient. 

5.3 ESTIMATION PROCEDURE . 

The problem now is to estimate a in (5. l), that is, 

when 

E(E) = 0 and E(EE') = V 

where V is assumed to be known, symmetric, positive-definite matrix. 

This estimation problem may be approached in a number of wqys. We present 
the simplest method in the following: 

We know that a positive definite matrix can be expressed in the form PP' ,  
where P is non-singular. Note that P' is the transpose of the matrix P .  
Thus, we write 

v = PP' 
d 

so that 

and 

Now pre-multiplying the model Y = XP + E by P-' , we get 

P-'Y = P-' X p  + P-'E 

where ,. 

Applying least squares to the transformed model (5.6), we get 



= ( x ' v - ' x ) - ' ( x ' v - ' y )  . . .(5.7) Generalised Least Squares 

This is called the generalised least squares estimator of P .  

5.3.1 Properties of GLS Estimators 

Now putting the value of Y in the above equation, we get 

, - = ( x t v - ' x ) - '  { . ~ ' v - ' ( x p +  E ) )  

= (x'v-'x)-' ( x ' v ' x ) ~  + ( x ' v - ' x > - '  (x'v-'&) 

Since E ( ) )  = p in (5.8) above we can say that b(;,, is unbiased estimator ol' 

P .  

By re-arranging terms in (5.8) we obtain 

j - p = (x 'v- 'A')- '  x t v - ' &  

The variance of is given by 

The estin~ator , = (x ' v - '  x)-' ( X ' Y  - 'I . )  given at (5.7) is the Aitken's 

generalised least-squares estimator. If we apply OLS to Y = X/I + E the 
resultant estimator would be unbiased linear but it would not be minimum 
variance unbiased linear estimator. The presence of assumption E(EE')  = V 

rather than the simple E(EE')  = o2 I,, destroys the minimum variance property 
of OLS. 

5.3.2 Testing of Hypothesis 

F Q ~  testing of the hypothesis that GLS estimators are statistically significant 
we proceed in the same manner as for multiple regression in Unit 4. As you 
know, for hypothesis testing we need two values: value of the estimator to be 
tested, and its standard error. Given V , the generaiised least squares (GLS) 
estimator can be computed from eq. (5.7) and standard error from eq. (5.9) so 
that the usual significance tests and confidence intervals for the P, 's can be 
constructed. Thus the test statistic can designed and its observed value car1 be 
compared with the tabulated value. 
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Basic Alternatively, we can work in an analysis of variance framework hy 

establishing the appropriate sum of squares-from eq. (5.1). 

Defining i = Y  - XB and pre-multiplying by P ~ - ' ,  we get. . 
- .  . 

/" A p-'6 = p - ' y  - 'p-'xp 

where 

M  = P-'Y and N = P - ' X  

Now 

M'M = ( N / j  + P - ' i ) ' ( N )  + 

= j ' ( ~ ' ~ - ' x ) / 3 +  ; ' ~ - ' i ,  

since X ' t  = t ' X  = 0  

Equation (5.10) can be viewed as a decomposition of the total sum of squares 
(TSS) int.) an regression sum of squares (RSS) and error (residual) sum of 
squares (~'9s). Eq. (5.10) can serve as a basis for the usual analysis of 
variance table but since the analysis is derived from the transformed variables 
N  and M  we see that we are weighting sun~s  of squares in the original 
variables Y and X  by the matrix V - '  



-- I 
5.4 SPECIAL CASES OF GLS Generalised Least Squares 

Let us now consider some special cases. 

First, if 

I/ = 021 , ,  = E(EE') ,  

that is, if the generalised model reduces to the classical model, we have 

and Aitken's generalised estimator is the same as the ordinary least-squares 
estimator. 

Second, if 

j that is, if the generalised model reduces to a purely heteroscedastic model, 
then 

t and Aitken's generalised estimator is the same as the best linear unbiased 
I 

estimator developed for the heteroscedastic model (See Unit 8). 

Finally, if 

< ,  that is. if the error term folliows a first-order autoregressive scheme, we obtain 
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Basic Econometric Theory In this case Aitken's 'generalised estimator is the same as the best linear 

unbiased estimator (BLUE) derived for the regression model with 
autoregressive disturbances (see Unit 7). 

Check Your Progress 1 1 

1 )  Explain the procedure of obtaining GLS estimator. 

2) Find the estimate for variance of the GLS estimator. 

5.5 LET US SUM UP 

In this unit we discussed the method of generalised least squares which 
applies to several situations. In reality we observe that economic data used for 
estimation of multiple regression models do not fulfil some of the 
assumptions made under classical regression model. In order to obtain 
estimates which are unbiased as well as efficient wetapply the method of 
generalised least squares. 

There are several procedures of obtaining estimates for GLS models. We 
discussed an important method, that is, Aitken's method in the Unit.-You will 
find that the GLS method provides efficient estimators in the presence of 
autocorrelation and heteroscedasticity. These two issues will be taken up for 
discussion in Units 7 and 8. 

5.6 KEY WORDS 

Autoregressive scheme : Here the error terms are related to one 
another. The first order autoregressive 
scheme is given by s, = ps, , + u, . 



Generalised Least Squares 

Goneralised least squares : It is called generalised least squares as. 
several models such as classical regression, 
heteroscedasticity and autocorrelation can 
be considered as its special cases. 

Heteroscedasticity : A situation where the variance of the error 
terms changes within the model across 
observations. 

Multicollinearity : A situation where the explanatory variables 
are not independent of one another. 

5.7 SOME USEFUL BOOKSIREFERENCES 

Johnston, Jack and John Dinardo, 1997, Economefric Mefhods, The McGraw- 
Hill Companies Inc., Singapore. 

Pindyck, Robert S. and Daniel L. Rubinfeld,l998, Econometric Models and 
Economic Foreca.sts, IrwinjMcGraw-Hill, Singapore. 

5.8 ANSWERSIHINTS TO CHECK YOUR 
PROGRESS EXERCISES. 

Check Your Progress 1 

. I )  See Section 5.3 and answer. 

2) See Section 5.3 and answer. 



TABLE Al:  NORMAL AREA TABLE 



TABLE A2: CRITICAL VALUE OF T-DISTRIBUTION 

inf 0.253347 



TABLE A3: CRITICAL VALUES OFCHI-SQUARE DISTRIBUTION 
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TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION 
(Level of significance =0.05) 

1 120 

inf 

. . 

3:921 3.07 

3.841 3.00 

2.68 

2.60 

2.45 

2.37 

2.29 

2.21 

2.18 

2.10 

2 . 0 9 b 0 2 i  1.96 1.91' + -  I 
2.01 1,941 1.881 1.83, . -.-A 



TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION (CONTD.) 
(Level of significance = 0.05) 

Idf2ldfl 12 1 15 1 20 24 1 . 30 40 1 60 1 120 INF 1 

40 

60 

120 

inf 

2.00 

1.92 

1.83 

1.75 

1.92 

1.84 

1.75 

1.67 

1.84 

1.75 

1.66 

1.57 

1.79 

1.70 

1.61 

1.52 

1.74 

1.65 

1.55 

1.45 

1.69 

1.59 

1.50 

1.39 

1.51 

1.39 

1.25 

1.00 

1.64 

1.53 

. 1.43 

1.32 

1.58 

1.47 

1.35 

1.22 



TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION (CONTD.) 
(Level of significance = 0.01) 

inf 6.64 4.611 3.781 3.32 3.02 2.80 2.64 2.511 2.41 2.32) 



TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION (CONTsD.) 


