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1.0 OBJECTIVES

After going through this unit you will be in a position to:
. explain why we should study econometrics;

. e - appreciate the scope of econometrics; and

. learn certain basic statistical tools used in econometrics.

1.1 INTRODUCTION -

Econometrics has emerged as a specialized branch of economics which is
concerned mostly with empirical verification of economic theory.
Econometrics has both theoretical side as well as applied side. In theoretical
econometrics several estimation techniques and test statistics for estimates are
developed. Theoretical developments in econometrics have been quite rapid
in recent years. It is somewhat difficult to keep track of all these
developments and cover the entire lot in a single course. '

The present unit serves as a foundation for the course. It reviews some of the
background materials considered to be useful for studying econometrics. Thus
it covers in very brief the concepts of probability distribution and statistical
inference. The Unit begins with a definition of economeirics and how
econometric methods are applied to real life situations.

1.2 THE NATURE OF ECONQMETRICS o

économetrics is a branch of economics which deals with economic
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economic phenomena based on the concurrent development of theory and
observation, related by appropriate methods of inference” [Samuelson.
Koopmans and Stone, 1954|. We should notice 1t.ree issues being emphasized
in the above statement. First, econometrics deals with quantitative analysis of
economic relationship. Second, it is based on economic theory and logic.
Third, it requires appropriate methods to draw inferences.

Through logic and experience economists have attempted to establish
relationship between several variables. Movements in certain economic
variables are explained in terms of changes in some other variables. For
example, the law of demand states that as price increases the quantity
demanded of a commodity decreases. You will find numerous examples of
such relationships. Some of these are apparent while others are quite complex.
As-we do not know what exactly is happening we often make conjectures
based on logic and our understanding of things. Due to differences in
perception, often different persons explain the same phenomenon differently.

Some of the economic relationships have been proved through empirical
studies and validated under several situations. Some more are put forth as
hypothesis and unequivocal conclusions are-yet to be drawn. In both the
cases, however, logic needs to be supported by empirical observation. An
advantage with the subject matter of economics, unlike many other disciplines
in social sciences, is that many of the economic variables can be quantified.
This has helped in empirical measuremént of economic variables and’
validation of economic theory.

We will show how econometrics is different from other braches of economics
such as mathematical economics or economic statistics. Mathematical
economics usually presents economic theory in mathematical form. It does
not bother about empirical measurement of economic theory. Econometrics
on the other hand is mainly concerned with empirical verification of
economic theory. In doing so, econometrics makes use of the mathematical
equations suggested in mathematical economics. Economic statistics deals
with collection, processing and presentation of data. Statistics provides many
theories on the basis of which inferences can be drawn. For example, the
probability laws and sampling distribution are quite important in hypothesis
testing. The application of these laws to economic theory through empirical
research is a part of econometrics.

An important application of econorhetrics is prediction and forecasting on the
basis of econometric models. By taking into account actual data it helps
estimation of the parameters of a model and on the basis of those estimates
how to make predictions. Thus, econometrics is helpful in policy analysis
where we can simulate different values of exogenous variables and interpret
their effects on endogenous vatiables.

Let us point out the important steps involved in undertaking an econometric
study.

a) The first and foremost issue in econometrics is the statement of
hypothesis. It is drawn from economic theory or some logic built by the
researcher.

b)  Second step is transformation of the above hypothesis into mathematical
equation(s). This is our econometric model that we want to study.



¢) Third step is the collection of relévant data required for the study. Data
could be from primary or secondary sources.

d)  The next step is estimation of the parameters-of the econometric model.
This requires selection of appropriate estimation method. As you will
learn in subsequent units, there are several estimation techniques or
methods available to us.

e)  Once estimates are obtained, the next tasks testing of the hypothesis put
forth in the first step above. Basically it amounts to statistical
significance of the estimates obtained by us.

f)  Finally, we need to interpret the results. On the basis of inferences
drawn through hypothesis testing, we find out the implications of the
results for the econometric model.

We mentioned above that statistical theory offers important guidelines to us in
formulation and testing of hypothesis. We present below in very: brief, some
of the relevant statistical theory that we would be using frequently.

1.3 PROBABILITY DISTRIBUTIONS

Let us begin with concept of random variable. §t is a variable that takes
different values with some probabilities. Suppose the random variable X under
consideration refers to the possible outcomes (called events) of tossing a coin.
There are two events in this case (Head and Tail), which are exhaustive and

mutually exclusive, and have probability of occurrence % each. Similarly for

a fair dice there are six outcomes and each event has a probability of ‘g We
can generalize the concept as follows: A random variable X assumes values
X1 Xggne X, with corresponding probabilities p,, p,, py,..ce.e.. p,- We
express it as p(X = X,)= p,. When the random variable assumes certain

isolated values we call it a discrete random variable. On the other hand, if it
. assumes-any value in an interval it is termed continuous random variable. -

A probability distribution is a statement about the possible values of a
random variable along with their respective probabilities. Thus it describes
how the probabilities are distributed over the values of the random variable.
For a discrete random variable the probability distribution function is called
probability 'mass function whereas for a continuous random variable it is
called probability density function.

1.3.1 Discrete Probability Distribution

For a discrete random variable, the probability mass function is given by
p(X), where p, is probability and X, is a value of the random variable, The

prob‘aBi'lity mass function should satisfy the following two conditions:

i)  Probability of an event cannot be negative, i.e., for any value X; we
have p(X,)=0

ii)  Probabilities of all possible outcomes sum to unity, i.e., 3 p(X,;)=1

all x
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There are qu1te a tew discrete probability distributions. We present below the
probability mass function of an important probability distribution, that is,
binomial distribution. .

Binomial Distribution -

" The binomial distribution is an example of a d_iscreté probability distribution.

It signifies two possible outcomes of an experiment, the occurrence of an
event or the non-occurrence of the event. A probability experiment can be
termed as a Bernoulli experiment, if it satisfies the following conditions.

1) The experiment consists of a sequence of » repeated trials.

2)  Each trial results in an outcome that may be classified either as a success

or a failure.

 3) The probability of a success, denoted by p, is knowr and remains the

same. in each trial. Consequently, the probability of a failure, denoted by
g = (1 - p) is also known and remains the same in each trial.

4)  The trials are independent.

The probability of x successes in » trials is given by

plx)="c,.p*(1-p)"™ (1.1

1.3.2 Continuous Probability Distribution

A continuous random variable X has a zero probablllty of assuming exactly
any of its values. Apparently, this seems to be a surprising statement. Let us-
try to explain this by considering a random variable say, weight. Obviously
weight is a continuous random variable since it can vary continuously. -
Suppose, we do not know the weight of a person exactly but have a rough
idea that her weight falls between 50 kg and 51 kg. Now, there are an infinite

-number of possible weights between these two limits. As a result, by its

definition, the probability ot the person assuming a particular weight say, 50.3 .
kg will be negligibly small; almost equal to zero. But we can definitely attach
some probability to the person’s weight being between 50 kg and 51 kg. Thus,
for a continuous random variable X, we assign a probability to an interval and
not to a particular value. Here, we look for a function p(X), called the
probability density function, such that with the help of this function we can
compute the probability P(a <X< b) a and b are the 11m1ts of an interval (a,

b) where, a < b.

A probability density function is defined in such a manner that the area under
its curve bounded by x-axis is equal to one when computed over the domain
of X for which p(X) is defined. The probability density function for a.
continuous random variable X defined over the entire set of real numbers R

should satisfy the following conditions.

1)  p(X;)=z0forall X, eR

) pyax =1



, b
3) pla<X<b)=[p(X)X

Normal Distribution

Normal distribution is perhaps the most widely used distribution in Statistics
and related subjects. It has found applications in inquiries concerning heights
and weights of people, IQ scores, errors in measurement, rainfall studies and
so on. The probability density function p(x) of a continuous random variable
that follows the normal distribution is given by

p(x)- 27 © (2

2ro
where -0 < x < «,and
7= 13.17141 (approximately)
e =2.71828 (approximately). , R (P
The normal density function is completely determined by the parameters: s
and o. It means that given the values of i and o, we can trace out the normal

curve by obtaining the values of p(x) for different vatues of x. In fact, it can be
shown that 4 and o are respectively the mean and. the standard deviation of

the normal distribution. When a random variable X follows normal

distribution with mean 4 .and standard deviation & we write it in symbols as
X ~N(u,0)and read as‘X follows normal distribution with mean y and

standard deviation o . The normal curve is a symmetrlcal bell-shaped curve
as shown in Flg 1. 1

| f.(x:).

[V
Fig 1.1: Normal Curve -

The normal curve stretches from — < to +.co, It is syrnme'tn'c‘ about its mean.
The following area-properties hold for a normal distribution. In Fig.1.2 below
we plot a normal curve with mean 4 = 50 and standard deviation o= 4.

a) 68.8 % of the area under the normal curve lies between the ordmates at
#— o and u+ o. ThusinFig.1.2, 68.8% area is covered when x ranges
between 46 and 54.

b) 195.5% of the area under the normal curve lies between the ordinates at
‘ ,u 20 and u+20. InFig. 1.2 15.5% area is covered when\
42 < X <58. _

Introduction_to
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c) 99.7% of the area (i.e., almost the whole of the distribution) under the
normal curve lies between the ordinates at # — 30and i + 30. In Fig.
15.2 we find that 99.7% area is covered when 38 < X <62,

o=4
m
I
|
I
i
38 a2 0 54 58 62
A I
——————— 95.5% — — — — — — —
——————————— 909TH — — — — — o —— —

Fig. 1.2: Area Under Normal Curve

A problem encountered here is that 4 and o can take any value and finding

out corresponding probability is time consuming. This problem is tackled by
subtracting x from the normal variable and dividing it by o. This way we
—H

b

o

= 0 and

obtain the ‘standard normal variate’, z =X

standard deviation = 1.
The probability density function of the standard normal variate, z, is given by

] 12 ,
p(z):\/_zze 2 -0 <z <o ...(1.3)

Once we obtain a standard normal variate, our seemingly hopeless task of
obtaining probability areas for different combinations of # and & becomes
elegantly simple. We should note that a standard normal variate has a unique
mean of 0 and a unique standard deviation of 1. It means, if we can construct
a table for probability areas of such a unique standard normal variate, it can
be used for obtaining probability for any normal variable with any
combination of mean and standard deviation. The only thing is that the given
normal variable is to be transformed into the standard normal variate. In fact,
such a table for areas (or probability) has been compiled for a standard normal
variate (see Table Al at the end of this Block: Areas under the Standard
Normal Curve)

The Student’s-f Distribution

W.S. Gosset presented the t-distribution. The interesting story is that Gosset
was employed in a brewery in Ireland. The rules of the company did not
permit any employee to publish any research finding independently. So,
Gosset adopted the pen-name ‘student’ and published his findings about this
distribution anonymously. Since then, the distribution has come to be known
as the student’s- distribution or simply, the 7 distribution.

If z is a standard normal variant, i.e., z ~N(0l)and z,is another

independent variable that follows the chi-square distribution with k degrees of
freedom, i.e. z, ~ ;. then the variable



t=- Z . :Zl\/;
NEND A

is said to follow student’s-t distribution with k degrees of freedom.

The probability curves for the student’s-¢ distribution for different degrees of
freedom are presented in Fig, 1.3

tor Z with n > 30

te=n=15

|
|
| twithn =10
|
|
i

0
Fig 1.3: Studeiit’s-t Probability Curves

We note the important characteristics of this distribution.

)  As we can see in Fig. 1.3, like the normal disttibution, the student’s-¢
distribution is also symmetric and its range of variation is also from —oo
to +oo; however, it is flatter than the normal distribution. We should note
that as the degrees of freedom increase, the student’s-t distribution
approaches the normal distribution.

2) The mean of the student’s-r distribution is zero and its variance is

k
( k—— 2) , Where, k is the degrees of freedom.

Like the normal distribution, the student’s-¢ distribution is often used in
statistical inferences, particularly when the sample size is small. The task
involves the integration of its density function; which may prove to be
tedious. As a result, in this case also, like the normal Jistribution, a table has
been constructed for ready-reference purposes (see Ta'le A2 at the end of the
Block).

Chi-Square Distribution

If z is a standard normal variate, as defined above, then the variable z?is said

to be distributed as a y? variable with one degree of freedom. Since z” is a
squared term, when z ranges from - to + o, chi-squares ranges from 0 to

+ . Moreover, since z has a mean 0, most of the values taken by 72 will be

close to 0. As a result, probability density of y? distribution will be the
maximum near 0. We can generalizc the above. If zj,z,,...z; are k

Introduction to
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independent chi;square variables then the variable z = iz, follows
_ =1

22 distribution with k degrees of freedom. We denote this by <£. The
probability density functions of y? for different dcgrces.of freedom are gi 'n
in Fig. 1.4. Observe that as degree of freedom increases, the = distribution
approaches normal distribution.

axA

dl.= 1

e 5 ¥ s

. e e e

o e R v
Gy - e

o Flgl 4: "Chi-square Probability Curves

The critical values of Ghi- -square distribution is given in Table A3 at the end
of the Block.” :

‘F- Distribution

Another continuous probablhty dlstrlbutlon that ﬁnds use: in econometncs is
the F distribution. o vy

If z, and z, are two ch1-square variables that are mdependently dlstnbuted with Iqand k,
degrees of ﬁeedom respectively, the variable

_alk o
follows F distribution with k, and k, degrees of freedom respectively. The
variable is denoted by £, , ,where, thesubscrlptsk1 and k, meﬂwdegreesofﬁwdom
associated with the chi-square varlabl&s '
We may note here that k, is called the numerator degrees of freedom and in the same
way, k, is called the denomlqator degrees of freedom. .

Some important propgrties of the F distribution are mentioned below.

1)  The F distribution, like the chi-square distribution, is also skewed to the
right. But, as kj and k) increase, the F distribution approaches the

normal distribution.

2) An F distribution with 1 and & as the numerator and denominator
degrees of freedom respectively is the square of a student’s-f
distribution with & degrees of freedom.

; Symbo,lically,
- F, =t/f '



. 3) For fairly large denormnatot' degrees of freedom k2, the product of the
numerator degrees of freedom k| and the F value is approx1mately equal

to the chi-square value w1th degrees freedom k1. ie. k F Zk

EOV I

The--F distribution -is extenswely used in slattstlcal 1nference Agam such

uses require obtaining areas under the F' probability curve and consequently
mtegratmg the F ‘density function. In this case also our task is facilitated by
the prowsmn of the F Table. The cr1t1cal value for F d1str1but10n i§ given in,,
'Table A4 at the end of the Block -

Vi,
RS Lo

%

1 4 SAMPLING DISTRIBUTION

Pty ot .

Tet

Due to constralnts such as costs t1me and manpower 1t is often not possrble to.
undertake a survey. of the entire population (that is, census) and we resort to-
samplmg (that is, we studgl part of the population). If the sample is drawn.in a:
random manner through approprlate probability.attached to each population
unit and the sample size is not very small, the sample can be a representative
one of the population. It is often argued that samplmg resultsqn lessi of ron- ¢

,,,,,

samples from a given populauon and each sample prov1des us with a sample i
mean (or any other, statistic): Thu's the sample means can be arranged in the -
form of a frequency distribution, calléd the samplmg dzst‘rzbutlon of sample ,

mean.

As sample mean (x) assumes different values and for each value we can

attach: certain probability, it is considered as.a random.variable. In.real life -
situations we have a ﬁmte populatlon and the number . of samples/ fand -
therefore number of sample means) is_finite. In this case X is a discrete:;
random variable but when there is infinite number of samples, X could be.a:
contmuous random vanable

R N
S

. Now let us cons1der another 1mponant concept the central lmut theorem It

says ; that sampling . dlstnbutran of x is normal if the parent population from:
which the sample is drawn is normal. However, samplmg distribution of X is

approxrmately riormal if sample size (#'is large, even if Fthe parent populatlon l

is not normal. [{;the parent population is approximately normal then sampling..
d1str1but1on of sample means is approximately normal even when sample size-

is small. Thls provrdes ‘some . rationale for. assuming that probabihty _

d1str1butron ofa stat1st1c 1s normal

Ceser

Lait

We know that dlspersmn of sample means is smaller in value than d1 persron _

of “the” parent ‘population* from which the ‘sample "is"d¥awn. The standard”

deviation of| the sampling. distribution is called standard error. Thus.if the -

populatlon has a standard dev1at1on o then the standard error of sample

o
means 19 e

In

Usually we consrder a sample to be large 1n size. 1f n> 30 ,For small samples

- (n<30), samplmg dlstnbutlon of sample means 1s 51m11ar o student’s ¢
distribution. Recall ‘that in the case of ¢ distribution the shape of the
 probability curve changes according to its ‘degrees of freedom’. For n > 30

: 'ln‘trodl:.l'ctionv t:o>

Econometrics
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the sampling distribution of a statistic is considered to follow normal
distribution.

1.5 STATISTICAL INFERENCE

Statistical inference deals with the methods of drawing conclusions about the
population characteristics on the basis of information contained in a sample
drawn from the population. Population mean is not known to us, but we know
the sample mean. In statistical inference we would be interested in answering
two types of questions. First, what would be the value of the population
mean? The answer lies in making an informed guess about the population
mean. This aspect of statistical inference is called estimation. The second
question pertains to certain assertion made about the population mean.
Suppose a manufacturer of electric bulbs claims that the mean life of electric
bulbs is equal to 2000 hours. On the basis of the sample information, can we
say whether the assertion is correct or not? This aspect of statistical inference
is called hypothesis testing. We discuss these two aspects below.

1.5.1 Estimation

Estimation could be of two types: point estimation and ir'z,tervﬂl estimation. In
point estimation we estimate the value of the population parameter as a single
point. On the other hand, in the case of interval estimation we estimate lower
and upper bounds around sample mean within which population mean is
likely to remain.

a) Point Estimation

As mentioned earlier we do not know the parameter value and want to guess
it by using sample information. Obviously the best guess will be the value of
the sample statistic. Here we use a single value or point as ‘estimate’ of the
parameter.

Let us distinguish between the concepts estimate and estimator. The estimator -
is the formula and estimate is the particular value obtained by using the
formula. For example, if we use sample mean for estimation of population

mean, then — Zx is the estlmator Suppose 1 collect data on a sample, and put
n i

the sampling units to this formula and obtain a particular value for sample
mean, say 120. Then 120 is an estimate of population mean. It is possible that
you draw another sample from the same population, use the formula for

sample mean, that is le, , and obtain a different value, say 123. Here both
120 and 123 are estlmates of populatlon mean. But in both the cases the

estimator is the same, which is —Zx Remember that the term statistic,
n i

which is used to mean a function of sample values, is a synonym for
estimator.

