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8.1 INTRODUCTION

Many physical problems in science and engineering are modelled in the form of
ordinary differential equations. The solution of the differential equation is the
function that satisfies the differential equation and the given initial or boundary
conditions. Such a solution is called the exact or the analytical solution. The methods
for finding the exact solution are limited to certain special form of equations, mostly
linear, homogeneous equations with constant coefficients or, to certain non-
homogeneous equations with non-homogeneous terms restricted to some standard
functions. However, numerical methads do not have any such limitations.

In this unit we shall discuss singlestep numerical methods for solving the initial value
problems of first and higher orders. We shall start the unit with some preliminaries in
Sec.8.2, which are required for further discussion in this unit, In Sec.8.3, we shall
discuss Taylor series methods of first and higher order for solving single or system of
initial value problems. Runge-Kutta methods of first and higher order will be
discussed in Sec.8.4 both for single as well as system of equations. Finally, we shall
discuss the stability of these singlestep methods in Sec.8.5.

Objectives

After studying this unit you should be able to

s  explan singlestep and multistep methods for solving initial value problems;

o use Taylor series and Runge-Kutta methods for solving initial value problems;
e obtain the interval of absolute stability for a given singlestep method.

8.2 PRELIMINARIES

We start with giving some of the basic definitions in this section.
Consider the nth-order initial value problem (IVP)

YV x)=£(x,y,y,....y" ™)

y(XO) = yo’Y'(XO) = )’6.-..,)’("")()(0) = yg"") (1)
where x; is the initial point. ‘

The nth order IVP (1) is equivalent to the following system of n first order initial value
problems. We write y =y, and

Y=y =y, y Vi)=Y,

Y2 =Y, v Y2(Xo)=Yy
y’u—l = y“ ’ Yn-l (xo ) = yg‘-Z)
Yo =f(, Y1 Y20 ¥n)  , YalXe)=y8 (2)

In vector notation, this system can be written as




:
n.;
@
|
:
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Y(x)=f(x,y), y(x,)=a (3)
where

:
y=lylyhyh ], .
1, y)=[y2, Y500 f(x,y,,yz,n-,yn)] ,

T
az[y01y:)" "yf)n l)] =[yl(xo))YZ(xo)v""yn(xo)] M

Hence, it is sufficient to study numerical methods for solving the single first order [VP
Y(x)=£(x,¥), ¥y(Xo)=Y, “4)

and then extend these methods for solving the system of ﬁrst order IVP’s (3) or, the

nth order IVP(1).

We assume that the solution of the IVP(4). exists and is unique and also f(x,y) has

continuous partial derivatives with respect to x and y of as high order as required for
all x in the interval [x,,b], in which the solution of the IVP(4) is to be obtained.

We divide the interval [x,,b] into N subintervals by the points
Xg <X; <X5...<Xy=b
The points x,, x,, ..., X are called the nodal point, grid points or the mesh-

points. We assume that the nodal points are equispaced with the spacing or the step
length

h= XN;X(’ , where Xy =b , )

We obtain

X;=Xo+ih , 1=12,.. N
In numerical methods, we determine y; which is an approximate value of the exact
solution y(x) at the nodal point x; , that is

¥i = y(x;) - (6)
The numerical methods for solving the initial value problems can be broadly classified
into two categories
() singlestep methods, (i) multistep methods.
In singlestep methods, the solution value y;,,at the nodal point x,,,, is obtained by

using the solution value y; at only the previous point x;. Such a method is called an
explicit singlestep method and is written as

Yia =Y; +ho(x;,y;,h), i=0,1,. (7)
where h is the step size and ¢ is called the increment function. If the method also
uses the solution value y;,,, then the method is called an implicit singlestep method.
In multistep methods, the solution value y,,, at the nodal point x,, is obtained by
using the previously calculated k-values y,_,, atthe previous k nodal points

X m=0,1,...,(k-1).

i-m»
If the error in the numerical method (truncation error)
TE = Y(xiﬂ )- Yin ‘
can be written as i :
TE=Ch"" y®V (&), x,._,<&<x,, (8)
where C is a constant independent of h, then the method is said to be of order p.
With this background we shall now discuss singlestep methods of various orders. In

-this unit we shall confine our discussion only to explicit singlestep methods.

8.3 TAYLOR SERIES METHODS

Consider the IVP ,
y'=f(x,y), yXo)=Yo. 9
We assume that y(x) can be expanded in Taylor series about any point x;, that is,
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y(xX) =y(x;) + (x—x;)y'(x;) + -2_’(x -x)2y(x) 4o for Solving IVPs

P =1 YD) - x P Y () 4 (10)

(p+D)!
Substituting x =x.,, and x;,, —x;, =h , we get

i+l

~

2
Y(X;) =y(x;)+hy'(xi)+”2—,y'(xi)+~~

L) P (p+1)
+—y P (x;)+ Y + (11
- ! (p+1)!
which is an infinite series. If we retain terms upto pth powers of h, we obtain
’ hz ” hp )
Yi+|=Yi+hyi+—2-!'Ya+“'+;!-yfp) (12)

where y; is an approximation to y(x;).
The error term is given by
error = y(X;3) = Yin

hp+l " hp+2 .
= YR ) + ==y PP (x;) + -
P+ (p+2)!

which is also an infinite series.
The principal error term, called the truncation error (TE) is obtained as

hp“ (p+1)
(p+l)y ©® , x;<&<xy,

Therefore, the method (12) is of order p.

TE =

The method (11) is called the Taylor’s series method of order p. For different values
of p, we obtain different order methods.

p=1: first order Taylor series method
Yin =Yi +hy;
or, Yin =¥ +hi(x;,y;), 1=0,1,- (13)
2

TE =h2—, Y@, % <E<x,,

This rhethod is also called the Euler method.

p=2: second order Taylor series method
2

' h ”
Yia =Y; +hy; ""E" Y; (14)

hJ
CTE=T-y"(©), X <g<xi,

and so on. .

The higher order derivatives y™,m =1,2,... in Eqn.(12) can be obtained by
differentiating the given differential equation repeatedly and evaluating them at the
nodal point x;.

System of first order IVP’s

For the system of first order IVP’s (3)
yl(x) = f(x’ Y)’ Y(xo) =a
we write the method (12) as
2

4
W =0, +00,, + 0, +---+%(y“”)x,. (15)

. ) T
where, (Y)xi =[Y1i’}'zi"-'=yni ]
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(y(m))xi =[Y§:n):y(z?‘)v--,)’f1?)] s m=1’2""’p
m-|

m_d :
and Yﬁ'i )= P £, (%0, ¥ Y2000 Yw )y J=12,..,1

Note that each term in Egn.(15) is 2 column vector having the same number of
elements as the number of first order differential equations.

The truncation error associated with the method (15) is given by
p+l
TE= 2 —y® @), x; <E<x,,
p+1D!

and hence the method (15) is of order p.

Example 1; Obtain the approximate value of y(1.4) for the initial value problem -
y'=-2xy’, y()=1

using . ,

(a) Taylor series method of first order (Euler method)

(b)  Taylor series method of second order with (i) h = 0.1, (ii) h = 0.2. Compare the

. . 1
results with the exact solution y(x) =—.
X

Solution: ;
(a) Taylor series method of first order is given by

Yia =Y +hyi, 1=0,4,...
) " For h =0.1, we obtain for
i=0: x,=Ly,=Ly,=-2X,y2=-2
y, 2y(lL.l) =y, +hy, =1+0.1(-2)=0.8
i=1: x,=llLy, =08y, =-2x,y; =—1.408
y, xy(1.2) =y, + hy| =0.8 + (0.1)(~1.408) = 0.6592
i=2: x,=12,y, =0.6592,y, =-2x, y; =-1.042907
Yy =y(1.3)=y, +hy; =0.544909
3:  x,=13,y,=0544909,y} = -2x, y; =-0.772007
ys ~y(t.4) =y, +hy) =0.467708
We also have from the exact solution
y(1.4) =1/(1.4)* = 0.510204
Actual error at x=14=y(14)-y, =0.0425.

i

(ii) For h=10.2, we obtain :
1=0:  x,=lLy,=Ly,=-2%x,y; =—2
"y, 2y(2)=y, +hy, =1+02(-2)=0.6
i=1: x,=12,y, =06y} =-2x,y{ =-0.864
y,=y(1.4)=y, +hy; =04272
Actual error at x=1.4= y(1.4) -y, =0.0830.

(b) Taylor series method of second order is given by
' 2
Yia =Y; thy; +h7y?, i=0,1,..

We have ,
y' =-2xy’, i ==2%y] _
y'=-2y’ -4xyy, yi=-2y{ ~4x,¥i¥i.



(1)) For h=0.1, we obtain
i=0: Xo =Ly, =1 yo=-2,y,=6
. h2
yi=yQ.)=y,+hy, +—2—yz =0.83

i=1: x, =1Ly, =083y =-1.51558,y] =4.157098
, ;
y, #y(1.2)=y, +hy] +32—y: =0.699227

i=2: x,=12,y,=0699227,y; =-1.173404,y’ =2.960447
2

Yy =y(.3)=y, +hy; + hTy; =0.596689

1=3:  x,=13,y, =0.596689,y} =—0.925698,y" =2.160163
‘ b2
y.=y(1.4)=y, +hy} +—2-—y§ =0.514920

Actual error at x=1.4=y(14) -y, =-0.0047.
(ii) Ferh= 0.2, we obtain
i=0: X, =Ly, =Ly, =-2,y5=6

2

,  h™
Y1 =Yoo +hy, +—2—y0 =0.72
i=1: x, =12y, =0.72,y, =-1.24416,y] =3.263017

2

y2=y(l4)=y, +hy, +%—y{' =0.536428
Actual error at x=1.4= y(1.4) -y, =—-0.0262.

ook

Remark: You may notice that the actual error in.magnitude decreases when (i) h is
reduced or (ii) higher order method is used.

Exaﬁnple 2: Solve the initial value problem y' = x2 + y*, y(0)=1 upto x =0.4
using fourth order Taylor series method with h =0.2.

Solution: The fourth order Taylor series method is given by

, h2 3 h* .
o =y. +hyl +—y 4+ —y T —yV, 1i=01,...
y|+l Y| y] 2 YI 6 yl 24 yl
We have ,
y'=x2+y? : yi=xi+y;
Y =2x+2yy , yi =2x; +2y; i
y"=2+2y) +2yy" , yr=2+2(y))* + 2y, yi
y" =6y'y"+2yy" Y SOy 2y YT

For h = 0.2, we obtain

i=0:  x,=0,y,=Ly,=1y;=2,y;=8,y5 =28
h’ 3 ht
Y, =y(0.2)=y, +hyo‘+—5—-yg +—6—y'g+§y3’

“1+020)+ 0.;)4 @)+ 0.008 @)+ 0.(;(‘)‘16

28)
=1.252533

I=1: x, =02y, =1.252533,y| =1.608839,y! = 4.430248,
"=18.274789,y) =88.544887

Singlestép Methods
for Solving IVPs
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6
0.04
=1.252533 + 0.2(1.608839) + ——2—(4.430248)

0.008 0.0016
+

——(18.274789) + 88.544887
6 ¢ )+ )

=1.693175

Ak ok

Example 3: Solve the system of equations
yi=-3y,+2y; ., ¥,(0)=0
Y3 ;3YI“4Y2 , ¥, (0)=1/2
on the interval [0, 0.4] using Taylor series second order method with h = 0.2.

Solution: The second order Taylor series method is given by

1 ] hz [ . -
3oy =W + RO+ i=0,1,...
We have

Yo |, IV -3y, +2y,
y= ’y - ' = 1)
Y, Y5 3y, -4y,
y,z[y,” }{—M +2y;}
Y3 3y) —4y)
For h=0.2, we obtain

-n. ' _ % _ 0
i-—o. .X,O_O, (Y)xo _[yz }xo _[I/Z:I’
W [y, ] [-3@+20/2)7 [
o™ sy, -ay, | 7| 3@-2w2 [T -2
no | T3y +2y) A =3M+2¢=2) | (=T
09| 3y, -ay, o L30-4¢2 | |1
h2
), =y(0.2)=(y),, +h(y),, +—2—(y')x0
o 5 o)
1/2 -2 2 [11] [032
- ooy, o] 7| o0
=l =02 = . 1032

o [-3v+2y,] [-30006)+2(032)7] [ 046
O = 3y _ay, |, L 3006)-40.32) || -1.10

w [-3yi+2yy ] [-3(0.46)+ 2(-1.10)] [-3.58
O = 3y! —4y) x|” 3(0.46) —4(-1.10) | | 5.78

n h¥
(¥),, =Y(0.4)=(y),, +(¥) +—2-(y | ,
0.06 046 1 0.04 [ —3.58
= +0.2 +—
0.32 ~1.10 2 5.78
[ 0.0804
71 0.2156

Hence, y,(0.4) =~ 0.0804, y, (0.4) =~ 0.2156.

axx

10



Example 4: Reduce the second order initial value problem Singlestep Methods
y' =y +1 for Solving IVPs

S y0)=1,y'(0)=1

to a system of first order initial value problems. Hence, find an approximate value of

y(0.4) and y'(0.4) using Taylor series second order method withh=0.2.

