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1.0 OBJECTIVES

After going through this unit, ybu will beableto:

® gppreciatethe application of probability theory in uncertain scenario; and
¢ formulate problemswith different probabilisticdistributions

1.1_INTRODUCTION

You have already seen the basic theory of prgbability in statistics course (i.e.,
EEC-13) aswell as in quantitative methods (MEC-03). The present discussion is
intended for a review of those themes. Since we will rely on probability-based
approaches most of the time in our discussion of financia and insurance related
themes, the topics covered below am at providing you the basic inputs for
understanding the analysis being carried on in those fields. While developing the
study material in this upit, we have used the notations, examples and proofs given
in Bialas (2005) and {lmbens (2000). For your reference, these sources will be
useful. 4

12 SET
Basic Definitions:

We need to use sef theor yfor deseribing possible outcomes and scenarios in our
model of uncertainty.

Remember that afset is a collectiond elements. -
Notation: Sets gre denoted by capital letters (4,5, Q, . . .) while their elements are
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denoted by small letters (a,5, w,. . .). If x isen element of aset A, we write x& 4.
If x isnot an element of A, wewrite x £A.

Therearetwo sets of special importance:

The universe is the set containing al points under consideration and is
denoted by Q.
i) Theempty set (the set containing no elements) is denoted by O. .

If every point of set A belongsto set B, then we say that A isasubset o B (B is a
superset of A). We write

AcB; BoA
A=B jfandonly if 4B and BoA.
Ais aproper'subset d B if AcB and A #B.
Two setsA a:"d B are digoint (or mutually exclusive)if AnB=0
Cardinality d Sets
The cardinality of aset A (denoted by [4]) is the number of elements inA.
For some (but not all) experiments, we have
|| isfinite.
Each of the outcomes of the experiment is equally likely.

In such cases, it is important to be able to enumerate (i.e., count) the number of
elements of ,subsetsof €2.

Sample oncesand events
Using set notation, we can introduce the first components of our probability
model.

A sample s‘pace, Q, istheset of al possibleoutcomes of an experiment.
An event is any subset of asamplespace. For example,

when you roll adieonce, Qfor thisexperiment isgiven by

Q ={1,2,3,4,56} - v

The subsets of Q that represent the following eventsare:

1) Thedieturnsupeven: A= {2,4,6}

2) Thedieturnsup lessthan 5. B={1,2,3,4}

3) Thedieturnsup 6: C={6}

Sets of evenis

It is sometimes useful to be able to tak about the set of all possible events F.
The set F is vay different than the set of al possible outcomes, Q. Sincean
event isa set, the st of dl eventsisreally a set of sets. Each element of  isa

subset of Q.

For'example, supposewe toss atwo-sided coin twice. Then the sample spaceis
Q= {HH HT,TH TT}.

If you were asked to list dl of the possible events for this experiment, you would




need to list ail possible subsets of Q, namely,

A= {{HH}} Ao= {{H T}, {TT}}

A= {{HT}} | A= {{TH}, (TTH}

As= {{T H}} Ay = {{HH}, {H T}.(T H}

A= {{T T} | An={{HH}, {HT}{TT)}

As= {{H H}}, {HT}} Az = {{H H}, {T HM{T T}}

As= {{H H}, {T H}} Aw={{HT}, {TH}{T T}}

A= ({HH}, {T T} Ays = {{HH}, {HT} (THY}{TT}}=Q
As= {{H T}, (T HY} As={}=0 |
Thuswe have F = {A}, As,....A 5}

Power Set *

For a given s;et A, the set of al subsets of A is caled the power set of A, and is
denoted by 2

If Qisa sample space, then we often use the set of al possible events F =2".
When Q contains a finite number of outcomes, this often works well. However,
for some experiments, O has an infinite number of outcomes (either countable or
uncountable). As a result, F =2%is much too large. In those cases, we select a
smaller collection of sets, F, to represent those events we actually need to
consider.

1.3 PROBABILITY

1.3.1 Probability Spaces

In the above, we have seen how to use sample spaces Q@ and events Ac Q to
describe an experiment. In following, we will define what we mean by the
probability of an event, P(4) and the mathematics necessary to compute P(A4) for
dl events Ac Q.

For infinite sample spaces, for example when Q=R, it is not possible to
reasonably compute P(4) for al Ac . In such cases, we restrict our definition
of P(4) to some smaller subset of events, 3, that does not necessarily include
every possiblesubset of Q.

Measuring Sets

Let usstart with some important definitions.

1) Thesamplespace, Q, isthe set of allpossible outcomesof an experiment.
2) Anevent isany subset of the sample space.

3) A probability measure, P(.), is afunction, defined on subsets of Q, that,
assigns to each event a red number P(E) such that the following three
probability axioms hold:

)  P(E)=0 forall eventsE
i) P(Q)=1
i) fEN F=Q

Applied Probabilits
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The above three specifications are caled the Kolmogorov axioms for probability
measures. We will discuss more about the probability measures in the next unit.
For the purposes of the present unit, you need to remember that the probability of

an event A for every Ac Qliesin the closed interva of [0, I] ie. 0<P(A) <.
Therefore you can take P(.}as afunction which assigns to each element of the set
of events F, asingle number from theinterval [0.1]. That is, P: F — [0.1].

In calculus, you worked with real-valued functions A{.}. That is, /: R — R,

Such functions assign each number in R asingle number from K. For example,
fixy=x*. maps x=2 into A2)=8. In probability, the function, P(.), is a function
whose argument is a subset of Q (namely, an event) rather than a number. In
mathematics, we call functions that assign real numbers to subsets, measures.
Following such alogic. we cal P(.) asaprobahility measure.

Interpretation of Probability
Logical Probability. Take £ asa finite sct

Q={w,wa,... .0}
and each of the outcomes in Q isequally liliely. That is.

P({w,}):l fori=1 ....nand forany 4 ¢ Q assign P(4) 4

1 n

For example, consider the outcome of rolling a fair six-sided die once, Then we
have Q={w;,w,,... ,ws} Where @ = the die shows ; number for i={,2,... ,6. So

we can assign. for example, P({(U;})=é fori=1, ....6

w

P ({evennumber})=P ({ws,wqwe}) = i and, in general,

Y V) l—g—lﬁ)r.any AcQ

i Experimental Probability. Think of an experiment that can be identically
A reproduced over and over again. Each replicate iscalled an experimental trial. \Ne
' also assume that the outcome of any one of the triadls does not affect the
probabilities associated with the outcomes of any of the other trials. For example,
take motors being produced by an assembly line, with each motor an experimental
trial. The outcome of one of our experimental trials is whether that motor is either
good or bad. We record the outcome as

I = 0 if motor j is bad
7 = 1 if motor i is good

Thus, 2 = {bad, good).,If A = {good), the logical ,probability P(4) is assigned
from the infinite sequence of experimental outcomes T, 75, ... such that

P(4)=lim Zi«"-'l«—'~

N H"‘)"l) . ’7




Subjective Probability. In some experiments, it is not possible for replication. Applied Probability 1
For example, consider the experiment of taking MEC-03, with the outcome being
the grade that you get in the course. Let

A ={you get an A" in MEC-03)

T o determine the subjective probability of A, you need to construct an equivalent
case that is amenable to the format of selecting the probabitity. For example, you
may consider a lottery consisting of an urn, and an unlimited quantity of red and
white balls. The decision maker is asked to place in the urn any number of red
balls and white balls he or she desires, with the goa of making the event of
drawing ared ball equivalent to getting an “A” in MEC-03.

Once it is decided how many balls of each type to place in the urn, we simply
count the balls in the urn and assign

(4)= number of red ballsin the urn
total number of balls,in the urn

Some Important Results

i)  Forany finite number of pairwise digoint sets 4),4....,4, we have
P(A4Ud\v..0d,)=P(4)+P(4)+..+P(4,)

i) Forany twoeventsA and B
P(AUB)=P(A)+P(B)-P(4NB)

_iii)  P(@)=0
‘lfyou have a countable collection of dijoint sets,
i.e., if 41,43 .. Isacountable sequence ofdisjoint sets, then

P(J4]-Sra)

Example. Consider the experiment of counting the number of accidents in a
factory in a month. Let £; be the event that exactly i accidents occur in a month
with i=0,1,2,. . .. Suppose that

-1
P(E,):f;-!— fori=0,1,2 ...

and we want to find the probability that the factory has at least one accident in a
month.

That is, wewant to compute P{U?,E,).

. w &
Since Zl_of’:e“ for any a, we have
-

SP(E)=3 5

i=0 = !
ae 1

iz {1

=ée

=ele' =1
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1.3.2 Conditional Probability
The probability of an event A given the event B, denoted P(4|B), is the value that
solves the equation P(4~ B)=P(A|B)P(B) provided that P(B)> 0.
P(4n3)
- P(B)
Example. Find the probability of two heads given that you have al least one head
in the two tosses.
Sample space E,={HH,TH, HT} With probability + and E, =(HH} with
probability { . So, Pr(# )= T ) =
Generdising the above result, we have for any events 41,4, ... , 4,
P(AiAy ... A=P(A)P(A2 | A))P(A3 | A1A2)... P(An | AL A2 ... Ay)
Remember that £(.) is- ;robability measure if and only if
) P(E).z 0fordl eventsE
2)  P(Q)=1
3) If EnF=0,then P (E U F=PETPF)

Thus, 'P('A|B)=

il
3

r“:-

.1.3.3 Independence

Two events A and B are independent if and only if
P (AN B)=P (4) P (B).
That i, if two events A and B are independent and P (B) >0, then P(4|B)=P(A).

, Essentially it says, knowing whether B occurs does not change the probability

of A
Moreover, if 4 and B are independent events, then

g Afand Bare independent event s,
a A andBare independent events, and

o A‘andB are independent events.

Bayes’ Theorem

Take a complete set of alternativesto a collection of events
BB s B, such that

D BilyB:]...... U Br=82, and

2) Bi1B=@ forany iz

Law of Total Probability,

Given an event A and a completeset o falternatives 5, 8;,... , By,

P(A)= ZP ANE)=Y (4]B,)P
-l

Bayes’ Theorem: Let B, B,,..B, he a conpl et e set of alternatives, then



P(4|B,)P(B,) Applied Probability |
> P(4]B)P(B)
Independenced morethan two events

We use the definition of iridependence given above to get results on more than
two events.

i) A finitecollection of events4,,4,,... 4, are independent if and only if
P(4,N. N A)=P(A)...P(Ag)
fordl 2<j<nandal 15k <....<k <n.

P(B, |A) =

ii) Forn=3, the events 4,, 4, A4; are independent if and only if

o P(d; N A2)=P(4)) P(42)

P4, NA3)y=P(A4)) P(43)

o P(4> NAs)=P(42) P(43)

o P4, NA2MN A3)=P(41)P(A2)P(A5)
All of the above must hold for 4, 42,43 to be independent. If only the first three
conditions hold, then.we say that 4,4, A; are pair wise independent. We will
discussthisconcept with greater detailsin the next unit.
Check Your Progress1

1)  Writethe definitionsof theterms: universe set, empty set, digointed set and
power set.

..........................................................................................
08 600 0 a s 60 a8 s 8 ee st a8 00 e 000 0et ottt sahedesesrassostthdocs sosastons seasnorsontnctasedroressrs
..........................................................................................

..........................................................................................

2) Ifyoutossacoin twice, what would ke the sample space? List dl the
possible eventsfor this experiment.

..........................................................................................
............................................................................................
..........................................................................................
.............................................................................................
.........................................................................................

3) ForagivensetA, what isset of dl sets?
..........................................................................................
..........................................................................................
...........................................................................................

...........................................................................................
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P(AUB)=P(4)+P(B)-p(PNA)

..........................................................................................
...........................................................................................
............................................................................................
..........................................................................................

R R A A )

14 RANDQM VARIABLES

Basic Concepts

Definition. A random variable (r.v.) is a function X (.), which assigns to each
element o of Qared vaue X (w). Thus, we write

P({o e Q: X(@)=a))= P({X(®) =a))= P(X =a)
Examples.
1) Fip a coin n times Hee Q={H,T}". The random variable
X €{0,1,2,...,n} can bedefined to be the number of heads

2) Let Q=R, definethetwor.v.

a X=w,
| for @20

b'. Y= {-l otherwise

3) Packet arrival times in the interval (0,7]: Here Q is the set of all finite
length strings (#,,4,,...1,) € (O,T]‘ . define the random variable X to be the
length of thestring n=0,1,.,.

CumulativeDistribution Function

Definition. For any random variable X, we define the cumulative distributian
function (CDF), F, (a) as

F,(a)=P(X <a)
Propertiesof any cumulative distribution function
1) lmFx(aj=I

2 lim F(a)=0

3) F.(a) isanon-decreasing function of a.

4)  F(x)isaright-continuousfunction of a. In other words, “I? F.(x)=F(a)
¥

5)  Forany random variable X and red values a<b,
P(a<X gby=F,(b)~F (a)




Discrete Random Variables Applied Probability 1
A random variable is said to be discrete if for some countable st ¥ = R, i.e.,

X ={x,%,.}, P{XeX}=1

Example. From abovetake

n coin flips Here Q={#,T}"; define the random variable X ={0,1,2,..., n} and

it can be defined to be the number of heads.

A discrete random variable is completely specified by the probability mass
function (pmf). Thus, pmfd variableXisgiven by

p(x)=P(X =x).
Propertiesof any prebability massfunction
1) 24(x) 20 forevery x

2) Y px)=1

allx,

3)  PE)=Y p(x)

x el
Examplesof Discrete Random Variables
° Bernoulli r.v.: X ~ Br(p), for 0 < p<1 has pmf

px‘(])=p, andpx(()):l..p
Geometricr.v.: X = Geom(p), for 0< p <1 haspmf

py(k)=p(1 —p)H , fork =1,2,....
This r.v. represents, for example, the number of coin flips until the first
headsshows up (assuming independent coin flips)

Binomia r.v.: X = B(n, p), for integer n >0, ad 0 < p<1 has pmf

r(¥)=p(;) P (l—ﬁ)("'k), fork =0, 1,2,
This r.v. represents, for example, the number of heads in n independent
coinflips.
. Poisson ».v.: X = Poisson(A), ford>0, has prnf

A
py(k)=37e ™ fork =0,12,...

This represents the number of random events in interva (0,1], ¢.g., arrivals of
packets, photons, customers, etc.

We will discuss these distributions elaborately along with some others
subsequently.

ContiauousRandom Variables

A random variable X is said to have a continuous distribution if there exists a
nonnegative function f such that P(0 <x<h)= J: Sf(x)dx forevery a and &.

To specify a random variable it is sufficient to specify its probability density
function (pdf). The pdf of a continuousrandom variableXis given by

13
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Aa)= -;—i—lacax

Properties of any probability density function
1)  Je(x)20 forevery X

2) mjﬁc(x)dx:]

3 p(E)= [ A(x)dE
Notethat if X isa discrete’ randomvariable, then
P(X <a)=P(X <a)and

if X isa continuousrandom variable, then

Fa)=[ f(xdx.

Examplesd contittuousdistributions

Uniform distribution
The random variable X is sad to have a uniform distribution if it has the
probability density funetion given by

I
— foragxs<h
fx (x) =1b-a ?
: 0 otherwise
Exponential distribution

The random variable X is said to have an exponential distribution with
parameter A >0 if it hasthe probability density function given by

Ae™™  forx=0
f(x)..{ 0 otherwise

Gaussian Distribution
Gaussianrv.: X = W(,u,crz) has pdf
, 1 (X*[))z.
fi=e ¥

2m0*

where u isthe mean and & isthe standard deviation

Transformation of Distribution Functions

Take a random varidble X with distribution function £, (x) and pmf or pdf
J/,(x), where f,(x)>0for xe X. Suppose that we are interested in the
distribution of a function of Y =g(X). The distribution of Y is defined by the
eguation,



Pr(¥ eA)=Pr(g(X)ed)=Pr(o cQ|g(X (o)) eA). Applied Probability T

Thisis not very helpful, as we have not specified the actua experiment and the -
random variable. The question is how we can go from these functionsfor X to
the corresponding functions for Y. Let us discuss the generd case for such
transformation:

Result 1. Define the mapping g™ (A) as:
g7 (4) = {x|a(x) e 4}.

Then
B ()= Pr(0 eQ|¥(0) e(-,31) = Pr(0 €| (X (0)) (=.)])
' = Pr(o Q| X () eg” ((-=,»]). . -

However, we need more useful results to rely on transformations that satisfy
particular conditions:

Result 2. Suppose g(x) is a strictly monotone functions with inverse g™' (). Let
be ) be '{y|g(x)=y for some‘xeX}. '

@ I X isadiscrete random variable with pnf £y (x) on &, then Y is a
discrete random variable with pmf.

L) =Le(a' () on Y, g | - /

gy T X isacontinuousrandom variable with pdf fy (x) on X then Yisa
continuous random variable with pdf

F =55 ONE0),

on). R
In caseof continuous variables, we proceed asfollows: assune g(-) is increasing,
so that
F,(y)=Pr(rsy)=Pr(a(X)sy) - |
=Pr(x<q™(y))=F (o () -

Then usethe chain ruleto take the derivative with respect to y you get theresult. )

Example 1. Suppose X has a Poisson distribution with parameter 2, That is, the
pmf of X is

[e*ar x=0,1,2,..

JSx (x) =< x!
0 otherwise,
for some positive 2. Usually we use Poisson distribution for counting eventssuch
asarriva of insurance clams. (

15
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Take the distribution of Y = g(X) = 2 X. Then inverse of this transformation is

© Xz (Y)=Y/2 and thepmf of Y isgivenas

. e_,{ﬂ(.v/-’-) y= 0, 2, 4,

- fr(x)=1 (/2)!
0 otherwise.
Example 2. Let X bean exponentia distribution with pdf

e x>0
fx(x)= {0 otherwise,

Then cdf itsdistribution is 7, (x) =1-¢™. Units this distribution, when we write
f(x)= Aexp(~4x), for positiveA, we can useit is widely used for modelling
mortalities.

Uniform Distribution

Condder the digtribution of ¥ =g(X)=1-¢*. This is a monotone
transformation with inverseX = g™(Y) = In(1-y). Then,

09" (=L
o

Therangeof Y isy=(0,1) and the pdf of Yis

) Sy (g" (J’))
0

Note that its pdf is constant over its range.

Example 3 Consider a non-monotone transformation. Let X [ a random
varigble with pdf

" %(y). v=l exp (|ﬁ(1_y))__~=l 0<y<f

]
I-y .
otherwise.

(M2 -l<x<]
fy (x) = .
‘10 otherwise,
It has a uniform distribution on the interval [~1, ] Consider the distribution of

non-monotonic formal action Y =g(X)= X*. Because of the non-monotonicity

we have to do this on a more ad hoc basis. In this example we Work directly
through the cumulativedistribution functions. For its elements we can split things
up into intervals where the transformation is monotone. First, we calculate the cdf
for X: .

0 xs -1
Fy(x)=(x+1)/2 ~l<x<l
R b S Clex

Then thecdf for Y= X" is



Pr(Y<y)=Pr(X*<y)= Pf(L\/; <X< ﬁ) =F, (\/)7) - F, (_J;) ) Applied Protability T

ys0
so,  F(y)={(Yy+1)2-[-fy+1)r2=y  o0<ysi
1 1<y
Then the pdf is
_Jyr2 0<y<l
£ )= {0 otherwise.

Check Your Progress?2
1)  Writethe definitions of CDF and PMF.

...................................................................................
..........................................................................................
....................................................................................

3) What is PDF? Write down its properties.
rinasae Preavarrae s R CrrrrrevEaas R Arevanse Tresrdvnrn s | AR

..........................................................................................

..........................................................................................

4)  How doyou write the PDF of
(i) exponentia distribution
(ii) Gaussian distribution

..........................................................................................
..........................................................................................

5) What ismeaning of transformation of distribution function?
A7
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1.5 EXPECTATIONS

------------------------------------------------------------------------------------------

YRR TR O N O A O R RO R e A N I I R ]
-------------------------------------------------------------------------------------------

T T R I N T

------------------------------------------------------------------------------------------
T N R R N N N N Y

T R L T R L RS LE L LR R PR R R R R PR G SR

............................................................................................

The ekpectation of arandom variable X is
(i), if X is a discreterandom variablewith pmf [y (x), equal to:

Zx'fx (x)’

providedthe sum X, | x| f {X) exists, .
(), if X is acontinuousrandom variable with pdf fy (x), equal to

| J;.x-fx (x)dkx,

providedtheintegral [ ||y (x)ds exists. |
Example 1 Suppose you toss asingle die. Let X , be the nuntoer (X) on top of

. the die, has adistributionwith pmf:

116  x= 1,2,3,4,5,6,
fr(x)= {0 otherwise.
Then the expected vaueis

6 ) :
E(X)=Y k-(1/6)=17/2,
k=l
Example2. Suppose X has an exponential distribution with parameter A and paf

' Aexp (- Ax) x >0

Sy (x)=
10 otherwise.

As we have seen above the exponential distribution'with 2 =1 can be used to fit

distributions of durations such as waiting times o insurance claim arrivals. Its
expected value is



= —xexp(~Ax) . fexP(—-/lx)dx Applied Probability |

=0+ fexp (=Ax)dx

= Zexp(-ix)

1

A

If you are interested in finding expectations of transformations of X, then the
expected values for transformations have to be defined implicitly:

E[r(X)]=E[Y], where Y =r(X).

That means we do not need to define expectations of transformations. To
calculate these expectations we take the help of the following results:

Result 1. The expectation of afunction r () of arandom variable X is

(), T X isadiscrete randomvariable with pm# f, (x),

Z"(x)'fx (x)

X

i), if X is a continuous randomvariable with pdf f, (x),

J;r(x) Sy (x)dx.
For the discrete case with a monotgne transformation:

LIRS MICTAC)

x

For the continuous case with r(-), a monotone (increasing) transformation, is
given below:

LetY =r(X). Then

or

E[r(0)]- 50) = [ 5, 0)ab = [ (7 )

Transform the integrand from y to z=r"( y)‘ with inverse transformation
y:r(z) to get

[ O )= [ s e ()

().

ft

Jr(5) fela) 2 )

y oz

J;r(z)fx(z)dz. :

For the last step, we have taken the following: Since z=r"(r(z)), by the chain
rule for differentiation we differentiate both sideswith respect to

i

19
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for Risk Analysis z. 1= _8r( (r(z)) d’agZ)(z)'
? z
z

)
or’ —/3;

Then ar(z)(r(z))—l azr( )
Note some special expectations. In al such cases X isa random variable with
pdf/pmf equa to f, (x):

Mean is another name for the expectation or expected value ofX,
y

u=E(X).
2) K" momentof X is p = E(X")(i.e., = ).

* 3) Varianceof X is V(X)= 2=E((X—/1)2)=y2—/1f.

4) Moment generating function (mgf), denoted by M (1). It is the expected
value of exp(s- X). Weare interested in this function for values oft around
zero. It hasa number of interesting properties:

@ uniquely defines the distribution of a random variable: if two
random variables have the same mgf for dl t in an interval around
zero, they have the same cdf and pmf/pdf (up to sets of measure zero).

() K  moment is equal to k™ derivative of the mgf evaluated at zero:

oM,
= ——(0}.
Hy P ()

k
In particular, using M* (t) asshorthand for aa]:{"' (1), we have M, (0)=1,

2

= M} (0),0% = M}, (0)- M, (0)"
5) Cumulative generating function is the log of the moment generating
function, K, (r)=InM, (1). Here u= K, (0)and ¢’ = K (0).
6) Characteristic function is defined as
vy (f)= E[exp(Xir)],

where i=+/~1. The advantage working with. the characteristic function
rather than the moment generating function is that the former always exists,
while the latter does not exist.

7)  Expectation of a linear function of a random variable is the linear function
of the expectation:

E(a+b-X)=a+b E(X).

, 8) Variance of a linear function of a random variable is the variance of the
random variable multiplied by the square of the slope coefficient:

V(a+b X)=b"7 ().

2



Example 3. Consider the exponential distribution with pdf Aexp(~Ax) for x >0 Applied Probability I

. @nd zero otherwise. We have already calculated its expected value above. Using
the moment generating function, we can derive its expectation and avoid the
procedure integration by parts.

Thus,

“ e . -

M, ()= Eﬂexp(w’tx)exp(ﬁc)dx = Elexp(—‘x(/l—t))dx

However, it only works for ¢ < A. If you are interested only about values of t
around zero, you can use this result. The derivative of the mgfis

r a
M'Y(t)k!(—A I)M )

so that
. k!
. E[X‘]:Mf((o):?.

lts mean is 1/A, the second moment 2/ A%, and the variance 1/ A%,

Example 4. Suppose that an experiment can have one of two outcomes, success
a failure. Let p be the probability of success. Let Y bethe indicator for success,
equal to one if the experiment is a success and zero otherwise. This.is called as a
Bernoulli trial. When we repeat this experiment n times, and assume that the
repetitions are independent, we havethe following result:

Let ¥ for i=1,.,n denote the success in the ith Bernoulii tria. Define

i

X=%"Y as the total number of successes. Then X has & binomial

distribution. To find its pm/f, consider the probability of particular sequence of x
successes and »-x failures. For example, first x one's and then #-x zero's.