There may be situations when you would find more than one potential
estimator (alternative formulae) for a parameter. In order to choose the best
among these estimators, we need to follow certain criteria. These are as
follows:



1)

i)

iii)

Unbiasednes: If 6 is a statistic based on n observations then it is said to
be unbiased if E(@)=6. It implies that an_estimate may be higher or
lower than the unknown value of the parameter but the expected value

of the estimate should be equal to the parameter. The extent of bias in a.

statistic (or estimator) is given by E@)-6 . You can find that sample
mean is an unbiased estimate of population mean.

Consistency: Consistency and asymptotic bias are large sample
properties of an estimator. A consistent estimator is defined as follows:
an estimator is said to be consistent if plim(8) = @ . The notation plim
stands for ‘probability limit’ and it plies that as sample size n increases
infinitely the statistic should be equal to the parameter value. Notice the
difference between unbiasedness and consistency. In the case
unbiasedness the statistic on the average equals parameter value. In the
case of consistency, the statistic equals the parametet value when
sample size tends to infinity. Consistency is important because some

estimators may not be consistent. Let us take an example from Patterson
(2000).

Suppose the statistic (a random variable, as we mentioned earlier)
assumes two discrete values with corresponding probabilities:

6=0 with probability 2!
6= n with probability 1

In this case plim (6) =6 . Because as n — « the probability L5 0.
Thus the statistic is consistent. However, it is not unbiased. For
example, if sample size is 10, then E(§)=6 (%)+% (10) =
096 +1=86.

Efficiency: It refers to the variance of an estimator. An estimator with a
smaller variance is said to be more efficient. Usually comparison in
variance is done among estimators of the same class. For example, we
can compare among linear estimators (that is, estimators which are
linear combinations of sample observations) and say that OLS estimator
is efficient than other linear estimators.

Asymptotic bias: A statistic is said to be asymptotically unbiased if its
‘asymptotic expectation’ equals the parameter value. Asymptotic
expectation of a statistic is given by

AE() = limE@©) asn—w.

We observe that an unbiased estimator is asymptotically unbiased but the
reverse is not essentially true. For example, suppose we modify our previous
example as

6=6 with probability a:l

6= n? with probability L

In this case

Introduction to
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, backward and find the range w1th1n whxch 7 wtll remam |

i,

i SRR o

bzas~E(9) o= 9("*1)+ n? (L)-a H(’r" g "L'Jf b= - ol

Thus the ahave statistic -is ‘not unblased ‘In- the’ hmttmg case as n——)oo L
however, ln‘nE(é’) =g’ 'Thus it’ ls asymntotnal!\ ”n‘“ulsed'

L

IntervalEstlmatmn R S AP L

sssss

which would hold the parameter w1th certaln probablhty Here we. specnf\ a
lower limit and an upper limit within Wthh the parameter value is likely to
remain. Also we spemfy the probabtht) of the parameter remaining:in. the
interval. We call the znterval as; ‘confidence interval® and the prg)babthty of
the - 'parameter remalmng W1thm this 1nterva1 as,, ‘confidence level’. o
conﬁdence coeff’ment \w,, o T T E NP

‘How do we find out the confidence mterval and conﬁdence coef‘ﬁc1ent”’ Let
us begin with confidence coefficient. - o ‘

We know that the samplmg dlstrlbutlon of X for large samples is normally

dls’mbuted w1th mea;n y and standard crror -, where. n is.the size of the
\411

sample. By transforming the sampling distribution (z = Gkt ot / J—
aj

standard” normal variate, which has zero . mean .and unit variance. The
standard normal curve is symmetrical and therefore, the area under the curve
for 0<z<wis 0.5 as we can see from Table Al given at the end of the Block.
If we want our conﬁdence coefﬁc1ent to be 95 per cent (that is, 0,95), we find
out ‘a’range for z which will cover 0.95 area of the standard normal curve.
Since distribution of z is ‘symmétrical; 0.475 area should remain t6 the right
and 0.475 area should remain to the left of z=0. From Table A1 we'find that
0. 475 area is covered when rl 96 Thus the probabxhty that z rangest;;‘

tttttt

) we obtain

i

Weﬁndthat
'P( 196<z<196) 0.95 e

LT

B f-‘li" L ) 3 . .
or P =196 < <196 | =095
ag
n
[} c
or Pl —196— < %—u swl,.96—] 0.95

or Pl 5-196-Z < p<%+196-2 =095 e

As each sample would provide us with a different value of x, the confidence
interval would be different. In each case the confidence interval may contain
the unknown parameter or it may not. Equation (1.6) means that if a'large
number of random samples, each of size n, are drawn from the given

PPN SN 3 r £ PR, ~rs PRSP P Py gy et artral
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_interval will include the population mean p.

& . . ) -
(f 19—, <¥+ l.96ij 1s determined, then in about 95% of the cases, the

The confidence coefficient is denoted by (1—a) where « is the level of
significance. Confidence coefficient could take any value. We can very well
ask for a confidence level of say 81 per cent or 97 per cent depending upon
how precis¢ our conclusions should be. However, conventionally two
confidence levels are frequently used, namely, 95 per cent and 99 per cent.

Let us find out the confidence interval when confidence coefficient (1-« ) =
0.99. In this case 0.495 area should remain on either side of the standard
normal curve. If we look into the normal area table (Table Al at the end of
the Block). we find that 0.495 area is covered when z = 2.58.

Thus

P(-2.58. <z <2.58)=0.99 (L7

By reatrangihg the terms in the above we find that

o o
Plx-258—<u<x+258— =099 ...(1.8
ot
Equation (1.8) implies that 99 per cent confidence interval for u is given by
e O
¥£258—.
Vn

By looking into the notmal area table you can work out the confidence
interval for confidence coefficient of 0.90 and find that

s;+|i65—"—J=o;90 ...(1.9)

We observe from (1.7), (1.8) and (1.9) that as the interval widens, the

probability of the interval holding a population parameter (in this case x)
increases.

The two limits of the confidence interval are called confidence limits. For
example, for 95 per cent confidence level we have the lower confidence limit
g 9
A Vn Vn
coefficient can be interpreted as the confidence or trust that we place in these
limits for actually holding .

as ¥-1.96 and upper confidence limit as *+1.96—. The confidence

1.5.2 Hypothesis Testing '

A hypothesis is a tentative statement about a characteristic of a population. It
could be an assertion or a claim also. In hypothesis testing there are four
important components: i) null hypothesis, ii) alternative hypothesis, iii) test
statistic, and iv) interpretation of results.

Null and Alternative Hypothesis

Usually statistical 'hypotheses are denoted by the alphabet H. There are two
types of hypothesis: null hypothesis «nd alternative hypothesis. A null
hvpothesis' is: the statement that we consider to be true about the population

Introduction to
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and put to test by a test statistic. We denote the null hypothesis by H,.

Suppose on the basis of our logic we put forth the view that female litcracy in

a village in Orissa is higher than that for Orissa. We begin with the
presumption that female literacy in the village is cqual to that of Orissa
(which is say 51 per cent). Thus our null hypothesis is that ‘samplc mean is
equal to population mean”. ~

Hy =051 ..(1.10)
where u is the parameter, in this case femalce literacy in Orissa.

There is a possibility that the null hypothesis that we intend to test is not true
and female literacy in Orissa is not equal to S1 per cent. Thus there is a need
for an alternative hypothesis which holds true in case the null hypothesis is
not true. We denote the alternative hypothesis by the symbol H, and
formulate it as follows: .

H, :pu=051 » (1)

We have to keep in mind that null hypothesis and alternative hypothesis arc
mutually exclusive, that is, both cannot be true simultaneously. Secondly.
both H, and # , exhaust all possible options regarding the parameter, that is,

there cannot be a third possibility. For example, in the case of female literacy

in the village, there are two possibilities ~ litetacy rate is 51 per cent or it is
not 51 per cent; a third possibility is not there.

It is a rare coincidence that sample mean (X)) is cqual to population mean
(). In most cases we find a difference between ¥ and g . Is the difference
because of sampling fluctuation or is there a genuine difference between the
sample and the population? In order to answer this question we need a test
statistic to test the difference between the two. The result that we obtaln by
using the test statistic needs to be interpreted and a decision nceds to be taken
regarding whether the null hypothesis be rejected or not.

Rejection Region

While discussing confidence interval we mentioned if confidence level is 95
per cent then S per cent area of the standard normal curve remains under the
rejection region. Let us look into the standard normal curve presented in Fig.
1.5, where the x-axis represents the variable z and the y-axis represents the
probability of z, that is p(z). If the estimate falls under the rejection region

then the null hypothesis is rejected. Otherwise, the hypothesis is not rejected.

pt 1.966

Fig. 1.5: Rejection Region in Standard Normal Curve



We should note the following points,

. When sample mean is equal to population mean (that is, x = ) we find
that z = 0. When x> we find that z is positive and when x < u we
find z to be negative.-

e Note that we are concerned with, the difference between x and 4.
Therefore, negative or positive sign of z does not matter much.

o Higher the difference between x and g . higher is the absolute value of
z. Thus z-value measures the discrepancy between x and 'x, and
therefore can be used as a test statistic.

) We should find out a critical value of z beyond which the difference
between x and u is significant. -

. If the absolute value of z is less than the critical value we should not
reject the null hypothesis.

e If the absolute value of z exceeds the critical value we should relect the
null hypothesis and accept the alternative hypothesis.

Thus in the case of large samples the absolute value of z can be considered as
test statistic for hypothesis testing such that
¥ -4

= (1112

When we have a significance level of 5 percent, the area covered under the
_standard normal curve is 95 per cent. Thus 95 per cent area under the curve is
bounded by -1.96<z<1.96. The remaining § per cent area is covered by
z<-1.96 and z>1.96. Thus 2.5 per cent of area on both sides of the standard
normal curve constitute the rejection region. >

For small samples (»<30), if population standard deviation is known we
apply z-statistic for hypothesis testing. On the other hand, if population
standard deviation is not knowf we apply ¢-statistic. The same criteria apply
to hypothesis testing also.

In the case of small samples if population standard deviation is known the test
statistic is -

[F-4
a//\/r—r

On the other hand, if population standard deviation is not known the test
statistic is

(1.13)

% - 4

t= ;
S/

.(1.14)

In the case of ¢-distribution, however, the area under the curve (which implies
probability) changes according to degrees of freedom. Thus while finding the

critical value of ¢ we should take into account the degrees of freedom. When .

sample size is n, degrees of freedom is - -1. Thus we should remember two

Introduction to
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things while finding critical value of 1. These are: i) significance level, and ii)’
degrees of freedom.

One-tail and Two-tail Tests

-In Fig. 1.4 we have shown the rejection region on both sides of the standard

normal curve. However, in many cases we may place the rejection region on
one side (either left or right) of the standard normal curve.

Remember that if o is the level of significance, then for a two-tail test %
area is placed on both sides of the standard normal curve. But if it is a one-tail
test then « area is placed on one-side of the standard normal curve. Thus the
critical value for one-tail and two tail test differ.

The selection of one-tail or two-tail test depends upon the formulation of the
alternative hypothesis. When the alternative hypothesis is of the type
H ,:x+ u we have a two-tail test, because x could be either greater than or
less than u. On the other hand, if alternative hypothesis is of the type
H,:X<u, then entire rejection is on the left hand side of the standard
normal curve. Similarly, if the alternative hypothesis is of the type

H ,: X >u, then the entire rejection is on the right hand side of the standard
" normal curve.

1.6 SOFTWARE PACKAGES FOR o
ECONOMETRIC ANALYSIS =~ +

As econometric analysis deals with empirical data it involves cumbersome

computations. Wee can think of estimating the parameters manually in some of |
* the simpler estimation methods, such as ordinary least squares. In other cases,

however, it is quite difficult and time consuming. Some of the econometric

‘methods are iterafive in nature and thus require repeated calculations. -

In recent years, easy access 10 computers and availability of Software

* Packages for Econometric Analysis have made the job simpler. We find that

the most difficult computations can be done by the computer in few seconds.
There are several software packages available for econometric applications.
Most of these software packages include the important econometric
applications. Moreover, since they apply similar methods, they provide the
same results for a problem. We provide a list of selected software packages
below.

SPSS/PC+ by SPP Inc., 444 N. Michigan Avenue, Chicago, IL 60611, USA.

STATA by Computing Resources Centre, 10801 National Blvd., 3 Floor,
Los Angeles, CA 90064, USA.

SHAZAM by Kenneth J. White, department of Economics, umversﬁy of
British Columbla, Vancouver, BC V6T 1Y2, Canada.

LIMDEP by W. H. Greene, Stern Graduate School of Business, New York
University, 100 Trinity Place, New York, USA.

SAS/STAT by SAS Institute Inc., PO_ Box 1818, Evanston., IL, USA.



1.7 LET US SUM UP

[n this Unit we provided an outline of some essential statistical tools studied

some continuous probability distributions. Among these distributions, the -

normal distribution‘is considered to be the most important one.

Bésides the normal distribution, we have considered three other continuous
probability distributions, viz., the chi-square distribution, the~ student’s-s
distribution and the F distribution. We have already seen from the features of
the chi-square, student’s-r and the F distributions that for large degrees of
freedom, these distributions approach the normal distribution. This
relationship between the chi-square distribution, the student’s-t distribution
and the F distribution on one hand and the normal distribution on the other
has tremendous practical implications. When the degrees of freedom happen
to be fairly large, instead of using the chi-square distribution or the student’s-¢
distribution or the- F* distribution separately as the situation may demand; we
can uniformly apply the normal distribution. As a result, our task gets
considerably simplified.

1.8 KEY WORDS

JChi-square -+ It is an asymmetric distribution where the
Distribution range of variation for the random variable is
from zero to infinity. For fairly large degrees

of freedom, it approaches the normal

distribution.

Continuous : It is the probability distribution - for a
Probability continuous random variable.
Distribution

Degrees of Freedom : [t refers to the number of pieces of
independent information that are required to
compute some characteristic of a given set. of

observations.
Discrete Probability It is the probability dlstrlbutlon for a discrete
Distribution . random variable. .
Estimation Tt is the method of prediction ‘about parameter
' values on the basis of sample statistics.
Estimator It is another name given to statistic in the
theory of estimation. ,
F Distribution It is an asymmetric distribution that is skewed

Normal Distribution

Normal Variable

Paratfieter

to the right. For fairly large degrees of
freedom, it approaches the normal distribution.

The best known of all the theoretical
probability distributions. Tt traces out a bell-
shaped symmetric probability curve.

A random . variable that follows the normal

“distribution.

It is a measure of some characterlstlc of the
nonulation

Introduction to
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Population

Probability
Distribution

Random Sampling

Sample

Sampling

Distribution

Sampling Error

Significance Level

Standard Error

Standard Normal
Variate :

Statistic

Statistical Inference

It is the collection of all units of a specified
type in a given place and at a particular point
of time.

It is a statement about the possible values of a
random variable along with their probabilities.

It is a procedure where every member of the
population has a definite chance or probability
of being selected in the sample. It is-also called
probability sampling.

It is a sub-set of the population. It can be
drawn from "the population in a scientific
manner by applying the rules of probability so
that personal bias is eliminated. Many samples
can be drawn from a population and there are
many methods of drawing a sample.

It is the relative frequency or probability
distribution of the values of a statistic when
the number of samples tends to infinity.

In the sampling method, we try to approximate
some feature of a given population from a
sample drawn from it. Now, since in the
sample all the members of the population are
not included, - howsoever close the
approximation is, it is not identical to the
required population feature and some error is
committed. This error is called the sampling
error.

There may be certain samples where
population mean would not remain within the
confidence interval around sample mean. The

percentage (probability) of such cases is called

significance level. It is usually denoted by «
When o= 0.05 (that is, 5 percent) we can say
that in 5 per cent cases we are likely to reach
an incorrect decision.

A sample statistic varies across samples which
can be presented in the form of a probability
distribution. Standard error is the standard
deviation of the sampling distribution of a
statistic.

A normal variable with mean 0 and standard
deviation equal to 1.

It is a function of the values of the units that
are included in the sample. The basic purpose
of a statistic is to estimate some population
parameter.

It is the process of concluding about an
unknown population from a known sample
drawn from it.
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UNIT 2 ESTIMATION OF TWO-
VARIABLE REGRESSION
MODEL -

Structure

2.0 Objectives

2.1 Introduction

2.2 Error Term

2.3 Estimation

2.4 Least-Squares Estimator

2.5 Coefficient of Determination
2.6 Intrinsically Linear Models
2.7 LetUs Sum Up

28 Key Words ‘
" 7 2.9 Some Useful Books/References

2.10 Answers/Hints to Check Your Progress-Exercises

2.0 OBJECTIVES

© After going this unit you will bé able to:

o explain the concept of two variable model;

e  explain the justification of error term;
e  estimate beta coefficients;
» explain the concept of cdefficient of determination; and - '

¢ . explain the concept of intrinsically linear models.

2.1 INTRODUCTION

The simplest economic relation is represented through a two-variable model.

- -For example, quantity demanded is a function of price; consumption is a

function ‘of income, etc. However, more realistic formulations-require the
specifications of several variables in each model. To simplify the presentation
of the estimation for these relationships statistically, we examine first the two-
variable linear equation model, namely g

Y =a+bx gReR)

where a and b are unknown parameters indicating the intercept and the slope
of the model respectively. They are also called the regression coefficients. Y,
the left-hand variable, is called the dependent variable and X', the right-hand

variable, is called the independent variable.

~



2.2 ERROR TERM

Economic theory specifies exact functional relationships among its variables.
In reality the measurement of the functional relationships among its variables
is not exact. For a given.observed value of X (the independent variable), we
may observe many possible values of Y (the dependent variable). As an
example, consider the consumption of an individual who receives a certain
amount of income each year. Since the amount of money spent on a
particularly item, say food, is likely to vary each year, we assume that for
each observation X , observations on Y will differ randomly. To describe this
situation formally, we add a random “error” term’ to the model, and writing it
as

Y=a+pX +¢ )y QY

where Y is a random variable, X is fixed or non-stochastic, and ¢ is a
random error term whose value is based on an underlying probabilistic
distribution. We have switched our notation to use Greek letters @ and S to
represent the intercept and slope of the line, i.e., the regression parameters,
since our model now contains a random error term. -

There are several justifications for the introduction of error term into the
equation. First, we may have errors of specification. Errors appear because the
model is a simplification of reality. It is not always possible to include all
relevant variables in the functional relation. For example, we assume that
price 1§ a sole determinant of demand for a product. In fact several variables
related to aémand, like individual tastes, population, income, etc. do influence
the price of the product, which are omitted from the function. Some of these
variables have positive effects while others have negative effects. The net
effects of these omitted variables in the equation are represented by the error
term. If the effects of these omitted: variables are small, it is reasonable to
assume that the error term is random.