Solution: Sety=y,, we get
Y; =Y » Y 0)=1
Y) ;_1+Y2 , ¥2(0)=1

y:-[yl}y,z[y{}[ Ys ]
Y2 Yy l1+y,
._[yl'}_[y;}:{lwz]
Y v Tyl Ly,

The second order Taylor series method is given by fj
2

h™ o :
Wiy =Wy +B )y, + -0, =01

we have

For h=0.2, we get

.o _ R |1 n | Y2 |1
i=0: XO—Oa(y)xo _I:yz j}xo _[I:l’(y)xo _l:1+y2 jlxo—[z}
n o l+vy, _ 2
B H
h2
(Y)x, ®y(0.2)=(y),, +h(y),, +7(Y’)xo
1 17 004[2] [1.24
_[1}0'2{2}7[2]{1.44}
.. B In _ 1.24
N7 (144 w14y, T [ 244
SAN —[1+y2 L - [2.44]’ @, {1+y2 L {2.44]
2
Wy = YO =)y, +h(¥)y, += 1), ;
[1.24J [1.44} 0.04[2.44}
= +0.2 +——
1.44 244 2 | 244 L
_[1.5768
"1 1.9768

Hence, y(0.4) ~1.5768 and y'(0.4) ~1.9768.

ok ok

You may now try the following exercises.

El) Obtain the approximate value y(1.2) for the initial value problem

y'=-y’, y(®=1
using Euler method with h=0.1.

E2) Solve the initial value problem
y'=2x+3y, y(0)=1

11
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in the interval [0, 0.4] using (a) Taylor series second order method, (b) Taylor
series fourth order method. Take h = 0.2 in each case.
E3) Solve the initial value problem
y' =x+siny, y(1)=1
in the interval [1, 1.2] using (a) Taylor series second order method, (b) Taylor
series fourth order method. Take h = 0.1 in each case.
E4) Find the approximate value of y (0.4) and u (0.4) for the system of
equatlons
y'=2y+u , y(0)=1
u'=3y+4u , u0)=1
using Taylor series second order method withh=0.2
E5) Write the second order initial value problem
=-2yy’, y(0)=1y'()=1
as a system of two first order initial value problems. Hence, obtain approximate
value of y(1.4) and y'(1.4) using second order Taylor series method with
h=0.2.

Taylor series method of any arbitrary order for solving the initial value problem (4)
can be easily obtained. However, from application point of view, Taylor series
method has a serious disadvantage. The method requires evaluation of derivatives of
higher order for the function f(x,y) of two variables x and y. These higher order

derivatives have to be obtained manually for each problem. Therefore, we need to
develop methods, which do not require the evaluation of higher order derivatives and
still compare with the Taylor series methods. One such class of methods is the Runge-
Kutta methods which we shall discuss in the next section.

8.4 RUNGE-KUTTA METHODS

To illustrate the idea behind Runge-Kutta methods, we integrate y’ = f(x, y)in the
interval [xi , xm] and obtain

T [dy ]dx ;x‘rf(x y)dx

Xi+1 .
o, y)=Y)+ [fxy)dx 16)
We note that f(x,y) is the slope of the solution curve and it changes continuously in
[xi X1 ] Let the continuously varying slope f(X,y) in this interval be
approximated by the fixed slope at x = x,, that is, f(x,y) = f(x;,y;) in [x,. ,xm].
Then from Eqn.(16), we obtain ’
Xi+l
Yin =Yi + f(xai’)’i) J.dx
or, Yin =Yi +hf(xi’yi) ' a7
which is the Euler method (13).
Now, approximate f(x,y)in [xi s X141 ]by the slope at the point x =x,,,, that is,
f(X, Y) ~ f(xi+1 2 Yin ) M

Then, we obtain from Eqn.(16)
Xi+l
Yin =Yi + (X115 ¥50) Idx

or, Yin =Y +hi(X, 5 ¥i) (18)




which is the backward Euler method. This method is an implicit method. The non- Singlestep Metheds
linear equation in y,,, for non-linear problems can be solved using the Newton- for Solving IVPs

Raphson method.

Now, approximate f(x,y)in [x‘,x,,,l Jby the mean of the slopes at x = x; and

X =X, thatis, f(x,y) = —[f(xl Y+ f(x”, »Yint )] Then we obtain the implicit

method.

Yia =Yi +g'[f(xi’Yi)+f(xm’)'m)] (19)
which is called the trapezoidal method.
If we approximate y,,, in the right side of Eqn.(19) by the Euler method (17), then we
obtain the explicit method

Yia = Vi +P2'[f(xi'Yi )+f(x; +h,y; +h ;)]
where f; =f(x,,y;). This method is called the Heun’s method or Euler Cauchy
method. We can re-write this method in the form

Yia =VYi +T,12'(K| +K,)

where, K, =hf(x,,y;)
K, =hf(x; + h,y; +K,)

The philosophy behmd the Runge-Kutta methods is to consider a welghted average of
slopes or approximate slopes at a number of points in [x, ,xH,] If we use v slopes,
then the method is written as 4

Yin =Yi+ W, K +w, Ky +--+w K, (2D
where,

K, =hf(x;,y;)

K, =hf(x; +a,h,y; + B, K)) t
v-1
K, =hf|x; +a by + ) B,K;
i<l
w,'s,a;'s and B; 's are parameters to be determined such that the method (21) agrees
Consider the following two-stage method
13

(20)

We shall only discuss the cases V\— 2 and v =4 which provide the methods of orders 2
and 4 respectively.

with the Taylor series method of ccrtain order.
Second order Runge-Kutta method (two stage method)

Yin =Yi+wW K +w, K, (22)
where

K, =hf(x;,y;)

K, =hf(x; +a;h,y; +B;K))
Expanding K, and K, in Taylor series about the point x;, we get

K, =hf(x;,y;)=hf;
K, =hf(x; + a,h,y; + B,,hf;)

=h[fi‘ +[a2h o +B,,hf; 6fj
ox oy

1 5, , 8% o f o f
+~2—[a2 2ax2 a,B,,hf, 6x6y+62'h fzay ] }




R 2 iKE

Numerical Solutions 6f
of ODEs =hf; +h’ +Bz, ;

6y
3 2 2
"'b" a26f+2 a,By f naf Bglfizgi"'
2 x> Ox3y oy’

where the partial derivatives are evaluated at the point(x;,y;). Substituting the
expressions for K, and K, in Eqn.(20), we get -

of of
Yin =V, +w, hf, + w{hfi +h2[0tzg+ﬁzlfi gy‘j

L Y o*f
2 (az o + 20,8, f; 6y +By 7 ?J+}

=y, +(w, + W,)hf, +h2w2(a2 gi +B,, 'gyij
o , 0 fJ

1 o f
+‘2‘hlwz[aggx7+2azﬂzl axay B2|f| ay

(23)

From the given differential equation, we get
y' =1(x,y)
of f f
v_ of dy 0 of of

" 62f+a’fdy+faf 2°f dy JOf(of of dy
oxdy oy’ dx) odylox 9y dx

d*f o*f o*f o) of(of _of
= —+f——|+f Hf— |+ |+
xdy  dy’, oylox oy

2 2 2
(2 L0 a0 offof L of
ox? Oxdy oy? aylox oy

Now, Taylor series method for solving the given differential equation is given by
2 3 .

Y(xi) = y(X)+hy(X)+3—y (x;)+ Ly"’(X)+
y;, +hf, + h’ (af”ig]
2 (X oy
+£3— o'f + 2f] o'f +fza f _8_f_[8f+fi_6_f_] SRR (24)
ox’ Oxdy oy? oylox oy

where partial derivatives are evaluated at the point (x,,y;).

Comparing the coefficients of h and h’ in Eqns.(23) and (24) we obtain
w,+w, =1

— va—a

w, B, == : (25)

It is not possible to compare the coefficient of h’, as there are three terms in Eqn.(23)
and five terms in Eqn.(24).

(8]

The solution of the system of Eqn.(25) is obtained as

1 1
=0, W, =——,W, =] ——
BZ] 2 2 2a2 1 zaz

14



and a, # 0is arbitrary. The method (22) becomes

Yir =y +| 1-—— K, +—K, (26)
) 20, 20,

where
K, =hf(x;,y;)
K, =hf(x; +a,h,y; +a, K;)

The truncation error associated with the method is given by
TE=y(x;,) - Yin

2
=h? [l_lwzagJ af+2f o'f f2af
6 2 ox? ' oxdy dy?

+LBIA L6 O om®)
6 6y ox ' oy

Therefore, the two stage Runge-Kutta method (26) is a second order method for all
values of o,. For different values of o, we obtain different second order methods.

For a, =1, we get, B, =l,w, =w, =%and the method is

1
Yia =Yi +E(K| +K,) 27)

K, =hf(x;,y;)

K, =hf(x; +h,y; +K,)
which is the Euler-Cauchy method or the Heun method (18)
For a, =%, we get B, =%,w1 =0,w, =1 and the method is

Yin =Yi + K, (28)
K, =hf(x,,y;)

K, =hf[xi +2—, \7 +%K,]

which is also called the modified Euler-Cauchy method.

Fourth order Runge-Kutta method (Four-stage method)

Without derivation, we list one of the four stage Runge-Kutta methods
ym=yi+-;-(Kl+2K2+2K3'+K4) (29)
K, =hf(x;,y;)

h 1
K, ;hf[xi +E’yi +EK,]

h 1
K,=hf]x. +—,y, +—K
3 (l 2 Yi 2 2}

K,=hf(x; +hy; +K,)
which is called the classical Runge-Kutta method and is of fourth order.
Remarks
1. Both Taylor series method and Runge-Kutta methods are singlestep methods.
2.  Werequire two function evaluations per step for a second order Runge-Kutta

method and four function evaluations per step for a fourth order Runge-Kutta
method.

System of first order iVP’s

For the system of n first order IVP’s (3)
Y =f(x,y),y(x,) =@
we write the Runge-Kutta methods as follows:

Singlestep Methods
for Solving IVPs
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Yia =Y +E(K1 +K,) ‘ (30)
where
I(ll KIZ
K KZI K K22
1~ : ) 2 = .
Knl Kn2
and '
K =hf;(X;, ¥4 Yaise-s i) -
Kjp =hfi(x; +hy; +K, 1,y +Kyphoo ¥ +Kyy)
i=12,..,n
Fourth order method (29)
1
Yia =Y +3(K1 +2K, + 2K, +2K,) (31)
K]l |-I(IZ Kl3 KI4
K K K K
where, K, = :2' , K, = :22 Ky = :23 , Ky = :24
I(nl KnZ nKn3 Kn4

and
Kjl =hfj(xl’yliiy2i""’yni)

: h 1 1 1
sz =hfj [Xi +E,y,,- +3Kll’y2i +3K2|,...,yni +EKM]

h 1 1 1 .
K= hfj(xi +E,Y1i +EK|2’Yzi +—2—K22""’yni +3anj
K= hfj(xi +hy; + K3, ¥y + Kooy + Kn3)
1=12,...,n.
We shall now illustrate the methods discussed above through examples.
Example 5: Solve the initial value problem
y'=x*+y’,y()=2
on the interval [1, 1.4] using the second order Runge-Kutta method (27) withh=0.2.

Solution: We are given that f(x,y)=x* +y? and h=0.2.
We obtain from Eqn.(27) for
i=0: Xo=lLy,=2
K, =hf(x,,y,)=hf(1,2)=02[1)? + 2)*]=1
K, =hf(x, +h,y, +K,)=hf(1.2,3)=02[1.2)? +3?]=2.088
y, =y(1.2)=y, +—;—(Kl +K,)=3.544
i=1: x,=12,y,=3.544 '
K, =hf(x,,y,)=hf(l.2, 3.544)
=0.2[(1.2) + (3.544)? |=2.799987
K, =hf(x, +h,y, +K,)=hf(l.4, 6.343987)
=02[(1.4)? + (6.343987)? |=8.441235

y, =ry(l.4)=y, +%(Kl +K,)=9.164611.
e e Ak

16




—

Example 6: Find an approximate value of y(0.8) for the initial value problem. Singlestep Methods
yl = X + y, y(0.4) - 041 for SU'Vlllg 1VPs
using the second order Runge-Kutta method (26) withh =0.2.

Solution: We are given that f(x,y) = ,/ x+y and h=02.