The probability of any one such a sequence is p*(1- p)"™ . To get the probability

of x successes and n- x failures, we need to count the number of such
sequences. This isequal to the number of ways you can select x objects out of a

setof n, whichis (n) . Hence the pmfof X is
X,

fe (x) = [:] P '(1_’—'}7)("—"),

for x=0, 1,2, ..., n,and zero otherwise.
Themean of the binomial distribution is given by pmf.

| ,’Zn:(n]'é;.‘(ilv-“p_)‘(n-x) :,Z‘/”(x):"‘

x=0 X -
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Therefore,
n ; ) mx n n i s
E(X).—_Zx.(:].p)‘.(pp)( )=Zx.(x).p .(l_p)( )
x=0 x=1
- n! x {n-x} _ - [n] X {n-x)
= . (1- = A7 p* (1~
éx x!(n—x)!p ( . p) éx X P ( p)

(n-1)! (1= p)rHe)

= 2P ) G

Let m=n-land y=x-1. Then instead of summing from x=1 to x=n-1 we
takethesum from y =0 to y=m and get:

- m! (m=3)
E(X)\=np ¥ ———ee. )'.1...17
(X): np%y!(m_y)!p (1-p)

= n~P‘Z[m] 2 (1-p)" = mp.
y=0 y

Another approach to get the above result isto write X as the sum of independent
and identically distribution random variables, X =3"" ¥, with

A0)=p (-0,
and mean p. Then the meen of X isgiven as

E(0)=5(3r) =3 5)=m.

(23] =]

Result 2. Chebyshev's Inequality. For any random variable Y with mean uand
variance a’, and for any k > 0

Pr(r-uzk-o)<1/k
Proof. Let X be anonnegative random variable. Then, for any positive c,
E(X

put

Taking the continuous case, we get the above result as,

E(X)= [x fy (x)dr

Pr(Xzc)<

- [sjans Lo



When X =(Y - )" and ¢ = kc*, we rewrite the inequality as

Pr(X 2o <E[X]/c

PRy -2 Kot <)k,

-
1.6 SPECIAL DISTRIBUTIONS
1 Gamma Distributions. In contrast to an exponential distribution

representing the waiting time till the occurrence of first event, Gamma
distribution represents the waiting time till the »th event. If X is this
waiting time, then

Fy(x) =Pr(X <x)=1-Pr (lessthan reventsin interval [0, X)).

Thus if we consider the probability that a Poisson random'’ variable with
arrival rate Ax islessthan r, then

e (1x)
Fy(x)= 1—2.—,(“')”
k=0 .

The probability density function can be obtained by differentiating with
respect to x:
r—1 Z,"“xke_“ r-i ;kak—!e—-,tx

f.\'{(x)=z k! g—kZ:;(k—l)! '

T k=0

Note that the second summand isonly from k=1 tor -1, not from k=10
to »r—1. Changing the second summation from k=1 to k=r-1 the
summation from k=0 to »~ 2, wecanwrite this as

Cre Akﬂxkeﬂ’.x r—2 lk.-flxke—/lx

L= E T

k=0 k=0

= X €e .

(-1 o
So, we get a gamma distribution with parameters F and A .
The gamma distribution is more general. We don't require r to be an
integer while formulating it. But when we do this, the interpretation of
waliting for therth ‘event cannot be made.
The genct_jalz"p'df‘ for 'a..‘qam,ma distributed random variable X IS obtain
when ﬂ ::—é—- and a:—, r ;;“v I’,l; \

o x*lgmx1B T

fX(x)_l"(a)ﬁa »

for x> 0. In this formulation the parameters & and 8 are both positive
and the function is defined as

Ma)= [ t*ledr.

Applied Probability 1
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T(a+l)=aT(a), r(l):j:e“d(:l,and r(1/2)=vr,

sothat
CT(n)=(n-1)L, .

" or integer n. Take a random variable Y with an exponentia distribution
with arrival rate A . Then itsmoment generating function is

My (1) =Efexo(tV)]= 5 =75,

where #=1/2 isthe mean of the exponential distribution.

Let ¥,...,Y, beindependent exponential random variables with mean 3.
Then the moment generating function for the gamma distribution is

1 1

e o S |- TTelowtm]= [T =

=1 i=1

The cumulant generating function is
Ky(t)=-aln(l - &),
with

s "
K;((t)v:lf—ﬂt, K”(t):(_lfpt?

The mean and variancearea8 and aff” respectively.

2) Chi-squared Distribution. Chi-squared distribution is a special case of
Gamma distribution if we take a= /2, where k is a positive integer, and.
F=2, than we have a Chi-squad distribution with degrees of freedom
equa tok. Its pdfis

xlc/Z-le—x/z
X)=——,
for x postive. Its moment generating function is

i

and itsmean and varianceare k and 2k respectively,

3) Normal Distribution. The norma distribution is of fundamental
importance as an approximation to a large number of statistics through tht
central limit theorem. A'random variable X has a normal distribution

with parameters 4 ando? , denoted by N (u,0%), if its pdf is




for —w<x<ew, and o*>0. If we consider the moment generating
function, then the fact that thepdf and pmfadd up to one; viz.,

C(x-p))
f \/__expth J—dx )

20' xt\

~rf—-exp[ ]
§

exp

Z/2+,ut—(x—-€160't []d

ekp(ut+o*2t2/2)- J:

—UJ

27ro*

il

exp(,ut +0'2t2/2).
As the cumulant generating function is X, (t)= u —0°'/2 and hencethe
"~ mean is y and the varianceo™ .

Properties of norma distribution: Linear transformations of normal
; random variables are also normally distributed. Take a random variable

X with a NV (y,o2) distribution, and consider the transformation
Y =a+bX . Then,

Mr (,) - E(e”') - E(e(awx)/) Y _E(e(h,)x)

=e" M, (bi) = exp(a+ ,ubt+ovzb2t2/2)
| .
} = exp((a+b,u)t—bzo'2t2/2)
= exp(,&t+5‘212/2).
Hence Y has a norma distribution with mean fZz=a+bu and variance
6” =b*c*. When you take Y =(X-pu)/c, then the transformation is
called Y = N(0,1), the standard normal distribution with mean zero and

unit variance.

See that the normal distribution and the chi-squared distribution are
closely connected. If X has a standard normal distribution A’(0,1), then

Y = X? has a Chi-squared distribution with degrees of freedom equal to
one. If we work with the moment generating function of ¥, then

M, ()= E(e")= ( ) f\[__exp[—lx +tx)dx

2)
= EJHJZ_;;QXPL—WZ/(I-F 2t)x de
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2\ ] 1

] ( 1
= Wﬂmexpkfmx J‘dx = W

We get the mgf for a Chi-squared distribution with degrees of freedom
equal to one.

Cauchy Distribution. A random variable X has a Cauchy distribution
centered around & if it has pdf

fe(¥) =2

:‘7;.1+(x—6’)2 ’

.

for -0 < x <0, Thisdistribution has no moments. The median and mode
are both equal tog. Thepdf issimilar to the pdf for the normal distribution
with a thicker taill. We use it for modelling variables with high kurtosis,
that is, which infrequently take on extremely large values, such as stock
prices, event like loss in Tsunami. An interesting property of the Cauchy
distribution is that if the sequence of independent random variables
X,,X,,... X,, dl havethe Cauchy distribution centered around 8, then the
average X =y ' X,/n dso has that same Cauchy distribution centered
around &, with the same quantile. In.other words, laws of large numbers
will not to apply to the ones like Cauchy distributions.

Beta Distribution. If two independent random variables ¥, and ¥, have
Gamma distributions with parameters « and 1 and £ and 1, then the ratio
X =Y, /(¥ +1,) hasaBetadistribution with parameters a and 3. Its pdf

is
F(a+/3) o 8-l
x| =2 (1 -x)"
for 0<x<1 and zero elsewhere. The mean and variance are of(a+f)
and aﬁ/((a+,6’)2(atﬂ+l)) respectively. For modelling variables that
take on values in the unit interval, we can apply this distribution.

Let X have astandard normal distribution (i.e., a normal distribution with
mean zero and unit variance). Let W have a Chi-squared distribution with
r degrees of freedom, and [let X and W be independent. Then

Y=X / J(#/r) hasa ¢-distribution with degrees of freedom equal to r.
The probability density function of Y is:

' _ T(r+1/2) 1
POV A e

| for —w<y<oe. The t-digtribution -has thicker tails than the normd

distribution. As the degrees of freedom gets larger, then the t-distribution
gets closer to the norma distribution. (For E‘[W/r]:l, ad

. V(W1r)=2/r, as r-»w, the mean of the denominator is one, but the

variance is zero.)



7) If ¥ and Ware independent Chi-squared random variables with degrees of
freedom equal to r, andr, respectively, then Y =(V/5)/(W /r,) has an
F-distribution with degrees of freedom equal to » andx, . The probability
density function is

r{(nen)2)n/) e

(A T CYR e

for positive values of y, and zero elsewhere.

Important Exponential of Distributions.

Definition 1. A family d pdfs (or pmfis) is an exponential family if it can be
writlen as

hc10)= )0y 30119

for o< x <a.

The key feature of this representation is that we can separate the distribution into
functions of the parameters ¢ and functions of the variablesx. |If we parameterise
the above exponential distribution as

et elrtoa( $ni(a).

for ~o <X <a, thento n asthe natural parameters. Consequently we have cases
like:
1 Binomial distribution:

. n x (1-x -
s =) pr0-pf
for x=0, |, 2, ....,n and zero otherwise. Thiscan be written as

79 =1{x 40,1, 20} )1 )" oxp (i /(1 - ),

so, k=1, and

h(x)= l{x El{ O,‘l, 2,...,(1}} [j ,
e(p)=(1-p)",
w(p)=n(p/(1~p)).

t(x)=x
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fe(x)=1{x e{1,2..}}-(1/x)-exp(-A) exp(xIn 4).
3) Exponentia distribution:
fv(x)=1{x>0}-/l-exp(—x/1).
4) Normal distribution:

1 2 2 2\ -
X)= exp W21 )|-exp|~x* /20" |+ xul o).
I3 (0= pmzeels? /217 exp - (267 0 )
A dlstrlbutlon that does not fit in the above group isthe uniform distribution:
fx(x)s1{a<x<b}~lg--=—4al a.

In case of indicator function 1{ a< x < b} you cannot factor into a function of the
parametersand a function of the variable.

Joint Distributions Conditional Distributions,
Independence of Random Variables

Definition 1. Let any N - dimensional random variable be a functionfrom the
sample spaceto R".

Definition 2. Take (.X,Y) be a discrete bivariate vector. Then the function
Fy (x,y) from R? toR, defined by

For (yx,y)=Pr(a)eQ|X(ca):x,Y(a))'y)_,

isthejoint probability massfunction of (X Y).

Example 1. Tossacoin three times. The sample space is
Q{HHH,HHT,HTH,HTT,THH, THT, TTH, 777} .

An example of a bivariate random variable is(X,Y), where X (o) isthe number
of heads in the first two tosses, and ¥ (o) is the number of heads in the two

tosses. Assuming the coin is a fair one, and the probability of heads is 1/2 at
every toss, with different tosses independent events, thejoint pmyf'is

(118 if (x,7)=(0,0) (@ e{r7T}),

Y8 if (ny)=(01) éa)e TTH}},

/8 if (x,y)=(1,0) o e{HTT}),
foly)={ Y8 1102 =(LD) (0 ef HTH THT}
 IT=08 i (k) =(1,2) (0 {THH)

Y8 if (x,¥)=(2,1) (oe { HHT)

Y8 if (x,y)=(2,2) (0 e{ HHH}

0 otherwise
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Note ihat even was we define two random variables, the definition of the
crovcakatizv mass function for any of the variable does not change. Ignoring the

definition of ¥{w), the pif for x when you do not consider X{)is

!
/4 ifx=0 (@ e{TTT,TTH}),
. 2/4  ifx=1 (we{HTH WTT,THH,THT}),
LeW=l s ifxm2 (o' e {HHT, HHHY),
0 elsawhere.

Similarly we can calculate the pmf for Y without x. In case of joint random
variables, we typicaly refer to these variable probability mass functions as
margina probability mass functions. These functions general they can be
calculated from the joint pmfas

felx)= Pr(a) teX(a))zx)“

» =Pr(a)EQ|X(a))zx’—oo<y(w)‘<°°)=;fxr(x’y)’

Similarly,
ACADWFACH)

Given the joint pmf, we can calculate probabilities involving both random
variables. For example,

Pr(X<1,Y21)=Pr(w cQ|X(@)sLY(0)21)= Y fu(xy).
= £(0.1)+ F(L1)+ £(12) =1/2

Alternatively we can have joint continuous random variables:
Definition 3. Let (XY) be a continuous bivariate vector. Then the function
Fw(x,¥) from R*to R isthe joint probability density function of (XY) if it
satisfies
L Sy (2, y)dxdy = Pr(cp eQ!(X(a)),Y(w)) eA),
JSorail sets A.
Example 2. Pick a point randomly in the triangle (0,0),(0,0),(0,1),(1,0). Let X ’
be the x-coordinate and y bethe y -coordinate. A reasonable choice for thejoint
p appears to be
fXY (x’ }") =c,

. .
for {(x,y)l0<x<l,0 <y<lxty< 1} and zero otherwise (that is constant on

the domain).. What is the appropriate value for c¢? Since we know that the
probability of the entire sample space isequal to one, wecan write

1= Pr{eweQ)=Pr((X,7)e{(xy)0<x <1,0 <¥<lity< 1}) =
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S () dxdy = [ L' " cardy

= .[{(x,y)|0<.x<|,0<y<|.x+y<1}
= J:c-(l—y)dy: c/2.

Hence c¥ 2.
Another way of writing such integrals differently is:

1= [ (l-x
-[{(x.y)lo<:x<l,0<y<_l,x+y<l} g'(x,y)dxdy = L £ yg(x, Y) a’xdy — J; »[) g(x’ y) dydx‘

depending on the order of integration, without changing the result. In such a case
the marginal pdf's are defined as

g J-x
5 0)= [ S y)ay=[" 2y =2-2x,
for 0 < x<1 and zero otherwise, Similarly,
A (y)=2-2y, 0 <y <1, and zero otherwise.

In joint random variable case, expectations are caculated in the same way as
before, but using double sums or integrals a present:

Ev[l‘,(X_, Y)] = J; _[Yr(x,)’/)]fw (x, y)dydkx,
for continuous bivariate random variables, and

[ (7] SR fo (1),

for discrete bivariate randor variables.
Example 3. Consider the expected value of XY in the previous example:

1-x ! 2
O‘ dx = Lx(l—x) dx

B(x¥)= [ [ 2spdpae = [ 7

= £J§3“ ~2x +xde= %x“'—%xj +%x2

bt
(

Recall how the conditiona probability of events was defined:
Pr(ENE,)

Pr(E | E,)= AR

provided Pr(E,) > 0.

Case of bivariate discrete random variables.

Definition 4. Given rwo discrete random variables X and Y with joint proZ;ability
massfunction f, (x,J’), the conditional probability massfunction for X given
Y=yis

f.\qr (x | )’) =




provided f;, (y)>0.

Example 4. Consider the distribution of X given that Y =1. In that case we are
conditioningon w e{ HTH,HHT,THT,TTH}
/4 x=0 (@ e{TTH}),
\ 2/4 x=1 HTH,THT}),
Far (6] 7=1) = / ) (o /)
/4 x=2 (w e{HHT}),
0 elsewhere.

Note that this is the same as the marginal pmf of X and will not be true if we.

condition on Y = 2. In that case we condition on @ e{HHH,THH} such that.

/2 x= (w e{THH}),
fxw(le:z): V2 x=2 (WE{HHH}),
0 elsawhere

Definition 5. (Continuous r.v.) Given two continuous random variablesX and
Y with joint "probability density function f,, (x, y), the conditional probability
density function for X given Y=y is
. _ Jxv (x, }’)
S (x | }’) —_—f;/ (y')“"
To see' this formulation we first take the conditional cumulative distribution
function where we condition on Y e(y,%+A), which' does have positive
probability for nonzero, A :

, - PriX <xy<Y<y+A
Prix )17 e,y a) < U ERET00 )

J:o J.:M Sxr (u,V)dvdu
[ Fur o) s

Now take the limit as A — 0. In that case both numerator and denominator go to
zero, S0 to get the limit we have to use. L' Hospital's rule and differentiate both
numerator and denominator with respect to A . In that case we get:

LSy [ 7 (uy)du
T— J:,fxy (u:Y)du B fr()’)

Fyy (x|y)

Take the derivative with respect to xto get the conditional probability density
function:
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However, this does not yield the conditional density of X given Y=y. Its
interpretation is that of the limit.of the conditional densities, conditioning on

. y<Y<ytA andtakingthelimitas A goesto zero.

Definition 6. Let (X,Y) be a bivariate random vector with pmfipdf f,, (x,y).
Then the random variables X and Y are independent if

fxy()‘;:))):fx(x)'fy(J’)x
where £, (X) and £, (y) arethe marginal pdfipmfs of X and Y.

Result 1. The two random variables X and Y are independent if andonly f the
joint pdf/pmf can be written as

S (5,3) =9 (x)- A(»),
Jorall —o<x <o and -0 < y <,

Proof:

If X and Y are independent, then we can choose, and g(x)= f, (x), and

h(y)=f,(») ad the result is trivial. Now suppose we can factor the joint
density of ¥ and Y & fy, (X,»)=g(x)- (). Then the marginal density of X

f0= [fnlehb=s [0l

Similarly

50} = [ forlzy)de = h(y) [ g(x)ds.
Multiply 7, (x) and f, (), we get,
C R AO)=e(H0) [s(a [ n)e

= fer (5, 2) J; foy (X,ﬁ)cﬁrdy '=‘f').(y (%),
Result 2. Let X and Y be two independent random variables, Then
() fxu/ (x|}’)=fx (x) and

i fu (%)= 15().
Example 5. In the previous example we had
fxy(x’y) =‘2.1,{0 <x< 1}.{0 <y< 1} .1{x+y < 1}, andzeroel sewhere.
It may appear that X and Y are independent by the previous results: Choose

g(x)=2 and A(y)=1. The reason this does not work is because ofthe’

restrictionson the valuesof ¥ and Y . To seethis write
fX,(x,y)=2-l{O<‘x<1}-1{0<y < 1}~1{nx“+yv<'1} .



CERETMT

foral —w<X<w and —o <y <. The indicator fukction 1{ A} isequal to one

if the argument is true and zero if it is fails. This indicator function 1{x+ty <1}
cannot be separated into a function of x and afunction of y and therefore X
and Y are not independent.

Let there be two random varigbles X and Y with means x, and a4, and
variances o} and o; respectively. Then the covariance of X and Y is defined
as

C(X,¥)= E[(X ~p)-(Y - 11,)]
and the correlation coefficient as
pn =C(X.1)(0,0,).
The mean and variance of thesum X Y are
E[X+}_’]=,u‘¥ + Uy,
and
V(X,)=0} +op +2-C(X.Y)

If the two random variables are independent, the covariance is zero (note that the
reverse is not necessarily true), and the variance simplifies to the sum of the

variances o + oy .

To see how tricky conditional probability density functions can be with
continuous random variables, consider the Borel-Kolmogorov paradox. The
joint density of two random variables X and Y is

Fre(pox)=exp(-x-y),

for x,y> 0. The margina density function of X is
fe(x)=exp(-x),

The conditional density of X given Y=1is
Fer (x]y =1 =exp(-x),

'because X and Y areobviously independent.

Taking the transformation from (X,¥) to (X,Z) where Z is (Y -1)/X . The
inverse of the transformation is X =g,(X,Z)=X and Y =g,(X,Z)=XZ+1
with Jacobian (the correction factor)

dg dy -
a2 ) ‘1 Ay
= =x|.
o9, ag, 0 x
o 87 (%)

thejoint density of Z and X is

Sax (?_,x) = x-exp(wx—XZ—l),
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for z>~1/x and x>0.

Let us calculate the marginal density of z. For z> 0, themarginal density is
f(2)= f)‘cexp(—x(zﬂ)\)e"dx‘

a1 e +
e x(%+l)ff<v(-x(z Q);

- fa(z-kl)z '

For z <0, the nrarginal dengity is

f;(z)= _[l/zxexp(—x(zﬂj)e“'dx=‘e"' £ 1 J;l/zx(z+1)exp(—x(z+l))

z+

_ 1 . -,xexp(—-x(2+1))”_:)/bz+’L‘l/zexp(—;c(:zﬁ-l))dx} ,

- | Lol et

Lol -l -

Takethelimitas z4 0 and 21 0 to get in both cases f; (0)=¢™".
The conditional density of X given Z =0 isthen

fx.z(x|é=b):%;((icz’_)i) *

for x> 0. The paradox isthat Z=0 implies, and is implied by, Y =1, yet the

=‘xexp(—x),

.conditional density of X given Z =0 differs fromthat of X given Y =1.

The above results are due to the way the limit is taken. In one case we take the
limit for 1<Y <1+ 4. In the other case we take limit 0 < Z < §. The latter is the
same asthe limit 1< Y <1t &x which is clearly different from the first limit. For
fixed & thelatter conlitioning set obviously includes more large values of X .

1.7 CONVERGENCEANDLIMIT LAWS

We have aready seen that the mean and variance of two independent random

-variables X and Y :

E[X +Y]=E[X)+E[Y],
and .
V(X+Y)=V(X)+V(Y).

Moregenerdly, if X...., X, are N independent random variables, we have mean
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N N
E[ZX,} =Y E[x],
=1 i=1
and variance

V[iX] =§I/(X,).

Note that we only use the independence for the variance. Without independence
the mean is unchanged, but the variance becomks

(Ex)-e|(En-elEn] |

E{[iX —E[X,]jz} E[i: }ﬁ(x, ~E[x, )%, —-EI:X,-:'):I

J=

i

>3 e[l - 20 ), - £, ]

i=l g=l

N

N N
ZI;V(X,)+Z]ZC(X,,XJ)-
. = ) =l J=
Independence insures that al the covariance terms in the double sum are equal to
zero. A
Supposing al random variables to be independent and have the same mean «, |
variance ¢’ . Then the sum has mean

.
E ZX’J:N.#v .
L i=1 ;
and variance i
. - . M
V> X/ |=N-o’
L i=1 i

The mean and variance of the average are
N

E| )X /N:l =i,
L. i=1

and

i .
4 ZX,/N}z N-¢’/N*=c*/N.
i=t '

Examine the behavior of the average of the first N random variables,

X, = Z,Z,X,/N as N gets large. In that Eaee the variance of the sample average
gets smaller and smaller. Using Chebyshev's inequdlity, this implies that the
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probability that the sample average is more than & away from x can be made
arbitrarily small by taking N large enough, if we fix &, then

X, =il o)< /(- 2),
which can be made arbitrarily small for fixed & by choosing N large enough. It
would seem uncontroversial to say that in thiscase X, convergestop.

In other 'cases this result is not so clear. For example, consider the following
sequence of random variables X,,X,.,... with the pdfof X, equal to

(n-1)/2. ~1/n,x<1/n,
fi(x)=1 1n. n<x<n+l,
0o elsawhere

The mean of x, is 1+1/2r. The variance increases with »# and approaches infinity
as n goes to infinity. However, the probability that X, is more than & away from
zero isat most 1/n. Thus, X, does not converge to itsasymptotic mean of 1.

This example demonstrates the need for different concepts of convergence. We
consider three such concepts.

Definition 1. 4 sequence of random variables X, convergesto x in probability
ifforall >0,
lim PrJz, - > €)= 0.

n=-yon

Definition 2. A sequence of random variables X,, converges to u in gquadratic
mean if

lim £|(x, - )] = 0.

Definition 3. A sequence of random variables X, convergesto u almost surely if
Jorall €>0,

P(]im

H—re0

X,,—/Jl>e)=0.

Note that in the first example the convergence is clearly in quadratic mean and
probability. The independence implies it is also convergence almost surely. The
following relations hold between the different convergence concepts:

) Convergence in quadratic mean implies convergence in probability.
i) Convergence almost surely implies convergence in probability.

(iij)  Convergence in quadratic mean does not imply, and is not implied by,
convergence almost sugely.

Difference between conver gence in quadratic mean
and convergence almost surely. .

Consider the following. sequence of random variables, defined as X,,(w), for
» €Q=[0,1], and with the probability of » insomeinterval a,b) equal to b-a
for0<a<b<t:




X, (w)=1 for we[0,1] and zero elsewhere,
X,(0)=1for » €[0,1/2] and zero elsewhere,
X, (w)=1 for » &[1/2,1/2+1/3] and zero elsewhere,
X,(0)=1for we[l/2+1/3.1] U [0,1/12] and zero elsewhere,
X, (w)=1"for we[l/2+1/3,1] U [1/12,1/12+1/5] and zero elsewhere,

For X,(w) the intervals where X, (u) is equal to one have length 1/n. That
means probability is 1/n. They shift to the right till they hit 1, and then start over

again at 0. Then the mean is I/, and the variance is 1/n—1/n* . Both of these go
to zero, so that we have convergence to zero in quadratic mean and probability.
Consider a particular value of w in the sequence of values X,(w), X, (@} . This

sequence does not converge, No matter how large », the sum Z:nl/i diverges,

implying that the sequence isaways going to return to 1. Hence the probability of
an o such that the limit X,,(w) even exists, let alone that it equals zero, is zero,
and not one as required by almost sure convergence.

With these convergence 'concepts wecan formulate lawsof largenumbers.
Result 1. Let X,, X,, ... be a sequence of independent and identically distributed
random variables with common mean u and variance o* . Let X, = z, X, /N
he the average up to the N random variable. Then

X, —&

The result implies convergence in probability as well, aswe already showed using
Chebyshev's inequality.

A second result produces an even stronger for almost sure convergence, That is
convergence in quadratic mean does not necessarily hold because the variance
does not necessarily exist,.