A second source of error is associated with the col]ection and measurement of
the data. It is likely. that income and consumption information we obtained
from a household may not be accurate. If the data are obtained from a
government statistical report, the data may not be accurate as a result of
clerical handling and rounding error.

Y ) - s
€2 \/
J a+ BX
Consumption | * * * '
. €] .
/* > Y,
*Y,
Xi Xy .. X
Income

L)

Fig. 2.1: Least Squares Fiti:ng and Random Disturbances

Estimation of Two-variable
Regression Model
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A thlrd source of error is the sampling error. For instance, consider eq. (2) as
a household-consumption function, where Y is consumption and X is income,
Even if eq. (2.2) is a correct.relationship, the sample we randomly choose to
examine may turn out to be predominantly poor families. Thus our estimation
of @ and g from this sample group may not be as good as the estimates from
a balanced sample group.

When eq. (2.2)'has either one or more of these three sources of error, it is
justified for the introduction of an error term. Figure 2.1 illustrates eq. (2.2)
using a household consumption as an example.. '

Given the above sources of error, the representation of the relationship in eq
(2.2) as a stochastic one is clear. For every value of X there exists a
probability distribution of & and therefore a probability distribution of the
Y’s. Thus we say . » variable Y is stochastic in nature. On the other
hand, the variable X is non-stochastic. Its values are kept fixed from sample
to sample. ' '

2.3 ESTIMATION

In the specification of the model as described by eq. (2.2), the values of the
parameters o and S are not known, as a result the population regression line
is not known. When the values of @ and S are estimated, we obtain a sample
regression line that serves as an estimate of the population regression line. If

a and B are estimated by & and ,[i respectively, then the sample regression
line is given by, ‘

A

—G+pX, ' .(23)
where Y is the fitted value of .

The theory of estimation can be divided into two parts: point estimation and
interval estimation. In point estimation, the aim is to. use the prior and the
sample information for the purpose of calculating.a value which would be, in
some sense, our best guess as to the actual value of the parameter of interest.
In interval estimation, on the other hand, the same infGrmation is used for the
purpose of producing an interval which would, contain the true value of the
parameter with some given level of probability. Since an interval is fully

‘characterised by its limits, estimating an interval is equivalent to estimating

its limits. The interval itself is usually called a confidence interval.
Confidence intervals can also be viewed as p0551b]e measures of the precision
of a point estimator.

The problem of pomt estimation is that of producing an estimate that would

_represent our best guess: about the value of the parameter. To solve this

problem- we have to do two things. First, to specify what we mean by ‘best
guess’ and second, to devise estimators that would meet this criterion. The
first part of the problem amounts to specifying various properties of an
estimator that can be considered desirable. The properties of the estimators
are: unbiasedness, efficiency, minimum mean square error and consistency.
The second part, on the other hand, involves devising estimators that would
have at least some of the desirable properties. The estimators are given names



‘that indicate.nature of the principle used in devising the formula. We will
discuss here the least-squares method of devising estimators.

theck your Progress 1 . . : -

1) What do you mean by two-variable regression model?

2)  Give the justifications of the error term in regression model.

.......................................................................................

2.4 LEAST SQUARES METHOD OF ESTIMATION

- The dominating and powerful estimating principle is that of least squares. We
want to estimate the relationship between Yand X from the sample
observations above such that

.
. ~ A

Y =a+pX

- A . N : AL
where @ and f are estimates of the unknown parameters o and 8 and Yis
the estimated value of Y. Theé deviations between the observed and estimated
values of Y are called residuals ¢, i.e.,

e=Y-7. : 24

The principle of least squares is to choose & and ,B vz 'ues that will minimise

‘the sum of squared deviations between the observed and estimated values of
Y. . .

The estlmated equation will be the best ﬁttmg curve on the least squares

criterion. We have therefore

S =Z(r-1)  where i=120m
=Y (r-a-4x) ey

Estimatiqn of Two-variable_- »
Regression Model -
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Now making deviation of both sides and equating zero, we have

—a% g} ==2Y (Y -a-px,)=0

8‘225[2=-22X,(x;d—éx,)=0

Rearranging these two equations gives the normal equations.

Y =né+p> X, ‘ ...(2.:6)
| and
Y X ;é/z X, + Y X; 27

-

Now solving the above two normal equations, we can get the values of & and

B

B= , ..(2.8)
B

and

¢=Y-5X .29
where

7=1yy

n i

and

The value of ,3 can also be shown in deviation of ¥ and X from their
means. ’

Using x,=X,~X and y,=Y,-Y, weget

o xi.yi -' -
ﬂzsz? o (210
Example 2.1

We can illustrate the application of the two variable models discussed in the
earlier section. Following is a numerical illustration of estimating a least-
squares equation.



let us take the relationship betwec. sﬁgingsfand disposable income as
foilows:

Y/ :d+ﬂAXl +-'gl )
where Y is savings and X is disposable income. We take the data for the
above variables as follows: . -
Year Savings (Y) Disposable income (X)
' ‘ Rs) (Rs)
1996 16.95 0.84
1997 18.25 1.34
1998 19.56 1.75
1999 20.46 . 1.55
2000 21.76 -~ 163
2001 23.39 . 1.89
2002 _ 25.00 2.13
2003 26.47 223
2004 27.52 2.18
2005 . 29.27 . 2.20
From the above table we can get the following values
> X =228.63 | > X? =5381.9041
Lo y=17174 DY =33.2974

> XY =420.9776

Using these aggregates, we can get

nyzZXY—%ZXZY = 15.3880
3 :ZXZ—%(ZXY = 154.7364

N, the number of observations, is equal to 10.

. - . N .
The regression coefficient is estimated as:

DI |
ﬂ ’ng

15.3880

154.7564

= 0.099

The intercept is calculated by using the expression as

d-,

Estimation of Two-varfable
Regression Model



Basic Econometric Theory :‘lﬂ 774 _(0 099 x 22 863)
= 1.774-2.263

= 0. 489

‘Having estimated the intercept and slope of the regressmn line, we can now
construct the regress1on equation of savmgs of income as

Y=d+BX =-0.489+0.099X L(2.01)

‘Example 2.2

Let us take the relationship between consumption and income as follows:

Y =dé+BX +e—

-

where Y is consumption and X is income. Let us take the hypothetical data

for the above variables as follows: -
.| Consumption (Y) (Rs) Tucome (X) (Rs)
' 70 : . 80
65 ‘ 100
90 T
95 | 140
10 . 160
115 | 180
120 | 200
140 220
145 . ‘ 240
) 150 » 260

From the above table we can get thé following values

> X = 1700 ZXZ = 322000
‘j§1f= 110 'a Y Y% = 132100
2. XY = 205500 |

ﬁsiﬁg’ these aggregates, we can get

DXy :ZXY—%ZXZY = 16800
3 ¥ =Z“‘;2"%(ZX)Z% 33000 |

N , the number of obsetvations, is equal to 10’

- The regression coefficient is estimated as:

LY
S



_ 16800
33000
=0.5091

The intercept is calculated by usillg the expression as
_ . Yy .Yx
p N. A N
~ =111-0.5091(170)

= 24 4545

The'estlmated regressmn lme therefore is -

A A

Y=d+pX 244545 +0.5091.X | .(2.12)

2.5 COEFFICIENT OF DETERMINATION ,  °

, L :
Regression residuals can provide a useful measure of the fit between ihe
estimated regression:line and the data. A™good regression equation is one
‘which helps explain a- large proportion of the variance of Y. To find a
measure of goodness of fit, it is reasonable to use the residual variance
divided by the variance of Y . The variation in Y is given by

_ Variation(Y) = Z(X—-)_")z

.

Our goal is to divide the variation of Y into two parts, the first accounted for

by the regression equation and the second associated with the unexplained

portion of the model.

_Consider the following idéntity, Which holds Yor all observations:
(1 -7)=(r-%)+(7,-7) | L 13)

“The term on the ‘left hand\side of the equals sign ‘denotes the difference
between the sample value of ¥ and the mean of Y. The first right hand term

gives the residual £, and the second right-hand term gives the difference
between the predicted value of ¥ and the medn of ¥ .

To measure variation, we square both sides of eq. (2.13) and sum over all
observations (1 to N),

Y(r-7y =3 (r-1) +Z(Y 7) 2y (x ?,,)( 7)...2.14)

The last term in eq. (2.14) can be shown to be 0 by using two properties of
least-squares residuals, Zé, =0 apd Z é,.X ; = 0. It follows that

Z(-F) Z(X 7) +2(%- ')

Variation' Residual Explamed ,
inY .Variation  _ Variation

Estimation of Two-variable
Regression Model
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= Example 2.3

or, TSS = ESS  + RSS .(2.15)

Total sum  Error (Residual) Regression sum
of squares  sum of squares  of squares

From the above' we say that the ‘total sum of squares’ (TSS) is the sum of the

‘error sum of squares’ and the ‘regression sum of squares’.

We divide both sides of eq. (2.15) by the total sum of squares (TSS) to get

| _ESS _RSS
7SS~ TSS

Then we define r? as

or,

RNy
oy 2b , _.(2.16)

Since Zéiz has a limit between Z y} and 0, r* will lie between 0 and 1.

Here r* is called the coefficient of determination. It measures the proportion
e S\ . i '
of the variation in Y. Z(Y, -Y ) is the total variation of the Y values, and

~ —\2
Z(Y, —Y) is the variation of Y explained by variations in X . Therefore,

this coefficient indicates the proportion of Y variance explained by the
variation of X .

In most cases we use the notation R’ as the coefficient of determination
instead of r?. There is a slight difference between r* and R*. r’denotes the
coefficient of determination between two variables, while R’ denotes the
coefficient of determination of more than two variable cases. Therefore r? is
called the simple coefficient of determination, while R? is called multiple
coefficient of determination. For simplicity, we will call R* the coefficient of

‘determination regardless of the number of variables contained in the equation.

-

Now to know-fiow much of the sum of the squared variation of Y is explained

by the regression equation, we calculate r’. Following is a numerical
example based on the’ data in Example 2.1.

=

' Notice that in some of the text books on Econometrics the acronym ESS denotes ‘explained
sum of squares’ and RSS denotes ‘residual sum of squares’ so that R” is given by

ESS/TSS . Be careful and ascertain how these two acronyms are defined. We in this course
uniformly follow the notation that ESS stands for ‘error sum of squares’ and RSS for

Cnaaraccinn cunm af caliarac’



2 _BYw
2.
Wehave  3=0.099
> xy=15.3880

DRI NY]

Now

2 _ 0.099x15.3880

= 33.2974 ——
10

1

=1.8266

1.8266

_ 1.5234

1.8266
= 0.834

(17.74)’

With »* = 0.834, we cow.a say that over 83 per cent of the variation of y
(savings) about its mean value is accounted for by the relationship found.

Example 2.4

Let us take. an illustration of the relationship between coffee consumption and
average retail price of coffee. The hypothetical data is presented in the
following. Our purpose is to fit the two-variable linear model.

Year Coffee consumption  Price of voffee .
. Per person per day  (Rs)(X)
(no. of ‘cups)(Y)
1980 257 - 077
1981 2.50 0.74
1982 2.35 0.72
1983 2.30 0.73
1984 2.25 0.76
1985 2.20 .0.75
1986 2.11 1.08 -
1987 1.94 .1.80
1988 1.97 1.39
1989 2.06 1.20 ~
1990 2.02 1.17
The results can be obtained by the formula used in the examples 2.2 and 2.3
as follows:
B=-0.4795
o~ A £O011

Estimation of Two-variable
Regression Model
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Y =2.6911-0.4795X, . L (2.17)
and r’=0.6628

The interpretation of the estimated regression is as follows: If the average real
retail price of coffee goes up by a rupee, the average consumption of coffee

- per day is expected to decrease by about half a cup. If the price of coffee were

to be zero, the average per person consumption of coffee is expected to be

about 2.69 cups a day. The »° value means that about 66 per cent of the

variation in per capita daily coffee consumption is explained by variation in
the retail price of coffee. -

2.6 INTRINSICALLY LINEAR MODELS

Linear regression model can be applied to a more general class of equations

~ that aré intrinsically (inherently) linear. Intrinsically linear models can be

expressed in a form that is linear in the parameters by transforming the
variables. That means, if a model is non-linear and after transformation of its
variables becomes linear then the model can be said to be intrinsically linear.
Let us take the case of the following non-linear model

Y=aX’ - ..(2.18)
This model will be intrinsically linear if it can be transformed into
V'=a+pX +e | | +(219)

Using the logarithm of each of the variable in eq (2 18), we get the following
transformed equation

logY =ar + Blog X +£ make it log alpha . (220)

The relationship in eq. (2.20) is mtrmsncally linear because it is linear with
respect to the parameters a and B. We can apply OLS to estimate these
parameters. Because of linearity, such models are also called log-log, double-
log, or log-linear models.

One attractive feature’ of this model, which has made it popular in applied
work, is that the slope coefficient 8 measures the elasticity of ¥ with respect
to X, that is the percentage change in Y for a percentage change in X . Thus
if Y represents the quantity of a commodity demanded and X its unit price,
B measures the price elasticity of demand. If the relationship between
quantity demanded and price is shown in Fig. 2.2 (a), the formed equation as

- shown'in Fig. 2.2 (b) will then give the estimate of price elasticity (—ﬂ )
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Y log ¥
logY =loga - Plog X, BN
Y = aXivﬂ
q log q
L .
P X ;
log X log p
Figure 2.2 (a) Figure 2.2 (b)
Example 2.5

We can refer to the coffee demand example for the data set and find the
logarithmic value of the variables as follows:

Year Coffee consumption  Price of coffee Log Y Log X
Per person per day (Rs)(X)
(no. of cups) Y) o
1990 2.57 0.77 0409933  -0.11351 /
1991 ~ 2.50 0.74 039794 - -0.13077
1992 2.35 0.72 0371068 -0.14267
. 1993 2.30 0.73 0361728  -0.13668
1994 225 0.76 0352183 -0.11919
1995 2.20 0.75 0342423 -0.12494
1996 2.11 1.08 0324282  0.033424
1997 1.94 1.80 0.287802  0.255273
1998 1.97 139 . 0294466  0.143015
1999 2.06 1.20 0.313867 0.079181
2000 2.02 117 0.305351 0.068186
) log X =-0.18867 ) log X* =0.196487857
> logY =3.761043 > logY? =1.302677016

Y (log X)(log¥') = —0.11361

Using these aggregates, we can get

+

o ¥ 4
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Z(log})(log ») = (log X)(log¥) —%Z log XY log¥ =-0.0491
Y logx® =Y log X ——}3~(ZlogX)2 =0.1933

> logy’ =Y log?? —%(Zlog ¥) =00167

N, the number of observations, is equal to 11.

The regression coefficient is estimated as:

Z (log x)(log v)
> logx*”

= . Slog¥ :SlogX
1027 - flog ¥ = 2108Y _ 5 2 oe

= 02541

a
N
=0.3376
log¥ =0.3376-0.2541log X, | (.2
' 3 (log x)(lo
o P2 loex)ogy) oo,

> logy*

From this result we see that the price elasticity coefficient is —0.2541,
implying that for a 1 per cent increase in the real price of coffee, the demand
for coffee (as measured by cups of coffee consumed per day) on the average
decreases by about 0.25 per cent. Since the price elasticity value of 0.25 is
less than 1 in absolute terms, we can say that the demand for coffee is price- -

* inelastic.

4

~~Now considering the results of ‘the linear demand function (Example 2.4) and
" logtlinear demand function (example 2.5), we may question which model is

better. Can we say that eq. (2.21) is better than eq. (2.17) because its r* value
is higher (0.7456 vs. 0.6628)? Unfortunately, we cannot say that, for when the
dependent variable of two models is not same (here, logY vs. 1), thc two r?
values are not directly comparable. We cannot directly comparc the slope
coefficients either, for in eq. (2.17) the slope coefficient gives the effect of a
unit change in the price of coffee on the constant absolute (i.e., not relative)
amount of decrease in coffee consumption, which is 0.4795 cups per day. On
the other hand, the coefficient of —0.2541 obtained from eq. (2.21) gives the
constant percentage decrease in coffee consumption as a result of a 1 per cent
increase in the price of coffee.

Check your Progress 2

1) +«Explain how you would estimate the beta coefficient in a two-variable
regression model.

R R R R T R R R R R A R R R RN

.......................................................................................



2)  Define the coefficient of determination. What does it signify?
3)  Find the values of a, B and r® using the following data.
X=2,3,15,9
Y=4,73,9,17 .

........................................................................................

........................................................................................

4)  What do you mean by intrinsically linear model? Can you compare the
results of an intrinsically linear model with that of a linear model? \Why
or why not? ‘

.......................................................................................

.......................................................................................

........................................................................................

2.7 LET US SUM UP

In this unit we studied the basic framework of regression analysis. The reason
for inclusion of error term in the regression model is described vividly. We
also studied the estimation of beta coefficient, which serves as an estimate of
the population regression line. The overall goodness of fit of the regression
mode} is measured by the cocfficient of determination, r2. It tells what
proportion of the variation in the dependent Variab@ is explained by the
explanatory (independent) variable. The unit also discussed about the
intrinsically linear models that can be expressed in a form that is linear in the
parameters by transforming the variables. A number of illustrative
applications are presented in this unit so as to make the students easy for
understanding. :

'Estimation of Two-variable
Regression Model
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2.8 KEY WORDS

Two-variable model

Error Term

Stochastic Nature :

Estimation

Least-Squares

‘Coefficient of Determination :

Intrinsically Linear Models

An equation, in which there are two
variables — one dependent variable and the
other independent variable is called a two
variable model.

The measurement of the functional
relationships among variables in reality is
not exact. For a given independent
variable X, we may observe many
possible dependent variable values of Y .
To describe this situation formally, we
add a random “error” term to the model.

The representation of the relationship in
an equation can be said to be stochastic in
nature if for every value of X
(independent variable) there exists a
probability distribution of € and therefore
a probability distribution of the Y’s
(dependent variable).

In the specification of the two variable
model, the values of the parameters &

and # are not known, as a result the
population regression line is not known.

When the values of @ and Z are
estimated, we obtain a sample regression
line that serves.-as an estimate of the
population regression line. This is known
as estimiation.

The principle of least squares is to choose

~

@ and B values that will minimise the
sum of squared deviations between the
observed and estimated values of Y .

The coefficient of determination indicates
the proportion of Y variance explained by
the variation of X .