We obtain from Fqn.(26), for
i=0: x, =04, y, =04l

K, =hf(x,,y,) =hf(0.4,041)=02,/04+041=0.18

K, =hf[x0 +%,y0 +%K,)=hf(0‘5,0.5)=0.2,/ 05+0.5=0.2

y, =y(0.6)=y, +K,=041+02=0.61
i=1: x, =06, y, =0.61
K, =hf(x,,y,) =hf(0.6,0.61)=0.2,/ 0.6+ 0.61 = 0.22

K, =hf[x, +%,y, +%K,)=hf(0.7, 0.72)

=0.240.7+0.72 =0.2383
y,=y(08)=y, +K,=0.61+02383=0.8483
¥ kg

Example 7: Find an approximate value of y(0.2) for the initial value problem
y=1+y% y0) =1
using the classical Runge-Kutta fourth order method (29) withh = 0.1,

Solution: We are given that f(x,y)=1+y* and h=0.1.
We obtain from Eqn.(29) for

i=0: Xe=0,y, =1
K, =hf(xo,yo)=hfO.D=0.11+®?]=02

K
K, =hf(x0 Jr%,yO +T‘)=hf(0.05,1.1)=O.l[1+(1.1)2]=0.221

K
K, =hf(x0 +~}2l,y0 +—22—]=hf(0.05, 1.1105)

=0.1[1+(1.1105)*]=0223321
K, =hf(xo+h,y, +K;)=hf(0.1,1223320)
=0.1[1 + (1.223321) |=0.249651

1
y, =y(0.) =y, +'6‘(K1 +2K, +2K; +K,).
=1.223049

i=1: x, =0.1, y, =1.223049
K, =hf(x,,y,)=hf(0.1, 1.223049)=0.1[1 +(1 .223049)2]=0‘249585

h K
K, =hf(x, t20¥ +7‘J =h{(0.15,1.347841)
=0.i[1+ (13478412 | = 0.281668 '
h
K, =hf(xi e +-;-K2j=hf(0.15, 1.363883)

=0.1[1 + (1.363883)* |=0.286018
17
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‘I:qugl;::al Solutions K, =hf(x, +h,y, +K;) =h{(0.2, 1.509067)
=0.1]0 + (1.509067)? | = 0.327728

1
¥y, =y(0.2)=y, +E(Kl +2K, +2K; +K,)
=1,508497

>

Example 8: Solve the system of TVP’s
y' =2y+z,y(0)=1
z2'=3y+4z,z(0)=1

on the interval [0, 0.4] using second order Runge-Kutta method (30) with
h=0.2.

Solution: Weare giizen that f,(x,y,2)=2y+2z, f,(x,y,2)=3y+4z
( and h =0.2. We obtain from Eqn.(30), for
»‘ i=0: Xy =0,y, =1z, =1 ’
K, =hf,(Xq,¥0,24)=hf,(0, 1, 1)=0.6
Ky =hf, (x4,¥6,20)=hf, (0,1, )=14
K, =hf (xg +h,y, +K,;,z, +K,,)=h{,(0.2, 1.6, 24)=1.12
K, =hf,(x;+h,ys +K,,,z, + K, )=hf,(0.2, 1.6, 2.4) = 2.88

n= )’(0-2)=)’o '_"%[Kn + K|2]:1+%[0'6+ 1'12]=1'86

z, ~2(0.2) =z0‘+-;— (K., +K22]=1+%[1.4+2.88]=3.14
i=1:  x,=02,y, =1.86,z, =3.14
K,, =hf,(x,,y,,2,)=hf,(0.2, 1.86, 3.14) =1.372
K, =hf, (x,,y,,2,)=hf, (0.2, 1.86, 3.14) = 3.628
K, =hf, (x, +h,y, +K,,,z, +K,,) =h{f, (0.4, 3.232, 6.768) = 2.6464
Ky, =hf,(x, +h,y, +K,;,z, +K,)=hf (04, 3232, 6.768) = 7.3536

Y, =y(0.4)=y, +%[K,, +K,,|=1.86+ %[1.372+ 2.6464)=3.8692
z, ~2(04) =z, +% K, +K,,]=3.14 +-;—[3.628 +7.3536]=8.6308

*® k& %k

And now some exercises for you.

E6) Solve the IVP

y' =x+y’, y0)=1
on the interval {0, 0.4] using Runge-Kutta second order method (27) with
h=02.

E7) Find an approximate value of y(1.2) for the initial value problem
' —-X )
y=2=2  ym=2
y+X
using Runge-Kutta second order method (28) withh= 0.1,

E8) Find an approximate value of y(2.4) for the initial value problem
y'=x(y-x),y(2)=3
using classical fourth order Runge-Kutta method with h=0.2.

E9) Solve the initial value problem
y'=x+cosy, y(I)=1
18




in the interval {1, 1.2] using classical fourth order Runge-Kutta method with Singlestep Methods
h=0.1. for Soiving IVPs

E10) Solve the system of IVP’s
vy =xz+1, y(0)=0
z'=xy, 2(0)=1
on the interval [0, 0.4] using second order Runge-Kutta method (30) with
h=02.

El11) Write the second order IVP y” =—;—y2 ,¥(0) =1,y'(0) =1, as a system of two

first order IVP’s . Obtain approximate value of y(0.4) and y'(0.4) by solving
this system using Rung-Kutta fourth order method (31) with h =0.2.

We shall now find the interval of stability for various methods discussed above.

8.5 STATBILITY OF SINGLE STEP METHODS

The numerical solution y; is an approximation of y(x;) and contains errors (both
truncation error and round off error). The error

€=¥(x;)-Yy;
is called the numerical error at the nodal pointx, . If the error remains bounded as
i = « (or h — 0}, then the numerical method is said to be stable.

We discuss the stability of the single step methods by applying the method to the test
equation.

y'=hy, ¥(xg)=y, (32)
where A is a positive or a negative constant. The exact solution of Eqn.(30) is
obtained as

y(x) =y(x4)e
Substituting x = x; and x =x,,,

y(x;)=y(xy)e =y(x,)e

Y(xi+l) — y(xo )ei.(M-l—.\o) — y(xo)el(iﬂ)h

Dividing the above two equations, we get

Y(xiﬂ) - Y(xo)e}‘(iﬂ)h _ e).h

y(xi)  y(xg)e™
Hence, we obtain
Y(xi) = €™ yix;) (33)
and h is the step size.
The exact solution of Eqn.(32) grows (when A > 0) or decays (when A <0) by the
‘growth-factor e’
When we apply a numerical method to solve Eqn.(32), we obtain a relation of the form

Yia = E(h)y, (34)

Mx-xg)

we get

L(xi=xg) Al

where E(Ah) is some approximation to e*". The numerical solution grows or decays
by the growth factor E(Lh). The growth factor E(Ah) should behave similar to
e*" for meaningful results.
Substituting y, = y(x;)}+€; andy,,, = y(X,,,)+€,,,, we get
y(%,)+ €= EQ [y (x,)+ ]
+h

Since y(x,,))=y(x;) e
y(x;) e™+ e, = E(h) [y(x,)+€,]

, We get

19
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Numerical Solutions or,

of ODEs €= [E(Kh) —e ]y(xi )+ E(Ah)e, (35)

Thus the error €;.1 at the nodal point X, consists of two parts.

The first part E(Ah) —e*" is the local truncation error and can be made as small as

we like by increasing the order of the numerical method or by reducing the step size h.
We find that this error >0 ash — 0.

The second part E(Ah)e€; is called the propagation error. We consider the following
two cases

Case 1: L <0

A R R S R S i

In this case the exact solution decreases. For meaningful numerical results, the growth
factor E(Ah) of the numerical solution should decay at least as fast as e the growth

factor of the exact solution. Sincee™ <1 for A <0, we obtain the condition
 |E(h)|<1, A <0 (36)

and the method in this case is called absolutely stable. Inthiscase y;, >0 asi—> .

The set of values of Ah which satisfy Eqn.(36) give the interval of absolute stability
(*h, 0) for the given method. If the interval of absolute stability is ]~ oo, O[, then the

method is called A-stable.
Case2: A >0

- In this case the exact solution increases. For meaningful numerical results, the growth
factor E(Ah) of the numerical solution should not increase faster than the growth

factor ¢ of the exact solution. Therefore, we obtain the condition
E(Ah) <™, A >0 37
and the method is called relatively stable.

The set of the values of Ah which satisfy Eqn.(37) give the interval of relative
stability (0, Ah).
Remarks
1) If A<0, we consider absolute stability and if A > 0, we consider relative stability
2) The test Eqn.(32) is the linearised form of y' = f(x,y). 4
3) For the general initial value problem y’ = f(x,y),y(x,) = y, we generally take

= (Of /o),

Now, we obtain the intervals of absolute stability for the Taylor series and Runge-
Kutta methods discussed earlier.

Taylor series method

For the IVP
y = Ay, ¥(X5) =Y, (38)
we have
y"=y'=Aly
ym = }\'yn - )\'Sy

P) __.)\y(p—n - )\Py
Applying the p th order Taylor series method

2

" h?
i+t —p_ yfp)

Yia =Y: +hyi + N

2 to the test equation (36) , we get




232 APhHP Singlestep Methods

Yin =Y; +Ahy; + Yiteot Yi for Solving IVPs
2! p!
23,2 Pl P
=[l+)»h+lh +---+;°h jlYi
2! P!
=E(Ah) y;
where )
21,2 PP
E(kh)-'—l+7&h+)Vh +---+;Vh (39

P!
For A > 0, E(Ah) < e™ for all Ah and therefore, the Taylor series method is always

relatively stable,
For A < 0, we obtain the intervals of absolute stability for different values of p.

p=1: | E@Rh)|<|1+2rh|<1

We get,
~1<l+Ah<lor,-2< Ah<0

Hence, the interval of absolute stability 1s 1-2, 0f

p=2: |E(Wh)|= 1+Xh+)‘—2:i‘<1
We get,

Sretran e 2P o —1<%[(14xh)2+1]<1
6r, -2<(l+Ah)?+1<2

The left inequality is always satisfied. From the right inequality, we get
(1+Ah)2 +1<2 or, (1+Ah)? <1

or, |l+7\,h|<lor,"—1<1+kh<1

or, -2<1+Ah<0

Hence, the interval of absolute stability is ]—2, 0 [
Ah? A'h?

<1

+

p=3: |EQh)|=[{1+2h+

It can be verified that Ah € (-2.5, 0)
Ah? A’h? A'ht
+ +
6 24

<1

p=4: |EQh)|=|1+Ah+

It can be verified that Ah €]~ 2.78, 0
RUNGE-KUTTA METHODS

Second order method

Applying the method {(22) to the test equation
Y =LAy, ¥(Xo) =Y,
We get, :
K, =hf(x;, y;)=Ahy,
K, =hf(x; +a,h,y; + B, K,)=Ah (y; +B, K))
=Ah (y; + B, A’h% y))
=(Ah +B,, A'h?) Yi
and ;
Yia =Yi + W, K, +w,K,
=y, +w,Ahy, + w, [Ah+ B, A2h?]y,
=[1+(w, +w;)Ah+w, B, A2h? y,
21



Numerical Solutions . . 1
of ODEs Using the conditions w, +w, =land w, B,, = 3 (see Eqn.(25)), we get
2.2
Yin = [l+7~h+ }'; ] y; =E(h) y;

212
where E(Ah) =1 +Ah+}"—;——

For A >0, E (Ah) < e for all Ah. Therefore, this method is relatively stable for all
Ah
For A< 0, | E(Ah) |< 1 gives Ah € |- 2, 0[. Hence, the interval of absolute stability
for second order Runge-Kutta method is 1-2, 0. '
Remark: The interval of absolute stability of all second order Runge-Kutta methods is
1-2,0[.
Fourth order method
Applying the method (29) to the test equation

Y=y, y(x0) =Y,
we get, i
K, =hf(x;,y;)=Ahy,

h i 1
K,=hf|x,+=,y,+=K, |=Ahly, +=K;
2 (xl+2 y|+2 |J l:y|+2 :‘

1., A’h?
=Ahl y, +—Ah vy, |=| Ah + .
[y,+2 y,} [ > ]y,

h 1 1
K;=hf|x; +=,y; +=K, |=Ahly, +=K
i o L]

1 . }‘zhz A.th A‘3h3
=Ah y, +—| Ah |={An + .
{y'+2( T Jy‘} ( T2 2 )7

K, =hf(x; +h,y, +K;)=Ah(y; +K;)

21,2 31,3
=Xh{yi+[xh+>”; +——>‘h in}

4

Ahd A%n?
=| Mh+A?h? + ——+ .
( L2,

and

Yia =Y; +%(KI +2K, +2K; +K,)

7 1 2 Ah?) 2 A2h? Ah’ )
= = nd ZlAhd ——— —
{:l+6(}»h)+6(}‘.h+ 3 J+6{ + > + 2

313 34.3
sl aneam LA AR
6 2 . 1

. XZhZ A}ha }\.4h4
—{l+kh+ 3 + o + 24 ¥;

=E@Ah) y;
Ah? A’h? A'mt
+ +
6 24

where E(Ah) =1+Ah +

Since E (Ah) <e, A > 0, this method is relatively stable for all Ah.