Result 2. Let X,,X,,... be asequence of independent and identically distributed
random variables with common mean u. Let X, z be the average up fo

the N" random variable. Then

X, —“u.
Definition 4. A sequence of randomvariables X, ,X,, ... convergesin distribution
to a random variable Y .if at all continuity points of F, ( y) ,

lim F, (y)=F, ().

H =y

The restriction:to continuity points is for the following reason:
Suppose

Sy (X)=n, for 0<x<1/n,
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distribution to a random variable Y with 7, (0)=1#lim,_, F, (0).

If a random variable converges in‘distribution to a (degenerate) random variable
with al mass in a single point x, the random variable converges to x in

probability, and vice versa
Central Limit Theorems:
Result 3. Let X, X,,... be asequence of independent and identically distributed

random variables with moment generating function M, (t) in a neighborhood of
zero, and with mean y and variance . Then

,ﬁg()(ﬁy)/o:\[ﬁ.()?,v-u)/a—"-'>/\/(o,1).

That is, the normalized sum converges to a standard normal distribution.
Slutsky's Tﬁeorem:

Result 4. If; X, convergesin distribution to X , and X,, converges in probability
to a constant C, then

X +¥, —Lsct+ X.
and
XY, e+ X.
Ifin addz;'ziion c#0
X, j¥, —Ls X/e.
The last result is known as the delta method:
Result 5. If a sequence of randomvariables X, satisfies -
i'\/]_V-(X"-y)———‘L—)N(O,GZ), |
then for any function g{-) continuously differentiable in a neighborhood of 4
with derivative g’ (),
VN (9(%;) - 9(w) —N (0.9 (402,

Check Your Progress 3

1) Writethe meaning;:
i) cumulative generating function; ii) characteristic function

I

...........................................................................................

..........................................................................................
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2) Explain the meaning of Chebyshev's inequality.

L R I B I T O R R R I S ) R I

P I R R R I I e R L R R RN I e I R R L R R

3)  Which distributions come under the family of exponentia distribution?

D I I R R T I R T L R I e N S P S ]

4)  Writethe meaning of independent bivariate random variable.

L T P I Y R R LR R R e R i R R R R R I R IRR

............................................................................................

..........................................................................................

............................................................................................

L R I I R R I R B R I R R I A R R N R RN )

...........................................................................................

...........................................................................................

............................................................................................

--------------------------------------------------------------------------------------------

1.8 LET USSUM UP

This unit reviews the important concepts of probability which find application in
actuarial problems . The basic set operations, union and intersections, are given
that help describe possible outcomes in model building where component of
uncertainty forms a part. The ideas like universe, empty set and set of events that
are required for probability space have been documented. The concepts like

‘conditional probability and independence have also been included and their use in

the context of random events, discrete and continuous, have been highlighted. The
meaning of uniform, exponential and Gaussian distributions have been used to
explain the transformation of distribution functions. Use of Poisson distribution to
count events has been pointed out. Expectation of a random variable formulated
for discrete and continuous cases has been examined. Use of pmyf and pdf has.been
considered. Some special distributions viz.,, Gamma Chi-squared, norma and
Cauchy, along with the family of exponential distribution have been included.
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The joint and conditional distributions of independent random variables and the
convergence and limit laws constitute the last part of discussion in the unit.

1.9 KEY WORDS

Borel's Paradox: A conditiona probability distribution that runs contrary to
intuition: that conditional probability density functions are not invariant under
coordinate transformations.

Characteristic Function: Function that takes the value | for numbers in the set, . °

and value 0 for numbers not in the set.

Chebyshevs Inequality: A probability distribution where all the values are close
to the mean value

Conditional Probability: The probability of some event A, given the occurrence
of some other event B.

Cumulative Distribution Function (edf): The function that completely describes
the probability distribution of a real-valued random variable.

Delta Method: A method for deriving an a/pproximate probability distribution for
afunction of a statistical estimator from knowledge of the limiting distribution of
that estimator.

Discrete Uniform Distribution: Eelements of afinite set that are equally likely.

Exponential Distributions: A class of continuous probability distribution often
used to modd the time between independent events that happen at a constant
averagerate.

Indicator Function: A function defined on a set X that indicates membership of
an element in asubset A of X.

Joint probability: The probability of both events together.
Marginal probability: One event, regardless of the other event.

Moment-Generating Function: A function used to generate the moments of the
probability distribution..

Poisson Distribution: A discrete probability distribution which is the limiting
form of the binomial distribution, provided 1) the number of trials is very largein
fact tending to infinity; 2) the probability of success in each trid is very small;
tending to zero.

Probability Density Function: A continuous random variable having a
probability distribution f(x) which is a continuous non-negative function that
gives the probability that the random variable will lie in a specified interval when

d

integrated over the interval, i.e., P(c< x< d) = [ /(x) . The function f(x) is caled

the probability density function (p.d.f) provided it satisfies following two

conditions (i) f(x) 2 0; (ii)the range of the continuous random variable is (a,
h

b)[ f(x)=1.

Probability Mass' Function: Often. the probability of the discrete random

variable X assuming the value x is represented by f (), f(x) = P (X = x) =

probability that X assumes value x. The function f(x) IS known as the probability



mass function (p.m.f.) given that it satisfies following two conditions: 1) f(x) = 0;
2) 5/ (x)=1.

1.10 SOME USEFUL BOOKS

Bialas, Wayne F. (2005), Lecture Notes in Applied Probability, Department of
Industrial Engineering, University at Buffalo (see internet)

Freund J.E. (2001), Mathematical Statistics, Prentice Hdl of India

Hoel, P (1962), Introduction to Mathematical Statistics, Wiley John & Sons, New
York

Imbens, Guido (2000), Probability and Statistics (Lecture Notes), UCLA (see
internet)

Olkin, I., L.J. Gleser, and C. Derrnan (1980), Probability Models and
Applications, Macmillan Publishing, New York

111 ANSWER OR HINTSTO CHECK YOUR
PROGRESS

Check Your Progress1

1) See Section 1.2 and answer.
2) See Section 1.2 and answer.
3 See Section 1.2and answey.
4) Read Section 1..3 and answer.

Check Your Progress2

1) See Section 1.4 and answer.
2) See Section 1.4 and answer.
3) See Section 1.4and answey.
4).  See Section 1.4and answer.
5) See Section 1.4and answer.

Check Your Progress 3

1) See Section 1.5 and answer.
2) See Section 1.5and answer.
3) See Section 1.6 and answer.
4) See Section 1.6 and answer.
5) See Section 1.7 and answer.
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1.12 EXERCISES

1)

4)

6)

7

8)

Six fair dice are rolled one time. What is the probability that each face
appears?

If two far dice are tosses, what is the smallest number of throws for which
the probability of getting at |east one double six exceeds0.5.

Two dice are thrown and three events are defined as follows: A means "odd
face with firstdie'"; B means “add face with second die'"; and C means™odd
sum” (oneface isodd, one face iseven). If each of the 36 sample points has
probability 1/36, then r

a) Show that theevents are pair wise independent.
b)  Show that theevents are not jointly independent.

Bow | contains 3 red chipsand 7 blue chips. Bow! II contains 6 red chips
and 4 blue chips. A bowl is selected at random and then | chip is drawn
from this bowl. What is the probability that the chip drawn is red? Given
that this chip is red, what is the conditional probability that it came from
bowl 11?

Bowl | contains 6 red chips and 4 blue chips. Fives of these 10 chips are
selected at random and without replacement and put in bow! I, which was
originally empty. One chip is then drawn at random from bowl II. Find the
conditional probability that 2 red chips and 3 blue chips were transferred
from bowl | to bowl IT given that a blue chip isdrawn from bowl 1I.

Suppose that the random variable X has an exponential distribution with
pdf fy(x)=exp(-x),x>0 and 0 elsewhere.

a) Findthe pdf for I/X
b) Findthe pf for In(X)
c) Fndthe pdf for Y=1-F, (X)

Let 7/ (x)=1/3 for -1<x< 2 and zero elsewhere be the pdf for a random
variable X . Find the pdf and distribution function for the random variable
Y=X".

Supposethat the random variable X has cdf

0 if x<0

Fy(x) = 2 o *=0,
(x+1)/2 if 0<x<l,
1 if x>1.

Is X a discrete random variable? Is X a continuous random variable:
Cdculate the mean and variance of X.




9)

10)

Lee X be a random varisble with moment generating function Applied Probability 1
M (t),-h <1 <h. Provethat

P(Xza)sexp(—at)-M,(1),0<t<h,
and |

P(X <a)<exp(-at)-M,(1),-h<1<0.
Hint: Use Chebyshev's inequality.

Let X beadiscrete random variable with
P(X=--I):118, P(X=0)=6/8 ad P( X=1) =118, and P(X:c)zo

for l other values of c. Calculatethe bound on P(|X —p|2 ko, ) for
k =2 using Chebyshev's inequality.
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20 ° Objectives
21  Introduction
22  Working with Mean Deviation
2.2.1 Deviation below the Mean
2.2.2 Variance of a Binomial Distribution
2.3 Applications of Chebyshev’s Theorem
2.3.1 Deviation of Repeated Trials
232 Proof of the Weak Law
24  Random Waksand Gamblers' Ruin
241 The Probability Space
2.4.2 The Probability of Winning
24.3 A Recurrence for the Probability of Winning
244 Intuition
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24.6 Right Timeto Quit
25  Chernoff Bounds
26  Strong Law of Large Numbers
2.7 LetUsSum Up
28 Keywords
29  Some Useful Books
2.10 Answer or Hints to Check Y our Progress
211 Exercises

2.0 OBJECTIVES
After going through this unit, you will be able to:

* understand the degree of accuracy offered by an expected value of the
mean value:

* compute the lower and upper bounds in which the expected value
varies; and
o anayse problems with one-dimension random walk.

21 INTRODUCTION

In this unit we initiate preparatory wark for understanding the basic tools used
in stochastic process while applying to finance and insurance. Basically themes
covered in the theory of probability have been extended to a state where
information availability varies over time. Our main concern is to highlight the
results obtained in simple random walks, The following study material is
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adopted from the lecture notes of Prof. Albert Mayer and Dr. Radhika Nagpal
(2002) borrowing freely the theorems, definitions and examples without
mentioning the source. Our reliance on the above mentioned work is heavy,
indeed. Credit goes to the authors for presenting the theme for a non-technical
learner. We have included the select themes of the notes keeping in view the
overall requirement of the course. Perhaps it will be useful to go back to the
lecturenotesfor better appreciation of the themes dealt with.

22 WORKING WITH MEAN DEVIATION

We usg to take expectation of a random variable because it indicates the
"average vaue' the random variable will take.

It means, the average value from repeated experiments is likely to be close to
the expected value of one experiment. In addition it is more likely to be closer
as the number of experiments increases. This result was first formulated and
proved by Bernoulli.

Let us perform an experiment n times. We have G,,..., G, independent random
variables with the same distribution and the same expectation x. If A, bethe
averageof the results, that is,

Z;G"

A ==l
24

n
then by letting n grow large enough, we will be as certain as we want that the
average will be closeto x. In other words, given any positive tolerance, ¢,
A,, we will be within the tolerance of x as n grows. Effectively, we are
looking for the limit

limPr{|4, -1 <&

H=yD }

According to Bernoulli, this limit equals one. This result is called the Weak
Law of Large Numbers. Theorem 21 (Weak Law of Large Numbers). Let
G, ....G,,...be independent variableswth the same distribution and the some

expectation, 4. For any >0,
126,
'!'ﬁPr el gy =1,

- H
n
See, however, that the law, does not say anything about the rate at which the
limitis approached. That is, how big must n beto be within a given tolerance
of the expected value with aspecific desired probability?

.In the following we will develop three basic results concerning the above

problem:

i) Markov's Theorem: It gives upper bound on the probability that the
value of the random variable is mare than a certain multiple of its mean.
Markov's result holds if we know nothing more than the value of the
mean of a random'variable. As such, it is very genera, but also is much



weaker than results which take more information about the random
variable into account.

ij) Chebyshev's Theorem: When we not only know the mean, but also
another numerical quantity called the variance of the random variable, we
consider this theorem as it combines Markov's Theorem and information
about the variance to give more refined bounds.

iiiy Pairwise Independent Sampling Theorern: It provides the adclitional
information about rate of convergence we need to caculate numerical
answers to questions such as those above. The Sampling Theorem
follows from Chebyshev'sTheorem and properties of the variance of a
sum of independent variables. Finally, the Weak Law ot Large Numbers
will be seen as a corollary of the Pairwise Independent Sampling
Theorem.

Marltov's Theorem

When we want to consider the problem of bounding the probability because
the value of a random variable is far away from the mean. Markov's theorem
givesa very rough estimate, based only on the value of tlie mean.

Theorem 2.2 (Markov's Theorem). I/ R is a nonnegative random variable,
then for all x>0

Markov's Theorem is often expressed in an alternative form; we state it as a
corollary. ¥

Corallary 2.1. If' R isa nonnegative random variable, then for all ¢ =0

AR> e E !
PquLEMHsC

Examplesof Markov's Theorem
Mayer and Nagpal (2002) give the following two examples,
Suppose that N men attending a dinner party deposit their hats in the counter.
At the end of the night, each is given back his own hat with probability I/~ .
What is the probability that x or more men get the right hat?
First, we derive an upper bound with Marltov's Theorem. Let the random
variable, R, be the number of men that get tlie right hat. By linearity of
expectation E[R]=1. Using Msrkov's Theorem, the probability that x or
more men get the right hat is:
E|R
Pr{Rzx} < =L
: T & x

Consider the Chinese Appetizer problem where N people are eating Chinese
appetizers arranged on a circular, rotating tray. Someone then spins the tray so

that each person veceives a random appetizer. We need to find the probability
that everyone gets the same appetizer as before.
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See that are N equally likely orientations for the tray after it stops spinning.
Therefore everyone is likely getting the right appetizer in just one of these N

orientations. Therefore, probability isl/N .

Let us use the Markov theorem to get the probability. Let the random
variable, R, be the number of people who get the right appetizer. We know

that E[R] = 1. Applying Markov's Theorem, we find:

PﬂRZN}sgﬂﬂ—in

N N

Markov's Theorem also gives the same I/N bound for the probability
everyone gets their hat in the hatcheck problem. But in reality, the probability
of this event isl/N!. So Markov's Theorem in this case gives probability
bounds that are way off.

Note that the proof of Markov's Theorem requires that the random variable, R, .
be nonnegative.

221 Deviation below the Mean

According Markov's Theorem, a random variable may not greatly exceed the
mean. There isanother theorem which points out that a random variable is not
likely to be much smaller than its mean.

Theorem 2.2.1. Let L heareal number and let R be a random variable such
that R< L. For all x< L, wehave:

Pr{R<x} siﬁ[ﬂ.
L-x

Proof. The event that R<x is the same as the event that L-R=L-x.
Therefore,

Pr{R<x}=Pr{L-R2L-x]
< E[Z’;Rl . (by Markov's Theorem) (D
- X

Markov's Theorem can be applied since L-R is a nonnegative random
variableand L -x> 0.

Chebyshev's Theorem

We have seen above the Markov's Theorem for deviations above and below
the mean. Suppose we want bounds that apply in both directions, that is,

bounds on the probability that |R - E[R]| is large.

It is difficult to use Markov's inequality directly to bound the probability that
|R - E[R]|>x, as we have to compute E[|R = E[R”:l .

Since R and hence |R|" are nonnegative variables For any R, Markov's

inegquality also applies to the event DR[" 2x" .

Since such an event is equivalent to the event [|R|2 x], we have




Corollary 2.2.1. For any random variable R, any positive integer k, and any
x>0,

Pr{|R|z x} < E[‘R‘kl

k
X
Take k=2 to get a special case of the above corollary. Then we can apply it to
bound the random variable, R- E[ R], that measures R's deviation from its

mean. Thus,
Pr{|R-E[R]2 x}

E|(R-E[R] .
= Pr{(R-E[R]) 25 < I k[ ! )] 2)
X
where the inequdlity (2) follows from Corollary 2.2..1 gpplied to the random
variable, R—E[R]. That is to say, we can bound the probability that the
random variable R deviates from its mean by more than x by an expression

decreasingas 1/x* multiplied by the constant

B[ (R-E[R]].
Such aconstant isvariance of R.
Definition 2.2.1. The variance. Var [ R], ofarandomvariable, R, is:

var[R]= E| (R~ E[R])' |

Accordingly we will rewrite (2) as Chebyshev theorem.

Theorem 222. (Chebyshev) Let R be a random variable, and let x be a
positive real number. Then

Pr{\R-E[R]|2x}sM—l.
X
Example: Gambling Games
When we compare the following two gambling games, the usefulness of
variancecan be easily judged.

Game A : Wewin $2 with probability 2/3 and lose$1 with probability 1/3.
Game B : We win $1002 with probability 2/3 and lose $2001 with probability
1/3.

Both the games have the same probability, 2/3. of winning. However. we will

see these to be very different, once we consider variance. Let random variables
A and B be the payoffs for the two games. For example, A is 2 with
probability 2/3 and -1 with probabilityl/3. The expected payoff for each
gameis,
 E[A]=2.24(=1) 121,
v 3 -3

,E[B]=1002,-%+(-2001)-

1
3
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for Risk Analysis however.
Let
with
GA—E[A] “1-2  with probability*
2 with probability3
(A_E[A]) {4 with probability +
2 2 1
B[(4-£[d) ] =1-5+43
Var[A] = 2.

Similarly, for Var|B]:

5 £l 1001 with probability?
- E[5] 2002 with probability X
T (1,002,001 with probability
(B-E[2]) 4,008,004 with probability

2 2 1
_ = e 4.~
E[(B-E[B] ] =1,002,001-Z+4,008,004. 2

Var|B| =2,004,002.

We may note that the variance of Game A is 2 whereas the variance of Game
B is morethan two million. This means, the payoff in Game A remains closer
to the expected valueof $1. On the contrary the payoff in Game B can deviate
very far from this expected value.

In economics high variance is often associated with high risk. For example, in
ten rounds of Game A, we expect to make $1 0, but could conceivably lose $10
instead. On the other hand, in ten rounds of game B, we also expect to make
$10, but could actually lose more than $20,000.

Theorem 2.2.3 (Pairwiselndependent Additivity of Variance).
If R, R,,... R, are pairwise independent random variables, then

Var[R +R,+..+ R,|=Var[R |+Var|R,]+..+ Var[R,]

R

ééE[R,Rj]

1]

I

> E[R,.]E[Rj:|+i E[Rf] (pairwise independence) (3)

1Si% jsn
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In (3), we use the fact that the expectation of the product of two independent Applied Probability T
variables isthe product of their expectations.
Moreover, ;J
, " ([ Te TV j
E*YR| = £ DR,
i=1 i=l
" 2
-($ela)
1={
=2 2 E[R]E[R,]
i=1 J=1
= > E[R]E[R ]+D E’[R] (4)
15 jSn I=} e
Therefore we get

3
~
- 1
SN
M-
i
N—
| S |
il

(&) ]-#[84]

= 3 E[r]e[r 3 E[R]-

(. Y
klsg;snE[R,]E[R_,]Jr;E [&] |

-SR-S e

i=1

= 3(e[&]-2[r)

i=]

2.2.2  Varianceof a Binomial Distribution
Take arandom variable R. It hasa binomia distribution, if |

Pr{R=k}= [ZJ r( -

where n and p are parameterssuchthat' » 21 and 0 < p<|.

If we take R asthe sum of » independent Bernoulli variables, then we can ‘
regard R as the number of heads that comes up when we toss » independent ‘ o
coins, (where each head comes up with probability p). Thus, we can write ‘

R=R +R,+..+ R, where

1 with probabilityp,
;= {O with prabability 1- p.




Quantitative Techniques Then variance of the binomially distributed variable R isgiven by
for Risk Annlysis Var[R| = Var|R |+Var|R,]+...+ Var[R,]

i

Il

n Var[Rl]
n(E[R]- E°[R])

n(E[R]-E*[R])

il

- = lp-p).

'From the above result we see that tlie binomial distribution has variance
p(1-p)n and standard deviation |/p(1—- p)n. It we consider a special case,
an unbiased binomial distribution with ( p =1/2), then the variance is n/4 and
the standard deviation is +/n/2 .

2.3 APPLICATIONSOF CHEBYSHEV'S
THEOREM

Let us reformulate Chebyshev's Theorem in terms of standard deviation.

Corollary 5.1. Let R be a random variable, and et ¢ he a positive real
number .

Pr{[R-E[R]2co,} szlz—

That is, the "likely" values of R are clustered in an O(o,)-sized region

around E[R]. This result. therefore, confirms that the standard deviation
measures spread out the distribution of R isaround its mean.

A One-Sided Bound

Chebyshev's Theorem gives a "two-sided bound”. That is we get the bounds
with tlie probability that a random variable deviates above or bel ow the mean
by some amount. We develop one-sided bound for it below. For example, let
us find the probability or a random variable that deviates above the mean.

2.3.1 Deviation of Repeated Trials

Using Chebyshev's Theorem we will show how the average of many trids
approaches the mean in alarge number of repeated trials.

Estimation from Repeated Trials

Let's take p as proportion of success of variable, a Bernoulli variable. G, with
G =1 for success and G =0 otherwise. In thiscase, G = G’ so

E[G*|=E[G]=Pr{G=1}=p
and

Var[G]= E[G* |- E'[G]= p- p* = p(1- p)
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To estimate p, we take a large number of trids, », and record the fraction of
success. Thus, we are taking Bernoulli varidbles G,,G,.....G, which are
independent each with the same expectation as G . Computingtheir sum

Sn = ZGI ' (5)
=1 .

and then using the average, S,/n. asour estimate of p.
Speaking more generally, we may take any set of random variables
G,,G,,...G,, with the same mean, p, and use the average, S, /n, to estimate

4. A critical property of S, /» isthat it has the same expectation as the G,'s,
namely,

S
E [——] = H (6)
n

Note that the random variables G, need not be either Bernoulli or independent
for (6) to hold.

To derive its variance, suppose that theG,' s also have the same deviation, o .
In that case, we get the second critical property of S,/n, that i,

n

Var F—} _o? %

Thus, the variance af §, is the sum of the variances of the G,’s. For example,

by Theorem 2.3.1, the variances can be summed if the G's are pairwise
independent. Then we derive,
Var[—‘gf’—} = ~]2~Var[S,,]

n n

= ;12- Var [i G,]

1 o
= e pgt = —,
n

With this result, we apply Chebyshev 's Bound and concludeas follows:
Theorem 2.3.1 [Pairwise |ndependent Sampling]. Let

Sn = i G/
i=]

\

where G),...,G, are pairwise independent variables with the same mean, .
and deviation, o . Then

. 2 .

Pr{ﬁi~;12x}s—!-[g-] : (8)
n n\x
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Note that Theorem 2.3.1 provides a precise statement about the average of
indepgndent samples of a random variable approaching the mean. We can
generalise it to many caseswhen S, isthe sum of independent variables whose

mean and deviation are not necessarily all the same.

2.3.2 Proof of the Weak Law

We can state the conclusion of the Wesk Law of Large Numbers, Theorem 2.1,
is that the probability average differing from the expectation by more than any
given tolerance approacheszero.

Theorem 2.3.2 [Weak Law of Large Numberg|. Let

Sn = Z Gi ?
i=]

where G,,..,G,,... are pairwise independent variables with the same
expectation, x and standard deviation, a.Forany >0,

lim Pr{ 2 e} =0
Proof. Choose x in Theorem 2.3.1 to be ¢. Then, given any & >0, choose
large enough to meke o/ x?) /n < 6. By Theorem 2.3.1,

S
§
n

So at the limit probability must equal zero.

Sn
——H
1

25}«5

Notice that this version of the Weak Law is dightly different from the verson

we first stated in Theorem 2.1. Whereas Theorem 2.3.2 requires that the G,'s

lhave finite variance, Theorem 2.1 requires finite expectation only. Again, the
original version of Theorem 2.1 requires mutual independence, while Theorem
2.3.2 requires only pairwise independence.

Note that both the Wesk Law and Pairwise Independence Sampling Theorem
2.3.1 do not provide any information about the way the average value of the
observations may be expected to oscillate in the course of repeated
experiments. We will see such a feature in Srong Law of Large Numbers
which deals with the oscillations. Such oscillations are critical in gambling
situations, where large oscillations can bankrupt a player, even though the
player's average winningsare assured in the long run.

Check Your Progress 1

| 1]  What isthe result of Wesk Law of Large Number?

-----------------------------------------------------------------------------------------

.........................................................................................

.........................................................................................

.........................................................................................

.........................................................................................



2) Writethe meaning of
(i) Markov's theorem and (ii) Chebyshev’s theorem.

3) How do you find two-sided bound given by Chybyshev’s theorem?

.........................................................................................

.........................................................................................

4) Consider » independent Bernoulli trials with Probability of success p, .
Find the probability of no failures.

Tsbrstec e asae trverraerense IEEEREY) I R R RN N R NN trrerergaesure
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--------------- R R N I I R A I N N R R N R R NN
N N N R A R I R RN RN R N IR EEE R R RN TN o
.................................................................. Pereves sttt n e
................. R R R R N N TRy Ry e R R R R N N N Y
R RN IEEEEREEE] R R R ] 4res e uae T N R Y] LEXT]

24 RANDOM WALKSAND GAMBLER'’S RUIN

Random walks model processes taking steps in a randomly chosen sequence of
directions, For example, in Computer Science, the Google search engine uses
random walks through the graph of world-wide web links and determines the
relative importance of websites, In case of finance, there are models which
consider one-dimensional random walks in the day-to-day fluctuations of
market prices. In the following we consider 1-dimensional random walks, i.e.,
walksaong astraight line.