If a model is non-linear and after
transformation of its variables becomes
linear then the model can be said to be
intrinsically linear.
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2.10 ANSWERS/HINTS TO CHECK YOUR
PROGRESS EXERCISES

Check Your Progress 1
1)  Go through Sections 2.1. -
2)  Go through Section 2.2.

Check Your Progress 2
1)  Go through Section 2.5.
2) Go through Section 2.6.

3) Go through Sections 2.5 and 2.6. The results are 1, 1.75 and 0.9879
- respectively.

4)  Go through Sections 2.5, 2.6 and 2.7.

Estimation of Two-variable
Regression Model
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"UNIT3 STATISTICAL INFERENCE IN

SIMPLE REGRESSION

-

MODELS

Structure

3.0 Opjectives

3.1 Introduction

3.2 Classica] Assumptions for OLS

3.3 Best Linear Unbiased Estimator (BLUE)
3.4 Probability Distribution of Error Ferms

3.5 Maximum Likelihood Method of Estimation

3.6 Statistical Significance of Regression Model

3.6.1 Estimation of Standard Error -
3.6.2. Confidence Interval
3.6.3 Tests of Significance

3.7 Prediction

3.8 LetUs Sum Up

3.9 Key Words

3.10 Some Useful Books/References

3.11 Answers/Hints to Check Your Progress Exercises

3.0 OBJECTIVES

After going this unit you will be-able to:

e describe the assumptions of ordinary least squares;

. find the best linear unbiased estimator;

e explain the concept of confidence interval;
» test the significance of the estimators; and

¢ make prediction of two-variable models

3.1 INTRODUCTION

We have discussed in Unit 2 about the specification of the two-variable linear
regression model,

Y=a+pBX, +¢ ..(3.1)

where we have estimated the relationship between Y .and X from the sample
observations such that

~ A

Y=a+pX,.



Our objective was to find the estimated values of the unknown parameters o
and A, and the éstimated -value of ¥,."HHowever, our objective is not only to
estimate the coefficients but also to draw inferences about their frue values."In
order to estimate the parameters of the model 'stafistically, thé'relationship of
the above. equation reqmres some assumptions about the probablhty
distribution of the error term ' SEESPEEH

3.2 *CLAS‘]S’ICAL’XSSIJMPTQIQNSj’rliOR oLs

The assumptions of the ordinary least squares model are as follows:
1) The relatlonsh1p between Y and X_ 1s llnear |

'2)  Theerror has zero expected value ie.

E(e) 0

it i H N "
LA SR SR TR T RS AR W ST RS I A LA re &

3) The error term has constant variance for alk oBse‘f\fahons, e

el }

E(82 ) — 0,2 . ‘ A £ TR MO DS AR R (j 3)
4) The random .‘variables:: g, are statrstigall?‘ -mdepetﬁlent Thus,
E(g¢,)=0 forall i #j. .. (3.4)
v £ v &
5) The X ’s are non-stochastic variables whose vél‘ues are’ﬁxéd “Therefore
the X ’s are uncorrelated to the error term, i. & e
E(X,)=0,for i=12,-,n. (35 "

\
Thegg assumptions imply that error terms & has Omean and ‘constant
variance o and that error terms are uncorrelated to each.other. Further, X,
and ¢, are also uncorrelated. ., 1. 1. . o vy ey hareovs gy adist ae

N SUTERTy DRFORUED OO DBKT VR

‘ 3 3 BEST LINEAR UNBIASED ESTIMATOR i )
(BLUE) sl msianes B Yy etemsg wlt lui “ A

L — .
NI IV IS S AR Oy o

To examine the characteristics of the least-squares Rarameter estlmates recall
that they result from a specific sample of observations-of:the- dependent and
independent variables. Since the sample may vary:‘the estimatés-may vary as
well and thus are associated with a random va.iable. Because the model 1s

stodhustie] We have! shown Thé'formulas for’ regresﬁoﬁ Hitdtesptand Slopéias' -

& and J, where the ‘hats’ dvér ‘@and 8 represent istimated Yabues. Hert
,B refers to the slope estlmate resultxng from a specific sample welJl as o,

the éstimator (a formula that appl1es to any samﬁle)\that follows a probab1llty
distribation <! 7 o L anz s ity Lissida

The ordinary least-squares {OLS) estimators’are unbiased an"d’éonsisténtf n
fact, one of the properties of the ordinary least-squares estimator is that of all
the estimators which are linear and: w;hsclf y1eld u,nblasegl estimates, the
estimates resulting from the OL§ utlmator bave 'the rainimum' vanan(:e This

LS T P LS Y oo S x A 1. . LL_A..,‘_-. Ve n! MY o P A1 S P

Statistical Inference in
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therefore, states that given the assumptions of OLS, the esumators « and 8
are the best (most efficient) linear unbiased estimators (BLUE) of o and g

in the sense that they have the minimum variance of all linear unbiased
estimators. If some of the assumptions of the Gauss-Markov theorem do not
hold. the least-squares estimators will no longer be BLUE. It is important to
real&e that the Gauss-Markov theorem does not apply to nonlinear estimators.
In the following we will prove the Gauss-Markov theorem. Since the

properties of ¢ and # are exactly the same we will discuss the properties of
ﬁ only.

In order to prove that ﬂ is BLUE, we will first prove that 3 is an unbiased
linear estimator of B and then show that it has minimum variance.

We note that ,é is a linear estimator, since ,é can be written as a weighted

average of the individual observations on Y. The unbiased property of ,B
can be seen from the following. '

From eq. (2.10) of Unit 2 we can write
X, x,(Bx, +¢
Z L4 Z (P 5 ) since y, = fBx, +¢,
Zx Z X,

T s
YN

or

DL :
Zx .=(3.6)

If we take the expected value of (3.6) we find that
E(B)=B

We know that the parameter £ is a constant; thus E(f)= f. Since X, is
fixed in nature we have

o Zxe)_IxEE)
Ve )7 5

since E(g,)=0.

Hence ﬁ is an unbiased estimator of B. This along with the linear properties

shows that ,3 is an unbiased linear estimator of A .

Next we establish that the variance of ﬁ is the best among a class of linear
unbiased estimators, Le. ,3 has the smallest variance. Let us first obtain the

variance of ,B a . By using eq. (3.6), we cah find out

(o) - £ 5|
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= 5 (x, & +x, e ++x,¢," +2x,x,66, ++

(Zx )

f-d

[x2E()+x,E(g,))++x,E(g,}) ]

1
(Zx?)
Tx! 25
@i Lz )

Thus, the variance of f is'giveﬂ by

7, = .37

To prove that A has the smallest variance of all linear unbiased estimates, we
define
.B‘ = zciyi

where ¢, =§L-T+d,,
X
and where d, are arbitrary constants. B° can be written as
ﬁ. =ch(ﬁxl +6‘i)'
Thetefore,
E(ﬂ‘):pzc,.x,+zc,.e,. ...(3.8)

ToshowthatE( ) ﬂ,wemustassumethathx,—l

. X;
Since ¢, = = +d, we have
2%

x? Z ;
X, =——+d,x, , and therefore, Zcx = +ddx =1+ dyx,

D 3¢ A Zx
Thus E(B")= B only if the following condition is fulfilled:
Z dx, =
Secondly, let us look into the variance of . It is given by

o, =E(-B)

- B(See)
= 0'220.-2

AN



Baﬁc’ﬁé&lﬂmtﬁ@ ?ﬂteory

shadf anispuy

=0,/ +0°Y.d] pE .39
Therefore, o ﬂ.z is at least equal to or larger than & /-,2, since Y d’ is at least
0 or larger. This shows that f3 has the smallest \rlar’iranc'e of all t‘ linear

unb,La d estimates. Hence, we conclude that ,B is a best linear unbiased
estimator (BLUE). " ’

34 PROBABILITY DISTRIBUTION GF ERROK,

TERMS

‘1

It has been shown that the OLS estimators @ and ,B are both linear function
of the error term, which is random by assumption. Therefofe; the sampliig or
probability distributions of the OLS estimators will depend upon the
assumptions made a‘t;qmzi;};e probability, distribution, of the error term, .Smce' .
the probability distributions of these" estimators are necessary ‘to draw
inferences about their population values, the nature of the prqbablhty

distribution of the error term assumes an extremely "ﬁnportant “role in
hypothesis testing.

L
RV R JJ'

Since, the method of OLS does not make any asslgnptlon about the
prob‘aébllﬁtlc nature of the error term, it is of little Helpifor the putpose of
drawing inferences about population from sample. This void can be filled if
we are willing to aSsitic -that' theweetor term follow Some “probability
distribution. In the regression context, it is usually assumed that error terms
follow the normal distribution. :

OB R SR PRI
The normal distribution is a belil-shaped probablhty dlstnbutlon and can be
fully described by its mean and variance. The classical normal linear
regresslon assumes, thzt each. error term 1s dlstnbu,ted normally with zero

g
mean and constant vanance ie. g ~ N (‘0 ) !

We know from ‘(3iyithat. & =(¥s50=p8X,). HTHus the proBability
distribution of £, would be

p(e)=

1
\/ 27:'0'

We would apply the above property of &, ih\ hypothesis ‘t‘efs'ting whichis given
in Section 3.6.

o)a
Check Your Progress 1 it

1)  What are the assumptions of two-variable linear. rqéeé%mn model?
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2) - Prove that the estimated residuals from the linear regressmn and the
g fﬁ&g’respondmg nsample valuds vbf - X areV udcorrelated;vothat

ZX: ;=0. Y e cooeplidsdose o e a0

o leuhi. To 1o 2t GOt s
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3) Provethat A is the best lmear uirbmsed estlmamr of 8.
Pee S S
......................................................... . ST
!
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35 MAXIMEM LIKEJalHOOD ME’BHOD OE:? o o
ESTIMATION Ceinel il

TR A e vy T BRI B o SIPT Pt lgn! | ey,
‘Maxititim likelﬁxoo’ﬁ'_e's‘timation"foé\}g“és‘f ‘'on the fac?t}lf!ﬁ%éd'i'ffereri’t?f)‘d‘})ulations
generate different samples; any one sample being scrutinized is more likely to
‘haVe b&me from s’oﬁﬁbpdpulanorrs fifilfrom others, Mur -« bui
.’,:u, R RS I 21T O SIBQ e ”"4* ol BRSNS 1 o
- We deﬁne the maximum- 11ke11hood estimator of a parameter ﬂ aS'thﬁ Value

ﬂ,mvfhlfih wr_:)‘u{m &ost llkelyv‘ gene{ate the obser('ged sample' .(‘)ﬁggvgflons

Y,, -,Y,. In general Y is normally drstnbuteq apd each of the, Vs is
drawn independently, the maximum likelihood estimator maxrrmzes

(£1.6; N )l))

H (4} = A 4 -

(1) p(1)p(ry) P B KE

where each p repreaents a. ‘p\rlobabnllty assaqr;ted w1th the normal
distribution. S kAT SN o

Thus, the calculated maximum likelihood estimate is a functi
particular sample of ¥ ’s choseny,A -different san{ple would "redult in a
different maximum likelihood estimate. The maximugt likelihood or we can
say likelihood, function deperds not-only on the sample values but, lso on the
unknown parameters of the problem. Maximum likelihood estimation
inyplves a search over alternaiive parameter-;eshifnators to . fgxd those
estimators which most likely would generate the samp‘le

of the

winsd Statistiealdnférenediin
Simple Regression Model
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We will now show how this can be applied to the estimation of econometric
models. We will see that a great advantage of maximum likelihood estimation ~
is that under a broad set of conditions parameters are both: consistent and (for
large samples) asymptotically efficient.

We begin the analysis with the linear regression model
Y'=a+pX, +g,

We know that .each Y, is normally distributed with mean a+ fX, and

variance o . The probability can be written as

-1 1. 2
P(x)=mexp|:"5;j(yl‘a_ﬂ/¥i):|

The likelihood function is the product of the individual probabilities taken
over all N observations. In this case the likelihood function is

L(Y,,Yz,"',YN,a,ﬁ,O'z);p(Y‘)p(Yz)---p(YN)

_ __L)E_exp[_z[wﬂ (311)

(27!0'2 2 20

With maximum likelihood estimation our goal is to find the values of the
parameters «, B and o’ which are most likely to generate. the sample
observations 1,Y,,---,Y,. This is achieved by maximizing the likelihood

function given above with respect to each of the parameters. To do this it is
more convenient to work with the logarithm of the likelihood function. The
log-likelihood function is given by

LogL=—%log(0' )—-—log(27r)— Z(Y a- ﬂX) ..(3.12)

To find the maximum we differentiate the log-likelihood function with
respect to each of the three unknown parameters, equate the derivatives to
zero, and solve.

Differentiating eq. (3.12) partially with respect to a, B and o and setting the
derivatives equal to zero yields

____(logL) 3.13
oo P Z(Y a- ﬂX) ( 13)
a(k’gl‘) ~ LS [x, (v -a- 5 )] 0 ..(3.14)
6(logL)__ N 1 < o 2 315
oo 207 +20'4 Z(Y: e ﬂXi) =0 o (15

From (3.11) we get
>Y,=Na+pY X, ...(3.16)

From (3.12) we get



- N fe | : ‘ Statistical Inference in
Z X, = aZXi + ﬂinz --(3.17) Simple Regression Model

- From (3.13) we get

Or

Or

62=71,~ (Y,-a‘z—p‘)(,.)2 ...(3.18)

Note that eq. (3.14) and eq. (3.15) are the same as the normal equations
obtained in OLS method. Solving eq. (3.14) and eq. (3.15) we get & and S.

So
é¢=Y-BX ...(3.19)
QA — inyi
B 3% . ...(3.20)
& =% (v-a-px) ..(321)

Clearly, the maximum likelihood estimators of @ and # are identical to the
least-squares estimators when the error terms of OLS follow the normal
distribution. It follows therefore that & and ﬂ are best linear unbiased

estlmators (BLUE). &* is, however, a biased (although consmtent) estimator

of o’. To obtain an unbiased estimator, we need to divide the numerator by
N-2, adjustlng for the degrees of freedom.

Since the method of least squares with the added assumption of normality of
g, provides us with all the tools necessary for both estimation and hypothesis
testing of the linear regression models, there is no loss for readers who may

not want to pursue the maximum likelihood method because of its slight
mathematical complexity.

3.6 STATISTICAL INFERENCE IN REGRESSION
MODEL

3.6.1 Estimation of Standard Error

To make statistical inferences about /§ or to test its statistical significance, we
have to know the variance of ,5 According to eq. (3.7), the variance of B is
a function of the disturbance variance . Therefore, an estimator of the
47
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Bt '*“'F"?MW%E":W distutbahce variance o should first He lobtained{ from: thel sample
observations in order to estimate the variance of f.

Seiry e S5 3
0L U [ :’ 1109

The estimation of ¢’ can be based on the error sum of squares Z £

~ 14

=y + ) ~(j),+17) since yi=Y,—}7& 9,=2-Y= y,—y‘.

w4
Averaging Y =a+fX,+¢, over the N safane Dbservations 'sée obtain
Y =a+BX+E,sothat

y = fx, +(€ 8) o

(41 P
Also recall that

“i SN il eft 2
L33 il ‘;‘: 94 ‘l‘"’gxg;?aﬁ‘d ?

XN Selg0n o Yem. . ra.pe § = § 4
NECHEH 1) S AN R S SO S O 5 )

We have, therefore, J, = ,éx, .

= Bx,+(&,—%) - px, ——(,B ﬂ)x +(¢, a)

Séluaflﬁg and summing both the sides, we obtain

I\‘

s B (58) TSl 2{A <06 )

RSN f

Taking expectatlons on both sides glves
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wl}lchshpws that g, for.s")isan unblasedest‘i‘mater of true@” 1 ;wij o)

o (or s)isa square root of 0' (or s’ ) and llt 1s called the standa.rd'error of

tHe estitirate 650 I HIHAVIIOS U st # SRt M
i) Ashom algergy -l b :\e'-‘ Uoban 0 wesldsie s il
An unbiased estimator of o, 5 ? can be obtained'as-faljowsi:- 17

2

(- S Zx (N—2 sz' . 5.(3.24)

The’ﬁhuére tdbt Bf > ’2" “5‘ ﬂ, Rt called the standaréf error of the coeﬂ' c1ent

TSI T3 FERoR B4,

361" Conffderlée Tﬁtell\*hl

NN IS C A ST FRATTIRSTES BRI TE USSR IO R ST ACS S T
Confidence intervals pr0v1de a range of values which are l1kely to contam the
fifie*Yegiéssion Pararneters. “Whith” &y con‘l?&ence niterval wé assotlat

level of statistical significance. The confidence intervaliase: construdtéd’ so
that the probability that the interval contains the true parameter is 1 minus the

level-of significance.

Confidence intervals are particularly useful for testing statistical hypotheses

abouf, the esumate% regression Ha;amei,ers We beglg((wxﬂa a null: hypothesis;
whlch usually states that a certain effect is not presenL Becaus €. qften hope

,,,,,,,,,, S WG,
td'accept tie mbdet “the rull' hypothesis is ¢onstructed in a way that makes its
rejection possible. To test the validity ofpa. mqdel we sty up.the null

hypothesis ‘that B equals 0. We hope to reject the  null hypothe51s by
obtaining a value of f which is sufficiently ' ‘different” frorh "0+ to" ¢ds
significant doubt on the hypothesjs that ,Q reg\uails 0. Assumg,- for. e);ample»,
that ,[3 is 0.9. If we choose a level of significance of 10 per cent, the 90 per
cent, co,nﬁdence interval for A might be 50 l A - ‘ o § o

. g

0.6< B <12 \ A

This means that the probability that 8 is within tH& ranée 0.6 t5"17358 o0’
In ad,dmon it means that we can reLect the nul;l hy]?othesm, that‘ #. equals 0
with 90 per cent confidence.

C N acdadaasil soiobiings e g 29 5 piside ow (81 0) pe raod
3.6.2 Tests of Qignificangdsiis? 12 172G o8 6 mpion oa g ba s
Hererwe will discuss the tests of significance of the regression eoéﬁﬁi}ient and
that of the coefficient of determination. The former is done through ¢ test,
while the-latter:is:made through :; test: BothH-these tests. are-presented in the
followmg

Tests of Regressmn Coefﬁclents

The statlsucal test; for rejectmg mﬂl hypotheses assomated' wrth a: regrcssnon
coefficient , is “uswally -based on  the,..¢ - distzibution. - Thei - distribution s
relevant becanse for stafistical testing we need. te;utllxze 2. 3ample. estimate of
the error variance rather than its true valug. To use the ¢ distribution to
construct 95 per cent confidence intervals for the estlmated parmete,r.‘g‘,;»we

first standatdlze the estlmated regresslon parameter say ,8 by subtractmg its

NI 2SRt 3._5

hypothesized true value ﬂo and dividing by the stimate of its Standard error

e b

Statlstlcal lnference in
Slmple Regression Model
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(see Unit 1), Thus, ¢ = £-5 where s; is the standard error of ,B We
S .
B

consider the null hypothesis that # = 0 or equivalently, that there is no

relationship between the variables X and Y in the two-variable model. In
this case the # statistic is given by

...(3.25)

Iy-2

g |"Q>

The subscript (N — 2) indicates the degree c;f freedom for which t-test should
be undertaken. If the ¢ statistic (calculated value) is greater than ¢, the

critical value (tabulated value), we reject the null hypothesis. Here the
subscript ‘c’ indicates the level of significance.