” For A <0, |E(Ah)| < 1gives the interval of stability as ]-2.78, O[.




Example 9: Find the interval of absolute stability for the second order Runge-Kutta Singlestep Methods
method (27). ; for Solving IVPs

Solution:  Applying the method (27) to the test equation
y'=4y, (xo)=y,, A<0

we get -
K, =hf(x;,y;}=2hy;
K,=hf(x; +h,y, +K|)=2h (y; +K))
=Ah(y; +2h y;)
=(Ah+A’h?) y,
and

1
Yia =Yi +'5[K1 +K2]

=y, +%Xh Yi +%(7\h+kzhz) Yi

2.2
=[1+xh+?%] y;

242
where E(Ah)=1+2h +l;—

The condition | E(Ah)|<1gives the interval of absolute stability as 12, O[.

ok ok

Example 10: The second order Runge-Kutta method is applied to the IVP
y'=-100y, y(0)=1
Find the values of h so that the method produces stable results.

Solution: Comparing the given problem with the test equation y' = Ay, we get
=-100.

Since for stability : |Ah|< 2, we get 100h < 2 or, h < ?16‘

Hence, for 0 < h < gla , the method will produce stable results.

"ok
And now some exercises for you.

E12) Find the interval of absolute stability of the two stage Runge-Kutta method
given by . '

1
Yier =i +Z(K| +3K;)
where K, =hf(x;,y;)

2h 2
K, =hf(xi +T, Yi +§K,].

E13) Fourth order classical Runge-Kutta method is used to solve the initial value
problem :

y'=-200y, y(0)=1
Determine the value of h so that the method produces stable results.

We now end this unit by giving a summary of what we have covered in it.
23




Numerical Solutions
of ODEs
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8.6 SUMMARY

In this unit we have discussed the following points

1.

W

In singlestep methods for solving IVP(4) viz.,

Y(x)=f(x,y), y(Xo)=Yo, Xx€[xg,Db]
the solution value y;,, at the nodal point x,, is obtained by using the solution
value y; at only the previous point x;. Such a method is called an explicit
singlestep method and is written as

Yin =Yi +ho(x;, y;,h),  i=01...

where h is the step size and ¢ is called the increment function, If the method
also uses the solution value y,,,, then the method is called an implicit
singlestep method.
Tay!lor series method of order p for the solution of the IVP(4) is given by

, h? h?
Yin = Vi +hyl + =yl +- 4 —yP
2 p!
where, X, =x,+1h,1=0,1,2...,N, x,, =bandy, is an approximation to
y(x;). The error of approximation is given by

p+l

(p+1
Euler’s method is the Taylor series method of order one.
Taylor series method of order p for the system of first order IVP’s(3) is given

by

}’(pm &), X; <E <Xy

2

: — 4 h 4 h? (p)
(¥)s,,, =)y, +h(y),, + > () + ot (v )y
! p!

T
where  (¥),, =[Yii> Yais-sYail

T
™), = Y e nya 1, m=1,2,..,p
g ym-9T | i=1,2
an Y_u —-d J(xisylj9y2|""’yni)’ J=L4,...,0.
Xm-1.

A v -stage Runge-Kutta method for the solution of IVP(4)
y’ = f(x’ y)s y'(xo) = yo’ X e[x03b]

where the mesh points are x, =x, +ih, i=0,1,...,n, x, =b=x, +nh, is
obtained by writing
Yia =Y; + h(weighted sum of the slopes)

=Yit Zv:WiKi
i=1

where v slopes are used. These slopes are defined by

i-1
K,~=f{xi+aih, yi+ 2By K; |, i=12,.,v, a;=0

j=1 ‘
The unknowns o;,B; and w; are then obtained by expanding K;'s and y,,, in

Taylor series about the point (x;,Yy;) and comparing the coefficients of

different powers of h.

Unlike Taylor series methods, Runge-Kutta methods do not need calculation
of higher order derivatives of f(x,y) but need only the evaluation of f(x,y) at
the off-step points.

The numerical solution y; which is an approximation of y(x,) contains

errors. The error at the nodal point x; is given by




.-

)
!
13
i

€=y(x;)-V;
and is called numerical error. If this error remains bounded as
i — 0 (or h — 0), then the numerical method is said to be stable.
8.  When a numerical method is applied to the following linearised form
of IVP(4), (test equation)
Y =4y, ¥(X,) = Yo, X € (x,,b]
with nodal points x, = x, +ih, i=0,1,...,Nand x, =b=x, + Nh, a relation
of the form '
Yin =EQGh)y;
is obtained where E(Ah) is some approximation to e™. The error €;,, at the
nodal point X,,, consists of two parts and is given by

€,..=[E(Ah) - €™ 1y(x;) + E(Ah)e;

The first part E(Ah) —e*" is the local truncation error and the second part
E(Ah) €, is called the propagation error and the following results hold
i) numerical method is called absolutely stable if

[E(Ah){ <1, A<0

In this case y, — 0 as i > . The set of values of Ah which satisfy
the above condition give the interval of absolute stability JAh, O] for the
given method. If this interval is ]— 0,0 [, then the method is called A-
stable,
ii) numerical method is called relatively stable if
E(Ah)<e*, A >0

and the set of values of Ah which satisfy the above condition give the
interval of relative stability.

8.7 SOLUTIONS/ANSWERS

El) x,=1 y, =1 yy=-1
y, =¥(l.D) =y, +hy; =1+(0.1) (-1)=0.9
x, =11 y,=09, y; =-0381
v, =y(1.2)=y, +hy, =0.9+(0.1) (-0.81)=0.819.

E2) a) x,=0,y, =1Ly, =3y, =11 y, = y(0.2) =182,
X, =02,y, =182y, =5.86,y; =19.58, y, = y(0.4) = 3.3836.

b) xo=0,y,=1y, =30 =11 y§=33y; =99,
y, = y(0.2) = 1.8706.
x, =02, y, =1.8706, y| = 6.0118, y = 20.0354, y} = 60.1062,
y) =180.3186, y, ~ y(0.4) = 3.5658.

E3) a) x,=ly, =1y, =1841471, y} = 1.540302, y, = y(1.1) = 1.191849.

x, =1y, =1.191849, y! =2.029055, y; = 1.369943,
y, = y(1.2) =1.401604

b)  x,=1,y, =1 y, =1.841471, yj =1.540302, y§ = 841471,
yY =/-0.540302, y, = y(1.1)=1.191706.
x, =1.1,y, =1.191706, y| = 2.029002, y] =1.370076,
yI=-0.929002, y'* = -0.370076, y, = y(1.2) = 1.401300.

Singlestep Methods
for Solving IVPs
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.Numerical Solutions

of ODEs E4) x,=0,y,=[L, 1]T y{, [3, 7]T yg_[‘13 37]T
L ~[y0.2), u(02)] _[y,,u] =[1.86, 314]
x; =02, y, =[1.86, 314] y, =[6.86, 1814]
=[31.86, 93.14]
¥, ~[y(0.4), u(0.4) ];T =[y,, uZ]T =[3.8692, 3.6308]T
E5) y’=yz,y1(l)=1' Y2 =~2, yz,y H=1
o =1y, =[1, 1] yOT—[l 2] vy = =[-2, 2]
y,z[y,(l 2), y,(1.2)] _[y,,,yz,] =[1.18, 064]
(=12, y, =[L.16, 064] y, =[0.64, ~14848]
¥y -[—14848 26255]

T T
y, =[y,(1.4), y2(1.4)] =y, ¥ ) =[1.2583, 0.3956] .

E6) x,=0,y,=1K, =02 K, =0328 y, ~y(0.2) =1.264.
x; =02, y, =1.264, K, =0.359539, K, = 0.607176
~ y(0.4) = 1.747338, '
E7) x,=11y,=2K, =0033333 K, =0.031522,,
y, = y(1L.1) = 2.031522.
x, =11, y, =2.031522, K, =0.029747, K, = 0.028044,
y, ~ y(1.2) = 2.059566.
E8) x,=2,Yy,=3K, =04, K, =0462, K, =0.47502,
K, =0.516009, y, = y(2.2) = 3.472508.
X, =22,y, = 3.472508, K, = 0.559904, K, = 0.668132,
K, =0.693024, K, =0.847455, y, ~ y(2.4) = 4.160787.
E9) x,=1y,=1,K, =0.154030, K, = 0.152396, K, = 0.148639,
K, =0.150623,y, ~ y(1.1) = 1.152397.
x, =11, y, =1.152397, K, = 0.150630, K, = 0.148639,
K, =0.148733, K, = 0.146641, y, = y(1.2) =1.301066.

E10) x,=0,y, =0, 2, =1,
K ;x»,,]:{o.z] K =[Kl2J=[o.24J [le [y(oz)J [0.22]
YUKy L0 7 Ky | (0.008]] 2, || 2(0.2)] |1.004
x,=02,y, =022, z, =1.004
K :‘K“}:[ozmls} K =[K,2]={0.281024]
'Ky 00088 "’ |K,, | |0036813
y,] [y©.4)] [0.480592
LJ [2(04)} [1.926807]'
El1) y;=y2,y,(0)=1;y’z=%yf,yz(0)=1-
Xo=0,y,0=1 yp =1

~[0.2,03]", K, =[0.23, 0.363],
K, =[0.2363, 0.374838] , K, =[0.274968, 0.458531],
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Vi ¥au] =[y,02), y,(02)] =[1.234595, 1.372368] .
x, =0.2, y,, =1.234595, y,, =1.372368,

K, =[0.274474, 0457267], K, =[0.320200, 0.564577]',
K, =[0.330931, 0.583552] , K, =[0.391184, 0.735261] ,
[V ¥ | [y, (04), y,0.4)] =[1.562582, 1.953832] .

E12) Apply the method to the test equation
y' =Ly, A<0, we get

K, =Ahy,, K, =kh[1+£§£]yi

Ath?

Yia = (1 +Xh+ ])’i =E(Ah)y;

From |E(kh)|<1,weget -2<ih<0.

E13) Comparing the given problem with the test equation y’=21y, we get A =-200.
For stability, we require |Ah l < 2.78. Therefore, | —200h | <2.78 or,
h<0.0139.

—x——

Singlestep Methods
for Solving IVPs
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of ODEs - PRACTICAL ASSIGNMENTS

Session 1:

1. Write a program using Euler’s method to solve the initial value problem
y' =f(x,y), y(Xx4) =y, . Input the step length h and the number of steps of
integration. Test your program on exercise E1).

2. Write a program using Taylor series method of second order to solve the initial
value problem y'=f(x,y), y(x,)=y,. User shall give the expression for y”.

Input the step length h and the number of steps of integration. Test your program
on exercises E2) and E3).

3. Write a program using Runge-Kutta second order method to solve the initial value
problem y'=f(x,y), y(x,) =Yy, . Input the step length h and the number of
steps of integration. Test your program on exercises £6) and E7).

4. Write a program using fourth order classical Runge-Kutta method to solve the
initial value problem y'=f(x,y), y(x,)=y,. Input the step length h and the
number of steps of integration. Test your program on exercises E8) and E9).
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9.1 INTRODUCTION

In Unit 8 you have studied singlestep (Taylor series aﬁd Runge-Kutta) methods for
solving the initial value problem (IVP)

y'=f(y), ¥(X0)=Yo, | (1
These methods require only the immediate previous value y. at the nodal point x; to
calculate y,,, at the nodal point x,,,. The order of the highest derivative used in

Taylor series methods and the number of function evaluations per step in the Runge-
Kutta method increases with the order of the method. Thus very high order singlestep
methods are not used for solving the initial value problems.

There is another class of methods for solving IVP’s which require the k solution
values y,_,, at previousk nodal points x,_,, m=0,1,...,(k — 1) to obtain the value of

Such methods are called multistep or k-step methods.

“mo
y;.; at the nodal point x,,, .
These methods are classified as explicit or implicit according to whether they do not
use or use y;,, in addition to the previously calculated k values. These methods
required only one extra function evaluation per step irrespective of the order of the
method. In this unit we shall discuss both explicit and implicit multistep methods.

In Sec.9.2 we have used two approaches to discuss the derivation and implementation
of various explicit and implicit multistep methods. The explicit and implicit methods
are combined to define a new class of methods called the predictor-corrector
methods which we shall discuss in Sec.9.3. Finally, in Sec.9.4 we have discussed the
stability of the multistep methods.

Objectives

After reading this unit you should be able to

e explain the multistep methods;

¢ explain the predictor-corrector methods;

¢ derive the explicit and implicit multistep methods;
L ]

obtain the solution of initial value problems using multistep and predictor-
corrector methods;

e obtain the interval of absolute stability of multistep methods.