Applied Probability i1
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bet outcomes:
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gambler’s
capital

time

Source: Meyer and Nagpal (2002)

Figure . Thisisagraph of the gambler's capital versus time for one possible sequence of
bet outcornes. At each time step, the graph goes up with probability |0 and down

with probability 1= p. The gambler continues betting until the graph reaches
either 0 or T=ntm.

Suppose that a gambler starts with n dollars - his initial money (capital). He
makes a sequence of $1 bets. If he wins an individual bet, he gets his money
back plus another $1. If he loses, he loses the $1. In each bet, he wins with
probability p>0 and loses with probability q=1- p> 0. The gambler plays
until either he is bankrupt ar increases his capital to a goa amount of. T
dollars, If he reaches his goal, then he is called an overall winner, and hisprofit
will be m =T - » dollars. If his capital reaches zero dollars before reaching his
goal, then we say that he is"'ruined".

Figure 1 shows the gambler’s position as he proceeds with his $1 bets. The
random walk has boundaries at 0 and T. If.the random walk ever reaches
either of these boundary values, then it terminates. With these constraints, our
objective is to determine the probability, w, that the walk terminates at
boundary T . That is, the probability that the gambler isawinner.

It iseasy to seethat p=q=1/2 in afair game. In that case random walk is
caled unbiased. The gambler is more likely to win if p>1/2 and less likely to
win if p <1/2; these casgs give the random walks which are biased.

Example 1. Suppose that the gambler is flipping a coin, winning $1 on Heads
and losing $1 on Tails, Also, the gambler's starting capital is n= 500 dollars,
aid he wants to make m=100 dollars. That is, lie plays until he goes broke or
reachesagod of I'=n+m=%$600. What iSthe probability that he is a winner?
We will show that in this case the probability w=5/6. So his chances of
winning are really very good, namely, 5 chances out of 6,

Let us suppose that the gambler chooses to play roulette in an American
casino, always betting $1 on red. A roulette whee! has 18 black numbers,18 red
numbers, and 2 green numbers. In this game, the probability of winning a
single bet is p =18/38 ~ 0.47. There are two green numbers, which introduce
hias to the bets and give the casino an edge. However, the bets are aimost fair,
and we might expect that the gambler has a reasonable chance of reaching his
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goa — the 516 probability of winning in the unbiased game surely _getS
reduced, but perhaps not too drastically.

But our guess is not correct. His odds of winning against the “siightly” unfair
roulette wheel areless than | in 37,000. No matter how much money the

gambler has to start, e.g., $5000, $50,000, or $5-10", his odds are till less
than 1 in 37,000 of winning a mere 100 dollars. Perhaps it will be better to
suggest for not playing the game,

The theory of random walks draws a lot of such counter-intuitive conclusions.

2.4.1 The Probability Space

A game like the one described above follows in Figure |. It starts at the point
(n,O). A winning path does not touch the x axis: In fact it ends when it first

touches the line y=T.
In a similar logic, a losing path will not touch the line y=T and will end
when it first touches the x axis.

We can take the length k path, which IS characterised by the history of wins
and losses on individual $1 bets. So we use a length k string of #'sand L's
to model a path, assigning probability p"¢*™" to a string that contains r W's.
The outcomes in such a sample space are the string that shows the winning or
losing walks.

In an infinite walks in which the gambler plays forever, neither reaches his
goal nor goes bankrupt. In such a game the probability of playing forever is
zero, so we don "t need to include any such outcomes in our sample space.

2.4.2 The Probability of Winning
The Unbiased Game

Consider the case of a fair coin, So the probability of winning p=1/2. Let us
determine the probability, w, that tlie gambler wins. If the random variable &
is equal to the gambler's dollar gain, the G =7 = if the gambler wins, and
(G =-n if lieloses, Thus, the expected value of win is

E[G] = w(T—n)—-(I - w)n =wl —n
Since the gambler wins or loses, the probability of losing is | —w.

Let G, be the amount the gambler gains on the ith flip: So, G,=1 if the
gambler wins the flip, G, =~—1 if the gambler loses the flip. and ¢, =0 if the
game hasended before the ith flip. As the coin is fair, E[G,]:: 0.

Thus, wl'=n=E(G)= iE(G,.) =0
=)

H
ar, W=—

-

Theorem 2.4.2. In the unbiased Gambler's Ruin game with probability
p=1/2 of winning each individual bet, with initial capital, », and goal, T,
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Pr{the gambler isawinner} :2 9

Example 2. Suppose we have $100 and we start flipping a fair coin, betting $1
with the aim of winning $100. Then the probability of reaching the $200 god
is100 /200 =1 /2 — the same as the probability of going bankrupt. In general,
if T=2n, then the probability of doubling your money or losing al your
mcney is the same.

Example 3. Suppose we have $500 and we start flipping a fair coin, betting $1
with the aim of winning. $1 00.

So n =500, T'= 600, and Pr{win} =500 /600=5/6.

Example 4. Suppose John starts with $100, and Sita starts with $10. They flip
afair coin, and every time a head appears, John wins $1 from Sita, and vice
versafor tails. They play this game until one person goes bankrupt. What is the
probability of John winning?

Framethis problem as is done in case of Gambler's Ruin problem with #=100
and 7=100+10 =110. The probability of John winning is 1001110=10/11,
namely, the ratio of his wedth to the combined wealth. Sita's chances of

winningarel/11.

It is easy to see that although John will win most of the time, the game is till
fair. When John wins, he wins $10 only; when he loses, he loses big: $100.
The expected win of both players is zero.

Another .result of the analysis is. the larger the gambler's initial stake, the
larger the probability that he will win afixed amount.

Example 5. If the gambler started with one million dollars instead of 500, but
amed to win the same 100 dollars as in the Example 3, the probability of

winning would increasetol/(iM +100) > 0.9999,

2.4.3- A Recurrencefor the Probability of Winning

Let p and T be fixed, and let w, be the gambler's probability of winning
when his initia capital is n dollars. For example, w, isthe probability that the
gambler will win given that he starts off broke; clearly, w, =0. Similarly, for
W, =1.

Suppose that, the gambler starts with » dollars, where 0 < n< T. Consider the
outcome of hisfirst bet. The gambler wins the fiest bet with probability p . In

that case, he is lek with »+1 dollars and becomes a winner with probability
w,,;. On the other hand, he losesthe first bet with probability 1-p. Now heis

left with n-1 dollars and becomes a winner with probability w,_,. Thus, he
winswith probability w, = pw,., +gw,_, . Solving for w, ., we have

n+t A+l

W=ty L. (10)
p



Homogeneous Linear Recurrence Applied Probability 11

The definition of aquantity w,,, in termsof a linear combination of values w,

for k < nt1 iscalled ahomogeneous linear recurrence. These can be solved
with the help of a genera method. Suppose that the form of the solution is

w, =c¢" for some ¢> 0. It can be shown it is value of aconstant c

From (10) we have

wo——2rw Ly 1n

n+ n-}

For the correct solution, this is equivalent to

n

Cn+| ——c-"'l-Cn_l _(I_ = O
P p

Factoringout ¢"' we get
+iy.

c-—tLl=
PP H

From the above equation we get two roots, (1 - p)/p and 1. If

w,=((1-p)/p) =(a/p)". .

then (11), and hence (10) will be satisfied. Taking w, =1" condition (11) can
be satisfied, Since the left-hand side of (11) is zero using either definition, it
followsthat any definition of the form

Cw, =A[i} +B-1"
p

will also satisfy (11). For the values of w, and w,, the boundary conditions
wesolvefor A and B to gel

O=w,=A+8,
| }
1=w7.A[~q-] +B,
p
Thus, A=———  B=-4, (12)
(¢/p) -1
and
w»,,:-(i’l-*’fl,.—:l. (13)
(a/p) -1

The solution (1 3) only applies to biased walks, since we require p =g so the
denominator is not zero.

Theorem 2.4.3. In the biased Gambler's Ruin game with probability, p=1/2,
of winning each bet, with initial capital, », and goal, T,
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n “1
M (14)
(¢ p) -1
To appreciate the idea of the probability that the gambler wins in the biased
game, suppose that p <112; that is, the game is biased against the gambler.

Then both the numerator and denominator in the quotient in (14) are positive
and the quotient is less than one. So adding ! to both the numerator and
denominator increases the quotient, and the bound (14) simplifies to

(/)" [(a/p) =(pla) ™.
Corollary 10.7. In the Gambler's Ruin game biased against the gambler. that
is, with probability p <1/2 of winning each bet, with initial capital, n, and
god, T,

Pr{the gambler is winner) =

Pr{the gambler isawinner} <[§—] , (15)

where m=T —n,

the gambler's intended profir. Thus, the gambler gains his intended profit, m,
before going broke with probability at most (p/¢)" . In this result, the upper
bound does not depend on the gambler's starting capital. To see the
consequences of this, we give the following examples:

Example 6. Suppose that the gambler starts with $500 aiming to profit $100,
this time by making $! bets on red in roulette. By (15), the probability, w,,

that he isawinner is lessthan

f18/38]m°_(2]m< !
G2038) ~\io) “37688°

This is in sharp contrast to the unbiased game, where we saw (in Example 3)
that his probability of winning was 516.

Example 7. Consider Example 3 and the capital to be $1,000,000 to start in the
unbiased game. The gamble was almost certain to win $100. But betting
against the "dightly" unfair roulette wheel, even starting with $1,000,000, his
chance of winning $100 remains less than 1 in 37,648. He will almost surely
lose all his $1,000,000. In fact, because the bound (15) depends only on his
intended profit, his chance of going up a mere $100 is less than [ in 37,648 no
matter how much money he startswith.

* The bound (1 5) is exponential in m. So, for example, doubling his intended

profit will square his probability of winning.

Example 8. Suppose that gambler’s stake goes up 200 dollars in the above
example. What is probability that he wins before going broke in the roulette
game?

We haVC (9/10)200 = ((9/10)100)2 = (37 1648]-,

which isabout 1 in'70 billion.



Example 9. Apply the formula (14) and find that the probability of winning
$1 0 before losing $1 0

(20/38

10
(i) -1 =0.2585 ...

(.zm&)” —
18738

See that this is somewhat worse than the 1 in 2 chance in the fair game.

Here,

What is lesson of fair and unfair game's formulation?

In case of afair game, it helps if we to have a large capital, whereas in the
unfair case, it doesn't.

2.4.4 |ntuition

It will be useful to see the intuition behind the gambler's failure to make
money when the game is slightly biased against him. Seen in terms of roulette
game, the gambler wins a dollar with probability 9/19 and loses a dollar with
probability10119.

Therefore, his expected return on each bet is
9/19-10/19=-1/19 = -0.053 dollars.

That is, on each bet: his capital is expected to drift downward by a little over 5
cents.

If the gambler starts with a trillion dollarse then he will play for a very long
time. So at some point there would be a lucky outcome. Perhaps an upward
swing will put him $100 ahead. However, there is a problem in this
formulation. His capital drifts downward steadily. If the gambler does not have
luck for an upward swing early, then he is doomed. The logic issimple: After
his capital drifts downward a few hundred dollars, he needs a huge upward
swing to save himsdf', Perhaps, such a huge swing is extremely unlikely.

To quantify these drifts and swings, consider the position after k rounds, Let
the number of wins by the player be a binomia distribution with parameters
p<1/2 and k. Then his expected win on any single bet is p=q=2p-1

dollars. Thus. his expected capital is 7 - k{1-2p). The actual number of wins
must exceed the expected number by mi-+ k(1—-2p) to be a winner. Since the

binomial distribution has a standard deviation of only ./kp(1~p), for the
gambler to win, he needs his number of winsto deviate by

mri-20) ()

kp(1-2p)

times its standard deviation, which is ~~~~| idkrelty tail position of binomia
distribution.

In contrast, afair game does not witness drift; swings are the only effect, Dire
to this, our earlier result holds good. Therefore, if the gambler starts with a
trillion dollars, then almost certainly there will be a lucky swing that puts him
$100 ahead.
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Analysis The discussion above pointed out that the gambler would be a winner in both
fair and unfair games. Let us enquire, how many bets he needs on average to
either win or go broke.

Biased Walk Case
Let Q bethe number of betsthe gambler makes until the game ends. Since the
gambler's expected win on any bet is2p -1, Wald's Theorem (se Appendix
given a the end) should tell us that his game winnings, G, will have
expectation E[Q](2p-1) . Thus,

E[G]=(2p-1)E[0] (16)
In an unbiased game (16) is a trivial result as both 2p—1 and the expected
overal winnings, E[G], are zero. In the unfair case, however, 2p=1=0.

Moreover,
E[G] = w"(T—n)-(l—wn)n =w, I ~-n
So assuming (16), we say:

Theorem 245. In the biased Gambler's Ruin game with initia capital, n,
goa, T, and probability, p=1/2 of-winning each bet,

Pr{gambler isawinner] T—n
2p-~1

E[nuber of betstill game ends] = (17)

Since G= ZZ|G’ is not a sum of nonnegative variables we do not have a

specia case of Wald's theorem and if the gambler loses the ith bet, then
random variable G, equals 1. To confirm that (16) applies in general cases,

take the random variable G, +1 is nonnegative, and
E[G+11Q2i]=E[G |Qzi]+1=2p,

S0 by Wald's Theorem
| E[é(G,+l)}=2pE[Q] " | - (18)
But E{é(qﬂ)} = E[i6+il] |
- {g0)4
_ Eréq}uE[Q]
= E[_G]+E[Q] (19)

Combining (18) and (19) we get the result implied by (16).




Example 10. If the gambler aims to profit $100 playing roulettewith » dollars Applied Probability I
to start, he can expect to make ((n +100)137, 648-n)/(2(18/38)- 1)~ 19n

bets before the game ends. So he can enjoy playing for a-good while before
amost surely going broke.

Duration of an Unbiased Walk

Consider the expected number of bets as a function of the gambler's initia
capital. That is, for fixed p and T, let e, be theexpected number of bets until

the game ends when the gambler's initial capital is n dollars. Since the game
isover in no steps if »=0 or T, the corresponding boundary conditions are

e,=¢€.=0.

Alternatively, let the gambler start with n dollars, where 0 <n < T. By the
conditional expectation, the expected number of steps can be broken down. So
that,

e, = pE[Q | gambler winsfirst bet] + ¢E[ Q| gambler loses first bef].

When the gambler wins the first bet, his capital is n+1, so he can expect to
make another e,,, bets. That is,

E[Q| gambler winsfirst bet] = | te,,, .
and similarly,

E[Q]gambler losesfirst bet] = +e,_, .
So we have

e, = p(1+e,,+,)+q(1+e,,_,) =pe,,+qe, ,+1,
which yields the linear recurrence

e, ¢ 1

en+|': M_Men—l T
p pr P
For p=q=1/2, thisequation simplifies to
€ = 26" -"28" L 2. (20)

There is a general theory for solving linear recurrences like (20) in which the
value a n+1 isa linear combination ofgalues at some arguments k < n+1
plus another simple term — in this ca#e plus the constant — 2. This theory

implies that ;

e, =(T=n)n. 1)
Equation (21) can be verified easily from the boundary condition along with
(20). Using strong induction on #, we have,

Theorem 2.4.5.1. In the unbiased Gambler's Ruin game with initial capital, n,
and goal, T, and probability,

E[number of betstill game ends] = #(T - n) (22)

or, E[number of betstill game ends] = initiéfcapital intended profit. (23)
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To see the result, consider that if the gambler starts with $10 dollars and plays
until he is broke or ahead $10, then 10 - 10 =100 bets are required on average.
If he starts with $500 and plays until he is broke or ahead $100, then the

expected number of bets until the game is over is 500 % 100 =50,000.

24.6 Right Timeto Quit

Let the gambler start with n> 0 dollars, without atarget T, and let him play
until going broke. Then we find that if the game is not favourable, i.e.,
p<1/2, the gambler is sure to go broke. In particular, he is even sure to go

brokein a"far" gamewith p=1/2.
Lemma 2.4.6.1. If the gambler starts with one or more dollars and playsa fair
game until he is broke, then he will go broke with probability 1.

However, if the game is fair, he can "expect” to play for a very long time
before going broke; in fact, he can expect to play forever.

Lemma 2.4.6.2. If the gambler starts with one or moredollars and playsa fair
game until he goes broke, then his expected number of playsis infinite.

A game without bounds will have a larger expected number of bets compared
to the bour ded one because, in addition to the possibility that the gambler goes
broke, in the bounded game there is also the possibility that the game will end
when the gambler reaches hisgoal, T . That is,

u,>e,.
From (21) we have
u,> n(7 -n)

If n2(T-n), and Tzn then lower bound on u, can be arbitrarily large,
which implies u, must be infinity.

Take Lemma 2.4.6.1, along with a probability .1. Then the unbounded game
ends when the gambler goes broke. Therefore, the expected time for the

uhbounded game to end is the same as the expected time for the gambler to go
broke and the expected timeto go broke is infinite.

Probability of at least one event

Theorem 2.4.6. Let A A,,...A,, be independent events, and let T be the
number of these events that occur. The probability that none of the events
occur isat mogt ™1™,

T=L+T,+..+T, (26)
where T; isthe indicator variablefor theevent A,. Wealso usethefact that |

I+xge” =M
for al x, which followsfrom the Taylor expansion

2 3

x XX
st =X —t =,
2 3l

Two useful special casesof Theorem 2.4.6 are given in the following:



Corollary 15.2. Suppose an event has probgbility 1/m . Then the probability
that the event will occur at least once in m independent trials is at least
approximately 1. 1/e = 63%. There isat least 50% chance the event will occur

in n=mlog2=0.69m trials.

Check Your Progress 2
) What isgambler’s ruin problem?

-----------------------------------------------------------------------------------------

.........................................................................................

..........................................................................................

.........................................................................................

2) What isthe probability of agambler winning in afair coin toss game?

3) Writethe meaning of recurrence for the probability of winning.

.........................................................................................

2.5 CHERNOFF BOUNDS

Probability of at least k Events

We generalise the above theorem from probability that one event occurs, to
probability that k events occur, assuming mutua independence of the events

A,. In other words, we find the probability Pr{ Tz k} , given that the events A,
are mutually independent.
Consider two examples, which describe different Scenario.

Example A. Suppose we want to know the probability that at least k heads
come up in N tosses of a coin. Here A, isthe event that the coin is heads on

the ith toss, T isthe total number of heads,-and i’{{Tz k} isthe probability
that at least k heads come up.

Applied Probability 11

67



68

Quantitative Techniques
for Risk Analysis

Example B . Suppose that we want the probability of a student answering at
least k questions.correctly on an exam with ¥ questions. In this case, A, is

the event that the student answers the i th question correctly, T is the totd
number Of questionsanswered correctly, and Pr{T =k} isthe probability that
the student answersat least k questionscorrectly.

The difference between these two examples: In the first, al events A, have

equal probability, i.e., the coin is as likely to come up heads on one flip as on
another. So T hasa binomia distribution whose tail bounds we have already
characterised above.

On the other hand we have a situation where, some examination questions
might be more difficult than others. If Question 1 is easier than Question 2,

then the probability of event A, isgreater than the probability of event A.,.

In following we develop a method to handle this moie general situation in
which the events 4, may have different probabilities.

Taking Chernoff bound we will show that the number of events that occur is
amost never much greater.than the expectation. For example, if we toss N
coins, the expected number of heads is N/2 heads. The Chernoff Bound
impliesthat for sufficiently large N, the number of heads isalmost always not
much greater than N/2.

Statement of the-Bound

Chernoff s Theorem can be stated in terms of Bernoulli variables instead of
events. However, we oan take 7, asan indicator for the event A,.

Theorem 2.5. (Chernoff Bound). Let 1;,7;,....7, be mutually independent
Bernoulli variables, and let

T=T+T,+..+T,.
Thenfordlcz1, we have

Pr{T 2 cE[T]} < g7l (28)

The formulafor the exponent in the bound'is a little awkward. The situation is

simpler when c=e=2.718... In thiscase,
clnc-c+l=elne-e+l=e¢-1-e+1=1,

so we haveas an immediate corollary of Theorem 2.5:

Corollary 152. Let T,,7,,...,T, be mutually independent Bernoulli variables,
andlet T'=T7,+T,+..+T,. Then

Pr{T Z‘eE[T]} <e

26 STRONG LAW CF LARGE NUMBERS

We described the Weak Law of Large Numbersabove and took up the question
of what was the strong law of large numbers we might prove. Roughly
speaking, the strong law says that with probability 1, the bound of the weak



law will hold for al but a finite number of the S, simultaneously-there will
only be finitely many exceptions to it.

Theorem 2.6. [The Strong Law of Large Numbers]

Let S,=> = X,where X,,..,X,...are mutually independent, identically
distributed random variables with finite expectation, x. Then .. )

Pr{limi:,u}ﬂ.
X—ya n

Although Theorem 2.6 can be proven without this assumption, we will assume
for simplicity that the random variables X, have a finite fourth moment: That

is, we will suppose that
E[X']=K <w, (29)

Check Your Progress 3
1) . What do you mean by symmetric random walk?
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2) If agambler is playing with the aim of winning a fixed amount, what are
the chances of hissuccess?
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----------- Savesseanran IR R Y R R R P PR TN Crry bt et st e sy
----------- R N N N N N N RN RN RN
----------------------------------------------- R R R Ry N teverenaan e
R N e S X AR R AR ) Porsssavsarane Sesrretsarer BRI Iy tsrases vaave
............................ R N Y RN RN RN ) » . vey . raa

3) Suppose an event has probability of i, Find the probability that the event
m
will occur at least once in independent trials.

-------------- P N N R N R R RN N R AR

R TN R RN + sreaseny IEEREXNEN] . . ] iners e

-------- Y Y XN DR N R AP N R ] LX) sresEn b ene

] Yasaessenae XX} L N N R Ny N RN TN S TN Fresvesann [AXENYT
.
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4) TakeT,T,..T, to be mutualy independent Bernoulli variablesand let
T=T+T,+..+T,. SO that

Pr{(T 2 cE[ T] )k exp(+ ¢ logc-c+1)E[T])

5) Writethe meaningof Strong Law of Large Numbers.

-----------------------------------------------------------------------------------------

27 LETUSSUM UP

In this ﬁnin‘e have discussed the probabilistic idea that the average of a large
number of trials is likely to be within an acceptable level of the expectation.
For that purpose we have examined the results of Markov's theorem,
Chebychev's theorem and the pairwise independent sampling theorem.
Building on such findings we extend the coverage to include random walk and
discussed the gambler's ruin problem with the different scenarios of initia
capital aswdl as conditionsof variance.

- 28 KEY WORDS

Chernoff Bound: A lower bound for the success of majority agreement for n
independent, equally likely events. The Chernoff bound isa specid case of
Chernoffs inequality.

Chernoff's inequality: It statesthe following:
Let X, X,...X,
: beindependeht random variables, such that
E[X,]=0and |X,|<T forall i,

Gambler's Ruin: A 'gamblerts loss of the last of her unit of gambling money
and consequent inability to continue gambling. It isis also sometimes used to
refer to a fina large losing bet placed in the hopes of winning back al the
gambler has lost during a gambling session. More generally, the phrase refers



to the ever decreasing expected value of a gambler's initial capital as she
continues to gamble with her winnings.

Markov Property: A property of a stochastic process in which the past and
future are independent.

Random Walk: Taking successive steps, each in arandom direction.

Recurrence: A relation in an equation which defines a sequence recursively,
i.e., each term of the sequence is defined as a function of the preceding terms.

Stopping Time: With respect to a sequence of random variables X, X3, ... a
random variable 7 with the property that for each ¢, the occurrence or non-
occurrence of the event © = ¢ depends only on the values of X}, X3, ..., X. Thus,
at any particular timet, you can look at the sequence so far and tell if it istime
to stop.

Strong Law of Large Numbers: As the sample size grows larger, the
probability that the sample mean and the population mean will be exactly equal
and approaches 1.

Weak Law of Large Numbers. As the sample size grows larger, the
difference between the sample mean and the population mean will approach
zexo.

2.9 SOME USEFUL BOOKS

Meyer, A. and Radhika Nagpal (2002), Mathematics for Computer Science
(course Notes 13-14), MIT, Cambridge, MA (see internet)

Ross, Sheldon, (1996), Stochastic Processes, Second Edition, John Wiley &
Sons, Inc. New Y ork

210 ANSWER OR HINTSTO CHECK YOUR
PROGRESS

Check Your Progress 1

1) SeeSection 2.3 and answer.

2) SeeSection 2.3 and answer.

3) SeeSection 2.3 and answer.

4) Hint: Take Pr (F=0} = p;' and proceed to find
Pr{F<l}=p!+n(1-p,)p!". Get

E[F] =§i(j’)(1~ps)l P =n(1-p,)

Check Your Progress 2

1) See Section 2.4 and answer

2) SeeSub-section 2.4.2 and answer
3) SeeSub-section 2.4.3 and answer
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Check Your Progress3

1)
2)

3)

4)
5)

Read Section 2.4 and answer
Hint: Always succeedsin the'longrun

Hint; Get 1- 1 ~63%. So there isa50% chance the event will occur in
e

n=log2m= 0.69m trias

Hint: Find Chernoff Bound
See Section 2.6 and answer

2.11 EXERCISES

1)

4)

Suppose you roll n dice that are 6-sided, fair and mutually independent.
What isthe expected value of the largest number that comes up?