More generally, we can test the null hypothesis that = /4,. To do so we
calculate the ¢ statistic:

e, =222 | ++(3.26)

the standardized variable ¢, , also follows that a ¢ distribution with N -2
degrees of freedom. With a 5 per cent test, the critical value is defined so that

Prob (~t, <ty_, <1,)=.95 (3.27)
where Prob denotes probability.

Now, by substituting fr;)m eq. (3.2 6) we obtain

55

Prob {—tc <ﬂ—‘£°—<q]=.95 (328)
Modifying eq..(3.28) we get

Prob (f-1,5; <y < fi+1.s;)=95 .(3.29)
From eq. (3.29) we obtain a 95 per cent confidence interval for £:

Bis; ..(3.30)
Using a similar procedure, we obtain a 95 per cent confidence interval for a :

@15, ..(331)

It is possible to determine confidence intervals for any level of significance as
long as the critical value of ¢ distribution is correctly chosen. Eq. (3.30) tells
us that an interval of ¢, standard deviations on either side of the estimated

slope parameter has a probability of .95 of containing the true parameter.

Example 371

Following is a numerical illustration of testing the regression coefficient.

ol e
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Y X y=Y-Y x=X-X - Simple Regression Model
40 4 - -22 -4

60 '6 2 2

50 7 -12 -1

70 10 8 2

90 ' 13- - 28

From the above data we can calculate
DY =310 DX =40
2. X7 =370 D XY = 2740
D xy,= 260 D xr=50

Yét =128

We have

= 62-5.2(8) = 62-41.6 = 204 °
The estimated equatian is written as

¥ =204+532X

Now we can calculate

g2 & 1 18
2 (N-2)X x> 3(50) 150

¢, =085 =092

= 0.85

= ———0'52 = 5.63
0.92

tN—2 -

For the 5% level of significance (i.e., 95% level of confidence), the value of ¢
is 3.182 for a two-tailed test with degree of freedom, 3. The calculated ¢
value is 5.63, which is higher than tabulated ¢ value, 3.182. Therefore, we
reject the null hypothesis and conclude that X is a statistically significant
variable in explaining the variation of Y.

Example 3.2

Let us return to our gonsumption-income example in Unit 2.

51
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(\q G EEpy

. Consumptlon(Y) Incomc (X)

70 ﬁ 80 i
65 100
90 - 120
95 z 140
110 - :160 : i L

i3 dgg
120 200 T W IRy e I
140 220 4 ¢

155 240 7

150 L1260 1

We found that DE et el
[3 =( 091
=24.4545
Zéf =337.2728
The estimated regression line is
Y= 24.4545+0.5091X

We can calculate

T G U 3 N N S oo
S N B T BRI £ § KT AT ¢ B

22
G.l= Z = 0.0013

£ (N- 2)2
= 4/0.0013 = 0.0357 AR S

Cer By AOUSUE Tainiiian sl

B 0.5091 - '
t =— = = 41 6: [ 7
s 00397 A e b

For the 1% level of significance (i.e., 99% level of confidence), the value of ¢
is 3.355 for a two-tailed test with degree of freedom, 8. The caleulated ¢
value is 14.26, which is higher than tabulated ¢ value, 3.355, Therefore, we
reject the null hypothesis and conclude that X is a statlstmally significant
variable in explalnlng the variationof Y. . . . Y .

N,
MRS

The 99% conﬁdence 1nterva1 for ﬁ would be

0.389 < ﬂ <0.629 §I0 OGRGTD Y B0 a0l

We observe that 0 lies outside the 99 percent confidence mtcl‘val‘f‘&“ﬂ,
allowing us to reject at the' I'fié cent Tevel of significance the null hypéthissis
that #.=0



PS-itriilarly,

s = 2E /ZX,Z]
e o e

_ 337.2728( 322000 j

8 (10x33000
= 41.1370
6, =+/41.1370 = 6.4138
oG 2aasas L
TS, 64138

The 99% conﬁdence mterva] for o, would be it fmeal 03 n

s, =24.4545 + (3. 355)(6 4138) 244545 & 21.5183;
OF. e i e e e

29362 < <43.9728 . _ . ...

We,. observe that,;0,:ligs, outside : the,;99. percent <confidence interval for.at;
allovymg us to reject at_ the 1 per. cent level of significance the null, hypothesls
that a = 0 Equ1valently, we observe that the calcu[ated value of ‘1> (3 8]3) is

Tests for the Coet‘ﬁclent of Determmatmn R

To test the significance of R* that R” is not different from 0, that' Y is not
explained by the explanatory variable in the. equat;on, we can make use. of F.
test. T§iis is an example of the analysis of variance. In the case of two- variable
models with the null hypothesis =0,

ﬁ‘zzx,z/(k—l) ij,z/(2—1)
D EMI(N-k) DY E(N-2)

. R S .
".-R'- :'A_‘; N I

REF /(27 b)ini

F=
ESS/(N 2)

ey

where F has (1, N —2) degrees of freedom. The hlgh value of F leads to the

rejection of the null hypothesis. Therefore, itis qu1te natural that rejectlon of

null hypothesis occurs when RSS is high relatlveto ESS that is, when R* is
high.

The F test is designed to test"tflgEigiﬁﬁ‘e’éﬁé;égt;f‘“éll"Viéfiéﬁfég%f 475kt of
. variables in the equation. Howgver, in the two-varlable case the F test is
used for testing the single explanatofy variable and af'the’ satrie  time is

equivalent to test the significance of R”.
; A T LN
Example 33 ,
: i i At fisl '
F ollowmg isa numengcal 1l,lus,r, t,lon qf testmg the s;gmﬁcance of R2 We use

the data prov1ded in the Example 3.1

oo sty ol
From the data provided in example 77 we calchited™ -

Statistical Inference in
Simple Regression Model

="



Basic Econometric Theory

Y xy, = 260 Y x? =50 3y = 1480
23 =1352 Y &7=128
260
= =097
501480 '
R=132 _ 03
1480

The F wvalue is calculated based on the information above as

1352/(2-1)
= ———— =31.68
128/(5-2)

At a 5% level of significance F(1,3) is 10.13, which is less than 31.68.

- Therefore, R” is statistically significant.

3.7 PREDICTION

One of the objectives of econometrics is the prediction of economic
phenomena. The estimated regression equation ¥ =d+3X is used for
predicting the value of Y for given values of X . Let X, be the given value of
X . Then we predict the corresponding value of ¥, of ¥ by

B =+ i,
where the true value ¥, is given by
Yy=a+pX,+¢g,
The prediction error will be
e=Y, -,
= (@+BX,+5)-(@+hX,)
= (a-a@)+(B-H)X, +¢,
The expectation of the prediction error will be
E(s)=E(a-@)+E(B-B)X,+E(,)
=0 since E(d)=a, E(f)=p,and E(5)=0.

Therefore, u.e predicted value of Y is an unbiased estitﬁatg. In fact, it can be
shown that ¥, is the best linear unbiased estimate (BLUE). "

Now the variance of the prediction error will be



n 2 Statistical Inference in
E [(a - d) + (ﬂ - ﬂ) X, + (go )] Simple Regression Model

—

E[e-E(s)]

_ E[(a—d)+(ﬂ—B)XOT +E(5)

2 2

=0, +0 ..(3.33)

where O'};oz is E[(a—&)+(ﬂ—ﬁ)Xo]2. Eq. (3.33) implies that the error

made in predicting an individual value is the sum of two uncorrelated errors:
the error in estimating the parameters of the regression equation and the error
of the random disturbance during the forecasting period.

Check Your Progress 2

1)  Find the maximum likelihood estimators. Are they same as least-squares
estimators?

AD . . . 2
2) Prove that 6° is not an unbiased estimator of o~

.......................................................................................

3) Define the concept of confidence interval.

.......................................................................................
.......................................................................................
.......................................................................................

.......................................................................................

4) Test the hypothesis that there is no relationship between the variables X
and Y in the two-variable model.

.......................................................................................
.......................................................................................
.......................................................................................

.......................................................................................
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; eory 5)  Find the values of @. f# and »°, and conduct ¢ and F tests from the

following data.
Y =4.0,3.0,3.52.0,3.0,3.5,2.5,25
X=21,15,15,9,12,18,6, 12

3:8:LET US SUM:UP

In this unit we first diseussed about the classical assumptions of ordinary least
squares. We presented five assumptions of least squares, viz., linear
relationship of the variables, zero expected value of ‘error term, Constant
variance, independent random variables, and non-stochastic independent
variable: The sixth assumption on normal distribution was discussed later. We
discussed the estimation of best linear unbiased estimator. The maximum
likelihood (ML) meéthod of estimation is ‘also discussed. It is found that the
ML estimators are the same as those of least squares. estlmatprs We dlsqussed
the tests of significance ‘df tégression niodel ke i Gistribution’ and F test,
Finally, we made prediction about the dependent variable for known values of
explanatory variable.

Best Linear Unbiased ~ ~ :  Given the assumptions of OLS, the
Estimator _estlmators age Sa,ld to be the best. line;

' “linbiased estimators (BIUE) ‘when they

RO e -...-have - the. minimum - variance: -of -all -linear

unbiased estimators.

Confidence Interval ~ : Confidence intervals provide a range of

_values, which are likely to.contain the true

regression  parameters.  With  every

S -« ... ... ..... .confidence interval we associate a level of

statistical significance. The confidence

£ oamniure wi v e s vintervals aré’ CcOnstruéteds so that  the

probability that the interval:contains the true

parameter is 1 minus the level of

for testing stqt‘lst1cal hypotheses about the

estimated regression parameters.

the fact that different populations generate
“different samples; any one sample being



Normal Distribution

Probability Distribution

scrutinized is more likely to have come
from some populations than from others. [t
involves a search over alternative parameter
estimators to find those estimators which
most likely would generate the sample.

The normal distribution.. is a bell-shaped
probability distribution. It can be fully
described by its mean and variance.

A random variable is examined by the

process which generates its values. This
process is called probability distribution,
which lists all possible outcomes and the
probability that each will occur.
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3.11 ANSWERS/HINTS FOR CHECK YOUR
. PROGRESS EXERCISES

Check Your Progress 1

)

Go through Sections 3.1.

4 : .
2)  The problem will be easier if you work with the data in deviations form.

3)  Go through Se‘ctions 3.2
Check Your Progress 2

1) Go through Section 3.4.
2)  Go through Section 3.5.1.
3)  Go through Section 3.5.2.
4)  Go through Section 3.5.3.
5)  Go through Section 3.5.3.

Statistical Inference in
Simple Regression Model
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UNIT 4 MULTIPLE REGRESSION
MODEL -

Structure

4.0  Objectives

4.1 Introduction

4.2 Multiple Regression Model

4.3  Additional Assumptions

44 Tests of Significance

4.5  Coefficient of Determination

4.6 | Matrix Form of Multiple Regression Model
4.7  Structural Stability of Regression Models — Chow Test
48  Prediction with Multiple Regression Model
49  LetUs Sum Up

_ 410 Key Words

4.11 Some Useful Books
4.12  Answers/Hints to Check Your Progress Exercises

4.0 OBJECTIVES

After going th,r'ough this unit, you will be in a position to:
e explain the concept of multiple regression;

e explain the concept of coefficient of determination;

e test the structural stability of regression models; and

e  make prediction with multiple regression.

4.1 INTRODUCTION

In Units 2 and 3, we studied the basi¢ statistical tools and procedures for
analysing relationships between two variables. However, the two-variable
framework is too restrictive for realistic analyses of economic phenomena.
Economic models generally contain more than two variables. When a
regression equation has three or more than three variables, we call it a
multiple regression model. The statistical formulas for estimating the
parameters, variance, and testing the parameters are very similar, or in some
cases identical, to the two-variable regression model.

The simplest possible multiple regression model (without using matrix
algebra) is three-variable regression, with one dependent variable and two
explanatory variables. If you can understand the analysis of a relationship
between three variables, you should be able to generalize the concept to a
multiple regression model. A conventional example of a three variable
equation is a demand equation in which quantity demanded depends not only
on the price of the commodity but also on the income of a consumer.



Multiple Regression Model!

4,2 MULTIPLE REGRESSION MODEL

We extend the two-variable model by assuming that the dependent variable Y
is a linear function of a series of independent variables X, X,,---- ,X, and

an error term. This model is a natural extension of the two-variable model.
We write the multiple regression model as

Y=8+B5X,+BX,+ -+ B X, +¢g ..(4.1)

where Y is the dependent variable, X’s are the independent variables, and £
is the error term. X, represents the ith observation on explanatory variable

X, . Explanatory variable X, is taken here as 1. f, is the constant term or
intercept and f,,---, B, are slopes of the equation. )

For simplicity we have used a three-variable regression model. The model is
written as follows:

Y=08+5X,+0X,+¢ , i=12,---,n ... (4.2)

The least-squares procedure is equivalent to searching for parameter estimates
which minimize the error sum of squares, defined as

ESS =Zé,2 =Z(Y,—Y\:) , where ¥, ,Bl +.32X2: +,B3 3

Just as we did in Unit 2, we can find the values of S, B, and B, which
minimize ESS. To minimize ESS, we partially differentiate it with respect to
the three unknown parameters £, f, and f,;and set the resulting expression
to zero and solve them simultaneously.

To simplify we use the model in deviation form, so that

ESS = Z(yi "Bzle —,é3x31 )2

then
9
%ﬂ' =0,0r 2. 5,5, =5 0.5 + 5D X%, .. (4.3)
552
6/3 0 or zx3lyl ﬂ22x21x31 +ﬂ32x3| (44)
. .

To solve, we multiply eq.(4.3) by Zx_,,z and multiply eq.(4.4) by sz,x3, ,
and then subtract the latter from the former:

Z X Z x312 - Z X3, Z X%, = B [Z x2i2 Z x3,2 - (Z X2i%3; )2 jl

or,

5 (Z)( T (Ers ) Ens)
(Z)(En)-(Trm)

.. (4.5)
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Similarly, multiplying eq.(4.3) by zle.z and eq.(42) by Y x,x, and
subtracting the latter by the former and solving them, we get

B, = (Zx3'y’)(sz'z)_(zxz'yl)(Zlexm)
; (szrz)(szf)_(zxz,x;,)‘

Finally, if we set the derivative of ESS with respect to 3, equals to zero, we
find that

B| :)_’—:éz)?z_,é})—(s ) . (4.7)

... (4.0)

In the three-variable model, the coefficient £, measures the change in ¥
associated with a unit change in X, on the assurription that the variable X, is
held constant. [ikewise, the coefficient f, measures the change in Y
associated with a unit change in X, while X, is held constant. In both cases

the assumption that the values of the remaining explanatory variables are
constant is crucial to our interpretation of the coefficients.

4.3 ADDITIONAL ASSUMPTIONS o

The assumptions of the multiple regression model are quite similar to those of
the two-variable godel. Besides the assumptions of two-variable regression
model, the multiple regression model has another assumption, viz. no exact
linear relationship exists between two or more independent variables, or we
can say there is no multicollinearity. Suppose in eq.(4.2), ¥, X,, and X,

represent consumptlon expenditurg, income and wealth of the consumer
respectlvely In postulating that consumption expenditure is linearly related to
income and wealth, economic theory presumes that wealth and incorhe may
have some independent influence on consumption. If not, therg is no sense in
including both income and wealth variables in the model. In the extreme, if
there is an exact linear relationship between income and wealth, we have only
one independent variable, not two, and there is no need to include both the
variables. In short, the assumption of no multicollinearity requires that in the
regression model we include only those variables which are not linear
functions gf some of the variables in the model.

4.4 TESTS OF SIGNIFICANCE

To test the statistical significance of irdividual regression coefficients, we
need to ask whether the Gauss-Markov theorem extgnds to the multiple
regression models and whether one can obtain an unbiased estimate of the

variance o’ as well as information about the distribution of the estimated

. regression parameters. The statistical properties of the multiple regression

models are presented in the following:

1)  The Gauss-Markov theorem applies to the multiple regression models.
That is, the ordinary least-squares estimator of each coefficient f,.

j=1,2,--,k,is BLUE.

2)  Anunbiased and consistent estimate of o’ is provided by



A}

A2
) 4 .. (4.8)
N-k . _
3)  When the error is normally distributed, ¢ tests can be applied because
B a 'B./

By

~ty,  for j=12,---k ... (4.9)

In other words, the estimated regression parameters, which are
normalised by subtracting the mean and dividing by the estimated
standard error, follow the ¢ distribution with N -k degrees of
freedom'.

4)  The F -statistic calculated by most regression programmes can be used
in multiple regression models to test the significance of the R* statistic.
The F -statistic with k—1 and N -k degrees of freedom allows us to
test the Hypothesis that none of the explanatory variables helps explain
the variation of Y about its mean. In other words, the F'-statistic tests
the joint hypothesis that 8, = 8, = --- B, =0. It can be shown that

~ _ RSS/k-1

LNk ESSIN -k
_ Rk-1  _ R N-—k
(1-R*)/N-k 1-R* k-1

... (4.10)

If the null hypothesis is true, then we would expect RSS, R’, and therefore
- F to be close to 0. Thus, a high value of the F -statistic is a rationale for
rejecting the null hypothesis. As F -statistic is not significantly different from
0 lets us conclude that the explanatory variables do little to explain the
variation of Y about its mean. In the two—variabl'e model, the F statistic tests
whether the regression line is horizontal. In such a case, R*> = 0 and the
regression explains none of the variation in the dependent variable. Note that
we do not test whether the regression passes through the origin; our objective
is simply to see whether.we can explain any variation around the mean of Y .

The F -tests of the significance of a regression equation may allow for
rejection of the null hypothesis even though none of the regression
coefficients are found to be significant according to individual ¢ tests. This
situation may arise, for example, if the independent variables are highly
correlated with each other. The result may be high standard errors for the
coefficients and low t values, yet the model as a whole may fit the data well.