9.2 MULTISTEP METHODS

A numerical method for solving the IVP(1) viz.,
y' = f(X, )'), Y(xo) = yO
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1s called a multistep or a k-step method if it uses the values of y(x)and f(x, y)at the
k nodal points x;_,., m=0,1,...,(k — 1) to determine the solution value y,,, at the
nodal point x,,,. Such a method is called an explicit or a predictor method. If the
method also uses the values of y(x) and f(x, y)at the nodal pointx,,, , then the
method is called an implicit or a corrector method. The value y; is the initial value
and the valuesy, (,y,,,...,¥i i, are called the starting values. The starting values are

obtained using some singlestep method before using the multistep method. Generally,
Taylor series methods and Runge-Kutta methods are used for starting a multistep
method. Thus multistep methods are not self-starting methods. A predictor method is -
used to predict a value of y,,; and a corrector method is used to improve upon this
value. In this section we shall use two approaches for the derivation of multistep
methods. '

9.2.1 Interpolation Approach

" Integrating y’ = f(x, y)in the interval [x,., xm], we obtain

Xisl Xi+] ’

,[ y' dx = J-f(x, y) dx
or " i
Xisl

Yxi) = ¥0x)+ (£, ¥) dx @

To derive multistep methods, we replace f(x, y) in the integral in Eqn.(2) by some
suitable interpolating polynomial. We shall now discuss some of these methods.
Adams-Bashforth methods

These are explicit methods. Through the k data values
(Xis 1) (Xiys Fic ) s(Xickans Fiogn ) » We fit the Newton’s backward difference

interpolating polynomial of degree k —1as

B )=t + E X gy, BoX) (Ko Xi) g,
2'h 3)
+ (x=%;) (X=X ). (X = Xi_ps2) yk-! £,
(k -1 h*!
The error of interpolation is given by
TE= (X_xi) (x_xi]-(-l‘)"'(x-xi—kH)f(k)(é)’ (4)
where& lies in some interval containing the points x;, X;_;,..., Xy, and x.

Replacing f(x,y) by P, (x) in Eqn.(2), we get
Xi+l

Yia =Y + I|:fi+(x—hxi)vfi+(x—xi2)'§1xz—xi—l)vl fi+"‘] dx .

Xi L

Set x-x, =hs. Then x-x, =Xx-X; +X; - X, =(s+i-m)h. Hence, we get
1
Yo, =Y+ J’ [fi +sVf +% s (s + V7T, +---:lds
0

=yi+hl:fi+%Vfi+%V2fi+---:|. (5)
Error term can be obtairied by integrating Eqn.(4) in the interval [x;, x,,, ] or, directly
by using Taylor series. For different values of k, we obtain different methods.
k=1: we get a singlestep method y,,, =y; +h f, (6
which is the Euler method. The error term is given by
TE = y(Xi4)) = ¥in = ¥(Xj) - [Yi +h fi]

=y(X;,,))~y; - hy;




{
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Expanding each term in Taylor series about the point x; , we obtain Solving IVPs

h2
TE:‘E‘Y"(é)s X, <E<Xi-

This method is of order 1.

1
k=2: Yia =yi+h{fi+3V,fi}

1 h
=Y; +h{fi+_2'(fi_fi-l)jl=Yi +'5(3fi —fiy) )
The error term is given by
TE=y(X;11) = ¥in
=y(x; +0) -y, +h Gy} -yi)]
=SHYE. ki <E <
This method is of order 2.

k=3: yi+,=yi+h[fi+-;-Vfi+l—52—V2fi}
/ =Y; +h[fi +_1'(fi ’fi—|)+‘5"(fi -2f, +fi—2)}
2 12
h
=y, WLE[zsfi ~16f,, +5f_,] (8)
The error term is given by
TE = y(x; +h)‘[)’i ’*‘1—}12‘(23)/; - 16y, +5Y;—2)]

3 |
=SRYY@ x <gex, |

This method is of order 3.
In general a k-step method of the form (5) gives a method of order k. We require one
function evaluation per step for the application of the multistep method.

Example 1: Find the approximate value of y(1.0) using the multistep method
(Adams-Bashforth second order method)

h
Yiag =i +‘2‘(3fi -fi)

with h = 0.2 for the initial value problem

y' =-2xy’, y(0) =1
Calculate the starting value using the Runge-Kutta second order method

1
Yia =W +':'Z'(K| +K,)
K, =hf(x,, y;)

K, =h f(x; +h, y; +K|)
with the same step size h.

Solution : For the given multistep method
h
Yin =Y + 7 -f)
: 2
or,
‘ h .
Yiez =Yin +‘£(3fi+l -f;) )
we getfor i =0

h
¥y, = yl+5(3f‘ -
31
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Nf“(l)nsgcal Solutions Now y, is the given initial value and y, is the starting value. We calculate the
[ . R .
* starting valug using the given second order Runge-Kutta method. We obtain from
f(x y)=-2x y>,x,=0,y,=1, h=02
K, =hf(x,, y,)=h f(0,1)=0
K, =hf(x,+h, y, +K,)=h (0.2, 1) =-0.08
1
y, Y(02)=y, +—2-(K, +K,)=0.96
After the starting value has been teteamined, we use the multistep method (9). We
obtain for
i=0: Xo=0,¥, =1 £, =-2%,y§ =0;
X, =0.2,y, =096, f, =-2x, y} =-0.36864
h
: y, #y(0.4)=y, +5(3f' ~ 1) = 0.849408.
y
i i=1:  x,=04,y,=0.849408, f, = -2x, y2 = -0.577195
'

y, y(0.6)=y, +%(3f2 -f,)=0.713114,
i=2: x,=06,y,=0.713114, f, = -2x, y? =-0.610237
vy, ~y(0.8)=y, +%(3f, ~£,)=0.587762.

i=3:  x,=08,y,=0.5887762, f, = -2x, y2 = -0.552743

ys#y(l.0)=y, + %(3 f, - f,) =0.482963.

*okk

Example 2: Solve the initial value problem
y'=x+y*, y(0)=1
in the interval [0,1] with step length h = 0.2 using the multistep method

Yian =Y +g‘(23f|‘ —16f;, +5f;,)

(Adams-Bashforth third order method).
Compute the starting values using third order Taylor series method with the same step
size h.

Solution: From the given multistep method
Yia =Y +%(23fi —16f; +5f,)
or,
h
Yies = Yie2 t+ 3’(23fi+2 ~16f;,, +5f) (10)
we obtain for i =0
Y=Y, +131-(23f2 ~16f, +5f,)

Now y,is the given initial value, whereas y, and y, are the starting values. We

compute the starting values using the third order Taylor series method
2 3

Via =¥y +hy e eyraloyn o an
We have

y=x+yl, y'=1+2yy, y"=2yy +2(y))
We obtain from Eqn.(11) forh=10.2 and

32 j=0:  x,=0,y, =Ly;=1 y;=3y5=8
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2 3
~ = oy — " Corrector Methods for
y, =y(0.2)=y, +hy, + S Yot Yo " Soiving 1VPs
2)° 0.2)*
=1+02(1)+ ©.2) 3+ ( 4 ) ®
2 6
=1.270667.
j=1L x, =02y, =1.270667,y, =1.814595,
y; =5.611492, y7=20.846185 and
| , B>, n
Y, #yQ4)=y, +hyi +=-yi+-=Vi
=1.270667 + 0.2(1.814595)
2 3
= —(—(-)'—22)—(5.61 1492) + -(0—'62)——(20.846185)
=1.773611.
After determining the starting values, we use the multistep method (10). We have
h=0.2 and
Xo=0,y, =1, f, =x,+y2 =1, .

x, =0.2,y, =1.270667, f, = x, + y} =1.814595,
x, =0.4,y, =1.773611,f, = x, + y2 = 3.545696
We obtain from Eqn.(10) for
i=0: y,=y(0.6)=y, +%(23f2 -16f, + 5f,)

=1.773611+ (;;22[23(3.545696) ~16(1.814595) + 5(1) |

=2.732236.
i=1: x; =06,y, =2732236,f, =x, + y; =8.065112

vy, ~y(0.8) =y, +%(23f3 ~16f, +5f,)

=2.732236 + (;—'22[23(8.0651 12) —16(3.545696) + 5(1.814595) |

=5.029560.
i=2:  x,=08y,=5029560,f, =x, +y’ =26.096470

ys =y(1.0)=y, +%[23f4 _16f, +5f,]

=5.029560 + %2[23(26.096470) —16(8.065112) + 5(3.545696)]

=13.177985.

Adams-Moulton methods

These are implicit methods. Through the k + 1 data values
K i ) (X5, £1), . (Xi_ar» fioyer)» We fit the Newton’s backward difference

interpolating polynomial of degree k as
(x fxi+1) (x-x;) VIf, 4+
2th?

+ (X =X) (X =%;). .. (X =X{_,,,) kam .
k!h*

Po(x)=f,, + & _hx“l) Vi +
(12)

Note that we are using the current data point (x,,,, f,,,) also.
The error of interpolation is given by
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of ODEs E=(k+1)!(X-—Xi+|)(x——Xi)...(x—xi_kﬂ)f(k '€) - (13)
where £ lies in some interval containing the points x;,,,X;,...,X;_,, and x. Replacing
f(x, y) by P, (x) in Eqn.(2), we get '
Xi+l
(X =X) (X —X;y) (X —X;)
Vi =Y; + | [fm + - Ve, + Z;hz V2, 4o |dx
Set x—x; =hs. Then x~x, =(s+i-m) h. Hence, we obtain
1
Yiaa =Y, +hI [fm +(s-DVf,, +_(S;$V2fi+l +"'}d5
: !
=y +h[f LRI LT S (14)
1 i+l 2 i+] 12 i+l
The error term can be obtained by integrating (13) in the interval [x;,x;,, ] or, directly
by using the Taylor series. For different values of k, we obtain different methods.
k =0: We get a singlestep method. Retaining one term inside the brackets in
Eqn.(14), we get the method
Yia =¥i +hiy, (15)
which is the backward Euler method. The error term is given by
TE = y'(X;,1) = Yin = Y(x; +h) - [Yi +h Y:+|]
where f,,, =y, . Expanding each term in Taylor series about x;, we get
2
TE= -hT y'(6), x;<§<x,
This method is of order 1.
k =1:We again get a singlestep method. Retaining two terms inside the brackets in
Eqn.(14), we get the method
Yist =Yi ¥ hl:fm *lmeJ
2
1 h
=y; +h f, "E(fm -f) =y +E[fi +fi+]] (16)
which is called the trapezoidal method.
The error term is given by
TE=(x;y)~ Yin
h
=y(x; +h) - [Yi + E‘(Yi T Yin ):l
n o, |
='Ey (&), X; <E<Xiy
This method is of order 2.
k = 2: Retaining three terms inside the brackets in Eqn.(14), we get the method
1 1
=Y +h| £, —= Vi, - =V,
y|+l Y1 [ i+l 2 i+l 12 1 ljl
1 1
=y; +h f,, - 'Z‘(fm -fi) ‘l—z'(fm =2f + 1))
h
=i +E[5fi+l +8f; —fi—l] a7
The error term is obtained as
TE =y(Xi,1) — Yia
h ! [} !
=y(x; +h) ~y; —1_2’[5)’i+1 +8y; - yi—l]
34 |
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This method is of order 3.
In general, the k-step method of the form (14) is of order (k +1).

Since the methods are implicit, we obtain a non-linear equation in y,,, for non-linear

initial value problem. The solution can be obtained by using Newton-Raphson method
or, any other iterative method. Generally we take the initial approximation y,;,, =y;.

For a linear initial value problem, we can obtain y,,, directly without iteration.

Milne-Simpson methods

These are implicit methods. If we integrate y' = f(x,y) in the interval [x,,, x,,, ], we
get

Y% =y(x )+ | £ y)de (18)

Xi-1
Now we replace f(x,y)in Eqn.(18) by the interpolating polynomial P, (x) given by
Eqn.(12) based on the data values (x,,,, fi,;), (X;, £)s.e0, (X 441> fiy ) - Using the
substitution x — X, = hs, we obtain as in the case of Adams-Moulton methods
' (s - Ds
2

1
Yinn =Yiuq +h J. {fﬁ, +(s-DVf,,, + szm +-~1ds
_] .

2y, + h[me _2vEf,, +—;—V2fi+, + OV, +} (19)

By choosing different values of k, we get different methods.
k =0 : Retaining one term inside the brackets in Eqn.(19), we get the method
Yin =Yia +2hfy, (20)
The error term is given by
TE = y(X;11) = ¥iu
=y(x; +h)=[yi, +2hy ]
=-2h% y"(&), Xio <8 <Xy
This method is of order 1.
k =1: Retaining two terms inside the brackets in Eqn.(19), we get the method
Yinn =Y t h[ 21, - 2VE,, ]
=Yia t+ h[ 2f,, - 2(f,, - 1) ]
=y, +2hf, | (21)
This is an explicit method. The error term is given by
TE = y(xi,)) = ¥iu
= y(x; +h)‘[ Yia thY;]
hJ
ey Y"E),  xi, <E<xy,

This method is of order 2.
k =2 : Retaining three terms inside the brackets in Eqn.(19), we get the method

yi+l = yi—l + hl:ZfiH - 2Vfi+l +-:'13-V2fi+l:l

= yi—l + h|:2 fi+l - 2(fi+l - fi )+ é(fm - 2fi + fi-l )]

=Yiu +'}%[ fi, +4f + fi—l] (22)
The error term is given by
TE =y(Xi) = Yia
35
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of ODEs =y(x; +h) -y, + ;(}'m +4y; +yiy)

B s '
"'"‘563’ &) x4 <€<xy

Thus the method is of order 4. The method (22) is called the Milne-Simpson method
of order 4.