I T2 3" +4" 4 5"

6' |
In casino following game is pla'yed':';The gambler bets a fixed wager and
the owner of casino flips afair coin until it comes of heads. The gambler

receives $1 if the coin turns up heads the first- time, $2 if it turns up the
first head at second toss. Let the owner tosses the coin "k times,and

gambler gets $2*' to get the first head.

i) What is the expected amount of money that the gambler will Wn
wth afixed wager of $10?

Ans. ¢« amount

i) What is the probability that the gambler does not lose money in a
game when fixed wager is $10,000?
1
16,384
Suppose that all dice are fair and. six-sided and that dice rolls are mutually

independent. Find the expected value for each of the following random
variables.

Ans. 6

Ans.

i)  Sumof therollsof three dice. (Ans. -251—)

i)  Product of therolls of three dice (Ans. %@ )

Two gambling games have the following patterns of bets .

Game 1. You win $2 with probability 213 and lose $1 with probability
113

Game 2. You win $1002 with probability 2/3 and lose $2001 with
probability 113, \

i) Whatisthe eipected win in each case? (Ans. 1)
i) What isthe variance in each case (Ans. 2)



3)

6)

Suppose you have learned tat the average MEC students total number of
marks 200.

a) UseMarkov’s ineguality to find a best possible upper bound for the

fraction of MCE studentswith at least 235 marks. (Ans. %g)

b) Suppose you are told that no student can pass with less than 170
marks. How does this help to improve your previous bound? Show

that this is the best possible bound. (Ans %)

o) Suppose that you further learn that the standard deviation of the total
marks per studdnt is 7. Give a best possible bound on the fractian of

studentswho can graduate with at least 235 marks. (Ans. %)

Leg X, Y be independent Binomiad random variables with parameters
(n,p) and (m,p), respectively. What is Pr{X+Y =k}?

(Ans. (m; n] pk (] :_P)mw—k
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Appendix to Unit 2

Wald Theorem

Let C,,C,,.... beasequence of nonnegative random variables, and let Q bea
positive interger-valued random variable, dl with finite expectations, suppose
that

E[C,(QZi]z,u
forsome e R andforal i=1. Then

E[C +C,+..4Cy |= uE[Q].
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3.0 OBJECTIVES

After going through this unit, you will be able to:

e understand the features of important processes used for analysing problems
which are chasracterised by time and randomness; and

* jdentify appropriate stochastic processfor model building in insurance.

31 INTRODUCTION

An important task before the insurance industry is risk management. Events
often emerge in course of its functioning which are difficult to predict.
Therefore, attempts are made to understand their behaviour using different
models. The following discussion introduces some of stochastic processes
which have drawn the attention of analysts working in the field of actuarial
science. In discussing the themes we have put greater emphasis on the
underlying meaning of stochastic processes to help grasp their importance
from application perspective. The discussion presented in this unit draws its
inputs mainly from two sources. One isa dlide presentation entitled, 'Stochastic
Models for Actuarid Application’ available in the internet without containing
the author's name. Some of definitionsand examples used in the unit have been
taken from the source (and we thank the author for the efforts). The other
source we have utilised is Marco (2005). Some of the notations and equations
are adopted from it without acknowledging the source. The limited purpose of
introducing the concepts has resulted in sidelining many exciting formulations
and their derivations from the purview of present unit. For reference an
elaborate treatment on the themes Ross (1 996) could be seen.

3.2 STOCHASTICMODELS

In economic problems. sequences of events take time and occurrence of many
events is unpredictable. As a stochastic process means time and randomness,
we will discussthe events in the framework stochastic process.

Let a stochastic processX ={X {r)} t e T be a collection of random variables

For ech t in the index set T, X (¢) isarandom variable, When we interpret

tastime, X (t) representsthe state of the processat time¢. If the index set T

IS a countable set, we have a discrete-time stochastic process, and when non-
countable continuous, a continuous-time stochastic process, In most cases, a
stochadtic variable has both an expected value term (drift term) and a random
term (volatility term).

3.2.1 Classfication
If the random variable X (¢) is

* discretethen the process {X'(¢),¢ & T} hasadiscrete state space; and

e continuous then the process {X (1), & T'} hasa continuous state space.



3.22 SamplePath

Any realisation of a stochastic process Xis caled a sample path. Thus, a
sample path or a realisation of stochastic process {X(¢),r T} is a particular
assignment of possible valuesfor X (1) fordl tT.

For example, the observed share prices for an asset at the end of each day's
trading over & year isa realisation or sample path for the share price.

3.2.3 Increments
Consider two pointsof time and take
X(t+u)-X(),u>0.
Then we have two categories of increases:
A stochastic process has independent increments, if the random variables
X(ty), X(0) =X(@t,), X(ty) - X(t), ... X(t,) - X))
are independent for all shares or, equivalently is independent of X(s) for
S<r. :
3.24 Stationary Increments
A stochastic process has stationary increments, if X, , = X, , hasthe same
distribution of X (¢,) — X(¢,) for dl choicesof t,,z, andr> 0.

3.3 GENERAL CONCEPTS

Some general concepts of stochastic processes are presented below:

3.3.1 Lévy Processes

Lévy Processes are stochastic processes with sationary  independent
increments and continuous in probability. Stationary increment property means
that the probability distribution for the changes in the stochastic
variable X depends only on the time interval length,

Independent increments means that for all time instant t, the increments are
independents. The two most basic types of LCw processes are Wiener
processes and Poisson process.

3.3.2 Lévy Process

Lévy Processes have the following property: given that its current state is
known, the probability of any future event of the process is not dtered by
additional knowledge concerning its past behavior.

Formally, the probability distribution for X,,, depends only on X, and not
additionally on what occurred before time t. That is, it doesn't depend on X
where s < ).

3.3.3 Ito Process

It6 Process isa generalised Wiener process. A Wiener processis also a special
case of a strong diffusion process that is a particular class of a continuous
time Markov process.

Stochastic Process
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A continuous time Wiener Process (also called Brownian motion) is a
stochastic process with three properties:

e |t is a Markov Process. This means that al the past information is
consdered in'the current value, so that a future's value of the process
depends only on its current value not on past values. The future valuesare
not affected by the past values history. In finance, this is consistent with
the efficient market hypothesis (that is the current prices reflect al
relevant information).

o It has independent increments. Change in one time interva is
independent of any other time interval (non-overlapping).

¢ Thechangeof valueover any finitetime interval is normally distributed,

So, it has dationary increments, besides the property of independent
increments. Therefore, it is a particular Lévy process (Lévy process with
normd distribution for the increments).

The It6 process (or generalised Wiener Process) for the value of a project V is:
dv =a(V,t)dt+b(V,t)dz

The generalised tem is because the drift a(V,t) and the variance
b(V,T) coefficientsare functions of the present state and time.

The integra version for thisequation isthe following stochastic integral:
V(6)=V(0)+ [a(V.s)ds+ [b(V,s)dz
Asan illustration of stochastic integral, consider the following mean-reverting
process (arithmetic Ornstein-Unlenbeck) process:
de=n(m-x)dt+odz

where m is an equilibrium level to which the process reverts and 7is the
reversion speed. The value of the stochastic processat afuture date7, that is,

x(T), given the starting value
X(0)is x(T)=x(0)e™ +(I -e”’7')m+0‘e""" '[:.e”'dz(t)

3.34 Point Process

Point Process is a stochastic process whose realisations are, instead of
continuous sample paths, counting measures. Any counting process, which is
generated, by an independent identically distributed (iid) sum process (7, )is
called renewal counting process.

The simplest and most fundamental point processis the Poisson process, aso
referred as jump processin thefinancial literature.

The Poisson process is a counting process in which interarrival times of
successive jumps are independently and, identically distributed (i.i.d)
exponentia random variables.

The Poisson process is an example of renewal counting process.



Homogeneous Poisson process has the following three properties:

1) It starts at zero. This means that att = 0, there isr» jump. From counting
of view, N(0)=0(the number of jumps in the process Nis zero a

t=0).

2) It hasindependent stationary increments. That is, a Poisson processisalso
~=aspecia Lévy process.

3) “Fort>0, the probability of #jumps occurrence until time tis:
PIN()=n]=(1/n) (A1) e*;n=0,1,2..

which is a Poisson distribution with parameter A

The Poisson distribution tends to the normd distribution as the
frequency Atends to infinity. So, a Poisson distribution is asymptotically
normdl.

A Non-homogeneous Poisson Process is more genera than the homogeneous
one: the stationary increment assumption is not required (and the independent
increment assumption is retained), and the constant arrival rate A of a Poisson
processis replaced by atime-varying intensity function.

3.35 Compound Poisson Process

Let @, be a sequence of i.i.d. random variable. These identical probability
distributions can be interpreted as the jump-size distributions. Let N (1) be a

Poisson process, independent of ®,. Then the following process is called a
compound Poisson process:

N(1
X(’) = iq)./
e

The sum of two independent compound Poisson processesis itself a compound
Poisson process.

A jump isdegeneratewhen the variable can only jump to afixed value.
Example3.1

The case of " sudden death™ process is degenerated jump, in which the variable
drops to zero forever. It is interesting to note that combination of Poisson
process with Brownian motion is related to LCvy process. In the sample paths
of LCwy processes the large increments or “jumps” are called “Lévy flights" .
3.3.6 Poisson-Gaussian Processes N

Also named as jump-diffusion processes are a combination of Ité process with
a Poisson process, (a mixed, continuous with discrete), can be described by the
following equation:

dv=a(V,t)dt+b(V,t)dz+Vdg |
where the terms are as before but the additional dg is a Poisson term defined
by:

dg=0...... with probability 1= Ad:

Stochastic Process
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dg=®-~1....... with probability Ad
The processes dz and dq are independents.

In the above equation,A is the arrival rate of jumpsand @ is the jump sSze
probability distribution. Note that the jump size/direction can be random.

In case of jump, the stochastic variable V will change from Vto V®.
The other equivalent format to write thisjump-diffusion is:

dv=a(V,t)dt+b(V,t)dz+V (®-1)dq
where the Poisson term dq is here defined by:

=90 ....cc....... with probabilityl- Adt

=1 . with probability Adt
The integral version for thisequation is given by

v(t)=v(0)+ La(V,s)dH- £b(V,s)dz+]§c(V,s)dqj

J=

whereN (f)is the number of jumps until the instant tdrawn from Poisson
distribution. In most cases

afV,s) =drift=aV

for the geometric Brownian case; but could be mean-reverting drift, which has
other format

b(V,s)=0oV
c(V,s)=V (®-1)

For the geometric Brownian with Poisson-jumps, the logarithm verson
(v = LnV)of the stochasticequation is

d(LnV)=(a- O.So’)dt todzt Ln(®)dg

The returns generated by a jump-diffusion processare not normally distributed,
presentingfatter tails.

When comparing with a normal distribution (from pure Brownian processes),
the above distribution presents higher pesk and consequently fatter tails.

Even being small tails (low probability density), its size could be large losses
(or large gains) for financia or red derivatives (for meaning see Unit 4). In
'that case, jJumpscan be very important.

In financia applications, the most relevant jump-diffusion process is a
combination of mean-reversion (continuous process) with jumps (discrete
Poisson process).

In real options applications, in genera, we are interested in low frequency
largejumps (rare large jumps), which can be jump-up or jump-down.

Less realistic for commodity prices is the combination of large jumps with
high frequency of jumps arrival. We say less redlistic because the idea ISto



associate jumps with "abnormal" rare events (very important event), whereas
the continuous process (mean-reversion) isassociated with the " normal event™.

The problems with jump-diffusion processes are the parameters estimation and
the portfolio hedging. Even with some practical problems, the jump-diffusion
process is perhaps the best for most uncertainty of commodities prices.

Bernoulli jump process: Poisson process as limit of Bernoulli process

Let usrecall that Bernoulli distribution isaunivariate discrete distribution with
only two discrete scenarios, one occurrence of events with value zero (failure)
and another with value 1 (success). The parameter p (probability of the event
with value 1) is also the mean of this distribution. The figure below illustrates
the Bernoulli distribution for p=0.3 (or 30%). .

Bernoulli Distribution

0 1

Scenarios

Bernoulli distribution is the building block to construct many other
distributions in probability, such as binomial, geometric, hypergeometric,
negative binomial, and Poisson. Here we will use the Berioulli distribution to
set the occurrence (event X =1) of ajump in a stochastic variable,

Let us first define the concept of a function f being 0(4)(“order h7). The
function f iscalled to be 0(4) if:
‘ Iim———f (h)
-0 h

The link between Bernoulli and Poisson distribution can be developed as
follows:

=0

Let N () be the number of events (jumps) arriving in atime interval of length

¢. Denote n as a positive integer, 'and consider the subdivision of the time
. interval (0,¢) into nequal subintervals of length h, so that h=t/n.Let X, be

the number of jumps (events) that occurs in subinterva j . By the stationary
independent increment assumption, we have

N(@=3x,

This is a counting process summing tii.i.d. random variables with the
properties:
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*N(0)=0

*Prob[ X, =0]=1-Ah+o(h)

*Prob[ X, =1]=Ah+o(h)

*Prob| X, >1] =o(h)
If nis a large number, the probability of a jump in this subinterval jis
negligible so that each X, is approximately a Bernoulli random variable with

parameter Ak=At/n.

There is an aternative way to define a Poisson, which is equivaent to the
previous definition, as we will see below.

Being a sum of independent and identically distributed Bernoulli random
variable, N hasa binomid distribution. The binomial distribution is given by:

Prob[N =K]= [ZJ[{ET (1 —i}f]mk

where £ =0,1,2....

What happens if the time subinterval is very smal, that is, if ntends to be
infinity? The binomial distribution tends to the Poisson distribution with

parameter A ¢. Thus,

-4 -y

= n n k!

Let us assume that the time interva tis very small. Consequently, Nis wel
approximated by the Bernoulli random variable X with parameter At .

Thatis, X = Be(At)given by:

*Prob[X =0]=1-X
*Prob[x=1]= At
The main feature of the Bernoulli jump process is that over a period of time

t(i.e., lday), either no abnormal (jump) information occurs or only one
relevant abnormal (jump) information occurs.

Under regular conditions, the parameter estimated are asymptotically unbiased,
consistent, and efficient, which can be obtained through maximum likelihood

estimation.

In addition, the statistical test of the null hypothess A=0, can be
implemented.

The parameter from the Poisson-Gaussian process of mixing jump process
with a geometric Brownian motion (GBM) can be estimated with a Bernoulli

mixture of normal densities. Over t =1day, the stock return density (X)s
in this case:
f(X)=(1-2)®(5,6%)+ 4@ (0,07 +&*)



where the mean jump size equal =0, jump size variance =¢&2, and daily
volatility of the GBM = ¢ . The above density expression can be interpreted as
the convex combination of two normal densitiesone of them with the variance
augmented by the jump-size variance.

Assuming ndaily stock return X =(X,,i=1,2,...n),and denoting by y the
vector of parameters to estimate (4,0,4,a) the logarithm of the likelihood
function L(x;y)is

nL(s)=Sn /(i)

So, the empirical job of maximum likelihood estimation consists in
maximising the above function for the four parameters, This is performed by
deriving the above expression in relation to each one of the four parametersto
estimate and equating these equationsto zero. The sufficient conditionsfor the

existence of maximum require that the matrix H (X;y)be positive definite,

whereH (X Y)is formed by the second derivatives of the In L(x;4) with
relation to the parametersto be estimated,

3.3.7 Markov Process
Definition 3.1

Prob [X(tn) Sx"‘X(ti) =xl’X(t2) :xz]

X(tym) =x,,
=Prob (X(,) < x,|X(t,) = %,,)
for << <,
A processwith in dependent increments has theMarkov property
Proof;
PX() < x,[X() = %, X (1) = Xy X () = %, )

:Pr (X(tn)_X(tn~1) +xn-l < xn|X(tl) = xl""’X(tn~l) = xn-l)

=P(X ()= X (1) + %oy S XX () = %,)

. :;Pf‘()((tn)S xan(’n—l) = xn—-l)
34 MARTINGALE

Definition 4.1. A discrete-time stochastic processisamartingale if
E[X(t,)] <efor al n and

E(X ()X 0) =%, X ()= Xy X (1) = Xy ) = X,
for  f<t<.<t,

Note that for amartingale
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E[xa,)

X)X ()XY

= EX )X ) X ]

= E[X(tm)] form<n
Therefore,

| E[[th,n>.=E{E[X(tn)' X0 X(0)]

=E[ X(t,)] for m<n
Also note that
E[X(r)]=E[X(,)] fordl nif X(z,) isamartingale (see Appendix given a
the end).
Example 4.1

e _If you expect to earn no interest or capital gains on an investment, then
the share price isa martingale.

{¥

» |If you gamble at a casino and the games are fair then your gambling
wealth will be a martingale.

o Ifthe priceof an investment islinked to the CPI then the price of the asset
divided by the CPI isa martingale.

3.4.1 Probability Space

We will assumethat we are given a probability triple (2, 3,P) consisting of:
1) samplespace Q theset of &l possible outcomes, or states of theworld.

2) sigma algebra F the set of al subsetsof Q. It isthe set of eventsthat we
may be interested in,.

3) probability measure Pthe real-world probability measure. It assigns
probabilities to the set of events (see Appendix given at the end of Unit

D.
3.4.2 Filtration

In stochastic process, we are generdly interested in how information is
revealed over time. Attime ¢, this information isdenoted by Fand it givesthe

history of the process up to time t. It is tiue that because the amount of
information available increases over time, for any ¢<s, we have

. REeR
F, is the sigma-algebragenerated

| $X(r),reT}forall 0sr<t,
Theset (7,) iscalled afiltration.



Example 4.2 . Stochastic Process

Consider the share price of Maruti Company over two days. The following
table shows the prices and the sample space:

w, | Today | Tomorrow Nvex‘t day
w, | 100 110 120

w, | 100 110 190

w, | 100 |90 .| 100

w, | 100 90 90

(Adopted from internet source)

We have Q= {w,, w,, »,, »,} which isal the possible price paths over the
two days.

Now F, ={@ Q}since you have no information about the actua future price
peth just gbout the possible price paths (based on your model).

F=(6 Q.(w,0,),(o,e,)) since you know tomorrow that the price will
follow pathw, or w; if the: price is 110 tomorrow or will follow path w; or wy if
the price is90.

Findly,  =(0 Q.(a,0,).(o,0,),(®),(o,),(a),(e,)) since the actual
price path is revealed on day 2.

3.4.3 Natural Filtration

In stochastic processes, we are usually interested in expectationsconditional on
the information revealed at,a specific time as given by thefiltration.

For example,
E[X(0|F]
where s <tis the conditional expectations of X(¢)given the information

available at the earlier time s. This information will usualy include dl the
previous values reveaed by the processup totime S, X(r)with r < s.

Thisiscalled the natural filtration for X(¢)

3.4.4 Stopping Time

A stopping time for a stochastic process {X ()t € T} is a random variable
N such that the event { N =t}does not depend on X'(s)for s> t.

If you know that the event has occurred based on information up to and
including the time of the event, then it isa stopping time.

On the other hand, if you need to know the futurein order to know if an event
has occurred, then it is not a stopping time.
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Example4.3

The time for which an interest rate exceeds 5% (or any other fixed interest) isa
stopping time. The time for which interest rate reaches a maximum during the
year is not a stopping time. We cannot know if an interest rate has reached a
maximum at any time point without knowing dl the future possible interest
rates.

Example4.4

Consider a stochastic process {X (1), € T} where

. |0 wpp

X)) = .
1, wp 1-p

and define the random variables

N, = min(ni x(t) = SJ

C 2 it X(1)=0
P14 if X(1) =1
5 ifX(#)=0
T3 i X(4) =1
Which of these are considered stopping timesfor the stochastic process?

Stopping times are particularly useful in conjunction with martingales. Since
E[X,1=E[X,] for dl t for is a martingale, it is tempting to conjecture that

E[X,Jwill dlsoequa E[X,]when T isarandom time.

3.4.5 Optional Stopping Theorem
If X(¢)tr=0,1,2,... isa martingaeand A is a stopping time and both X and

" N arebounded, then:

Example4,4

Assume that a share price isa martingale with current price$l 00. Consider the
time N when the price exceeds $100 for the first time. This will be a stopping
timeand E[X (N)]= E[X(1,)]= 100

3.5 MARKOV CHAIN

Definition 51. A Markov Chain (MC) isaMarkov process on a discrete index
set = {0, 1, 2, ...} which we will denoteby X,, =10, 1 2, ,.. The state
space can be either finite, §= (0, 1, 2, ..., n) or countable, $= {0, 1, 2, ...). If
X, = i then the processissaid to be in state i at time ».

TheMarkov Property

In aMarkov chain, given the present state, the past states do not have influence
on the future. Thisiscalled the Markov property and can be stated as:



P,(X,,+l =j|Xo = X0, K| =Xy X, =1')=Pr(X,,+I =j|X" =z')

One-step transition probabilities
Definition 5.2. The conditional probability
P”(H.HH) = Pr (Xn+l = len = l)
is the probability that the process will move from state i a time » to state j as
timen +/ and iscalled a one-step transition probability.

These conditiona probabilities are the key concepts for describing a Markov
chain.
Time-independent one-step Transition Probabilities

In general, the one-step transition probabilities can depend on time n, If the
one-step transition probabilities do not depend on time », .thenwe drop the nin
the notation and write;

P, = P™™) = p (x

[} if r

= jx, =i)

n+l

In this case, we said we have a homugenous Markov Chain and we call these
transition probabilities stationary.

3.5.1 Homogeneous Markov Chains

Definition 5.3. A homogeneous Markov chain has P{""*" = P, for all ». The
one-step transition probabilities do not depend on time n.

Definition 5.4. Thetransition probability matrix isgiven by

'POO PO] P02
p=[p]= Po B Ry

PZO 21 PZZ "'J
Exampleb5.1 (Forecasting the Weather)
Suppose that the chance of rain tomorrow depends on previous weather
conditions only through whether or not it is raining today and not on past
weather conditions. Suppose also that if it rains today, then it will ran

tomorrow with probabilitya ; and if it does not rain today, then it will rain
tomorrow with probability £ .

[f we say that the process is in state 0 when it rainsand state 1 when it does not
rain,-then the above is a two-state Markov chain whose transition probabilities
are given by:

a l-qa
s 1-p
Example5.2

One any given day John iseither cheerful (C), so-so (), or glum (G). If he is
cheerful today, then he will be ¢, § or G tomorrow with respective
probabilities 0.5, 0.4, 0.1. If heisfeeling so-so today, then he will be C, S, or ¢
tomorrow with probabilities 0.2, 0.3, 0.5. Let Xdenote John's mood on the nth
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day. Then {X",n > 0} is a three-state Markov chain (state 0 = C, statel =S,
state 2 = G) with transition probability matrix.

0.5 04 0.1
P=[03 04 03
02 03 05

3.5.2 Transtion Probability Matrix
The transition probability matrix is given by
- {)00 POI POZ '
p= [Pq]= P Py Plz_
: Py sz Py _l
Note that if the state space is finite then the transition probability matrix isa
square matrix and satisfies the following:

P, 20,ij =012

> P, 2l,fori.=0,12...
=0 ' ,

If sums across rows are all equal to then and such a matrix is caled a
stochastic matrix.

Example 5.3 (Transforming a process into a Markov Chain).

Suppose that whether or not it rains today depends on previous weather
conditions through the last two days. Specifically, suppose that if it has rained
for the past two days, then it will rain tomorrow with probability 0.7; if it
rained today but not yesterday, then it will rain tomorrow with probability 0.5;
iIf it rained yesterday but not today, then it will rain tomorrow with probability
0.4; if it has not rained in the past two days, then it will rain tomorrow with
probability 0.2.

Example5.4 (A Random Walk Model).
A Markov chain whose state space is given by the integers

i=0+1,£2,...
issaid to be a random walk if, for some number 0 <p <1,
Pi.i+l:p=]_Pi,,'-1 i=0+1...

The preceding Markov chain is called a random walk for we may think of it as
being a model for an individual walking on a straight line who at each point of
time either takes one step to the right with probabilityp or one step to the left
with probability 1 — p.

n-step Transition Probability

The n-step transition probability £/ is the probability that a process in state /
will beinstate j in steps, that is



P! =Prob(x,,, = jlX, =i)
Example 5.5 (Simple random walk).

Consider a process that starts at the origin and can either increase by 1 with
probability p or decrease by 1 with probability g = ™~ p over each time step.
Thedatespaceisi=0+1,£2,...X, =0, P, ,;F,, =¢=1-p.

n+m

n+ j~1) 2w . -
P = (“———2 jp q if n+j—iiseven
0 otherwise
H _ . + . ) .
rri-l ] negative stepsin .

since there will be ! positive steps and n_T
order to go fromstate i toj in a steps.