4.5 COEFFICIENT OF DETERMINATION

R? is called the coefficient of determination. To use R’ as a measure of
goodness of fit in the multiple regression model, we extend the discussion in
Unit 2 about the decomposition of the variation in the dependent variable Y .

1 Recall that in a two-variable model we tested for the significance of S at (N - 2) degree of

Frandam cinra the madal incelisdad +run avnnlanatarv variakloae vir  conctant term and Y

Multiple Regression Model-
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We can break down the differencg between Y and its mean Y as follows:

(=F)=(¥,-7)+(%,-7)

Squaring both sides and summing over all observations (1 to N ), we obtain

S(r-FY =3 (1-2) + (% -F)

Variation . Residual Explained

in Y Variation Variation

or, TSS = ESS + RSS
Total sum Residual (Error) Regression sum
of squares sum of squares of squares,

Then we define R? as

o ks X(R-T)  yer
SO Y(n-r) X7y

R? measures the proportion of the variation in Y which is explained by the
multiple regression equation. R® is often used informally as a goodness-of-fit
statistic and to compare the validity of regression results under alternative
specifications of the independent variables in the model.

(411

The difficulty with R’ as a measure of goodness of fit is that R® pertains
only to explained and unexplained variation in Y and therefore does not
account for the number of degrees of freedom. A natural solution is to use
variances (which equals variation divided by degrees of freedom), not
variations, thus eliminating the dependence of goodness of fit on the number
of independent variables in the model. We define R’, or corrected/adjusted
R?, as

N-1

Nk . (4.12)

R =1-(1-R?)

where N is number of observations in the equation and k is mumber of
parameters in the equation. It can be seen that as N becomes large, the
differences between R® and R? tend to be smalil.

R? has a number of prbperties which make it more desirable goodness of fit

" measure than R>. When new variables are added to a regression model, R’

always increases, while R’ may rise or fall. The use of R’ eliminates at least
some of the incentives for researchers to include numerous variables in a
model without much thought about why they should appear.

Example 4.1 -

Following is a numerical example for a three variable case.

Yy he X, y Xy X,
40 4 8 -22 -4 -04
60 6 12 -2 . -2 3.6
50 7 10 ~12 -1 1.6
70 10 5 8 2 -3.4



The above information gives us | Muitiple Regression Model
Tr=310 Y x=40 Y x,=42

> %y =260 > x,y=-84 Y xx =21

YxI=50  Yx1=2970 . Y ,7=1480

N=5 |
Therefore,

B =512

B,=124

G =586

ESS =¥ &' =96.84

so that N
s =6.96
85 = 1.18
$; = 1.54

. T_hus the estimated equation will be

A

Y =586+ 572 X, + 124 X,
(1.18) (1.54)

where the value in parentheses is the standard error of the coefficient. From
this equation we can compute

RSS= ) 77 =1383.16
TSS= Y y,= 1480.00

and

= B 093
TSS

R2

Finally, the test of significance of R’ is provided by F ratio

_ RSS/(k=1) g
@2 ESS/(n-k)

This F ratio is a test of significance of both explanatory variables
simultaneously. Here it is Significant at 10 per cent level of significance as the
computed value (14.28) exceeds the critical value (9.0) at 10 % level of
significance.
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Example 4.2-

For illustrating the ideas introduced so far, we consider the following
information, where Y = actual rate of inflation (%) at time ¢, X, =

‘unemployment rate (%) at time ¢, and X, = expected or anticipated inflation

rate (%) at time f. This model is known as the expectations-augmented
Philips curve.

Year Y _ X, X,
1970 . 592 4.9 48
1971 430 5.9 3.84
1972 3.30 56 3.13°
1973 6.23 49 344
1974 10.97 5.6 6.84
1975 9.14 8.5 9.47
1976 5.77 77 6.51
1977 6.45 7.1 5.92
1978 7.60 6.1 6.08
1979 11.47 5.8 8.09
1980 13.46 7.1 1001
1981 10.24 76 108
1982 5,99 9.7 8.00

Based on the above data, the OLS method gives the following result.

A

Y =17.1933-1.3925:X, +1.4700 X, R’ =0.8766

(1.5948)  (0.3050) (0.1758)

where figures in the parentheses are the estimated standard errors. The
interpretation of this regression is as follows: For the sample period if both
X, and X, were fixed at zero, the average rate of actual inflation would have

‘been about 7.19 per cent. The partial regression coefficient of —1.3925 means

that by holding X, (the expected inflation rate) constant the actual inflation
rate on the average increased (decreased) by about 1.4 per cent for every one

. unit (here one percentage point) decrease (increase) in the unemployment rate

over the period 1970-1982. Likewise, by holding the unemployment rate
constant, the coefficient value of 1.4700 implies that over the same time
period the actual inflation rate on the average increased by about 1.47 per cent
for ever one percentage point increase in the anticipated or expected rate of
inflation. The R? value of 0.88 means that the two explanatory variables
together account for about 88 per cent of the variation in the actual
inflation rate, a fairly high amount of explanatory power since R’ can at best
be one.



Example 4.3

With the information given in example — 4.2, we will now test whether the
coefficients significantly determine the rate of inflation. We can postulate the
following hypotheses. ' ’

) H;:B,=0, and H: 20
2) H,:B =0 and H,: B, =0

The null hypothesis states that, holding X, constant, unemployment has no
(linear) influence on the actual rate of inflation. Similarly, holding X,

constant, expected inflation has no influence on actual inflation. To test the
null hypotﬁeses, we use the ¢ test. If the computed ¢ value exceeds the
critical ¢ value at the chosen level of significance, we may reject the null
hypothesis.

1)  Noting that 3, =0 under the null hypothesis, we obtain

=139 L4566
0.3050

Using the two-tailed ¢ test, the critical ¢ value is 3.169. Since the
computed ¢ value of 4.566 exceeds the critical value of 3.169, we may

reject the null hypothesis and say that Bz is statistically significant, that
is, significantly different from zero.

2)  Similarly, for testing the significance of S,, we obtain the ¢ value as

1.4700
t —_

= = 8.362
0.1758

In this case, the computed ¢ value exceeds the critical ¢ value of 3.169
at 1 per cent level of significance. Therefore, we reject the null
hypothesis and find that the coefficient is significantly. different from
Zero. '

The above two ¢ - tests show that the independent variables have °

significant influence on the dependent variables. In other words, the
increase (decrease) in actual inflation is due to both th¢ decrease
(increase) in unemployment rate as well as the increase (decrease) in
expected inflation.

Check Your Progress 1
1)  The following sums were obtained from 10 sets of observations on Y,
X, and X,:
. DY =20 > X,=30 > X, =40
D>y =882 > X7=92 > X, =163
> rx, =59 > YX,=88 > XX, =119

Muitiple Regression Model
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2)

" Estimate the regressign of ¥ on X, and X,, including an intercept

tenﬁ, and test the hypothesis that the coefficient of X, is ZEero.

D I I I T T T N T T T TN T T S S O S Y
D R R R R R R R R R I I I S S P o

B
.......................................................................................

Consider a multiple regression model for ~which all classical
assumptions hold, but in which there is no constant term. Suppose you

‘wish to test the null hypothesns that there is no relationship between Y

and X, thatxs, , ; ®
Hy:fy= f=f=0 >

against the alternative that at least one of thé B’s is nonzero. Present

the approprlate test and state its distributions (including the numbers of
degrees of freedom). :

........................................................................................

R R R R N N O R A R R P LR R R I

4.6 MATRIX FORM OF MULTIPLE REGRESSION

MODEL

The multiple regression model can be represented in matrix form. We begin
by representing the linear model in matrix form. We can see from eq. (4.1)
that the regression model includés & +1 variables — a dependent variable and -
k independent variables (including the constant term). Since there are N
observations, we can summahse the regressnon model by writing a series of N
equations, as follows:

YI=ﬂ|.+ﬂ2X21+I,BJX3]+'”+ﬂI¢XkI+€I _
V= B+ By Xy + X+ + B X + 8 ' e (4.13)

Yy =B+ B,X, + B Xsy +ot B X HEN

The matrix formulation of the above model is

Y=XB+s . ... (4.13)
in which ! |
K1, 1 X o X, i 6
yo| 2| x| X2 o a5 A e=| @19



where

Y - N x1 column vector of dependenhvariable Observations
X = N xk matrix of independent variable observations
B =kx1 column vector of unknown parameters

o -
= N x1 column vector of errors

In our representation of the matrix X, each component X i A‘T'has ‘two
subscripts, the first s’atisfying the appropriate column. (variablc)l arte - the

~ second signifying row (observation). Each column of X repre%en't‘s a vector .
of N -observations on a given variable, with all observations associated w1th '

the intercept equal to 1.

The assumptions of the classical linear regression model can be represented as
follows:

(i) The elemenfs of X are fixed and have finite variance. In addition X
has rank %, which is less than the number of observations N .

(i) ¢ is normally distributed W1th E(£)=0 and E (ee")=0"1, where Iis

an Nx N identity matrix.

The x{ariance-covariance matrix‘azl appears as follows
g
£ .
E(se)=Eq| ° |[& & - &]
(LEN -

—(6‘12) (8182) (glgN) T

(£,8) (8) e (8,8y)

..................................

_E(&‘Iz)' E(gg,) - E(€|€~)_
E(g,¢) E(gz), o ElgEy) |

..........................................

(E(eye)  E(sys,) - E(6,%)

|

Var(e?)  Cov(g,&) - Cov(e,&y) |
Cov(e,, &) Var(e®) = Cov(e,,&y)

...................................................

Usmg the assumptions of homoscedastlclty and no serial correlatlon “the
above matrix reduces to :

Multiple Regression Model
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1 0 0

a0 o ~ -
0 0 1

= o'l

where [ isan N x N matrix.

Our objective is to find a vector of parameters /3 which minimise ESS.

ESS=Y &’ =¢'¢ ... (4.16)
i=1 . '
Where
é=Y-7 ° .. (4.17)
And | .
V= X3 _ .. (4.18)

¢ represents the N x1 vector of regression residuals, while Y represents the
N x1 vector of fitted values for Y . Substituting eqgs. (4.17) and (4.18) into eq.
(4.16), we get

§'é =(Y—X/§)'(Y—Xﬁ)
=Y YR X'Y-V'XB+B' X' Xp
=YV'Y-2B8'X'Y+B' X" Xp

The last steps follows because ,B X'Y and YV'X ,6 are both scalars and are
equal to each other.

From Unit 2 we know that the least-squares estimators can be obtained by
minimizing ESS. In order to minimise ESS we take partial derivatives with
respect to S so that :

6ESS

=2X'Y+2X'XB=0

By solving for the above we obtain

B=(x'x)"(x'Y) | . (@19)

The matrix X'X , called the cross-product matrix is guaranteed to have an
inverse because of our assumption that X has rank k. The cross product’

DA T
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Now consider the properties of the least-squares estimator ,B First, we can

prove that ,H is an unbiased estimator of f3.

Substituting ¥ = X B+ ¢ into eq. (4.19) gives,

B =(x'x) X (XB+z)
=(X'X) X' XB+(X'X) X'¢
= ,B+(X'X)_]~X'e’ ' .- (4.20)

Now

El+(xx)" xe]

a

E(f)

il

B+ X' XY X E(g)
=p ' since E(g)=0
Hence, the least-squares estimators are unbiased.

The least squares estimator will be normally distributed, since ,3 is a linear
function of £ and ¢ is normally distributed.

From eq. (4.20) we get
B-p=(XX)'X'¢ .. (421)
By definition

 Var(hy = E[(5-8) (i)

E{[(X'X)" x| (xx)’ X's]’k
= [ (x'x)’ X'gg'X(X'X)'l}

= (X' X)' ' X' E(ee') X (X' X)7,

since X ’s are non-stochastic 69
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1N

=(X'x) XX (x'x)"

. (X' x)" : - (422)

In deriving the above result use is made of the assumption that
E(e'e)=0"1. '

We have already proved that the least-squares estimator’ is linear and
unbiased. In fact, S is the best linear unbiased estimator of P in the sense that

it has the minimum variance of all unbiased estimators. To complete the proof
of the Gauss-Markov theorem, we need to show that any other unbiased linear

estimator has greater variance than ,3 .

We have

p=(X"X)'(xY)

and

Var(,B)= az(X'X)_l
Let we take
(X' X)' X'=w,sothat = wY
Let)us.take an arbitrary linear estimator
p*=c'Y, where ¢'= w'+d'
=c (Xﬂ +£)
s cXp+ce
"E(B¥) - ¢ XB+cEe)
;' c'Xp+ c'(O)
= c'Xp
p* will be an unbiased estimator, if and only if,
cxX=1I,
S0
E(B*)=cXp=1B8=8
We have '
| pr=2Y =c(XB+e)=cXB+ce= f+ce

" Or )

pr-p = c'=



Now
 var(p*) = E[(B*-p)p*-p)]
= Elee)ee)]

= ¢ Eleg')
=c'o’l ¢
=g’l,c'c
= ozé’c
We have
Var( A) = o’ (')(')()mI
=c’ww
We have taken
¢ = wad'
Or }
ce= (wedXw+ d)
= wwrdd+wd+d'w
=ww+d'd
since w'd =0 and d'w=0 ”-
Now
| olc'e = 0‘2w'w+0'?d'd
or -
Var(ﬂ *) = Var([})+ o’d'd
Since |

d'd>0, VarlB)<Var(B*)

Hence, B is the best linear unbiased estimator.

Now for calculating R? , we decompose the total variation of, ¥ as follows.

Y=XB+ ¢
Then

Y'Y = (XB + £)(XB + &)

= B XXBAEXPAR X E4EE

=B'X'XB+6'¢ (since X'é=0and £'X =0)

... (4.23)

Muttiple Regression Model
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or. .TSS = RSS + ESS.
Then

ESS _,_8'¢ _B'X'Xp
IS Y'Y Y'Y

RP=1-

...(4.24)

To correct for the dependence of goodness of fit on degrees of freedom, we
define R’ as '

2o _E'EIN=K)

... (4.25
Y'Y /(N -1) (*4.2)

Example 4.4

From a sample of 10 observations corresponding to the regression model , the .
following quantities were calculated: :

dY =30 > X, =10 > X,=40
> Y =100 > X =51 > X, =170
3 ¥x, =45 3 rx, =128 3 XX, =60

Find the least squares estimates of f,. f,. £, using the data in the deviation

form. Calculate R* and interpret the estimated relation.

From the above data we construct the following deviation forms:
, A
=YY D> r’)=10
Y= Xr-—Er)
Y o= Y x/! —%(ZX,Z): 41
dxt= X, —%/—(szz)z 10

So - T LERIEN s
S xy =_'.ZX2Y—7IV—(ZX2XZY) -8

Yxx= Y XX, —%(ZXlXZXZ‘) =20

Now we hav -

LR R
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X'y = {—‘ Yl [ ]

Zx2y 8

We can find the value of ﬁ, and ﬁz from the following

(:ﬂ:; :I ="(X'X)_'X'Y
i '

_[41 20]7[15
20 10] |8

Since
41 20
=10
20 10
We have
15 20
A 8 10
= = ~1
b=
41 15
/} 3 20 8 ~ 938
2 10

By = Y_ﬁrl__yl _/}z'yz.

) o)
10 . 10 10

= 3+1-11.2

= -7.2

o RSS _ 270 2V
SIS AXY BYxy+B Y ny

74
= 1= 07
10 )

‘ The R? value of 0.74 means that the two explanatory variables together
. account for about 74 per cent of the variation in the dependent variable.

4.7 STRUCTURAL STABILITY OF REGRESSION

. MODELS - CHOW TEST

1

So far we have estimated the model on the assumption that the parameters
( ﬂs) remain constant throughout the model. In reality, however, the parameters

73 .
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may undergo change so that there is a structural change in the model. In order test
for structural stability of a model there are several tests.

The Chow forecast test leads naturally to more general tests of strugtural
change. A structural change or break oceurs if the parameters underlying a
relationship differ from one subset of the data to another. There may, of .
course, be several relevant subsets of, data, with the possibility of several
structural breaks. For the moment we will consider just two subsets of n, and

n, observations making up the total sample of n=n +n, observations.

Suppose; for example, that we wish to investigate whether savings in a
country differs between pre-liberalisation and post-liberalisation periods.
Suppose we have observations on the relevant variables for n, pre-

liberalisation years and n, post-liberalisation years. A Chow test could be

performed by using the estimated pre-liberalisation function to forecast
savings in the post-liberalisation years. However, provided n, >k, one might

alternatively use the estimated post-liberalisation function to forecast savings
in pre-liberalisation years. It is, however, not clear which choice should be
made, and the two procedures might well yield different answers.”If the
subsets are large enough it is better to estimate both functions and test for
common parameters. :

To see the structural change, we formulate the savings functions for the two
periods as follows:

Period I: |
Y =a, +a,X, +&, ' ... (4.26)
t=12,---,n |
Period 11: .
Y=B+BX +&, .. (427)
Ct=1,2,1,m,

where Y is personal sawings, X is personal income, the £’s are the
disturbance terms in the two equations, n, and », are the number of

observations in the two periods.

A structural chanige may mean shat the two intercepts are different, or the two
slopes are different, or both the intercept and the slopes are different, or any
other suitable combination of the parameters. If there is no structural change
(i.e., structural stability), we can combine all the n, and n, observations and

just estimate one savings function as
Y=4+4X, +¢, ... (4.28)
The assumptions of Chow test are two fold:

1

(a) | g,,~N(O,0'2) and ¢,

_normally distributed with the same variance, and

~N(0,0'2), i.c., the two error terms arc

(b) &, and &, are independently distributed.  *



The Chow test proceeds as follows:

Step I: -

Step II:

Step III:

Step 1V:

Combining all the n, and n, obsérvations, we estimate (4.28) and
obtain restricted residual (error) sum of squares, say ESS,, with
DF = (m +n,—k), where k is the number of estimated
parameters estimated.

Estimate (4.26) and (4.27) individually and obtain their ESS, say
ESS, and ESS, , with DF = (n,—k) and (n, — k), respectively.

Add these two residual sum of squares, say "ESS,,, (unrestricted
residual sum of squares), with DF = (n +n, -2k). Find
ESS, — ESS,;, withDF = k.

Given the assumptions of Chow test, it can be shown that

_ (ESS.—ESS,)/k
ESS,p [ (n,+ny~2k) -

.. (4.29)

follows the F distribution with DF = (k,n +n, —2k). If the F
computed from (4.29) exceeds the critical valug at the chosen
level of confidence level, reject the hypothe51s that the regressions
(4.26) and (4.27) are the same, that is, reject the hypothesis of
structural stability.