For-k =3, we obtain the same method as (22). Hence, for k =2 and k =3, we obtain
the same method.

Example 3: Find the approximate value of y(0.5) for the initial value problem

y'=x+y,y(0) =1,
using the multistep method

h
Yirt =Yia ‘?'g(fm +4f, +1,,)

(Milne-Simpson fourth order method) with h=0.1
Compute the starting value using classical Runge-Kutta fourth order method with the
same step length h.

Solution: The given multistep method is an implicit method. Since the given initial
value problem is linear we do not require any iteration. We can computey,,, directly.
From the given multistep method

h

Yia =Yin + _3_(fi+l +4f, +1,,)

or,
. h .

Yiia =Yi t+ g(fm +4f;,, + 1) 23)

we obtain for i=0
h
Y: =Y +‘§(f2 +4f, +1,)

Now y,is the given initial value, whereds y, is the starting value. We computey,

using classical fourth order Runge-Kutta method.
We have f(x,y)=x+Yy, X, =0,y, =land h=0.1. We obtain

K, =h f(x,, y,)=h £(0,1)=0.1

K, =<h f(xo +%, Yo +§2—‘)=hf(o.os,1.05)=o.11

K,=h f[xo +-}21, Yo +52—2-] =h£(0.05, 1.055)=0.1105
K, =h f(x, +h, y, +K;)=hf(0.1, 1.1105) = 0.12105
y, =y(0.)=y, +%(K, +2K, + 2K, +K,)=1.110342

After determining the starting value, we use the multistep method (23). From
Eqn.(23), we obtain

h
Yz =Y +—3“[(X,-+2 :+yi+2)+4(xi+l +yi+l)+(xi +Yi)] '

or, 7
h h
i [1 “5])’.42 =Yi +‘3"[4Y.'+| +Yi+ Xy + A, +x ]

Using x;,, = X; + 2h, x;,, =X, +h, we get

i+]

(1"%)}%»4 =y, +%[4Ym +y; +6x,; +6h]

=ﬂl-y,-+l +[1+P-]y|. +£(6xi + 6h) (24)
36 3 3 3




Usingx, =0, y, =1, x, =0.1, y, =1.110342, h =0.1, we obtain from Eqn.(24) for

- 30 30 30 30 10
=1.201379
or, Y, ~y(0.2)=1.242806, x,=0.2
30 30 307" 30 10
=1.353061
or, y; #y(0.3)=1.399718, x,=0.3
i=2: '22)’4 =‘iY3+£Yz +—l—[6x2+£J
30 30 30 30 10
=1.530862
or, Y, ~y(0.4)=1.583650, x,=0.4
i=3: 'j—(g)YS'_‘%Y«a"'%)ﬁ*'%(&(g +%)
=1.737529
or, ys =y(0.5)=1.797443

sk

Exampie 4: Find an approximate value of y(1.2) for the initial value problem
y'=xl+yl,y()=2
using the Adams-Moulton third order method
Yin =Y +%[ 5f,. +8f; _fi—l] /
;:nlhohlé 0.1. Calculate the starting value using third order Taylor series method with
Solution: The Adams-Moulton third order method can be written as

ym=ym+%[5f. +8f, ~£], i=0,1L,... @5)

i+2
For i =0, we get :
h )
Y, =Y +1_2[ 5§, +8f, 'fo]

Now, y,is the initial value and y, is the starting value. We calculate y, using Taylor

series third order method
h? h?

Y=Y +h ya+7y8+?y: (26)
withh=0.1. We have

Yo =2, Yo =X§ +Y5 =5y4 = 2%, +2y, Y5 =22,

Yo =2+2Y, Yo +2(yp)® =140
Therefore, we obtain from Eqn.(26)

2 3
yl.)=y, =2+(0.1) 2) +Q‘2i)— 22)+ i‘%)—(m)

=2.633333
After determining the starting value, we use the multistep method (25). From
Eqn.(25), we obtain for i = 0.
' h
Y12 %y, =y, + =] 503 +yD +80x} +yD) - (x] +))

Using y, =2, y, =2.633333, x, =], x, =1.], X, =1+ 2h =1.2 and simplifying, we
get

Multistep and Predictor-
Corrector Methods for
Solving IVPs
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y, =0.041667 y; + 3.194629 , which is a nonlinear equation in y,.
We use Newton-Raphson method to determine y, .

Let F(y,)=0.041667y2 -y, +3.194629.

Weget, F'(y,)=0.083334y, -1

The Newton-Raphson method is given by

F (s) .
(2$+1)= (25) __(k_.)_ s=0,1,.-.

Fy$") |
Starting with y{” =y, = 2.633333, we get
F(y©® i
yO = y© _ _(Y_Z(B)_)_ ~2633333- 0850233 _ 400602
FyO) (-0.780554)
M
y@ =y _ _____F'(yz(l)) =3.722602 - 2049439 _ 4 594275
F(y®) (-0.689781)
)
(23) = (22) _E’(l}a)_)_ =13.794275 __0.000214 =3.794588
S Py (-0.683808) '
Since F(y%?) =0.0000001, we take y(1.2) ~y, =3.794588
* k%

Note that we have to use iteration at every step.

And now some exercises for you.

El) . Find the truncation error and the order of the method
3h ' I r I3
Yiis =Yi t ?[ Yi+3Yin +3Yia + Yi+3]
for solving the initial value problem y’ = f(x,y), y(X¢) =Yy,
E2) Findan approximéte value of y(0.6) for the initial value problem
y'=x-y’, y0)=1
using the multistep method
h
Yin =Yi ¥ 2 (Gf; -1

with the step length h =0.2. Compute the starting value using Taylor series
second order method with the same steplength h.

E3) Find an approximate value of y(1.5) for the initial value problem
y'=x’+y’, y(»)=0
using the multistep method
Vit =¥1 435 @36, =16, +5,)
with h =0.1. Calculate the starting values using third order Taylor series
method with the same steplength h.
E4) Find an approximate value of y(2) for the initial value problem

y=y+y’, y() =1
using the multistep method

h
Yis =Yia +§' [ 7f 21, + fi—2]

with h =0.2. Compute the starting values using the Heun’s method
with the same steplength h.

E5) Solve the initial value problem
y' =2x+3y, y(H)=2




on the interval [1, 1.4] using the multistep method ' Multistep and Predictor-
Corrector Methods for

h .
Yir = Yiu +§ (Y. +4yi+Yy.) Solving IVPs

with h =0.1. Calculate the starting value using classical fourth order
Runge-Kutta method, with the same steplength h.

Let us now discuss the second approach for the derivation of multistep methods.

9.2.2 Method of Undetermined Parameters
The general multistep or k-step method for the solution of the initial value problem (1)
can be written as
Yia =¥+t Ay
+ h[ boYi +byyi +- +bky;-k+l]

k k
or, yi+l = Z amyi—n1+1 + hz bmyli-m+] (27)
m=| m=0
Changingi to. i+ k-1 in Eqn.(24), we can also write the method as
k k
Yiek = Za mY i+k-m + hzbmy;d(-m \ (28)
m=l m=0
In method (27), y; is the initial value and y,_,,...,y;_,,, are the starting values.

If b, =0, the method (27) defines an explicit method and if b, # 0, the method (27)

defines an implicit method.
In method (27) a,s and b s are unknowns which are to be determined such that the

method is of a particular order. We write the error term as
TE=y{X;,)) - Yiu l

k k
=y + 1) =D 8, V(X ia) =D Y by (Xia) (29)

m=l m=0

Expanding each term in (29) in Taylor series about the point X; and collecting the
terms of various powers of h, we can write

TE=C,y(x;)+C/hy'(x;)++-+ Cphpy(P)(xi)

+ Cp+]hp+1y(P+l)(xi)+

where C) s are independent of h and depend on a} s and b} s . The multistep method
(27) is said to be of order p, if ‘

Coy=C;=-=C,=0and C,,, #0
The truncation error in this case is given by

TE=C,,,h"'y®"(x,) + O(h""?)
Solving the system of equations obtained from

C,=C,=--=C, =0
we determine the constants a) s and b s and hence the method. The first non-zero

term in Eqn.(30) gives the error term and the order of the method.
A method is said to be consistent ifp 2 1.

(30)

Note that we have (2k + 1) arbitrary unknowns in the method (27) and we need

2k +1equations to determine these unknowns. Hence, a method of the form (27) can
be of maximum order 2k. However, the stability conditions restrict the order of the
method to k for an explicit method. For an implicit method, the order is restricted to
k+1, when k is odd; and k+2, when k is even. We shall discuss the stability of these
methods in Sec.9.4.

Adams-Bashforth method

The form of a few important class of methods is
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k
Yin =Y t+ hz boYioma
’ m=l]
This is an explicit method and is of order k.

Nystrom method

K
Yisr =Yin +hzbm)f§‘-m+n

m=|

This is an explicit method and is of order k.
Adams-Moulton method

k
Ying =Y +hzbmyz—m+l

m=0

This is an implicit method and is of order k+1.
Milne-Simpson method

k
Yin =¥ia t hzbmyg—m-ﬂ
This is an implicit met}"nnt:;l and is of order k + 1, when k is odd and of order k + 2,
when k is even.
We illustrate the derivation of multistep methsds by taking some examples.
Example 5: Obtain the constants a,, b, and b, in the explicit multistep method
Yis =2,y, +h by} + bzy;‘x]

- Determine the truncation error and the order of the method.

Solution: We write
TE = y(X;41) = ¥Yiu
= y(xi) - [ 8,y(x)+ b,y (x,) + byy'(x,.,)}]
=y(x; +h)—a,y(x;) - h[ b,y'(x) + b,y'(x; - ]
Expanding each term in Taylor series about the point x; and collecting the coefficients
of various power of h, we get

TE=(1-2,)y(x,)+{l- (b, +b,)}h y'(x,)
1 . 1 1 ”
+(E+b2]h2y(xi)+(g—3b2jh3y x)+- 31
We have three unknowns and we need three equations to determine these unknowns.

Setting the constant term and the coefficients of h, h? in Eqn.(31) to zero, we obtain
the system of equations

1-a, =0, or, a, =1
1-(b, +b,)=0, or, b, +b,=
1 1
E+b2 =0, or, b, =-3
. 3 1 :
whose solution is a, =1, b, =3 b, =7 Thus we obtain the method as

hrao o ,
Yis1 =Yi +'2‘[ 3y} ~Yin) (32)
and from Eqn.(31) , we obtain
TE=(l - —l-bz]h3 y"(x;)+0O(h*)
6 2
5 3 »” 4
=—h" y"(x;) + O(h")

12
Therefore, the method is of order 2.
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The method (32) is the Adams-Bashforth method of order 2. Multistep and Predictor-
Corrector Methads for
ok k Solving 1'VPs

Example 6: Derive the constants in the explicit method
Yim =¥ + h[bly; +b,yi + bsy;—Z]
Determine also the truncation error and the order of the method.
Solution We write
=Y(Xis) = Yini

—y(x.H) 2,0, ¥ B {b,y () # byy'(xi )+ B,y (%) ]

= y(x; +B)—a,y(x) = h[ biy'(x)) + by'(x; ~h)+ byy'(x; =2 ]
Expanding each term in Taylor series about the point x; and collecting the ﬂ

coefficients of various powers of h, we get
TE=(1~2,)y(x;)+{ 1= (b, + b, +b;) }hy'(x;)

+ {l +(b, + 2b3)}hzyﬂ(xi) + {‘é"%(bz + 4b3)}h3y"(xi)

{24+ (b, +8b )}h“ M(x)+ e (33)

We have four unknowns and we need four equations to determine these unknowns.
Equating the constant terms and the coefficients of h, h? and h’ in Eqn.(33) to zero,
we obtain the system of equations.

iI-a,=0 or, a, =l

1-(b, +b, +b,)=0 or, b +b,+b,=1

%+(bz+2b3)=0 or, b,+2b3=—%

i1 1
g*-z—(bz +4b3)=0 or, bz +4b3 ='§

Solving this system of equations, we obtain

2=l b=, b= 2 b=
12’ 12 12
and the method is given by
h r ! < r
Yin =Yt '5[23 y; ~16y;., +5¥i,] . (34)

which is Adams-Bashforth third order method. From Eqn.(33), we get
TE = {-2—4 + —(b +8b )}h" y"(x,) +O(h%)

=-§- h* y¥ (x,)+ O(h®).
Wk
Example 7: Derive the method
Yia =¥ +2,Yi +h(bg ¥ +b, ¥i+ by yiy)
Determine the truncation error and order of the method.
Solution: We write
TE = y(Xi41) ~ ¥ius
= y0) =2 ¥0x) #25 ¥Xi2) +hlby YD)+ B Y () + B2y (i)
=y(x + 1) [ y(x\) +a; yx; ~2h) + hiby y'(x, +h)
+b,Y'(X) +b; y'(x; —h)]
Expanding each term in Taylor series about the point x; and collecting the

coefficients of various power of h, we get
41




- ——EEE

Numerical Solutions TE=(l-a,-2,) y (x;)+[ 1+2a, (b, +b, +1,)] hy'(x;)
of ODEs 1 | 4 ]
+[‘2"232 —(b, "bz):|h2)'"(xi)+|:z+3‘a2 “z‘(bo +bz):| h’y"(x;)-

+[—2-14— - 38, -2, —b:)]h‘y'“ (x) + [$+ Sar- oo, bz)] h%y" (x;)
. | (39)

We have five unknowns, and we need five equations to determine these unknowns.