The n -step transition probability 7;is the probability that a process in state /
will bein statej in n steps, that is

P} =Prob(x,,, = jlx,, =i)

m

3.5.3 Chapman Kolmogorov Equations
The Chapman Kolmogorov equations providea producer to compute the n-step
trangition probabilities. These equations are given as follows:

P/ =" PyP; foralln, m 2 0alli, /.
j=0

In matrix form, we can write these as.
P("+m) - P(n) ] P(I")
where o denotes matrix multiplication. Here P =(P/)is the matrix
consisting of the n-step transition probabilities,
Note that beginning with
PO =P =PaPp =P’

and continuing by induction, we can show that the n-step transitiori matrix can
be obtained by multiplying matrix P by itself n times, that is,

P(n) — P(n*|+|) - Pn—l ° P = Pn
Pil(“m = Pr(Xm-m =j!X0 = i)
= ipr(Xn-rm’:I j:Xn =k|X0 =i)

J=0 |
: =2Pr(xn+m =.]|X,,=k,Xo =l')Pr(Xn =k1XO =l)
= B

To= ipr(Xﬁm = J|X,, = k)Pr(X" = k|X0 = i)

/=0

Thus, we have
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mm N nopm
Pij *ZP'* Pkl .
J=0

Example 5.6

Consider Example 5.1 in which the weather is considered as a two-step
Markov chain. If « = 0.7 and £ = 04, then calculate the probability that it

will rain four days from today given that it is raining today.
Solution: The one-step transition probability matrix is given by:

0.7 03
“lo4 06
Hence,

0.7 03] o7 0.3

PO =pP? = :
br odbs o
_fo.61 039
1052 0.48
0.61 039 Jo.61

PO = (P2 =] -

( ) 052 048 [0.52 0.48

_los749 04251
“l0.5668  0.4332

and the desired probability P,; equals0.5749.

. Example5.7

Consider Example 5.3. Given that it rained on Monday and Tuesday, what is
the probability that it will rain on Thursday?

Solution: The two-step transition matrix isgiven by:

07 0 03 007 o0 03 0
p<2>;p2=°'5 0 05 0 jos 0 05 0
, 0 05 0 0.6] [0 0.5 0 0.6
0 02 0 0.8 [0 02 0 0.8

049 012 021 0.8

035 020  0us 0.30

“1020 012 020 0.48

0.10 0.16  0.10 0.64

Since rain on Thursday is equivalent to the process being in either state 0 or
state 1 on Thursday, the desired probability is given by P + P2 =049 +
0.12=0.61.

Forward Equation P = ZP""'P’V fordln zo04dli,j.



i . . Stochastic Process
Backward Equation £/*'=> R, fordlnz0dlij.
k=0

Check Your Progress 1
N What do you mean by astochastic process?

....................................................................................................................
....................................................................................................................
....................................................................................................................

....................................................................................................................

....................................................................................................................

3) Definethe terms:
i) stationary increments, ii) Markov process, and iii) Martingale

4)  How do you presenta hqmogenousMarkov Chain?

3.6 GEOMETRIC BROWNIAN MOTION

Consider random variable that follows a geometric Brownian motion, The
stochastic equation for itsvariation with thetime t isgiven by

dV=aVdi+oVdz

where
dz= Wiener increment = gdr¥* (where ¢ isthe standard normal distribution);
a isthe drift; and o isthevolatility of .
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In the above equation the first term of the right side gives the expectation
(trend) term and the second term the variation (deviation from the tendency or
term of uncertainty).

With the above specification, Wiener process leads to changes with jumps in
the stochastic variable V. This happens due to the fact that for a small time

interval At, the standard deviation of the movement will be much larger than

that of the mean. For smal A , ) is much larger than At, which
determines the behaviour of sample paths of a Wiener process.
A Wiener process does not have time derivative in a conventional sense and

A =g( A) becomes infinite as At approaches zero.

Consider the case of options (see Unit 4 for meaning). There isa dividend like
income stream & for the' holder of the asset. The yield is related to the cash
flows generated by the assets.

In that case the equilibrium requires that the total expected return 4 be the
sum of expected capital gain plusthe expected dividend. That is,

H=o+65 ‘ 1
So that we write, the stochastic as
av.=(u~8)Vd+oVdz
3.6.1 Arithmetic Brownian Model for the Logarithm of the
Prices
Following Dixit(1993) if d¥/V =adt+adz, letting, and using v=In(¥), we
find that v follows the arithmetic (or ordinary) Brownian motion:
dv=d(InV)=(a- o )di+ods
So, dv=ca'dt+odz

The logarithm of ¥ =v follows an Arithmefic Brownian Motion with drift a

and volatility o .

Although the volatility term isthe same of the geometric Brownian for V , as
highlighted by Dixit, d(InV) isdifferent from d¥/¥ duethe drift. In redity,

.by the Jensen's inequality, d(/nV )< dV/V (Itd's effect) .

3.7 MEANREVERSIONMODELS

For commodities and interest rates (and perhaps for exchange rates) mean-
reversion model has more economic logic than the geometric Brownian model
presented before.

Suppose the price P of a commodity follows a geometric mean-reverting
process:

dP = nP(M - P)di + 0P dz



where M is the long-run equilibrium level (or the long-run mean price which
the prices tend to revert); and 7 is the speed of reversion. The others terms
have the same meaning of the geometric Brownian motion (GBM) case,
presented before,

The difference between a mean-reverting process and the GBM is the drift
term: The drift is positive if the current price level P is lower than the
equilibrium level M , and negetive if P>M .

3.7.1 Arithmetic Ornstein-Uhlenbeck Process.

Sometimes we prefer to work with the arithmetic process for the logarithm of
the stochastic variable, mainly for smulationsand parameters estimation, due
itssimplicity.

Let x=In(P). Consider that x fellows the arithmetic Ornstein-Uhlenbeck .

processand approach an equilibrium level m ,i.e.,
de=n(m-x)dt+odz o

“The variable x has normdl distribution, the expected value of x and the
variance are shown below. The expected value equation is.

E[x(1)] =m +(x(o) —m) eﬂxp(,—nt) = x(0) eip(jnt) +m(1~ exp(~nt))
Look at the left side of the equation. The expect vaue isan intermediate point
between x(0) and the mean m, weighted by a decay rate. The weights sum to
one.
There are two ways to find the'above equation. Firgt, through the stochastic
integral format for the arithmetic Ornstein-Uhlenbeck process and taking

expectations (and the It8 integral goes to zero (see Appendix given at the end
for the concept)),

x(T)=x(O)'e'"T+(1%e""rj7‘n+ae“”r .[)Te”’d;'(t) o ' ‘

The second way isto get the same equation for the expected value. We smply
integrate directly the deterministic term of the arithmetic Ornstein-Uhlenbeck

process dx/(m—x)=nadt.
The varianceof the normal distribution of the variable x at theinstant t is
VAR[x,|=[1-exp(-27¢)]c*/2n

See that there is a time decay term for the variance. For long time horizon the
variance of this process tends to (0% 27, 7.So, unlike the Brownian motion the
varianceis bounded does not grow to infinity.

3.7.2 Mean Reversion with Jumps Models

For interest rates, and exchange rates, we use the stochastic process presented
by a Poisson-Gaussian model of mean-reversion with jumps.

This model has more economic logic and considers large variation of the
underlying variable due the arrival of abnormal rare news,

Stochastic Process .
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The smooth variation is modelled by a mean-reversion process (continuous
process), whereas the jumps are modelled with a Poisson process (discretetime

process).

The Poisson process is a counting process in which inter-arrival times of
successive jumps are independently and identically distributed (i.i.d.)
exponential random variables.

Suppose that the price P follows a geometric mean-reverting with jumps
process. dP =1 P(M—P)dt+o Pdz+Pdgq

where A/ isthe long-run equilibrium level (or the long-run mean price which
the prices tendto revert); n isthe speed of reversion; dq isthe Poisson (jump)
term; and the other terms have the same meaning as presented before.

The Poisson term dg values zero most of the time, but with frequency 4, it
assume a value causing ajump on the underlying variable.

dg=0...... with probability 1- Adt
dg=®-1......... with probability A 4t

The usual and practical assumption is that the Wiener (dz) and Poisson (dg)

processes are not correlated.

The jump size/direction can be random. In the above equation @ is the jump

size probability distribution. Given a jump, the expected jump size is
k=E[®-1].

A modd with practical advantages, sometimes used is the compensated

Poisson version for geometric mean-reversionwith jumps process: given as.

dP/P=[n(M - P)-Ak]dt+codz+dq

There isan additional term in the drift, —Ak, the compensation term.

The compensated Poisson processalowsthat the expected value of dP/P to
be independent of the jJump parameters.

A Poisson process N, isa counting process, so increases with the time and
cannot be a martingale, but a compensated Poisson process (N*, =N, - At)
will be amartingale.

In our Polsson process case, E(dq)=4 A dr, so we get the compensation term
above.

3.7.3 Arithmetic Jump-Reversion Model and Probabilistic
Moments

This model has some facilities for simulation and for parameters estimation,.

dueto itssmplicity.

Suppose the price is P and let x=I#(P). Consider that x follows the

arithmetic mean-reversion with jumps:

dv=[In(P)|=[n[m~In(P)]-Ak]dt +odz+dq




where m = In(M ) isthe long-run mean of the logarithm of the prices,

The expected value of the logarithm of pricein this model can be written as:
E[In(P)]=In(M)+{[ In(B,)~ In(M) Jexp(~[ In(2) ]/ H)}

wherethe half-life H =[ In(2) ]/

Now suppose the following arithmetic jump-reversion, without the
compensation term:

dx=d[ In(P)|=n[m—In(P)]dt+adi+Ddg
where @ isdistribution of jump Sizes.
The mean jump sizeis k = E[®].
The Poisson variable dg values 0 most of timeand !
sometimes(= 1 with probability A dt).
Thefirst probabilistic moment, the mean of this process, is.
E(x)=E[Ln(P)]=(m+(AkH/In(2)))

x(1-exp(-In(2)1/H) [ In( R ) exp(~In(2)1/ H) ]
if the average jump is zero, that is k =0 using this result in the equation above
you get the same result of the cornpensated Poisson case.

In order to find the variance of the process is necessary to solve a PDE (partial
differential equation) for the probability density function (Kolmogorov
eguation),

The variance of the distribution for x, is its second moment (M,) less the

square of the first moment, that is, Var (x) = M, -[E (x)]2 In other words, the
variance is given by:

VAR In(P)]= M[l—exp[—%?—tn

2.n2/H
Note that:
E[¢* | E[¢]

In order to find out its expected value, it is necessary to solve numerically the
following integral:

E[¢*]= [¢".f (8)d¢
where ¢ isthejump sizeand f'(¢) is probability distribution of the jump size.

The higher probabilistic moments from the distributions generated by jump-
diffusion processes define characteristics like the typica fa tails of the
distribution,
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Unlike the normal distribution, the distribution of the returns generated by the |
jump-diffusion process is asymmetric with fatter tails. Asset returns following
jump-diffusion, generally presentsa positive skewness. Recall that skewnessis
a measure of symmetry (skewness is 0 for symmetric distributions like the
normal one) and positive skewness means distribution with long positive tails
(skewed to the right).

Skewness is related to the third moment (44, ). A dimensionless measure isthe
ratio: M,/ a°
The skewnessfor the jump-reversion processis the following equation:

Skewness :-ﬂ-lfg?)zg-zf)f-(l-exp(~%_%@__")’]] +'E[{;§P]3'

o}

o 2n(2)

Kurtosis shows how flat or peaked the distribution is. It is a measure of the
distribution shape. Higher peaked isthe distribution, higher isthe kurtosis,

Kurtosis is related to the fourth moment (M, ).

A dimensionless Kurtosis coefficient istheratio: A, /o*.

The normal distribution has a kurtosis coefficient =3,

Check Your Progress?2
1)  What are Lévy Processes?

....................................................................................................................

.....................................................................................................................

2)  Write the meaning of Point Process,

taeesNsanrEY - . .
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3)  What do you mean by the mean Reversion Models?
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38 LET USSUM UP

In this unit we have presented the stochastic processes used in insurance
modelling. A stochastic process is modelled for time dependent random
phenomenon. Thus, it is a collection of random variable for each point of time
considering an index set. We can distinguish between discrete time process and
continuous time process. The sample path in a process is a realisation of the
stochastic process for a particular value at a'point of time. A process X is
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stationary if the distribution of X, is the same for al t and has stationary
increments if the distribution of (X, - X,) is the same as that of (X, - X,)

forall t.InaMarkov Process, the future occurrence of an event is independent
of the past event given the present event. A martingale process states the

expected realisation of an event after (n+1) stepsto be equd to the redisation

after the nth steps, no matter what may have revelation of information
overtime which helps taking decision differently. Filtration can be used in that
context. If we know that the event has occurred based on information up to and
including the time of the event, then it is the stopping time. A Markov Chain
tells us about the independence of future anything that has happened in the
past, given its present value. Accordingly, we have transition probabilities of
different states and space. The Chaporan—Kamogorov equation provides a
procedure to compute »-step transition probabilities. The increments, when
seen in terms or underlying probability distributions help identity nature of
stochastic process. Accordingly we have Lévy, Poisson, Markov and It6
processes sometimes having jumps or sometimes revertingto mean levels. One
of the processes used for determination of stock price is based on aformulation
of geometric Brownian mation.

3.9 KEYWORDS

Continuous-time Markov Process. A stochastic process { X(t): > 0 } tha
satisfiesthe Markov property and takes valuesfrom amongst the elementsof a
discrete set called the state space.

Compound Poisson Distribution: A probability distribution of a "Poisson-
distributed number" of independent identically-distributed random variables.

Dominated Convergence Theorem: If asequence { fu.n=1 2, 3, ... } of
real-valued measurable functions on a measure space S converges amost

" everywhere, and is"dominated" by some nonnegativefunction g in,L'~Then

fims=tm s

n—wo

By stating that the sequence is"dominated” by g, it is meant

|7, (%) £ 9(x)

for every n and amost every x (i.e., the measure of the set of exceptional
valuesof x iszero). By ginL', we mean

[lal <.

So the theorem provides a sufficient condition under which integration and
passing to the pointwise limit commutes.

Geometric Brownian motion (GBM) (or, Exponential Brownian motion):
A continuous-time stochastic process in which the logarithm of the randomly
varying quantity follows a Brownian motion, or a Wiener process. It is used to
mathematical modelling of some phenomenain financial markets (like option
pricing). A quantity that follows a GBM may take any value strictly greater
than zero, and only the fractional changes of the random variate are significant.
This is precisely the nature of a stock price.




Generalized Wiener Process: A continuous time random walk with drift and
random jumps at every point in time.

Lévy Process. A continuous-time stochastic process that starts at 0 having
"stationary independent increments”.

Markov Chain: A discrete-time stochastic process with the Markov property.
A Markov chain describes at successive times the states of a system. In all
these times the system may have changed from the state it was in the moment
before to another state, or it may have stayed in the same state. The changes of
state are called trangitions.

Markov Process: A stochastic process that has the Markov property. The
Markov property if the conditional probability distribution of future states of
the process, given the present state and al past states, depends only upon the
current state and not on any past states, i.e. it is conditionally independent of
the past states given the present state.

Martingale Pricing: A pricing approach based on the notions of martingale
and rik neutrality, The martingale pricing approach isacornerstone of modern
quantitativefinance and can be applied successfully to a variety of derivatives
contracts, such as options and futures.

Martingale: A class of betting strategies. The simplest of these strategies was
designed for a game in which the gambler wins her stake if a coin comes up
heads and loses it if the coin comes up tails. The strategy had the gambler
double his bet after every loss, so that the first win would recover al previous
losses plus win a profit equal to the origina stake. Since a gambler with
infinite wealth with probability 1 eventually flips heads, the martingale betting
strategy was seen as a sure thing by those who practiced it. However, such
practitionersmay not possess infinite wealth and the exponential growth of the
bets would eventually bankrupt those who use the martingale over a long
losing streak.

Non-Homogeneaus Poisson Process: isa Poisson process with rate parameter
M) such that the rate parameter of the processisa function of time.

Ornstein-Uhlenbeck Process. (or, mean-reverting process): A stochastic
process given by the following stochastic differential equation

dr, = =0(r, - p)dt + ocdW,,

where 6, p and ¢ are parameters and 7, denotes the Wiener process.

Partial Differential Equation (PDE): A relation involving an unknown
function of several independent variables and its partial derivatives with
respect to those variables

Poisson Process. A stochastic process which is defined in terms of the
occurrencesof events. This counting process, given asa function of time N(¥),
represents the number of eventssincetimet = O.

Reflection Principle: Finding sets that resemble the class of all sets.

Risk-neutral Measure: a probability measure in which today's fair (ice.
arbitrage-free) price of a derivative isequa to the discounted expected value
(under the measure) of the future payoff of thederivative.
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Stationary Independent Increment: To cdl the increments of a process
independent connotes that increments X, — X; and X, - X, are independent
random variables whenever the two time intervals do not overlap. More
generdly, any finite number of increments assigned to pairwise non-
overlapping time intervals are mutually (not just painvise) independent. To call
the increments stationary means that the probability distribution of any
increment X, — X; depends only on the length s — t of the time interval;
increments with equally long time intervalsare identically distributed. In the
Wiener process, the probability distribution of X; - X; is normal.

Stochastic Process. A random function in the most common applications. The
domain over which the function is defined is a time interval or a region of
space.

Stopping Time: With respect to a sequence of random variables Xi. X3, ... @
random variable ¢ with the property that for each t, the occurrence or,non-
occurrence of the event = =t dependsonly on the values of X, X3, ..., X,. Thus,
at any particular time t, you can look at the sequence so far and tell if it is time
to stop.

Submartingale: A sequence X;,X5,X3,... Of random variables satisfyingjust
CE[X | X X, |2 X, |
Supermarti ngaJ e A seq‘uence X1,X2,%3,... Of random variables satisfying
E[X, | X X, ]S X,.

(A mnemonic to remember which iswhich: "Life is a supermartingale; as time
advances, expectation decreases.")

Wiener Process: A continuous-time stochastic process. It is often called
Brbwnian motion. It is one of the best known Lévy processes with stationary
independent increments.
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3 ANSWER ORHINTSTO CHECK YOUR
PROGRESS

Check Your Progressi
l)  See Section 3.2.and answer



2)
3)
4)
5

See Sub-section 3.2.2 and answer

See Sections 3.2, 3.3 and 3.4 and answer
See Section 3.5 and answer

See Section 3.5.2 and answer

Check Your Progress?2

1))
2)

See Sub-section 3.3.1 and Section 3.5 and answer
See Sub-section 3.3.4and answer

See Section 3.7 and answer
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40 OBJECTIVES

After going through this unit, you will be able to:
e understand the basic concepts used in finance; and
* appreciate price determination through stochastic modelling.

4.1 INTRODUCTION

Operation of financial market provides an important example through which we
can understand the use of stochastic modelling. 1f you want to participate in the
stock market, the volatile movements of share prices will compel you to associate.
their redlisation with a stochastic process. Modelling used in finance will then be
linked to insurance as source of input for decision making. Keeping this in view
the following discussion introduces you to basics of firancial derivatives. The
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coverage of the theme however is far from adequate to understand the ongoing
work in the area of quantitative finance. You may like to refer Hull (1992) for
some of the themes presented in the unit

42 FINANCIAL MARKET

The stock market is a primary capital market. Firms raise finance through stock
markets by issuing new securities. It is dso a secondary capital market where
securities are traded, and signals the return shareholders receive which they
provide to firms. Financiad instruments can be divided in two basic classes:
underlying and derivative. The former can be stocks, bonds or various trade
goods, whilethe latter are financial contracts that promise some payment to the
owner, depending on the behaviour of the “ underlying™ (e.g., a price & a givén
time Tor an average price over certain time period). Derivatives are extremely
useful for risk management (apart from obvious investment properties) - we can
reduce our financia vulnerability by fixing pricefor afuture transaction now.

A share is atype of financial underlying assets (or underlyings) dealt in financia
market. Other underlyings include bonds, commodities and foreign currencies. In

financial market not only underlying but also their derivatives are traded. A .

derivative is afinancial instrument, which promises some payment or deivery in
the future contingent on an underlying.

4.2.1 Somelmportant Wordsand Concepts

s Stock markets. Stock is a printed-paper issued by a company to attract
investments. Usually dividends are pad to participants.

®* Bond markets. "Bond: a printed paper given by a government, city o
business company saying that money has been received and will be pad back,
usually with interest,” which isfixed.

e Currency markets or foreign exchange markets.
e Commodity markets such as oil, gold, copper, wheat and electricity.

e Futures and options markets. "Futures; goods and stocks bought at prices

agreed upon at thetime of the purchase but paid for and delivered afterwards.”
® buyer = long position; buying= going long
e seller = short position; selling= going short
¢ Short selling involves selling an asset that: is not owned with the intention of
buyingit later.
e Arbitrage= sure profit without investment

Speculator: A trader who enters the futuresmarket in pursuit of profit, accepting
therisk.

Hedger: A trader who trades futures to reduce some preexisting risk exposure.
They are often producers or mgor usersof agiven commodity (e.g., a farrner may
hedge by selling hisanticipated harvest even before the farmer plants). They often
trade through a brokeragefirm.

Arbitrageurs: Persons entering into several contracts in different markets to
exploit price fluctuations. If a good hed two prices, a trader can get an arbitrage



profit: a sure profit with no investment. But prices may differ because of
trangportation costs, etc.

Spreads. A trading strategy involves taking a position in two or more options of
the same type,

portfolio = combination of several assets/securities, etc.
Typesof derivatives

¢ Options. An option gives the holder the right (but not the obligation) to buy
or sell an asset in the future & a pricethat isagreed upon today.

e Futures: A futures contractis an order that one places in advance to buy or
sl an asset or commodity. The price is fixed when the order is placed but the
payment is not made until the delivery date.

e Forwards: Futures contracts are standardized products bought and sold on
organised exchanges. A forwards contract is a modified futures contract that is
not traded on organized institution. For example, a muitinational company
which needs to protect itself against a change in the exchange rate usually
buys or sells currency forwards through a bank.

e Swaps. Swaps are private agreements between two exchange cash flows in
the future according to a prearranged formula. Suppose that you want to swap
your sterling debt for US$ debt. In this case you can arrange for a bank to pay
you 'each year the sterling's that are needed to service your sterling debt, and
in exchange you agree to pay the bank the cost of servicing a US$ loan. Such
an arrangementsis known as a currency swap.

We continue with the derivative securitiesintroduced above and find some formal
definitionsto help derive their prices.

43 FORWARD CONTRACT

This section is adopted from a discussion found in Internet. We are unable to
determine the writer and acknowledge the contribution.

As dready seen above, a forward contract is an exchange agreement to buy (or
sell) an asset on a specified future date for specified price.

Forwardsare not generally traded on exchangesand it costs nothing to enter into a
forward contract. A future contract is the same as forward except that futures are
normally traded on exchanges and the exchange specifies certain standard features
of the contract.

Options are of different types. The most important of these being the American
and European options. An option is so-called because it givesthe holder the right,
but not the obligation, to under take a transaction.

Definition. A call option gives the holder the right to buy whereas a put option
givesthe holder the right to sell.

A European call option givesthe holder the right, but not the obligation, to buy an
asset on acertain date for acertain price (the strike price).

An American option is similar except that the holder of an American call has the
right to buy the asset for the specified price a any time up until the expiration
date. It can be optional to exercise such an option prior to expiration.

Application to Finance
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Two main uses of options are speculation and hedging. In case of speculation,
available funds are invested opporfunistically with the aim of making a profit.
Hedging, on the other hand, is usualy engaged in by companies who have to deal
with risky assets such as foreign exchange, gold, oil and so on. For hedgers, the
basic purpose of an option isto spread risk.

Suppose that you know that in three months time you need a million gallons of
crude oil. However you are worried by the fluctuations in the price of oil. So you
decide to buy European call options. See that you know the maximum amount of
money needed to buy oil, Denote the price of the underlying asset (oil) & time
T when the option expires in three months time by S, . Let us assume that the

strike price is k. If, at time 7', 5, > K then you will exercise the option. Such

situation is caled as the option is in the money. You are buying an asset worth
S, > K dollars for just K dollars. If on the other hand, if S, <K, then you will

buy oil on the open market ignoring the option, which is worthless. Such situation

+ «is'caled as the option is out of the money. The payoff from the option is, thus,

(max(S,,K)-K)or S, ~K),

From the above example, it is clear that you have to decide on how much you
should be willing to pay for such an option. You can think of it as insurance
premium, where you are insuring against theoil price going up.

L et us see how option market operates.

431 PricingaForward

We have seen above that a forward contract is an agreement to buy (or sell) an
asset on a specified future date for a specified price. The pricing problem here is,
'what price for the asset should be specified in the contract?

Example, Suppose that you enter into a long position buying on a forward
contract and agree to buy an asset for price K at time T. Then the payoff at time
Tis (S, -K). where S, is the asset price at timeT", since you (must) buy the
asset S, for price X . This pay off could be positiveor negative. Since the cost of
entering into a forward contract is zero this is also your total gain (or loss) from
the contract. What isafair priceof X ?

At the time when the contract is written, we don't know S,.. Therefore, we can
only guessat it. Typically, we assign a probability distribution to it,

Note that stock prices should stay positive, so a,b are positive. We may think that
E[S,]would represent afair priceto write into our contract. However, the market
pricewill match the expected price only rarely.

We may assume that market participants can borrow money for the same risk-free

rate of interest as they do to lend money. Thus, if you borrow $1now, your debt at

time Tit will be worth be$e’(say) and similarly if you keep $1in the bank then at

time Tit will be $e'.

|) LetX >S.e". Then the other participant in the deal can-adopt the following
ctrategy: she borrows $S, a time zero and buys with it one unit of stock. At
time T, she must repay $S,e to the bank, but she has the stock to sell to you

for $X, leaving her a certain profit of $(S0e’ -K).



2 If K <S5, then you can reverse this strategy. .lust sell a unit of stock at
time zero for $S, and put the money in the bank. At time 7. your
accumulation $S,¢’ and use $X to buy a unit of stock. which leaves you

with a certain profit of $(S,e’ - K).
Unless K =S,e", dne of you will be guaranteed to make aprbﬁt.

The above argument, selling of stock by you, which may not be yours, isIcnown
as short selling. An opportunity to lock into arisk free profit iscalled an arbitrage.