Example 4.5

We present the data on-personal savings. and personal income in the- United
Kingdom for the period 1946-1963 in the following. We want to test whether
the savings function is same in the two time periods.

Period 1 Period 11
1946-1954 Savings Income 1955-1963 Savings Income
1946 0.36 8.8 1955 0.59 15.5
1947 0.21 9.4 1956 0.90 16.7
1948 0.08 100 | 1957 0.95 17.7
1949 0.20 10.6 1958 0.82 18.6
1950 0.10 11.0 1959 1.04 19.7
1951 0.12 - 11.9 1960 1.53 21.1
1952 0.41 12.7 1961 1.94 228
1953 0.50 13.5 1962 1.75 23.9
1954 043 14.3 1963 1.99 25.2

In the above data, we have n, =n, =9.

Step [:

A

¥ = -1.0821 + 0.1178 X,

!

Muitiple Regression Model
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(0.1452)  (0.0088)
(= (27.4548) (13.4316)

R*=09185, ESS, =05722,  DF =16
StepIl:  Period 1946 — 1954
Y= 02622 + 00470 X,

(0.3054)  (0.0266)
£ = (<0.8719) (1.7700)

R* =03092,  ESS, =0.1396, DF=17
Period 1955 - 1963
Y, = -1.7502 + 0.1504 X,
(0:3576)  (0.0175)
t = (-4.8948) (8.5749)
R?* =09131, ESS, =0.1931, DF=1
Step III: | -
ESS,,, =0.3327
ESS, — ESS,,=0.2395
StepIV:
0.2395/2
:‘63—327_/15 = 5.04

At the 5% leve] of significance the critical value of F,, =3.74. Since

the observed F value of 5.04 exceeds this critical value, we can reject
the hypothesis that Ehﬁ savings function in the two time periods is the
same. ‘

Though we accept the conclusion that the savings functions in the two
time periods are different, this difference is due to either a difference in
the intercept values, or slope values, or both. Although the Chow test
can be adapted to show this, dummy variables can show this more
readily. o ,

4.8 PREDICTION WITH MULTIPLE
REGRESSION MODEL

The formulas for prediction in multiple regression are similar to those in the
case of simple regression exeept that to compute the standard error of the
predicted value we need the variances and covariances of all the regression
coefficients.



Let the estimated regression equation be
Y=5+BX,+BX,.

Now consider the prediction of the value ¥, of Y given values X, of X,
and X,, of .X,, respectively.

.Then we have

Yo = ﬂl +ﬂ2Xzo<+ﬂ3X30 + &

Consider
?0 = ﬁl + ﬁzXzo +ﬂA3X30
The prediction error is
Y;) —Y;) :ﬂl —,B, +(ﬂz —ﬂz)xzo +(ﬂ3"'ﬂ3)X30 —&

Since E(ﬂ, —ﬂ,), E(ﬂ2 —ﬂz), E(ﬂl3 ~,B3), and E(g,) are all equal to zero,
we have E ();(, —-YO) =0. Thus the predictor );0 is unbiased. Since )A’O and Y0
are random variables E(YO) =E(Y,).

The variance of the prediction error is

A;2(1+1]+(X20—)_(2)2 Var(,[i)

n

+2(X20' —)L—’z)(X30 —)?3)C0V(ﬁ2,ﬁ3)+(xso_f3)2 Var(@)

We estimate o> by RSS/(n-3)in the case of two explanatory variables and
by.RSS/(n—k—1) in the general case.

Check Your Progress 2

. 1)  Data on a three-variable problem yield the following results:

330 0 13
xx:ﬁiﬁég X'y =24
‘ 92

Y (r-F) =150
« (@) What is the sample size?

(b) Compute the regression equation.

(c) Estimate the standard error of ﬁz and test the hypothesis f, is
' zZero. | ‘

Multiple Regression Model
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. .

..............................................................................
..............................................................................
..............................................................................

..............................................................................

2)  Data on expenditure and income of a State in India for two periods of

time is presented in the following. Test whether the expenditure
function is same in the two time periods.

.......................................................................................
.......................................................................................
.......................................................................................

.......................................................................................

Period | Period 11

1981-91 Expenditure NSDP . 1991-2001 Expenditure NSDP

(Rs. Cr.) (Rs. Cr.) (Rs.Cr.) (Rs.Cr)
1981-82 741 3844 1991-92 3291 12505
1982-83 ‘1 007 4070 1992-93 3636 13416
1983-84 967 5253 1993-94 4067 ’15481'
1984-85 1133 5191 1994-95 4662 18156
1985-86 1258 6226 1995-96 5145 21463
1986-87 1571 6748 1996-97 5996 22669 |
1 987-88 1798 6853 1997-98 6393 28000
1988-89 2075 8681 1998-99 7733 . 31211
1989-90 2273 9917 1999-00 9258 34223
1990-91 2742 9664 2000-01 9668. 33906.

49 LETUSSUM UP

This unit introduced the simplest possible multiple linear regression model,
namely, the three-variable regression model. This has also been generalised to
a multiple h:ear regression involving k& number of variables model with the
help of matrix. This unit also discussed testing the individual significance of
regression coefficient and testing the overall significance of regression. The
coefficient of determination, which measures the proportion of the variation
in Y is often used informally as a goodness-of-fit statistic and to compare the
validitv of reorescion resultes under alternative specifications of the



independent variables in the model. This has been dealt with in this unit.
Besides, this unit discussed testing for structural stability of regression models
and prediction of dependent variables, given the-values of the independent

variables,

4.10 KEY WORDS

Adjusted R-square

Multicollinearity

Multiple regression model

Regression sum of squares

Residual sum of squares

Structural stability

It is a measure of goodness of fit which
accounts for not only explained and
unexplained variation in Y but also for

- the number of degrees of freedom. It is

therefore corrected R? which accounts for
only the former.

When linear relationship exists between
two or more independent variables, we
say there is multicollinearity.

When a regression ecquation has three or
more than thrce variables, we call it a
multiple regression model. The simplest
possible multiple regression model is three-
variable regression, with onc dependent
variable and two explanatory variables.

The variation of Y is divided into two
parts — The first part, which accounted for
by the regression equation, i.e. explained
portion, is called regression sum of
square.

The variation of Y is divided into two
portions. The unexplained portion of the
model is called the residual (or error) sum
of square.

When there is no structural change or
break, i.e.. the parameters underlying a
relationship do not differ from one subset
of the data to another, we say there is
structural stability of a function.
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4.12 ANSWERS/HINTS TO CHECK YOUR
PROGRESS EXERCISES

Check Your Progress 1

1)  Go through sections 4.2, 4.4 and 4.5.
2)  Go through section 4.4.

Check Your Progress 2 ‘

1)  Go through sections 4.4 and 4.6.
2)  Go through section 4.7.
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5.0 Ob)ecnves Gnt e e
5.1 Introductlon S L
5.2 Assumptions of Classncal Regressmn Model
5.3 Estimation Procedure

5.3.1 Properties of GLS Estimators

5.3.2 Testing of Hypothesis' :;+; ...~ I CE SRR L A
5.4 Special Cases of GLS
5.5 Let Us Sum Up
5.8 Key Words
5.9 Some Useful Books/References
5.10 Answeis/Hinis to Check Your Progress Exercises

5.0 OBIJECTIVES

After going this unit, ydu will be able'to: ¢ -+
e . specify the -generalised least squares model;:: - -
. estlmate the parameters by the generallsed least squares method and

° show that GLS covers class1cal regress10n heteroscedastlcny and
autocorrelation as special cases. S : o

5.1 INTRODUCTION

The multiple regression model discussed in the previous Unit is based on a
number of assumptions concerning the stochastic error term. Two important
assumptions regardmg the error term. £, are that it has a constant variance

(that is, homoscedast1c1ty) ‘and the error terms are not related to one another
(no autocorrelation). - These two' assumptions -may not hold in real life and
actual data that we take for analysis may not fulfil them. When the error term
does not have a constant variance, that is, error term ‘varies according to
changes in certain variable we have the problem of heteroscedasticity. On the
other hand, when the error terms are related to one another we encounter the
problem of autocorrelation. We will learn-about- the consequences, detection
and remedial measures for these two problems in Units 7 and 8 respectively.
Here in this Unit we discuss an estimation method, that is, generalised least
squates, which can solve both these problems.

\
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5.2 ASSUMPTIONS OF CLASSICAL REGRESSION
MODEL

The classical regression is based on rather restrictive assumptions concerning
the behaviour of the etror term. An_ alterhate model, known as ‘generalised
linear regression model’, is considerably less restrictive in this respect. If we
do not make these assumptions, but retain all other assumptions of the
classical normal linear regression model, we have the so-called generalised
linear regression model. Now the full description of the model is given below.

) Yi=B+BX+B Xy ++ X, +E,.
2)  The joint distribution of ¢,,¢,,---,&, is multivariate normal.
3) E(g,)=0, i=12,--,N.

i,j=12,N.

’J’

4) E(e,e‘, )= o

5) Each of the explanatory variables is non-stochastic and such that, for
any sample size

2

1 & -
_]\7;2_1(in —Xk)

is a finite number different from zero forevery k =2, k.

6) The number of observations exceeds the number of explanatory
variables plus one, i.e., N >k+1.

7)  No exact linear relation exists between any of the explanatory variables.
According to assumptions (3) and (4) above, 0'-,2 is the variance of ¢, and o,

(i# j) is the covariange of £ and &,. Using the matrix notation, we can
restate the model as

Y=XB+¢ (5D
where

Y = N x1 golumn vector of dependent variable observations

X = N xk matrix of independent variable observations

A =kx1 column vectog of unknown parameters

¢ = N x1 column vector of errors

The assumption (4) given above can be written as

E(eg)=V

-

where



oo Generalised Least Squares
o, Oy Oy 1
2
g fo N e}
yo=|"2 %2 2N (52
2
[On Oz 0 On |

This model is called ‘generalised’” because it includes other models as special
cases. The classical normal linear regression model is one such special case,
«in which V is a diagonal matrix with o in place of each of the diagonal
elements and zero at other places. Thus for the classical regression model we

have
[0 0 |
po|0 o 0 | .(53)
10- 0 o’ |

Another special case js the heteroscedasticitic model, where V' is again
diagonal, but all the dlagonal elements are not necessarily the same. Thus we

have
ot .
P LI A .(5.4)
o0 ay’ ]

For the model in which the disturbances follow a first-order autoregressive
scheme, the error variange-covariance matrix V' becomes

’—1 e n-1 T

v=o?f (5.5

Clesseesesancsssrsatcssenova

In Unit 4, under OLS estimation, we assumed that
E(ge'y=0c"1
where 1 is the identity matrix.

Under this assumption we obtained the OLS estimator as (see equation (4.19))
B=(X'X)'(X'7)

It is easy to show that ,H(,,s is unbiased so ]ong as E(g)= 0. We have seen
from (4 20) that

B=(x'X)'(x'1)= ﬁ+‘(X'X)_'X'g‘

Therefore, we have
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EB)=p.

However, if E(eg') # 0’1

then g, is unbiased but not efficient.

5.3 ESTEIMATION PROCEDURE
The“’proble‘m now isto estimate g in (5.1), that is,
Y=XB+¢
when
E(g)=0 and E(ec')=V
where V' is assumed to be known, symmetric, positive-deﬁn;tc matrix.

This estimation problem may be approached in a number of ways We presont
the simplest method in the following: ‘ :

We know that a positive definite matrix can be expressed in the form PP,
where P is non-singular. Note that P' is the transpose of the matrix P.
Thus, we write

V=pP
so that
P7vPTy=1
" and
PPy =y

Now pre-multiplying the madel ¥ = Xf +¢ by P, we get
P'Y=P'XB+P ¢
or

= Nﬂ_,_u . r.-(5-6)

where
PUY=M,P'X=N,Ps=u
Applying least squares to the transformed model (5.6), we get |
Bu = (N'NY'N'M
= {(P"X)'(P“X)} e xyen)

=(X'P"P" X)“'(X P "P"'Y)



=XV xX)'xv'r) ..(5.7)
This is called the generalised least squares estimator of 3.

5.3.1 Properties of GLS Estimators

Now putting the value of ¥ in the above equation, we get
Bo: =XV XV (XB+e)]
= XVXONXVIOB+XVI X)XV e

= B+(XV'X)Y' XV e o (5.8)

Since E(,é) =/ in (5.8) above we can say that ﬁﬂ(;,,s is unbiased estimator of’

p.

By re-arranging terms in (5.8) we obtain
B-B=(XV'Xy'XV e
The variance of ,B 1s given by
Var(B)= E(B= BB - B
= Efxv - xv ey x|

EXX'V'X) ' X'V eV X (XY X)

= (X'V'x)’! ‘X"V"E(gg‘)Vf'X(X'V"X)“

= (X'V-'X)"X'V-'VV-‘X(X'V"X)"‘

= (X'V"X)"(X,'V"X)(X'V'V‘X)"'

=XV 'x)" (5.9) .

The estimator ,[} = (X'V'X)"(X'V'Y)given at (5.7) is the Aitken’s
generalised least-squares estimator. If we apply OLS to Y =Xf+¢ the

resultant estimator would be unbiased linear but it would not be minimum
variance unbiased linear estimator. The presence of assumption E(gg')=V

by

rather than the simple E(gg') = 021,, destroys the minimum variance property
of OLS.

5.3.2. Testing of Hypofhesis

For testing of the hypothesis that GLS estimators are statlstlcally significant
we proceed in the same manner as for multiple regression in Unit 4. As you
~ know, for hypothesis testing we need two values: value of the estimator to be
tested, and its standard error. Given V', the generalised least squares (GLS)
estimator can be computed from eq. (5.7) and standard error from eq. (5.9) so
that the usual significance tests and confidence intervals for the S,’s can be

constructed. Thus the test statistic can designed and its observed value can be
compared with the tabulated value. :

Generalised Least Squares
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Basic Econometric Theory Alternatively, we can work in an analysis of variance framework by

establishing the appropriate sum of squares-from eq. (5.1).
Defining € =¥ ~ Xﬁ and pre-multiplying byP', we get - -

Pe=pPY SPXR -

- M-NB.
where |
M=P'Y and N=P'X
or
M=NB+P'é
Now

M'M = (NB+P & (NB+P '8

= (B N+&'P"YNB+P'8)

= BN'NB+BN'P'é+EP " NB+&P " Pé

_ BT (PIXOBA BPTX)(PTE) +
PP X)B+E P PE

_BXPPTXOB B P PE)
PP X)B+EWP P

= BXVIXOB+EVE,

since X'¢=£'X=0

or

(PYY(P'Y) = B XV ' X)B+EV'E
or

Y'PUPTY = BXVI'XB+EVE
or

YV = BXVTY+8V'é ...(5.10)

Equation (5.10) can be viewed as a decomposition of the total sum of squares
(TSS) int.» an regression sum of squares (RSS) and error (residual) sum of
squares (L'SS). Eq. (5.10) can serve as a basis for the usual analysis of
variance table but since the analysis is derived from the transformed variables
N and M we see that we are weighting sums of squares in the original

variables ¥ and X by the matrix V'
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5.4 SPEC]AL CASES OF GLS Generalised Least Squares

Let us now consider some special cases.
First, if
, .
V=01, =E(esg'),

that is, if the generalised model reduces to the classical model, we have

and Aitken’s generalised estimator is the same as the ordinary least-squares

estimator.
Second, if
(o7 0 0 |
y |0 o) 0
0 0 o,
that is, if the generalised model reduces to a purely heteroscedastic model,
then
- ,
— 0 0
OI
! O _17 ’ 0
Vo = o,
o 0 . L
i o, |

and Aitken’s generalised estimator is the same as the best linear unbiased
estimator developed for the heteroscedastic model (See Unit 8).

Finally, if

F] p pn—l T
gl P b P
_pn—l pn~,. 1 |

L -p 0

po 1 —p (1+p%) 0
0-2(]_p2) ....................................

0 0 1
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In this case Aitken’s ‘generalised estimator is the same as the best linear
unbiased- estimator (BLUE) derived for the regression model with
autoregressive disturbances (see Unit 7). ’

Check Your Progress 1 ) ) *

1)  Explain the procedure of obtaining GLS estimator.

D I I I I I R I R R R I S I I P e R R
.......................................................................................
.......................................................................................

.......................................................................................

2)  Find the estimate for variance of the GLS estimator.

.......................................................................................

3.5 LET US SUM UP

In this unit we discussed the method of generalised least squares which
applies to several situations. In reality we observe that economic data used for
estimation of multiple regression models do not fulfil some of the
assumptions made under classical regression model. In order to obtain
estimates which are unbiased as well as efficient we.apply the method of
generahsed least squares.

There are several procedures of obtaining estimates for GLS models. We
discussed an important method, that is, Aitken’s method in the Unit..You will
find that the GLS method provides efficient estimators in the presence of
autocorrelation and heteroscedasticity. These two issues will be taken up for
discussion in Units 7 and 8.

5.6 KEY WORDS ’

Autoregressive scheme : Here the error terms are related to one
another. The first order autoregressive
scheme is given by ¢, = pg, , +u,.



Generalised least squares : It is called generalised least squares as

several models such as classical regression,
heteroscedasticity and autocorrelation can
be considered as its special cases.

Heteroscedasticity : A situation where the variance of the error
terms changes within the model across
observations.

Multicollinearity : A situation where the explanatory variables

are not independent of one another.

5.7 SOME USEFUL BOOKS/REFERENCES

Johnston, Jack and John Dinardo, 1997, Econometrzc Methods The McGraW-
Hill Compames Inc., Singapore.

Pindyck, Robert S. and Daniel L. Rubinfeld, 1998, Econometric Models and
Economic Forecasts, Irwin/McGraw-Hill, Singapore.

5.8 ANSWERS/HINTS TO CHECK YOUR
PROGRESS EXERCISES

Check Your Progreés 1
‘1) See Section 5.3 and answer.

2) See Section 5.3 and answer.

Generalised Least Squares
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TABLE Al: NORMAL AREA TABLE

0.0 /0.0000 0.0040
o1 0.0398 0.0438 0.