Setting the constant term and the coefficients of h, h%, h? and h*in Eqn.(35) to zero,

we obtain the system of equations

l-a,-2,=0 , or a,+a,=1
1+2a, -(b, +b, +b,)=0, or by+b +b,-2a,=1
%—232—(b0-b2):0 , or bo—b2+2a2=-;-
¢ 1 4 1 8 1
z E*—Eaz—*z‘(bo +bz)=0, or bo +b2 —532 =§'
1 2 1 1
a—saz "g(bo‘bz)=0 ) or b, -b, +4a2=z
Solving these equations, we obtain
5 9 1 3 6 3
‘ al=§’ az"“"g',. bo=§» b1=§’ b2=-—-8-
and the method is given by
1 h ] r ?
Yia =§(9yi - Yi-z)+'§[ 3yia +0Y; “3}’5-1] (36)
We obtain from (35)
1 4 1
TE=|—+—a, - —(b, +b,) |’ y"(x;) + O(h®
[120 5% 24(0 z)} ¥y (x;)+O(h®)
1
=— —h’y"(x,) + O(h®
20 Yy (x;)+0(h”)

Hence, the method (36) is implicit and is of order 4.
. : LY 24

And now some exercises for you.

E6) Derive the method
Yie T8)Yiy +h[ byt +b,yiy +b3)'=-2]
for solving the initial value problem y' = f(x,y), y(x,) =y, . Find the
truncation error and the order of the method.

E7) Derive the method _
Yin =aY tayi, + h[ byy} +b,yiy +byyi,]
for solving the initial value problem y' =f(x,y), y(x,) =y,. Find the
truncation error and the order of the method.

EB) Derive the method
Yia =2,y + h[ boyi +byyi +bzy;-1]
for solving the initial value problem y’ = f(x,y), y(x,) =y, . Find the
truncation error and order of the method.
E9)  Derive the method
Yia =2;¥; +23,¥i, +hboyi,
for solving the initial value problem y’ = f(x,y), ¥(x,) =y,. Find the
truncation error and the order of the method.
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So far we have developed a number of explicit and implicit multistep methods to solve Multistep and Predictor-

an initial value problem y'=f(x, y), y(x,)=Y,. Based on the stability properties CerectorSI:’)lI:til;:d'svf::

of the method which we shall be discussing in Sec.9.4, it is seen that all the explicit
methods converge only if the step size h is sufficiently small. Hence, if the solution of
the initial value problem is required in a large interval, then we may require a large
number of integration steps, which besides increasing the round-off error, is not
economical. On the other hand, most implicit methods have strong stability
properties, that is one can choose sufficiently large value of h for integration.
However, we need to solve a non-linear equation by iteration at each step, which is
also expensive. Hence, we combine the explicit and implicit methods to define a new
class of methods called the predictor-corrector methods which we shall discuss
now,

9.3 PREDICTOR-CORRECTOR METHODS

The explicit methods are called the predictors which predict or give an initial

approximation to y(x,,,). This initial approximation is denoted by y") . The implicit

methods are called the correctors which use yP) to obtain an improved value of y,, .

This corrected value is denoted by y{%).

is obtained. We define predictor-corrector methods (P-C sets) as follows:
P : Predict an approximate value of y(x,,,). This approximate value is denoted

0)
by y{ or y{.

C : Correct this value using a corrector method to obtain y
(c)

i+l

The corrector method is used till convergence

(c)

i+

We take y(x;,,) =y

When the predictor and corrector methods are of the same order, we need only one or
two corrector iterations per step. However, if predictor is of lower order, we may
require more number of corrector iterations for convergence. The predictor-corrector
methods (P-C methods) are used as sets, Some examples of P-C sets are

1. P: Y =y, +hfx, y;) (Euler method)
C: yE =y + hf(x,,, v (backward Euler method)
s=0,1,...
The order of both the methods is one.
2. P: Y\ =y, +hf(x;,y;) (Euler method)
C: v =y, +%[f(xi; v+ f(x,,y® )] (Trapezoidal method)
s=0,],...
The predictor is of first order and the corrector is of second order.
' 4h :
3. P Yia = Yiss +?(2fi -fi, +2f,)
‘ h
ey sy gt vt £y )]
s=0,1...

Both the methods are of fourth order. This P-C set is also called Milne’s P-C set.

The starting values are obtained using some singlestep explicit method like Taylor
series or Runge-Kutta method. The order of the singlestep method may be same or
less than that of the corrector method.

Example 8: Obtain the approximate value of y(0.3) for the initial value problem

y'=x’+y’, y(0)=1
using the method:
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(p)

P =predictor: y.;’/ =y, +hf

C=comrector: 3%} =y, + 26 + (ki) ] e

with the step length h = 0.1. Perform two corrector iterations per step.

Solution: Since both the predictor and corrector methods are singlestep methods, we

do not need any starting value. , We write the methdds (37) as

P )’f?;=)’i+hf(xi’Yi)=Yi+h[xi2+Yi2]

(s+1)

h 8
C: Yier " TYi +';[\£(xia yi) + (X0, )’E:;)]

—y o2t eyt ety s baf ] s=on
1=0,1,2. ’
since f(x,y)=x"+y’.

Using the given predictor method for h=0.1, we ge:
i=0: X =0, yg=1,

P: y@ =y, +h(xl+yd)=1.1
s+ h s
C: y"( 1)=y0+5[f(xi’yi)+f(xi+)’ YS+)J)]

s=0:y{" =)'0+%[ xirydext+ ()2 ]=1am
s=1:y{? =y, +_}21—[ X0+ Yo +X; +(yf")2]=1.112216

Therefore, after two corrector iterations, we get
y, =y(0.1)=1.112216
i=1: x, =01, y, =1.112216

P: y(ZO) =y]+h(x12+y]2)=1236918
s+ h y
C: ¥ "=y.+§[Xf+yf+X§+(yé’)2]

520y =y, + 2[5 437 ¢ 23+ 1] = 1253060

s=l:y@ =y, +%[ X{ +Yyi +X; +(y‘2”)2]=1.255076

Therefore, after two corrector iterations, we obtain .
y, = y(0.2) =1.255076

i=2: x, =02, y,=1.255076
P: y¥ =y, +h(x}+y2)=1416598

s+ h ]
Ci ¥t =y, e[ xieyieni ey

s=0:y{ =y, +%[ X +y2+x? +(yg°’)2]=1.440674

s=l:yP =y, +%[ X) ¥y2 +x3 +(y(3”)2]=1.444114

Therefore, after two corrector iterations, we obtain
y; = ¥(0.3) =1.444114

& A e e
Example 9: Solve the initial value problem
! y=x2+y’, y1)=0

on the interval [, 1.6] using the predictor-corrector method
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h Multistep and Predictor-
P:yi, =y +-0Gf -f) Corrector Methods for

2 Solving IVPs
C: Yo =¥, + 15 hs +86,~1) (38)

with the step length.h = 0.2. Perform three corrector iterations per step. Compute the
starting value using Taylor series second order method with the same step length h.

Solution: We have f(x,y) = x* +y>. We write the method (38) as

P: v = yi+h(3fi—fi;,)

o, Y =VYint (3f ) (39)
C: )’.:l) =Yy, +""(5f(x.+n)’f:)|)+8fi -fi.)

or, y.‘i:"—ym+§[5f(xi+z,y§i’z)+8f.+. =1 (40)

where s =0,1,2 and i =‘0,1,...
*For i =0, we get from Eqns.(39) and (40)

o h
P: vy =y, +5 03 - 1fo)
C: yo =y, +——[ 5F(x,, y¥) +8f, —fO], s=0,1,...

Now vy, is the given initial value, whereas y, is the starting value. We compute the
starting value using the Taylor series second order method
h?
Y1 =Yo +h¥o+=-yg
with h=0.2. We have
y =x>+y’, "= 2x +3y’y
Therefore, for x, =1, y, =0,weobtain y, =1, y;=2

. 2)

and y, ~ y(1.2) = 0+ 0.2(1) + —2—(2) = 0.24

After determining the starting value we use the predictor-corrector method given by
Eqns.(39) and (40). We obtain for
i=0: o=l ¥,=0, x,=12, y, =0.24

f,=xt+ys=11f =xI+y, =1.453824
P: y¥=y, +3[ 3f, - £,1=0.576147
Now x, =14, f(x,, y\?")=xI + (")’ =2.151250
C: s=0:y0 =y, +—[5f(x,,y<°>)+8f, ~£,)]=0.596447
and f(x,, y{")=x2+(@y)’ =2.172185
s=1:y? =y, +—[ 5£(x,,y") + 8f, - £, |=0.598192
and f(x,,y?)=x2 +(y?)* =2.174053
s=2:y0 =y, +l—2[ SE(x,,y$) + 8f, —f, |=0.598348

Therefore, after three corrector iterations
~ y(1.4) = 0.598348
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Nameric Soleions. i=1:  x,=12, y, =024, x, =14, y, =0.598348

f, =1.453824, f, =x +y} =2.174220

P: yO=y, +%[ 3f, —f, ]=1.105232
Now x, =16, £(x,,y®)=x? + (v¥)® =3.910083

C: s=0:y{ =y, +112[ 50(x5,y) + 8f, —f,]=1.189854
and f(x,,y") =x? + (y{)* =4.244539
s=1:y? =y, +%[ 5£(x5, y{) + 8F, £, |=1217725
and f(x,, yi?)=x] +(y?)’ =4.365709
s=2:y® =y, +112[ SE(x,, y2) + 81, - f, |=1.227823

Hence, after three corrector iterations
y, = y(1.6) =1.227823

ok

E10) Solve the initial value problem
y'=y+siny, y()=1
in the interval [1, 1.6] using the predictor-corrector method

h
Py =y +_2'(3fi —fi1)

h
C: yYia=Yy; +E(fi+| +1;)

] with h =0.2. Calculate the starting value using second order Taylor
' series method with the same steplength. Perform two corrector iterations per
step.

E11) Obtain the approximate value of y(1.0) for the initial value problem
y'=x’+y%,  y(0)=1
using the predictor-corrector method

P: oy =y + %mi —f, +26.,)

h
C: Y =Yia +§(f'

i+l

+4f, +f,_)

with h=0.2. Calculate the starting values using the Euler method with the
same steplength. Perform two corrector iterations per step.

Let us now discuss the stability of multistep methods.