The starting point in establishing a model in modern finance theory is to specify
that there are no arbitrage opportunities. We tind that there are people who make
their living entirely from exploiting arbitrage opportunities, but such opportunities
do not exist for a significant length of tirne before market prices move to
eliminate these.

Remember that forwards are a very special sort of derivative. It will no be easy
for us to value an option. However. we must look for conditions that don't
provide either party with an arbitrage opportunity. Such conditions will be
identified in the following.

4.3.2 DiscreteTime Models |

The Single Period Binary Model

In the discussion below we try to find the 'fair' price for a European call option.
Let us take an example.

Suppose that the current price in Swiss Francs (SFR) of $100 is S, =100.

Consider a European call option with strike price K =150at time T. The fair
priceto be paid for this option may be obtained as follows:

We know that an option gives the buyer the right to buy §! 00 for 150SFR at time
T . Hence suppose that the true exchange rate at time T is not known. However it
can be modelled by a random variable. The simplest model is the single period
binary model where .S, takes one of two values with specified probabilities. Let's

if

_|180 with probability P

T

90 wth probability 1-p

Then the payoff of the option will be (180-150) SFR=30/SFR. With probability p
and 0 with probability 1-p. Therefore has expectation 30p SFR.

To find the fair price to be paid for the option, let usassume that interest rates are
zero and that currency is bought and sold at the same exchange rate. Remember
that in the presence of a fair price, there will be no scope of arisk free profit for
either the buyer or the seller of the option. In the example above, wc try to arrive
at aspecific price by supposing that p =0.5. That is S, taking the value 90SFR,

thefair priceto pay for the option.
You claim that if the price is |5SFR, then you can make a risk-free profit by the

following strategy: you buy the option and you borrow $33.33 and convert it
straight into 50 SFR. (You will have to pay off'your loan in dollars a time 7 .)
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Your position a time zero is as follows: you have one option (to buy $100 for
150SFR at time T), you have 35SFR (50 from the conversion of your dollar loan,.
less 15 paid for the option) and you have adebt of $33.33.

Attime T, oneof two things has happened:

1) If 5, =180, then exercise the option and buy $100 for 150SFR. Make use

$33.33 to pay off your dollar debt and that leaves a balance of $66.67.
Convert back into SFR' at the current exchange rate. This nets
2/3x1800=120SFR. In total then, if S, =180, a time T you have

35SFR-150SFR (used to exercise the optidn)+120SFR, which totals 5SFR
clear profit.

2) If §,=90,then you haveto throw away the option (which isworthless) and
convert your 35SFR into dollars, netting $0.9x 35=$38.89. You pay off your
, debt leaving a profit of $5.56.

Whatever the true exchange rate at time 7', you make a profit.

Determination of Right Price

Let's think of things from the point of view of the seller. If you are the seller of

the option, then you know that & time T, you will need $(S,. —150), in order to

meet the claim against me. The idea is to calculate how much money you need at
time zero (to be held in a combination of dollars and Swiss Francs) to guarantee
this.

Suppose you hold x,and x,at time zero. You need this holding to be worth st
least (S, -150), IR at time T.

1) If S, =180, then you will need at least 30SFR. That is, we must have -

X + 1—t-}—(—)x2 230.
100 .
2)  On the other hand, if S,.=90then the payoff of the option is zero and you
just need not to be out of pocket. That is, you want

90
X +—x,20. -
100

" Solve the simultaneous equation to get the right price. On such a, the seller can

exactly meet the claim if x,=-30and x, =300/9. To purchase $300/9 at time

zero is equal to 50-30=20SFR. Thus, the seller requires exactly 20SFR at time
zero to construct a portfolio that will be worth exactly the payoff of the option at
time T,

The argument above can be reversed to show that for any lower price, there is a
strategy for which the buyer makes a risk-free profit.

Thefair price is20SFR.

Notice that we did not use the probability, p, of the price S going up to 180SFR
at any point in the calculation. We just needed the fact that we could replicate &

. any point in the calculation. We just needed the fact that we could replicate the



claim by this smple portfolio. The seller can hedge the contingent claim Application to Finance
((S, ~180)+-usingthe portfolio consisting of x,SFR and $x,
A Characterisation of 'no arbitrage

The option pricing problem solved above through binary framework in a single
period may not help in more complex settings like multi-period situations. Hence
we need to take the help of probability theory. We will do that after providing a
concise mathematical condition to characterize markets that have no arbitrage
opportunities. Let there be a market, which consist of N tradable assets. Their
pricesa time zero are given by the column vector

Sy = (88,82, maS2)

Let the market be represented by a finite number of possible states (1,2,..n) in
which it might be at time one. The security values at time one are given by an

Nx»n matrix D= (D,.,) , where the coefficient D), isthe valueof the il,h security at
time one if the market is in state j .
In this formulation, you can thinlc of a portfolio as a vector
6 =(8,,0,,....0n) e R"
ad its market value at time zero isthe scalar product
Sy =860, + 5160, +...+ S)ON |
The payoff of the portfolio a time one is a vector in R"” whose i"™ entry is the -
vaueof the portfolio if the market isin state i . Thus, the payoff is C
D0+ Dy, + . Dyby
D,,0,+ D,,0, + ....... D,.6,.|=D"0
Dlna‘l + DZMQZ +oen DNHBN
Notation

Foravector x € R”we write x = 0to mean xR and x>0to mean x=20,x#0.

Noatice that x >0 does not require x to be strictly positive in dl its coordinates. -
We write x> 0 for vectors, which are strictly positivein dl coordinates, i.e., for

vectors x € R, . An arbitrage is then a portfolio 8 € RY with

S,8<0,D'050
or )
5,0<0,D"9>0

1

Definition. A state Ipricevéctdr isavector ¥ « R"_ such that 3‘0 =DV . That IS,

Y (DY) (D, D,

Soz‘ Dzr .Dz” 1. o DZn

=Y +Y, T (et Y, '

S(:Y , 'DNI kDN!) | DNn“ - ‘ .




Quantitative Techniques
for R sk Analysis

114

The vector multiplied by ¥, isthe security price vector if the market isin state ;.
To interpret ¥, we can think it to be the marginal cost of obtaining an additional

unit of wealth at the end of the time period if the system is in state i . Thereisno
arbitrage if and only if there isa state price vector.

TheRisk Neutral Probability Measure
Recall that al the entries of Yarestrictly positive. Therefore, we write
¥, = 2 ¥, such that
1.,
y=( 2 ¥ O H 1)
¥,0¥, Y,

is taken as a vector of probabilitiesfor being in different states. First we will see
that ¥, is the discount on riskless borrowing. Suppose that the market alows

positive riskless borrowing, and for some portfolio, 8,

i.e., the value of the portfolio a time T is one, irrespective of the state of the
market. Since ¥ is a state price vector, the cost of such aportfolio at time zero is

S,8=(D¥)8=v.(D'8)=2Y, =¥,

where ¥, =discount on riskless borrowing, From the vector (I), the expected
valueof thei® security a time T is

a "y_- 1 n ]
1 — 3 — e "
E[S’] - szl Dl/ \yo \yo EDM‘VJ = W; 0
wherethe last equality isobtained by taking S, = DY That is,
Sy =Y, E[8; ],i=1,...,n : ®

. S0, under the probabilities distribution (1), the price of a security is its discounted

expected payoff. In the context of contingent claim pricing, we can say that a
claim isattainable if it can be hedged.

If there were no arbitrage, the unique time zero price of an attainable clam Cat
time Tis ‘F(-,IE[C] where the expectation is with respect to any probability
measure for which S, =¥,E[S; |for dl iand ¥,is the discount on riskless
borrowing rate.

Note that the same value is obtained if the expectation is calculated for any vector
of probability such that S, =‘V(,]E[S’T.]. In the absence of arbitrage, there is only
oneriskless borrowing rate.

Moreover, if you find a probability vector for which the present value of each
security now is its discounted expected valueat time T, then it is possible to find



the time zero value of any attainable contingent clam by calculating the
expectation. Thus, if there isa portfolio Q0 , for which we get 0.5, = C, than

05, = 0.(WE[S,]) = v, Y QB[S ]-w.E[0S,]

Example. Let usreturn to the problem given in the previous example.
Recdl the conditioris in that example: the current price in Swiss Francs (SFR) of
$100is S, = 150. We suppose that at time T, the price will have moved to either

90SFR or 180 SFR. Therefore, the problem was to price a European call option
with strike price K =150 at time7 i.e., holder of such an option has the right, but
not the obligation, to buy $100 for 150SFR a time7 . For simplicity, interest rates
were obligation to be zero.

The fair price for such an option was worked out to be is 20SFR, with the new
approach.

Under our assumption of zero interest rates, we have ¥, =1. That means, we are
seeking a probability vector such that
B[S, ]=S,.
Let p betlie probability that
S, = 180SFR.
Then since S, can only take values 180 and 90, it must be that
P[S, =90]=1-p.
So, for the price to behave like afair game,
180p +90(1 - p) =150, or, p=2/3.
Asthe clam at time Tis C' = (S, -150),, the fair price(in SFR) is
, ‘ 2 ‘
E[(b,—150)‘]=—3~(180—150)T+ |
as belore such that given the probability p ., it is easy to vaue other options. For

example, a European call with strike price 120SFR instead of 150SFR would be
vaued at | ‘

E[(S, -120), ] =§(1 80-120) +%(90-120)* =40 |
For your information, it may be useful to note that the probability measure that
assigns probability 2/3 to S, =180SFRand 1/3 to S, =180SFRis called
equivalent martingale probabilities for the (discounted) price process
{S,,¥,S, }. The probabilities are also called the risk’ neutral probabilities.

%-(90«150)4 =20,

4.3.3 The Multi-Period Binary Model

Let the market consists of just two securities: a bond (representing riskless
borrowing) and a stock §. Unlimited amounts of either can be bought and sold
without transaction costs. Moreover we are allowed to readjust our portfolio
instantaneoudly.

As in the single period binary model, we shall suppose that at each tick of the
clock, the stock moves form its current value to one of two possible values
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(depending on its current value). There are 2' possible states of the stock price
afteriticks of the'clock, and we think of them as being arranged in tree as in

Figure 1.

060
SJ

Figure 1

The bond moves as before; S0 over the i tick its value is scaled up by exp (7).
Weassumethat al r» are known.

Suppose again that you are pricing a'European option with strike price Kat the
maturity time,T . We assume now that 7 = ». The payoff of the option is then
(S, -K)+at time n. s "

C Let us, use. backward induction on’the free. If we knew the price, S, , of the stock

after (n-1)ticks, then our previous anaysis would tell us the valug, C,_,, of the
claim at time (n=1). Namely,

..!,' \‘"';—; ‘) ‘ o .
G =Wl

" where the expectation is with respect to a probability measure for'which

Sy =YOE,,[S,] ad ¥ e

n=l



So for each state of the market at time (n—1), you know that you need a portfolio Application to Finance
worth C,_, if you are to meet the claim against you at time n. You can now think

ofC,_jasaclaimat time (n-1). In the same way then, if you know §,_,, in order

to meet the claim against me at time (n -1}, you need to hold a portfolio worth

\yf)"#l)En—l [Cn—l] . , .
where the expectation iswith respect to a measure such that
S = ,\ygn-l) En—l [Sn-l ] >

n=-2 —
and thisin turn guarantees that you can exactly meet the claim against you at time
n. Proceed following this method. You will able to calculate the cost of a'
portfolio. That is, after appropriate readjustment at each tick of the clock, but
neither with extra input of wealth not with paying dividends, you will meet the
claim against you at time » . ’
The strategy that readjusts the portfolio in.this way is said to be a self-financing
strategy. The probability measures used at each stage in the above prescribe
exactly one probdbility for each branch, in our tree of stock prices. For each vertex.
of the tree there is a unique path from the vertex, and we specify a probability
measure 0N paths by declaring that the probability of such a path is the product of
the probabilitieson the branchesthat comprise it.
let us assume, for simplicity, that the rate of interest is everywhere zero. It is

equivalent to replacing S, by the discounted security price

§/ = I—[‘VSDSI = e_Z'riSz‘.

j=l
Our risk neutra probabilities then have the property the
E[S)s,,]=S5,, foreach £=1,2,..0
In fact much more istrue. To illustrate, consider the two-step model in Figure 2

R - . 00
AN | 2

Figure2
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E[S,|
= Dol + DoFuSy' + 0ySY + pypy, S}
= 2o (2™ + 2o )+ B (210SY + 21,5}
= pE[ SIS, = 8 |+ pE[S)ls, = 8/ |
=E[£[ss]]
=E[5]=8,.
.Moregeneraly, if j>1i, |
B[S, ]=5,.
Similarly,
C..=E[C)S,.],
where the expectation is with respect to the probabilitieson paths defined above.

n

The sequence of (discounted) prices, {S,}". is a stochastic process and the

probability measure that we have defined has the property that IE[S,\S,]: S,

Moreover, in this mode, the stack price’has no memory,'so that the movement of
the stock over the next tick of theclock is not influenced by the way in which the
stock reached its current valueand sofor j > i,

E[ S5, 5,....5,]= S,
A sequence of random variables (or stochastic process)
Xypo X0, X, with E[1X,[]< oo foreach ris martingaleif

E[ XX, X,,.X,, ]=X,,

r=L2,.,N .
We have seen in Units 2-3 that the idea comes from gambling where. if
X, denotes the capital of the gambler at time r then game is ‘fair' only if (3)
holds. '
The 'information’ X, X,,X,_,is often written F._,, In a continuous setting we
will be a little more careful about the definition, but the idea is the same, F,_, is
the st of eventsthat are 'decidable’ by observing the process X, uptotime » -1,

We now recast the results of the above modd in thislanguage.

)

1,2,3.., are known. We denote by Qtheset of al possible 'paths that the stock
price vector can follow in RY. Then the absence of arbitrage is equivalent to the
existence of a probability measure,Qand Qthat assigns strictly postive mass to
every w < {Jand
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S, =¥ B[ SIS ],
where Sis the vector of stock pricesat time r .
If, asabove, we consider the discounted stock prices, then
By [$1S1,0rs 80 | = 8o,
In other words, the discounted stock pricevector isa Q -martingale.
Recdling that two probabilities measure Pand(Qon a space Qare said to be
equivaent if for events A< Q.
Q(4)=0if and only if P(4)=0 we may observe the following:
Suppose then that we have a market model in which the stock price vector can

follow on of afinite number of paths Q2 through-R’ . We may even have our own

belief as to how the price will evolve, encoded in a probability measure, P, on
(2 We can say, there is no arbitrage if and only if there is an equivalent
martingale measure Q. That is, there isameasure, ©Q, equivalent to P, such that

the discounted price processisa @Q-martingale.

In that case, the market price of an attainable claim C to be delivered at time » at
time zero is unique and isgiven by

E.[#,c].

where

w =T %y
is the discount factor over n periods.
The same statement applies in the continuous setting.
The Cox Ross Rubinstein Model

['he Cox Ross Rubinstein (CRR) model is a special case of the multi-period
binary mode! in which in each time interval the stock price moves from its current

vdue. S, toone of S,, S, , where v and d are fixed constantswith d <" <.

It is referred to as the binomial model. Thus, at time k, there are & possible
valuesthat the price can take and

P[ S, = Su'd"™ ] = (fjp’ (1-p)"”

The recombining of the tree makesthis highly numerically efficient.
The values of « and o must be calibrated with the market. The usual assumption
isthat w =1/d and p can then be determined by ridc neutrality as
e —d
u—d
Finaly,u isfitted using the variance of the stock price.
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1)  What do you mean by financial derivatives?
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44 OPTION PRICING RESULTS

4.4.1 Properties of Option Pricing
Factors affecting option prices

the current stock price and the strike price (call options are more valuable if
the stock price increases and less valuableif the strike price increases)

the time to expiration (put and call American options are more valuable as
time to expiration increases, European options are not necessarily more
valuable)

the volatility of the stock price, o, sothat o+/Ar is the standard deviation of
the stock pricein ashort length of time At (the owner of acall benefitsfrom
price increases but has limited downside risk; the owner of a put benefits
from price decreases but has limited risk if price increases, therefore, the
valueof both callsand putsincreases as volatility increases)

the'risk-free interest rate (if the rate increases, the expected growth rate of
the stock price tends to increase, however, the present value of any future
cash flows decreases, therefore the value of a put option decreases; for call
optionsthe first effect tends to increase the price, while the second tends to
decrease it, but the first aways dominates, so the value increases)

the dividends expected during the life of an option (reduce the stock price i
the ex-dividerid date, decrease the value of a call option, but increase the
value of aput option)

Assume that there are no transaction costs; dl trading profits (losses) are subject
to the same tax rate; borrowing and lending at the risk-free interest rate is
possible,

So current stock price
S, stock priceat timet
Xstrike pricteC option
T time of expiration of option

' risk-freerate of interest at time 7
C vaue of American call option-to buy one share
I' vdueof American put option to sdl one share
c value of European call option to buy one share
p vaue of European put option to sell one share

Upper bounds

cs8;,Cs S
psXe T P<X

L ower bounds
. . Lower bound for Eurapean callson non-dividend paying stock

c.'zSo—er"’T. o

Application to Finance
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Example. So = 20, X = 18, r = 10% p.a., T = 1 year. Then Sy - Xe™” = 3.71.
Assume that the option costs $3. Then an arbitrageur buys the call and shorts the
stock. This provides cash 20 = 3 = 17, invested for one year risk-free, it gives
17¢%! = 18.79. Then the option expires. If the stock price is greater than $1 8, the
arbitrageur exercises the option ,and makes a profit of 18.79 — 18 = 0.79, If the
stock price is less than $18, say $17, then the stock is bought in the market ad
the profit is18.79 — 17 = 1.79.

Proof of thelower bound.

Consider two portfolios. A (one European call option and cash Xe™") and 5 (one
share). At time T, portfolio A isworth max (S X), while portfolio B isworth Sy,
ThusA must be worth more than B today, meaning that ¢ + Xe™” = Sp.

L ower bound for European putson nen-dividend paying stock
p2XeT—S,. |

For the proof consider two porrfolids A (one put option and one share) and B
(cash Xe™™).

442 Put Call Parity Case of European Options
Consider two portfolios,

A —one call option plusan amount of cash equal to.Xe™";

B —one put option plus one share.

At time T bath portfolios are worth max(S7 , X), so (because they are European)
they mugt have identical valuestoday.

ct+Xe' T =p+ 8.
This isknown asput-call parity.
Case of American options

Example. A trader ownsa cal option with strike price $40 and the current stock.
price $50 with one month to expiry. It is better not to exercise early, because $40

can earn interest for a month, and also the option is a protection againgt falling

price of a stock. It is better to sdll the option (or keep the option and short the
stock).

Thus
C>2S-Xe,

In contrast to call options, it can be optima to exercise a put option early. For
example, let X = 10 and let the stack. price be zero. Then it is better to exercise
immediately to get the maxima profit and invest it. Thus

P2X-8,.

Thereisno put-cal parity for American options.
443 Dividends-paying Stock
Consider two portfolios.

A - one European call optionand cash D + Xe™'7;
B - oneshare.



Then Application to Finance
C28-D-Xe"
Similarly,
pzD +Xe T - S,
Put-call parity for European options
c+D+Xe=p+ S
For dividends.paying stock, it may be optimal to exercise acall option early.
A
Sou—8,d
Let » be the risk-free interest rate. Then the present value of the portfolio should
be equal to the cost setting up the portfolio
(SouA—f) e =S A—f.
S=580 A= (Sour—f;) e
After substituting the value of A
f=e"lgh+ (- fil,
where
l] = C’H — d .
u=d.

This option priceJdoes not refer to the probabilities of the stock moving up or
down. The probabilities are incorporated into the price of the stock. Then q can be
interpreted as the probability of up niovement, (I — q) is the probability of adown
movement, and ¢ 7, + (1 —q) f3 isthe expected payoff from the option.

"hen the expected stock price

E(S7) = qSou + (1= g) Sod = Spe’™,
meaning that the price grows, on average, risk-free*

The expectation with respect to the risk-free probabilities will be denoted by Eo,
while the expectation in the real world is £p.

Matching volatility with & and d.

Let 1 be the expected return of the stock and ¢ be its volatility. Assume Sp = 1.
Then the probability p of up-movement can be found from

pu+ (1 -p)yd=e"",

SO that
e’ —d
- u~-d

The variance of the stock price after time 47 is o’ At. On the other hand, this
variance is

pi + (L =p)d = [pu+ (1 = p)l* ,
From theequality (if higher powersof At are ignored),

L}
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a‘f&? d - e-a'm .-
u=e , B
In a risk-neutral world, the probability of upward movement will be
_ erA/ "‘d
P u-d -

If ¢ is used instead of p in the formulafor the variance, then the varianceremains
the same. The change of risk reférences (called also the change of measure) may
lead to change of the expected return, but does not change the variance (this is
Girsanov's theorem of stochastic caculus).

44.4 DeltaHedging

Deltaisthe ratio of the change in the price of the stock option to the changein the
price for the underlying stock, or, .

Azéf_‘

as’
Delta hedging requires buying A x (the value) shares of the stock.
4.4.5 Stochastic Processeson Binomial Trees

Main concepts

o  Theset of possblestock vauesisastochastic process S it dependson time
a5 S; (discretetime) or S; (continuoustime).

e  The set of probabilitiesp; or ¢; associated with nodes of the tree is called a
measure Por Q. They describehow likely isto jump up or down.

e  Afiltration F isthe history of the stock up until tick-timet = i on the tree.

e  Aclaim Xisafunction of the nodesat aclaim time-horizon 7; equivaently,
it isan Fr — measurablefunction. The clam is only defined on the nodes at

timeT.

o  Theconditiona expectation operator Ex(: | F). For example, Ep(X | F)is

the expectation of X along the latter postion of .paths which have initia
segment 5. This expectation depends on % and so is a random variable

itself. The claim X can be converted into a processEx(X | % Jor Eq(X| F) if
the measure Por Q is given.

A previsible process ¢ is a process on the same tree whose value at any
given node at timetick i depends only on the history up to one time-tick
earlier 7,._,. Previsible processesplay the part of trading strategies wherewe

cannot tell in advance where prices are going to go.
e A processS isamartingalewith respect toameasure Q and afiltration F; if
Eo(S;| ) =5 forall  <j. i

This means that S has no drift under Q. Then Q is called a martingal e measure
for-S and S iscaled a Q-martingale.

For any claim X, the process Eq(X| ) isamartingale.



Binomial Representation Theorem Application to Finance

Theorem.If S is Q-martingale and E isany other Q-martingale, then there exists
a previsible process ¢ such that

Ei=Ep+ Y gkAS, ,
k=1

where ASy = Sk — Sk

Proof. Consider a typica node. As there are two values only, the random
variablescan be transformed to each other by scaling and offset

AE; = @ AS; + Kk

for ¢, and k known by F;.;. The conditional expectation given F.; of AS; and AE,;
should be zero, as they are martingales. Thus, k = 0.

The bond process

e The bond process B; represents the value of $1 at'time i. It isa previsble
and positive process, By = 1.

o  Theprocess B, isanother previsible processcalled the discount process.
e 7 =B;"'S;isthe discounted stock process.

e By ' Xisthediscounted claim.

Sdlf-financingstrategies

Let the discounted stock process Z = B;'S; be a Q-martingale. Another Q-
martingale is E; = Eq (B, X| F)). Then there exists a previsible process ¢ such
that

E=E)+ Z;DkAZk ,
k=1 .

At time i buy the portfolio IT; with
* ¢, unitsof stock;

o y,,=(Ei= @ B'S) unitsof the cash bond.

At time i, the portfolio isworth Y= ¢ 18+ @ i1 Bi. At time zero, portfolio [l is
worth

¢ 150+ ¢ 1Bo =Eq(Br X).
After onetimetick Iy isworth | |

© 18)+ @ By =B; (Eg+ @ 1 (B 81-B5" So)) =By (Eo+ 91 AZ) =B, E,
by the binomia representation theorem. On the other hand, the portfolio IIi
scheduled to be acquired at time 1 costs also B, E;, so we can cash o to buy IT;.

Thisstrategy is called self-financing, At the end the portfolio will beworth B;B,”
X =X, asrequired. Thus, the claim price is Eq(B7 X).

FOr a oeneral cten i this aroument lead tn ¥V, = @S+ wiB Then
{ V=St wiB, | | |
' Vii= @S+ w8
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Self-financing Hedging Strategy (¢, ¥
e both gand yare previsble

s the change in vaue V of the portfolio defined by the strategy obeys the
differenceequation Vie1 - Vi=AVi= @ p ASi+ i AB; -

o  @7rSrtywrBrisidenticdly equa totheclaim X

Option Price Formula (discrete case)

Thevadueat timei of aclam X maturingat date T is

B Eq B X| F).

A martingale measure Q awaysexists in the binomial model.
The red measure P (which Sfollows) is irrelevant.
Continuous Processes

Heuristic Arguments
Let Br = ¢". Assume that over a smdl time interval At the stock moves to either
value Se# ¥ +oY& (if up) or to Se# == (if down). Then, if n = #/At,

§, =8, exp{,ut + a«/t_[—z—X‘/—i—’-—:n]} ,
' n

where., isthetota number of up-jumps.
In the risk-neutrd'world, the probakility of up-movementis

| .Su/; - Sdt;nr'n .~ 2
Then X, = Bi(n, q),and (2X, - n)/~/n has mean

-«/t—(y+12é12 -r)/ o and thevariance 1,
and so convergesto N(-\/;(;m%c'rz -rla,1).