02100793
03 0.1179
0.4 01554
05101915
0.6 102257
10.7 102580
0.8 02881
0903159
1.0 03413

0.1217

0.1591
0.1950
02291

02611
102910
03186
03438

1.1 0.3643 [0.3665
11.210.3849 |0.3869
'ri’? w6?1032 10,4049
14104192 04207
1.5 0.4332 0.4345
?1 604452 f6'”24'63”

1.7 0.4554 10.4564

1.8 10.4641 (0.4649

19104713 ;b.4719

2.0 04772 04778

2.1 0.482110.4826
220486 1" 0.4864

0.0832

002 003

0.0080 [0.0120
0.0478 0.0517
00871 0. 0910
0.1255 10,1293
0.1628 0 1664
0.1985 10.2019
02324 102357
0.2642 102673
02939 0.2967

0. 0160
0 0557
0.0948

0 1700
0. 2054
0.2389

02704
02995

L 0.05
00199
00596

50'.0'6"'8?
0.1368

0.1736

102088
02422
02734
03023

03212 03238
03461 0.3485

03264
03508

03531

103289

0368603708
0.388810.3907

03729
03925

0.3749
0. 3944 |

- 0.07
10.0239 1 0.0279

10.0636 ?6:0675
10.1026 10.1064
01406 0.1443
01772 0.1808
102123 02157
0245402486
02764 0.2794
10.3051 03078
03315 03340
03554 03577
76 3770 03790

0. 3962 10.3980

10.4066 10.4082
04222 0.4236
04357 0.4370

04474 | 0 4484
0.4573 10.4582

04656 10.4664 (

0.4099
04251
0.4382

10.4115
04265
04394

f04131 -04]47

0 4279 O 4292
0 4406 0. 441 8

0.4495,

0.4505

0 4671 0 4678 0 4686 0 4693

0.4726 0.4732
0.4783 10.4788,
104830 |0.4834

*23 !0 4893 04896

_ :04918 10.4920 |
_325 0493

fo 4940

26 -0 4953 ‘0 4955
12.70.4965 0.4966
2.8 10.4974 10,4975 |
2. 5'?62@'8 ! 55“21682
30, 10.4987 0. 4987

90

04868 10.4871
0.4898 [0.4901
0.4622 10.4925
0“4'49‘?4“1 0.4943

04956 10,4957

0 4967 §O 4968
O 4976 O 4977

0. 4982 1 0. 4983 !

0.498710.4988

04738
04793 ¢

a8

0 4875
0 4904

' 0 4927

O 4945
4959
0 4969
0 4977
O 4984 |

0.4988

04744
0.4798
04842

04878
0.4906

0.4929 |
0.4946
0.4960 |
0.4970
0.4978
0:55@

0.4989

0 4750 0 4756

0.4803 0.4808
0.4846 0.4850
0.4881 0.4884

56"‘1669' 76”4'9 "
0.4931 0.4932
0.4948 0.4949
0.4961 0.4962
0.4971 10.4972
10.4979 0.4979
0.4985 0.4985

04989 0.4989

0.8

04625
0.4699
04761
04812
0.4854
0.4887
0.4913

0.4963
0.4973
0.4980
0.4986
0.4990

0. 4535

0.4934
0.4951

0.09
0.0319 0.0359
go 0714 |
0.1103
0.1480
0.1844
10.2190
0.2517
02823
03106
0.3365
0.3599
0.3810
0.3997
04162
%0,,4,,,.3.,6&
0.4429 |
04515 04525
04591 04599 5“0' 4608 0.4616

0.0753 .
01141
| 0.1517
0.1879
02224
02549
02852
03133
03389
03621
0.3830°
0.4015
04177
04319
04441
04545
550.“4‘533
10.4706
0.4767
04817
04857
0.4890
0.4916
0.4936 |
?6".4'9'5'2'21
10,4964
0.4974
0.4981
0.4986
04990



?ABLE A2: CRITICAL VALUE OF T-DISTRIBUTION

10
11
12
13

14

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

inf

0.40
0.324920
0.588675
0.276671
0.270722
0.267181
0.264835
0.263167
0.261921
0.260955

0.260185

. 0.259556

0.259033
0.258591
0.258213
0.257885
(257599
0.257347
0257123
0.256923
0.256743
0.256580
0.256432
0.256297
0.256173

0.256060

10.255955

0.255858
0.255768
0.255684
0.255605

0.253347

0.25
1.000000
0.816497
0.764892
0.740697
0.726687
0.717558
0.711142
0.706387
0.702722
0.699812
0.697445
0.695483
0.693829
0.692417
0.691197
0.690132
0.689195

0.688364

0.687621

0.686954
0.686352
0.685805
0.685306
0.684850

0.684430

0.684043
0.683685

0.683353

10.683044
10.682756

0.674490

0.10
3.077684
1.885618
1.637744
1.533206
1.475884
! 439756
1.414924
1396815
1.383029
1372184
1.363430
1356217
1350171

1.345030
1.340606
1.336757
1333379
1330391
1327728
1325341
1323188
321237
1319460
1317836
1316345
1314972
1.313703

1312527
1311434

1310415
1.281552

0.05
6.313752
2919986
2353363
2.131847
2.015048
1.943180

1.894579

1859548
1.833113
1.812461
1795885
(782288
1770933
1761310
1.753050
1745884
1739607
1734064
1729133
1724718
1720743
1717144
1713872
1710882
1708141
1705618

11703288
1701131
1699127
1697261
1.644854

0.025
12.70620
4.30265
3.18245
2.77645
2.57058
2.44691
2.36462
2 30600

226216

2.22814

220099
2.17881
2.16037
2.14479
2.13145
2.11991
2.10982
2.10092
2.09302
2.08596
2.07961
2.07387
2.06866
2.06390
2.05954
2.05553
2.05183
2.04841
2.04523
2.04227
195996

0.01
31.82052
6.96456
4.54070
3.74695
336493
3.14267
2.99795
2.89646
2.82144
2.76377
271808
268100
2.65031
2.62449

2.60248

2.58349

2.56693
2.55238
2.53§48
2.52798
2.51765
2.50832
2.49987
2.49216
248511
2.47863
2.47266
246714
2.46202
2.45726
2.32635

0.005

63.65674 636.6192

9.92484
5.8409 1
4.60409
4.03214
3.70743
3.49948
3.35539
3.24984
3.16927
3.10581
3.05454
3.01228
2.97684
2.94671
2.92078
2.89823
2.87844
2.86093
2.84534
2.83136
2.81876
2.80734
2.79694
278744
2.77871
2.77068
2.76326
275639
2.75000
2.57583

0.0005

31.5991
12.9240
8.6103
6.8688
5.9588
5.4079
5.0413
4.7809

4.5869

4.4370

43178
4.2208
4.1405
4.0728

4.0150

:3.9651

3.9216

3.8834

+3.8495

3.8193
3.7921
3.7676

3.7454

:3.7251

3.7066
3.6896
3.6739
3.6594
3.6460

3.2905
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TABLE A3: CRITICAL VALUES OF CHI-SQUARE DISTRIBUT

0>

ON

Cdfiarea | 04 | 005 | 6.025 | 001 | 0005
" 1.00 271 384 502
200 | 461 599  7.38
3.00 625 781 935
4.00 778] 949  1114]
500 | 924 1107] 1283
 6.00 ] 1064 1259] "~ 1445
7.00 1202|  1407|  16.01
8.00 1336| 1551  17.53
[ 900 | 1468] 1692 19.02
" 10.00 1590 1831| 2048
11.00 17.28| 1968 21.92
1200 | 1855 21.03] 2334 2622] 2830
13.00 1981 2236 2474 2760] 2082
14.00 2106/ 2368| 2612] 2014 3132
15.00 2231  2500] 2749 3058] 3280,
16.00 2354] 26300 2885 3200 34.27
17.00 2477] 2750 3019] 3341 3572
1800 | 25909 2887 3153 3481 3716
19.00 2720  30.14| 3285 3619 3858
2000 | 2841 3141 3417 *375[_,@3(”‘
2100 | 2062 3267 3548 3893 *zt_iﬂi
22.00 3081| . 3392| 3878 4020 4280
23.00 3201] 3517] 3808 4164] 4418
| 24.00 3320] 3642| 3036 4208 4556
2500 | 3438] 3765 4065 4431 4693
26.00 3556 38.80| 41.02) 4584 4829
27.00 36.74] 4011 4319 4696 4964
28.00 3792  41.34 44.46] 4828 50.99
2000 | 3000 4286) 4572| 4959 52.34)
| 30.00 4026 4377 4698 5089 5367




TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION

(Level of significance = 0.05)

df2/df1

1 2 3 4 5 6 .| 7 8 | 9 | 10
1| 161.45) 199.50| 21571| 224.58| 230.16| 233.99]236.77| 238.88|24054|241.88
2 | 1851 19.00] 1916 19.25] 19.30] 19.33) 1935] 1937 19.38] 19.40
3 | 1013]. 955 928 912 901] 894 889 885 881 879
4 771 694 €59 639] 626  616] 609 604 600 5096
5 | 661 579 '541] 519 505 495 488 - 482 477] 474
6 | 599" 514] 476] 453 430 428 421] 415/ 410 406
7 550 474 435] 412] 397  387| 379 373 368 364
8 532 446 407 384  369] -358] 350 344| 339 335
9 | 512 426] 386 363 348] 337 329 323 318 314
10 | 496] 410 371 348] 333] 322[ 314 307/ 302 298
11 | 484] 398 350 336 320 309 301 295| 290 285
12 | 475] 389l 349 326 311] 300 291] 285 280 275
13 | 467 381 341 318 - 303] 292] 283 277| 27| 267
14 | 460| 374 334 311 296 285 276] 270| 265 260
15 | 454) 368 320 306 290 279] 271 264 259 254
16 | 449] 363] 324 301 285 274] 266] 250 254] 249
17 | 445] 350| 320 296/ 281] 270 261] 255 249 245
18 441 355 316| 293 2.77 266 258) 251 246 2.41
19 | 438 352] 313] 290 274] 263 254 248 242] 2.38
20 | 435 349 310 287] 271] 260/ 251] 245 239 235
21 | 432] 347] 307] 284 268 257] 249] 242] 237| 232
22 | 430 344] 305| 28] 266] 255 246] 240 234] 230
23 | 428] .342] 303 280 264 283 244] 237] 232 23!
24 | 426] 340 301] 278] 262] 251 242 236] 230] 225
25 | 424] 339 299 276] 260] 249] 240 234| 228 2.24]
26 | 423] 337] 298] 274  250[. 247] 239) 232 227 222
271 1 421 335] 298| 273 257] 245 237] 231] 225 220
28 | 4200 334] 295] 271]  256] 245 236 220 224 219
20 | 418 333 293 270 255 243 235 228 222| 218
30 | 417] 332] 292 269] 253] 242 233] 227] 221] 216
40 | 408 323] 284 261 245/ 234] 225 218] 212 208
60 | 400 315 276| 253 237 225 217 210] 204/ 199
120 | 392| 307 268 245 220 218 209 202/ 196 1.91
inf | 384 300 260 237 221 210 201 194 188 1.3
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TABLE Ad: CRITICAL VALUE OF F-DISTRIBUTION (CONTD.)

(Level of significance = 0.05)

df2/df1 | 12 15 20 | 24 | 30 40 60 120 INF
1 243.91| 24595 248.01(249.05| 250.10| 251.14 252.20| 25325 254.31
2 19.41) 19.43| 1945 1945 1946 19.47| 1948) 1949 19.50
3 8.74| 870/ 866/ 864 8.62 8.59 8.57 855  8.53
4 591 586 580 577 5.75 5.72 569 566 583
5 468 462 456 453 4.50 4.46 4.43 440 437
6 400, 394 387 3.84 3.81 3.77 3.74 3.70| 367
7 357| 351 344 341 3.38 3.34 3.30 327] 323
8 328 322 315 3.12 3.08 3.04 3.01 297 293
9 3.07| 301 294 290 286 . 2.83 2.79 275 2.71
10 291 285 277 274 2.70 2.66 2.62 258] 254
11 2.79] 272 265 261 257 2.53 2.49 245 240
12 265 262 254 251 2.47 2.43 2.38] 234 230
13 260 253 246 242 2.38 2.34 2.30 225 221
14 253 246| 239 235 2.31 2.27 2.22 218 213
15 248 240  233| 229 2.25 2.20 2.16 211, 207
16 242 235 228 224 2.19 2.15 2.11 206  2.01]
17 238 231 223 219 2.15 2.10 2.06 2.01 @
18 234 227 219 215 2.1 2.06 2.02 197 1.92
19 231 223 216 211 2.07 2.03 1.98 193] 1.88
20 228 220 212| 208 2.04 1.99 1.95 190, 1.84
21 225 218/ 210/ 2.05 2.01 1.96 1.92 1.87| 1.81
22 223 215 207 293 1.98 1.94 1.89 184 1.78
23 220 213 205 201 1.96 1.91 1.86 181 176
24 218 211 203 198 1.94 1.89 1.84 1.79) 173
. 25 216/ 209 201 196 1.92 1.87 1.82 177, 171]
26 215 207 199 195 1.90 1.85 1.80 175 169
27 213| 206 197) 193 1.88 1.84 1.79 173 167
28 212 204 196 1.91 1.87 1.82 177 171] 165
29 210, 203 194 190 1.85 1.81 1.75 1.70] 164
30 209 201 193] 189 1.84 1.79 1.74] 168 162
40 200 1.92| 184 179 1.74 1.69 1.64 158 151
60 102 184 175 170 165 1.59 1.53 1470 1.39
120 183 175 166 1.61 1.55 150 . 143 135 125
inf 175 167|157 152 1.45 139 132 122  1.00
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TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION (CONTD.)

(Level of significance = 0.01)

| df2/df1

1 2 3 4 5 6 7 8 9 10
1 | 4052.2| 4999.5| 5403 4| 5624.6| 5763.7| 5859.0| 5928.4| 5981.1| 6022.5] 60559
2 | 9850 99.00| 9917| 9925 99.30| 9933 9936 99.37| 99.39) 9940
3 | 3412] 3082 2046| 2871] 2824 2791 2767| 2749] 27.35] 27.23
a | 2120] 1800 1669 1598 1552| 1521 1498 1480 1466] 1455
5 | 1626] 1327 1208] 1139 1097] 1067 1046] 1029 1016] 1005
6 | 1375| 1093 978] 915 875 847 826 810 798 7.87
7 | 1225| o955| 845 785 746] 719 699 684 672] 662
8 | 1126] 8es| 759 701| 663 637 618 603 591 581
9 | 1056] 802| 699| 642| 606| 580 561 547 535 526
10 | 1004| 756] 655 599 564 539 520 506 494 485
1 965 72t| 622| 567| 532 507 489 474] 463 454
12 933 693 595 b541] 508] 482 464] 450 439] 430
13 | 907| 670 574 521] 48| a62] 444 430 419 410
14 886 652 556] 504 270 446! 428] 414] 403] 394
15 868 636] 542] 489 456] 4732] 414 400 390 381
16 853| 623] 520] 477 44| a5, 4+, 389 378] 369
17 840 611 519] 467 434 a10] =33 379 368 359
18 829 601 500] 458] 425 402] 284 371] 360] 351
19 819 593] 501 450] 417 394] 377 363 352 343
20 810 585 494| 443] a10] 387] 370 356 346] 337
21 802| 578] 487] 437] 404] 381] 364 351 340 331
22 795 572| 48| 431] 399] 376] 359 345] 335] .326
23 788| 566] 477] 4a26] 394 371] 354 341] 330 321|
24 782 561 472 422| 390 367/ 350 336 326 317
25 777| s57| aes| 418] 386 363] 346] 332 322 313
26 772| 553| 464] 414] 382] 350 342 320/ 318) 309
27 768] 549] 460 411] 379] 356] 339] 326] 315] 306
28 764| 545| as57] 407] 375 353 336] 323] 312] 303
29 760 542| a54] 405] 373 350 333 320 309 301
30 756 539] 451 4a02| 370 347 330 317 307 298
40 731 518 431 383 351 329 312 299 289 280
60 708 498 473 365 334 312 295 28 272 263
120 | 685 479 395 348 317 296 279 266 256 247
inf 664 461 378 332 302 280 264 251 241 23
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TABLE A4: CRITICAL VALUE OF F-DISTRIBUTION (CONTD.)

(Level of significance = 0.01)

df2idf1| 12 | 15 20 24 30 40 60 | - 120 INF |

1 | 6106.3]6157.3] 62087] 62346 62606 62868 63130 6339.4| 63659
2 99.42| .9943| 9945 < 99.46| 9947 99.47| 9948 99.49| 99.50|
3 27.05| 26.87| 2669 2660| 2651 2641 2632 2622 2613
4 | 1437 1420| 1402| 1383 1384 1375 1365 1356 13.46
5 9.89| 9.72 9.55 9.47 9.38 929 9.20 911 902
6 7.72| 756 7.40 731 723 7.14 7.06 6.97| 6.88
7 6.47| 6.31 6.16 6.07 5.99 5.91 5.82 574 5865
8 567| 552 5.36 5.28 520  5.12 5.03 495 486
9 511 4.96 4.81 473 4.65 4.57 4.48 440 431
10 4.71] 4.56 4.41 4.33 4.25 4.17 4.08 400/ 391
11 440 425 4.10 4.02 3.94 3.86 378 369 360
12 4.16| 4.01 3.86 3.78 3.70 3.62 3.54 345] 336
13 3.96| 3.82 3.67 359|4 351 343 334 326 317
14 3.80| 3.66 3.51 3.43 3.35 3.27 3.18 3.09|  3.00
15 367| 352 3.37 3.29 3.21 3.13 3.05 2.96| 2.87
16 3.55| 3.41 3.26 3.18 3.10 3.02 2.93 285 275
17 3.46| .3.31 3.16 3.08 3.00 2.92 2.84 275 265
18 337| 323 3.08 3.00 2.92 2.84 275 . 266 257
19 3.30| 3.15 3.00 2.93 2.84 276 267| 258 249
20 3.23| 3.09 2.94 2.86 2.78 2.70 2.61 252| ' 242
21 317| 3.03) 288 280 272 264 255 ° 246 236
22 312| 298 2.83 2.75 2.67 2.58 250 240 2.31
23 3.07| 293 278 270 2.62 2.54 245 235 2.6
24 3.03] 2.89 274|, 266 2.58 2.49 2.40 231, 221
25 2.99| 2.85 2.70 2.62 2.54 2.45 2.36 227| 217
26 2.96| 2.82 2.66 259| . 2.50 2.42 2.33 223 213
27 2.93| 278 2.63 255 247 2.38 229 220[ 210
28 290 275 2.60 2.52 2.44 2.35 226] 217 206
29 287| 273 2.57 2.50 2.41 2.33 2.23 214] 203!
30 2.84| 270 2.55 2.47 2.39 2.30 2.21 211 201
40 267| 252 2.37 2.29 2.20 2.11 202 1.92] 181
60 2.50| 2.35 2.20 2.12 2.03 1.94 1.84 173 160

120 234 219 2.04 1.95 1.86 1.76 166). 153  1.38
inf 219| 204| 188 1.79 1.70 1.59 1.47 1.33]  1.00
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