Findly,,log S, ~ N (log So + (r - 1~;1-crz)z,%-cr’1) or
2 2

S,=Soexp{o~«/2\z‘+(r—%crz)t},'

where z = N(0,1) under Q.
Thus log(S;) hasthe normd distribution and so S, has the log-normal distribution.

Sy =So exp{{otZ + u,
where 4 iscaled the expected return pn the stock,
Let us discuss the stock price process. It can be assumed that if follows a
generdised Weiner process. That means it has constant expected drift rate and

constant variance rate. Such an assumption however, fails to satisfy a key feature
observed incase of stock prices. That is, the expected percentage return required




by investors from a stock is independent of stock price. So we introduce a
modification and assume that the expected drift be expressed as a proportion of
the stock price is constant. In thereal world the stock priceisdistributed as -

Stock Price Process
Assumethat the volatility vanishes, i.e., o= 0. In thiscase.

ds = uSat, |
where v isthe expected return on the stock. Then
. dS .. : . '
S
and
S =St

Then the volatility of stock prices is modelled using the Brownian Motion (also
cdled Wiener process). The standard Brownian motion F, is a stochastic process,

such that
e Wp=0;

e W,= W,isnormally distributed with mean zero and the variancet — s for ¢ =
5

* W has independent increments, ie. W, ~W, ',...W, W, are jointly .

independent for'any time momentst; <6 < ... 4.
The Brownian motion has continuous but nowhere differentiable paths,
Let #; bethe standard Brownian motion. Then :
ds = uSdt + o Sdw | |
.or with %ime as subscript
ds; = uSedt + o Sdl\ .
44.6 Stochagtic Differential Equations

In a more generd case X, is a general stochastic process (not necessarily stock
price process) such that
dX, = pdt + o dW,

Thedrift 4 and the volatility &, may be random, but they must be adapted to the
same filtration, so depend on the events up to the current time (i.e. F3), but not on
the future. The drift and volatility determine uniquely the underlying stock
processand can be determined uniquely from X..

Stochasticdifferential equation for X,
dX,,t = p( X, 1)dt+o,(X,,t)dwW,

Example (Dueto Hull 1992) A stock paysdividendsat 15%p.a. with continuous
compounding and has a volatility of 30%p.a. Then

dS=0.155dt + 0.305dW.

Application {0 Finance
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Then

‘—3S§= 0.15A1 +0.30ZvA?

whereZ = N(0, 1).

It6 Formula

If dX, = udt + o dW, and T isadeterministic twice continuously differentiable
function, then ¥ = AX7) satisfies

dv,=(u f(cX))+ —olf"(X,)dt+(o, f (X,)aW,)

More generally, let ¥, = F(X, t) for atwice differentiablefunction F. Then

oF 1 8°F
ar = gy JOE g, L
oK, ar 20K

AP i ) P
X, o 20X X,
This formulatransformsa stochastic differential equation for X; into a sochastic
differential equation for Y.
Example. X= W, Y = X*, Then
dy, = d(W%) = & + 2Wdw,.

oldt

This can be usad to J: W.dw,.,snce
T T T
[ax, = [at+ [2w,aw,
0 0 0
whence
! 1., 1
[w,aw, =—w} -=¢
; 27 2
Example. Let dS; = Sdt + o SdW, for the (non d|V|dend paying) stock price.
Find thedifferential for theforward price F,= S, *,
Geometric Brownian motion
Consider
as, = uS,dt + o Sdw;.
Its solution using Ito's formulais
S, =Sy exp{cW,+ (u- o)t} and

called the geometric (or exponential) Brownian motion.

This formula gives the stock price in the red world if the stock follows the
Geometric Brownian motion with given 4 and o,

Note: ¥, hasthe normal distributionwith mean zero and the variance, so that
St = Soer’l,




where 77 has the normal distribution with mean .~ % o and the variance o /z. Application to Finance
Estimating Volatility
Takeasample of daily returns
u; = og(S#Sw1)
fori=1,...,n and then the standard deviation of this sample will estimate

o+/T, where T isthe length of time interval in years. The choice of # is crucial,
more observationsdo not necessarily mean a better estimate as the volatility may
change over time.

When dealing with #; it is appropriate to give latter observations more weights,
for example, use exponentially decreasing weights. It is possible to use various
modelsfrom Time Series.

Martingales

A process M, iscdled a Q-martingale if

o EQ'M;’ < oo forall #;

° Eo(M, | Foy=M,;foralls<t.

Examples:

|) A constant processisa martingale.

2) Q-Brownian motion is a Q-martingale.
3 M=P{op, _y %) isamartingdle.

4) For any claim X (with Epl x| < m), the process N; = Ep|X|F,) isa P
martingale.

For pricing options, the central point was to ensure that the processisa martingale
with respect to some measure. The price of derivatives then becomes the
expectation with respect to this martingale measure.

Self-financing Portfolios

Portfolio is a pair of processes ¢, and y; which describe the number of units of
security and of the bond which we hold at time . The processes can take positive
or negative values (short-selling is allowed). The security component ¢ should be
F-previsible. The value of the portfolioisV; = @S; + w.B;.

A portfolio is self-financing if and only if the change in itsvalue.only dependson
the change of the asset prices, i.e.

dV, =¢ds, +v,dB,
Examples: If we assume that S; = W, and B, = 1 then
1)  @=w=1issdf-financing
2)  @=2W,y=~1 W} issdf-financing
If Xisaclaim that dependson events up totime T, then a replicating strategy for
Xis aself-financing portfolio (p;¥) such that J: a,zy/,idi <coand X = Vr= epS7+
wrBy. Then the price of X at timet must be
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Changeof Measure
If y isa constant, and #, is aP-Brownian motion, then there exists a measure Q
such that

Wi=W+p .
isa Q-Brownian motion. This change of measure theorem isa particular case of
the Cameron-Martin-Girsanov theorem from stochastic calculus.
The change of measure changes only the drift; the volatility remains the same.

Example. X, = oW, +u4, where ¥, is a P-Brownian motion. Then, with y, = u /o,
there exists ameasure Q such that W, = W, +(u /o)t isa Q-Brownian motion up to
time7, ie, X,=o~W,

45 BLACK-SCHOLESMODEL

Black and Scholes derived a differentid equation that must be satisfied by the
price of any derivative security dependent on a non-dividend paying stock. The
fundamental insight gained from their result is, the option is implicitly priced if
the stock is traded.

Assumptions:

The assumptions of the Black-Scholes models are: The price of the underlying
instrument S, follows a geometric Brownian motion with constant drift i and
volatility o intheequation dS, = uS,dt + oS dw, .

Short-sellingis permitted, O transaction costs or taxes, all securities are perfectly
divisible, there are no dividends, there are no riskless arbitrage opportunities,
security trading is continuous, the risk-free interest rate is constant and the same

for all maturities.
ThePDE
Given the assumptions of the Black-Scholes models, the price¥, of a derivative
written on a stock with price process S, evolves according to the following partia
differential equation (PDE):

' o

‘ o
?—V-+—1—0'2S2—a——g-+rS-————rV =0"
o 20" a5t 0 as

. Itis notable that the PDE does not contain u, thedrift of the stock. An informd

derivation of the PLCE, explainingthisresult, is given betow,
TheFormula

The above discussions led to the following formulafor the price of acal option
with exercise priceKon astock currently tradingat price S, i.e., the right to buy
a share of the stock at price K after Tyears. The consant interest is », ax the
constant stock volatility is o .

C(8,T) =5®(d,) - Ke " ®(d,)



where . Appfication to Finance
In(S/KY+({r+oc?/2\T
£ 2SI+ (r012)
oT

d,=d, —oT
Here @ isthe sandard norma cumulative distribution function.
The price of a put option may be computed from this by put-cal parity and
simplifies to P(S,T) = Ke™" ®(-d,) - SP(~d,).
Assume first that the interest rateis zero, r = 0.

Step 1. Find a measure Q under which S; is a martingale. Take S, as a geometric
Brownian motion, so that

S,= Spexp{oW, + (u- Y% )},
To convert it into a martingalewe must get rid of

5,= Soexp{oW,+ £ ty = v 21}
[#)

=Spexp{o W, - &1},

where ¥, is the Q-Brownian motion (see change of measure theorem).
Step 2. Put E, = Eq(X| F))
Step 3. dE, = o dS;

Thus, the replicating strategy isto hold ¢, units of stock at time and hold
vi=E = oS

unitsof the bond &t time,

Assume now thet the interest rate is not zero.

Take the discount process B, ™' and form a discounted stock Z = B, ™' S, and a
discounted clam By ~'X. Then operate with them as though interest rates were
zero, remember that ' =e".

Step 1. Make Z, into a martingale.
Note that
Z,= B, S,=So exp{o W, + (u+r % o))}

=S exp{o W+ £EL) + v o)
. o

=S, exp{o W,- % ot}
for aQ-Brownian motion W,, so that Z, isa Q-martingale. Then
S,=87Z=e"Zand 0
=Sy exp{o W, + (r~ % o)t}
determines the stock price processin the risk-neutra world. The corresponding
stochastic differential equation is
ds; = rSdt + oS dw,
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Step 2. E, = Eo(B, ' X| F)
Step 3. By martingalerepresentationtheorem, dE; = pdZ,.
Replicating strategy.

o hold ¢ unitsof thestock at timet

e hold ¥ = E, = ¢Z, unitsof the bond
A strategy {4,,+y,)of holding in astock S, and a non-volatile cash bond B, has
value ¥, = ¢,5, t w,B,and discounted valueE, = ¢,Z, +v,
Thestrategy is self-financingif either

av,= ¢ ds; + ¥ B, or, equivaently,

dE[ = ¢(dZ(.

All claims X, knowable up to some horizon, T have associated replicating .
strategies. Thearbitrage price of such a clam isgiven by

V,=B EqB ™ X|F)=e "™ =EoX|F)
where Q is a measure that makes the discounted stock a martingale.
Example: Pricing of aCall Option

Consider a cal option with the exercise date T and strike price k. Then thecdlaim
isX = max(Sr - k, 0) . Find ¥, the value of the replicating strategy (and thus the
option) & timezero as

Vo=e " Eq (max(Sr—k, 0)).
We should find the margina distribution of Sr under Q

Sr=Sexp{ocW,t(r-% 0'2)7"}
Since Wr~ N(0, ) under Q

oW, +(r=% o)T=Z+rT.
where Z~N(% ¢? T, a* 7). Then

Sr= Spez+rr
so that the claim priceis

V= e-rTE((S e? T k)

1 T : ' (x+-%20‘2T)2l
= J (.S'oe" - ke " )gxp BT dx.

2
V270 Tlog(lzl.'\'o)—-rT

Change of variablesy = - (x +%02T)/a«ff leadsto

- . 1 9 —oTo-tolr 1
V, = —=—= || se 2 lew—gidx,
Yo ( ] 2

0



' " Application to Fi
whered = (log(s/k) + (r = .;-o-zT) /e~T . Thenwriting pplication to Finance

covTv-Lomy-Llyry=1 3
oNTv 2_0 ) 2U) 2(v+cr\/—7:)

yidds
. . 2
a_olT I"z -~ a )"
s - - ke™" --
V, = e? dv- e? dv
=g LA et
Thisleads to Black-Scholes formula
: \ 2
log%+(r+%a%] ‘ 10g—§f—+[r—4%azj7'
Vo= Sif| ~ke9

oVT oT
We only need that the drift of the stock price is constant, its exact value is
immeaterial.
The Black-Scholesformula may be written as
¢ = 8@ (d1) - k® (da)
Notethat & = d; = oT .
... The corresponding price formula for a European put is
- p=hkeT D (<) - So® ().

Finding the Replicating Strategy

The vaue of the claim X at time ¢ isequal to ¥(S, t) as in Black-Scholes formula
with S; (stock price a timez) instead of Sy and (T - ) (the remaining time) instead
of 7. Since dS, = oSdWt + rSudt, Ito's formulayields

BV 1 ., ,08

—(?Z-dS, b+[——~—+—~0' 5 m]dt.

e ans, )=

-(f"-' ),." 08, o 2 fs?

On the other hand, the self-financing condition gives
dvt = @S, + ¥ dB, .

By equating coefficients of dS,, we get

‘ av
== (8, ,t
?, as,(' )

meaning that the amount of stock at any stage isthe derivative of the option price
with respect to the' stock price,

Comparethe values of the replicating strategy V (S, ) = ¢, S; + ¥ B, with option
price given by the Black-Scholes formula

RANE
log(S, / k) +(r +%az)(7"-—i) o ‘Iog(S, [RY+ (1 - ;—0‘2)(T'~ r)}
' ~ke”" O |
o(T-1) o J(T-t) J
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toseethat thereplicating strategy isgiven by

log(S, / k) + (r '+%cr’2 XT - 1)

=0
v 0'1/111;‘[;

and
log(S, /&) + (r - %azf)(f 1)

By, =—ke 00
W a«/iT )

=

The value of ¢r is aways between zero and one. The amount of borrowing is
bounded by the exercise price k.

451 Black-Scholes Differential Equation

The Black-Schotes differential equation is derived in the following through no-
arbitrage or delta-hedging argument.

The Black-Scholes PDE

As per the model assumption above, we assume that the underlying (typically the
stock) followsa geometric Brownian motion. That is,

ds, = uS,dt + oS dw,
where ¥, is Brownian.

Now let ¥ be some sort of option on S -mathematically ¥ is a function of Sand
t.V(A,1) isthe value of the option at time t if the price of the underlying stock a

time ris S. The value of the option at the time that the option maturesis known.
To determine its value at an earlier time we need to know how the value evolves

as we go backward'in time.
Another derivation
Consider a portfolio with one long option and short position in the asset
I =V(S,1)-AS. | -
Then dT1= 4V - AdS and using ité formula for ¥, = V(S,, t)'
1 207

dr= §£d1+§KdS+la 5% ——dt.
ot o8 2 bs*

Therefore

1 v

—dS + —os? ——dt - AdS.
| m +20S.5S2 dt - AdS
The coefficient before dS iszerb if

A=
as

as in Delta hedging. Witfi' such A,

ari=2 4 .
ot




2
dIl= 9Y—+la'zsza Iz/ dt, dt .
ot 2. Os

This change is riskless and must be equal} to the risk-free growth (to avoid
arbitrage possibilities)

d IT=rI1d: .

2
Thus’ 2Z+.l0-232_6__1/_ dr:r[V:g.I./_]d[,
ds 2 ds? o8

and we obtain the Black-Scholesequation

2
152280 OV Ly 8y,
2 os* ds ot

Dividend Paying Stock
Example (European call option on adividend paying stock).

Ex-dividend dates in two months and five months. The dividend on each ex-
dividend date is expected to be $0.50. The current share price is$40, the volatility
is 30%p.a., the risk-free rate of interest is 9%p.a. The time of maturity is 6
months. The present rate of the dividends is

0.5¢°212X009 + () 5,-2/12x009 0.9741,

The option price can be calculated from the Black-Scholes formula with So=
39.0259, k=40, = 0.09, o= 0.3, and 7= 0.5. The result is $3.67.

Stocks paying dividends continuously. If the stock is paying dividends at rate g
(continuously), then the Black-Scholes formula is applicable with S, replaced by
the dividend-adjusted stock price Sye™". This is aso applicable for options on
stock indices.

‘The dividend payment is assumed to be &5, over a small interval d,. Then the
process S; is not the value of the asset as a whole.. To-make it tradable, we can
assume that dividends are used to purchase more stock, so a time ¢ the number of

stock units will be St. Then the worth of such a portfolio will be

S, =Sy exp{aW,+ (1= 6= "% o)}

Then the standard arguments are applicable, and, under the martingale measure,
S, =Sy exp{ oW, + (r- 5— V2 )t}

is log-normally distributed. Then the forward price is F = &)

S

]
log(F'/k) 7 A = p2) + 03 = po107
o(R)

Vo= Gﬁ"’,‘ Fo

and the hedge is @, = @™ ¢( d;) unitsof the stock and have a negative holding
of ke &( ) units of the bond.

Note The same result is obtained if one adjusts Sy for the dividends and uses the
standrard Black-Scholes formula on non-dividend paying stock with Sq replaced by
Soe"q .
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46 OPTIMAL PORTFOLIOS

In portfolio theory we study investorsoptimal decision to diversify their portfolio,
aswell as pricing of risky assets. Usudly the portfolio theory models the returns
o an asset asrandom variable.

If properly hedged, derivatives provide riskless returns. This feature is used by
banks who sgll their products for a bit more than it is worth. Fund managers buy
and sell assets (and also derivatives) with the am of beating the bank's rate of
return. This often involvestaking a degree of risk.

461 Mean-Variance Approach,

The mean-variance approach was developed by H. Markowitz. To see its
formulation let usexaminethe following presentation.

Let P{2) bethe price of security i at timet.
Thereturns R; = P{t)/P{0) are moddled as random variableswith
1= E(Rp), o= Cov(R, R)),

The variance-covariance matrix of returns'isdenoted by Z. If the first asset isrisk-
free, then the corresponding variance and covariances are zeros.

Let 7z be thefraction of initia wedth X of the investor invésted in security / at
timet=0

A
=

where y;, isthe number of shares of security i held by investor at time t = 0,

7,

7= (m, ..., m)" is caled the portfoliovector. Notethat

mtm+. . Tm=1.

If short-selling is not allowed, portfolios should have all non-negative
components. Such portfolios are called admissible. The total return isgiven by

' (R)zzd:”iRi‘ I
i=!

- Then

d
ER) = E(R) = z Ly

i=]

. . d . N
WE)=Var(R) =3 mo;m, ..
=l

Two Assts Portfolios

Take 7 = (7,,7,) with m+ m, = 1. For simplicity, denote ;= x and 4= 1 = x.
Then
E(R) =xpi+ (1 =) pa,




VR)=x*c? + (1 —x) ol +2x(1 - x) pa 03,

where pi s the correlation coefficient between the two individual returns. If short
salesareforbidden, then 0 < x < |, otherwisex can be an arbitrary number.

Now ¥(R) isa quadratic function of E(R), namely,

VR pr- )’ =
(ER) - p2)* o} + (u—=ER) o3+ AER) ~ 1) + (~E(R)) 00, .

If the short sales are allowed, then the minimum variance is achieved at

2
05— poo,

X = .
2 2 o)
o, +0, —ip0,0,

Note that the corresponding x may be negative or greater than 1, If short sales are
forbidden, then the optimal x can befound aseither O or 1 or x* given above

(if x" < (0, 1)).
The objective function may be written as \
fix)=-AE (R) + V(R),

where A isarisk aversion index. If 4 = 0, the portfolio with the lowest variance of
return will be selected. As A increases, the investor becomes more willing to
accept risk in order to achieve a higher expected return, and if 4 = < the portfolio
with the highest expected return will be optimal. [n application to two asset

portfolios, this gives
Flx)=dxp + (V= X)up) + 2x0 +(1-x) 0] +2x(1 - x) po,0,.

Then

df” L2 )

d——A(/.z, — W)+ 2x0, = 2(1 ~x)o; +2(1 - 2x)po,o,.
» (

Thederivative is zero if

1
EA(:UI - ) + 03 — po 0,

X = -
o(R)
If short sales are forbidden, then the optimal value of x iseither 0 or ! or x* above
(ifx'e2 (0, 1)).

Risk-free Assets and the Capital Allocation

Assume the portfolio R, has two assets, a risk-free and another risky asset. The
capital allocation line connects al portfolios that can be formed using a risky

sggsset and riskless asset. The second asset R also has several risky assets with
return £(R) and variance V (R). Let X be the share of the fund invested in the first
(risky) asset. Assume that the risk-free asset provides return Rr. Then the asset of
the combined portfolio &, will be

E(Ry) = xE(R) + (1 - x)Rs,
V(R)=x*V (R) .
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Then, if o(R)=,/V(R) isthe standafd deviation of the risky portfolio and

o(R)= V(R )R,

E(R)~ R,

E(R,)= R, + )

a(R,).

Thus, the set of portfolios comprising a combination of the risk-free asset and a
risky portfolio is a straight line. The tangent 'point M to the set of admissible
portfolios represents the market portfolio or the best combination of risky assets.
The optimal position on the capital market line corresponds to the degree of risk
preferred. If continued beyond M, it represents a 'borrowing' portfolio.

If the borrowing rate R; is different from the lending rate Rr, then two tangent
points areto be determined.

46.2 Capital Asset PricingMode (CAPM) .

The CAPM is based on investor's decision of not to invest in an asset which does
not improve the risk-return charactertics (more risk- more return) of her existing
portfolio. Thus, CAPM derives the return for an asset in a market given the risk-
free rate available to investor and the risk of the market as a whole.

Assume that the return of a security is determined entirely by the market index
and random factors

- Ri=aj+ fRute,
where Ry, is the return of the market portfolio and €; isa random error term. Then
E(R;)=r+ 5 [E(Ru) - 1],

where r is the risk-free rate: E(R; ) is the expected return of asset j; E(Ry) is the
expected return on the market portfolio; /4 is the "beta’ of asset j. The betas can
be estimated from the following linear model.

Ge =0+ B Fae t 8,

where rir is the return of asset j in the #th period, 71, IS the return of the market
portfolio in the #th period, ¢ isthe intercept, €;, is the residual error for.period 1.

The beta of an asset R, can be also defined as
_ Cov(R,R )
T var(R,,
Further,
Var(R;) = B} Var(Ry) t Var(e;)
and, for i = j,Cov(Ri,R,,) = 8,8, Var(Ra) .

The beta of a portfolio can be found as the weighted sum of betas of individua
assets



Cheek Your-Progress2 Application to Finance
1) Whatdo you mean by deltahedging?

............................................................................................

..............................................................................................
.............................................................................................
P S T R R R R R L L T o P
............................................................................................

3)  Wha do you mean by self-financing strategy?
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4.7 LET USSUM UP

In this unit we have discussed the basic concepts of finance that help understand
modelling pricing stochastically. The financia terms frequently used in derivates
have been documented before discussing the modelling on option prices in
arbitrage free conditions. Binary modelling technique has been introduced with
single and multi-period framework. The results have been further seen by
trandating these in terms of martingale language. The Black-Scholes model
which showed that option is implicitly priced if the stock is traded, has been
highlighted. The basic formulation of Black-Scholeg model which is built on the
assumption of option price following a geometric Brownian motion is deliberated
upon and tools of stochastic calculus used have been pointed out. The last part of
the unit gives the themes on optimal portfolios and discusses the mean variance
approach and capital asset pricing model to show the determination of tlie return
of an asset in risky environnient.

4.8 KEYWORDS

Contingent Claims: Assets or securities whose prices depend on the vaues of
other assets or numerical indices,
Derivative: A conditional instrument used bymarket participants to trade or

manage an asset. There are essentially two categoriesof financial instruments that
are grouped under the term derivatives. options/futures and swaps.

Financial Market: A mechanisn which alows people to trade money for
securities,

Financial Risk: Any risk associated with money.
Forward: An agreement between two parties to buy or sell an asset & a pre-
agreed future point in time .

Futures: A contract to buy or sell acertain uncferlying instrument & a certain date
in the future, at a pre-set price. The future date is cdled the delivery date or fina
settlement date. The pre-set priceis called the futures price.

Hedge: An investment madeto reduce the risk in another investment.

Hedging: A strategy designed to minimise exposureto an unwanted businessrisk,
while still alowing the businessto profit from an invegtment activity.

Long Position: A treader buys an option contract that she has not already written
(i.e. sold). Here buyers are referred as the long.

Market Risk: Tlie potentia to experiencefinancid losses due to fluctuations in
the prices a which equities, foreign currencies, 'interest rate linked securities, and
commodities can be bought or sold.

Option: A derivative type of tradeable contract in securities markets, whereby
one party buysthe right to exercisea feature of the contract on or before a future
date.

Position: A commitment to buy or sell a given amount of securities or
commodities.

Put Option (or Put): A financial contract between two parties, the buyer and the
writer of the option. The put allows the buyer the right but not the obligation to



sl acommodity or financia instrument (the underlying instrument) to the writer
of the option for a certain time for a certain price (thestrike price).

Put-call Parity: A relationship between the priceof a cal optionand aput option
- both with the identical strike price and expiry.

Replication: An option trading strategy used to ensure & a certain date the payoff
without trading it.

Self-Financing: A strategy when acompany is able to release liquidity in order to
finance operating charges and development. It isequal to the net profit to which
you reintegrate all the entries that are not associated with the movements of cash
such as depreciation and provisions, appreciation and depreciation of asset
disposals.

Short Position: A trader selling an option contract that she does not already own.
Here sellersare referred as the short.

Spot Price or spot rate: A price of a security quoted for immediate (spot)
settlement (payment and delivery).

Stock: Capital raised by a firm through the'issuance and distribution of shares.

Swap: A derivative where two counterparts exchange one stream.of cash flows
againgt another stream. Often usad to hedge certain risks, such as interest rate risk
or for speculation.
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410 ANSWER ORHINTSTO CHECK YOUR

PROGRESS
Check Your Progress 1
1)  SeeSection 4.2 and answer
2) . See Sub-section4.2.1 and answer
3)  SeeSection4.3 and answer
4)  See Section 4.3.2and answer

o1

) See Sub-section 4.3.2and answer
) See Sub-section 4.3.3and answer

D

Check Your Progress 2
1) SeeSub-section4.4.5 and answer
2)  SeeSection 4.5 and answer
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4)

5)
6)

See Sub-section 44.5 and answer
See Section 4.5 and answer

See Sub-section 4.6.1 and answer
See Sub-section 4.6.2 and answer