94 STABILITY OF MULTISTEP METHODS
If we apply the multistep method

Vi =2,Y; +2,¥ ¥+ Vi
+h[ bo Yim +b, yi +- 4 by y;-k+l] @41
to the test equation

Y =hy, y(Xo)=Y,

we get
Yim = Yita Y et ay Yy

46 +}‘h[ boYin +b, Y, +j"+bk Yi—k+|]




. Multistep and Predictor-
o Yi 781 ¥i 783 ¥io 77T 8 Yickas Corrector Methods for

= }"h[ by Yin by -+ by yi—k+l]: 0 42) Solving IVPs
' The exact solution of Eqn.(42) is given by
y(x) = y(x,) €77
Therefore, we get
y(xi)=y(x,) € =y(xo) €
and  Y(Xin) =Y(x,) €70 =y(xp) €Y
Hence, we obtain
y(Xin) _ ehh
y(x;)
We find that the exact solution of Eqn.(41) grows (A > 0) or, decays (A < 0) by the

(xj=xg)2 Ahi

or, y(x;,)=y(x;)e""

factor e™".
Substituting y; = y(x,) e"" in Eqn.(42), we get
{exh(iu) —a, e —ma, eAh(i-k+1)} y(Xo)

— Ah{ bye™ D 4 b et 4o g by eMMHV ] y(x ) =0
Ah(i-k+1)

Ahi

Dividing by e , we get

[(e** —a, e _...oa,) -Ah(bye*™ +b,e*"* ™V 441, )]=0  (43)
Substituting e*" =& in Eqn.(43), we gee

&* -8 gk ""—ak)_lh(boék + blék—l"*' +b)=0
or,

P(E)-Ah o (8)=0 (44)
where,

pE)=E" ~a, & - -a,

o(t) =b, “;k +b, gk +:4by
We note that o(£) is a polynomial of degree k for an implicit method (b, = 0) and a
polynomial of degree k — 1 for an explicit method (b, =0).
The polynomial equation p(£) —Ah o (§) =0 is called the characteristic equation
associated with the multistep method (41). '
The polynomial p(§) =0 is called the reduced characteristic equation.
Let&,,&,,....&, be the roots of p(§) =0and EinsEanseesEn be the roots of
p()-Ah o(8)=0.
We note that for a consistent method, £ =1 is always a root of p(§)=0.
The multistep method (41) is said to be
stable: if |&|<], i#1 and £, =1
unstable: if | &, | >1for some i or, if there is a multiple root of p (£) =0of

modulus unity. ’

conditionally stable (weakly stable): if £; s are simple and if more than one of these

roots have modulus unity.
For a stable method, we further define
absolutely stable : if A <0 and |&,, | <1 forall i

relatively stable : if A >0 and |&,, | <e*" forall i

interval of absolute stability : The set of values of Ah for which the method is
absolutely stable, that is the interval (Ah,0), L<0 and |§;, | <1 forall i

Similarly, we define the interval of relative stability.
We generally use the Routh-Hurwitz criterion to obtain the interval of absolute
stability. To use this criterion, we substitute

€_1+z

-z (@3)
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_ We obtain the condition of absolute stability as

in the characteristic equation p(£) - Ah o (£) =0 and obtain the transformed
equation.

- k k-1 _
P(z)=v,z" +v, 2" +--+v, z+v, =0 (46)
where v; sdepend on Ah.
Let
V) V3 Vool Vo
Vo Vi V4 oo Voo,
D= 0 v, v vy,
Yo V2 -+ Vg
0 0 0 .. v,

then the method is absolutely stable if
(i) v,>0foralliand
(ii) leading principal minors of D are positive.

k=1: v;>0, v,>0
k=2: v,>0, v;>0, v,>0

k=3: v;>0, v;>0, v,>0 and v, v, -v, v,>0
Note that if any of v;sis zero and other v!s are positive, then it indicates that a root
lies on the unit circle |&|=1. If any of V| sis negative, then there is at least one root
for which |§; |>1.
In both the cases, the method is unstable.
Without giving proof we state the following result.
Theorem 1 The order of a stable explicit k-step method of the form (24) cannot

exceed k and the order of a stable implicit k-step method of the form (24) cannot
exceed k+1 ifkis odd and k+ 2 if k is even.

We now take up a few examples ‘
Example 10: Find the interval of absolute stability of the Adams-Bashforth methods

® Y =2 GY Y
() Yia =¥, + @3 Y- 16 ¥, +5Y1)
‘Solution: | We apply the mefhod to the test equation y' =Ay.
(1) we get the characteristic equation (k =2)as
gt -g-2lag-n-0

3rh Ah
. 2 _ 14+ —— +—=0
or & -(1+ 5 )€ >

Substituting & =:—+£ , we get
-2

1+2) 3Ah) (1+z) Ah
~|l+—||—|+—=0
1-z 2 1-2 2

or, (1+z)z-(l+-:2“2—}l] (l—zz)+—;”—2h— (1-2)*=0
or, (2+21 h) z> +(2-Ah) z+[-Ah]=0
or, Vo 22 +v, 2+, =0,

where, vo=24-2'/\,h, v;=2-Ah, v,=-Ah.



We require that Muitistep and Predictor-
vy>0, v,>0 v,>0 when Ah<0 Comof;‘ﬁ:m;:

We find that v, and v, are always positive.

Now v, >0=>2(1+Ah)>0 or, Ah>-1

Hence, interval of absolute stability is ]-1, 0[

(ii) we obtain the cHaracteristic equation (k = 3)as
{ .
(&’—éz)—%(zsg’-16§+5)=o ;
23H 16H, SH .
- 3-1+__] 1 160, SH
r 5 [ 12 & 12é 12
where, H=Ah.

Substituting & = :+—Z , we get
~Z
(1+z)3—[1+£HJ (1+2)* (1—z)+ElLi (1+2) 1-2)°
12 12
SH 3
~-— (1-2)" =0
12( z)
2 3 23 2 3
or, (1+3z+3z +z)—[l+EH](l+z—z -z’)

+—H--(1-z—-z2 -+-z’)—-5ﬂ(1—3}z+3z2 -z*)=0
12 12

or, [2+%EJ z3+[4—-2-;—1)zz+(2—2H)z—H=0 ‘

Comparing with v, z°> +v, 2’ +v, z+ v, =0, we get
' =%(6+11H), v, =%(6-—H), v, =2(1-H), v; =-H. Since Ah < 0, we have

H < 0. We find that v,,v,,v, are always positive. From v, >0, we get the

condition H>—6/11. Wealso find that v, v, —v, v, =5H? -(22/3)H +8, which is
positive for all H < 0. Hence, the interval of absolute stability is ]-6/11, Of .

xKE
Example 11:  Find the interval of absolute stability of the methods.

. , hp , p
()] Yin =Yi; +E[ Yint )'i]

v ! h ’ ’ 1]
(i) Y =Y ‘*"13[ 5yin +8yi- yi—l]

Solution:
(i) We have k =1. The characteristic equation is obtain as

: Ah '
(&—l)~7 E+D=0
Solving for &, we get

_1+Ah/2

" 1-2h/2
For Ah <0, |£] <1forall Ah. Hence, the method is absolutely stable for all h. The
interval of absolute stability is ]— w0, 0] and therefore the method is  A-stable.

(ii) We have k = 2. The characteristic equation is given by
Ah
g? -§=—E(5 E2+8E-1)
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‘Comparing with v, z> +v,z+v, =0, we get

/
or, L E? — 1428 §+-I—_I—=0
_ 12
where H=Ah.
Substituting i:-ilz-,we get
-2

(l 12](l+z) [1+ 3 J(l+z) a \z)+12 (1-2)" =0
or, [1 12)(1+22+z ) (l+ 3 )(l z )+12 (1-2z+z°)=0

or, [2+§J 2’ +(2-H)z-H=0

\ =2+—I;, v,=2-H, v,=-H

Since A <0, we find that H < 0. Now v, an v, are both positive for H < 0.
v, >0 if H>-6. Hence, the interval of absolute stability is ]- 6, 0[.
% Ak

Example 12:  Show that the Milne-Simpson method
h 1 ! 1
Yo = Yo *3 (Yau +4Y0 +Yn)
is not absolutely stable for any h.

Solution: Here k =2. The characteristic equations is obtained as
£l - —%}l E2+45+1)=0
or, -3 gz-ﬂg- 1+ 2 =0, H=2h
3 3 3
Note that the roots of p(§)=&% —1=0 are +1. Since two roots of p(£) =0 are
simple and of modulus 1, the method is conditionally stable.

Alternatively

Substitute &= : Tz

in the characteristic equation and obtain

_H »_4H -1+ Bl a-n?=
[1 3J(Hz) ; 1+ 0-2) [1+3J(1 2)> =0

[l—%{-] (1+22+ZZ)—4—§I-(1—ZZ)—[1+%J (1-2z+2%)=0

2H , 2H
— 2

or, +4z-—=0
3

Comparing with v, z* +v, z+v, =0, we get
Vo =£I-, v, =4, v, =-2'—P1.

3 3
Since A <0, H<0. For H<O0, v, and v, are always positive. However, v, is not

positive for any H < 0. Hence, the method is not absolutely stable for any H < 0.
%k %k

And now some exercises for you.

E12) Determine the interval of absolute stability for the method
h ’ ’ 14
Yier = Yia t 3(7)’3 ~2Yi +Yi2)
when applied to the test equation y' =Ly, A <0.
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Muitistep and Predictor-
E13) Show that the method e A rad for

b : : Solving IVP
Vi =8y, +9Yi4 +§(17yi +14y', ~vi,) olving IVPs

is not stable when applied to the test equation y' =iy, A< 0.

E14) Determine the interval of absolute stability for the method
9 1 3h, , , P
==Y ==Y T (Y T2 Y
Y\H 8 y| 8 y 2‘ 8 y 1 1
when applied to the test equation y' =4y, A<0.

E1S) Show that the method
= 4 1 Yy, + ._2_h.y'
Yia 3 Yi 37 T i
is A-stable when applied to the test equation y' =Ly, A <0.

We',now end the unit by giving 2 summary of what we have covered in i,

9.5 SUMMARY

In this unit, we have learnt the following points:

1. In multistep methods for solving the IVP(1)
y' =f(xy) ¥(Xo)=Ye
the solution value y;,, at the nodal point x;,, is obtained by using previously,
calculated k values y,_, at the nodal points x,_  ,m=0,l,....k~1. Sucha

method is called an explicit multistep method. If the method also uses the
_ solution value y,,, , then the method is called implicit multistep method.

2. The multistep methods are not self starting. y; is called the initial value and
Yior» Yisase-» ¥Yixa are called the starting values. The starting values are to be

calculated using some singlestep method before the multistep method can be
used.

3. A general multistep method or a k-step multistep method can be written in the
form

Yia =¥ T 8Yq ot @ Yikn
+h(boyi, +biyi + + by Vi)
The method is explicit if b, = 0and implicit if b, #0. The unknowns a,'s
and b,'s are obtained using (1) interpolation methods (ii) method of
undetermined parameters.

We have the following form of a few important class of methods

(@) Adams-Bashforth method: 2, =l,a, =a, =---a, =0,b, =0. These
methods are explicit methods and are of order k .

(b) Nystrom method: 2, =1,a, =a, =---=a, =0,b, =0. These methods
& are explicit methods and are of order k.
(c) Adams-moulton methods: a, =1,a, =a, =---=a, =0,b, #0. These
methods are implicit methods and are of order k +1.
(d) Milne-Simpson methods: a, =1,a, =a, =---=a, =0,b; #0. These

methods are implicit methods and are of order k +1 if k is odd and of
order k + 2 if k is even.

An explicit method is called a predictor and an implicit method is called a

corrector. We use the explicit m i
ethod to predict the v; )
alue y. :
use the corrector, - - " ™

which uses y® jterati i
‘ vel
ey b ytoobtain y,

the improved
X ‘ proved value
fter the required number of corrector iterations

we take y, ., = y®,
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:f“(')“l;::" Solutions 5. If we apply the multistep method (44) to the test equation y' = Ay, we obtain the

characteristic equation
p(&) -Aho(&)=0
where
pE)=E* ~a £~ -a,
(&) = boE.»k + blgk_l +e-4 by
Let &,,E,,....&, be the roots of the reduced characteristic equation

p(E)=0and &, ,&,, ,...,&,, be the roots of the characteristic equation, Then,
the method is ‘

(i) stable: if [£,[<1, i1 and &, =1.

(i) unstable: if | £;|> 1for some i, or if there is a multiple root of p(&) =0 of
modulus one. '
(iii) conditionally stable (weakly stable): if £.'s are simple and if more
than one of these roots have modulus one.
The method is called
absolutely stable: if 2 <0 and | éﬂ,l <1foralil i. The setof values

of Ah which satisfy this condition give the interval of absolute stability.
If this interval is } -, O[, the method is called A-stable.

relatively stable: if A >0and | £, |<e™ forall i. The set of values of

Ah which satisfy this condition give the interval of relative stability.
The order of a stable k-step explicit method cannot exceed k and the order of
a stable k-step implicit method cannot exceed k + 1if kis odd and k + 2 if k is
-even.

9.6 SOLUTIONS/ANSWERS

El) TE= —8—3()h’y"(xi)+0(h6); order: 4

E2) x0=0,y, =1y, =1 y5 =3; starting value:y, = y(0.2) = 0.86;
We obtain from the multistep method
fo =y, =-1 f; =y =~0.5396, y, ~ y(0.4) =0.79812;
f, =y, =-0.236996, y, ~ y(0.6) = 0.780981.

E3) x,=1 y,=0, y5 =1, y5 =2, y§ =4; Starting value:
y, * y(1.1) = 0.110667
X, =1.1, y, =0.110667, y] =1.222247, y; = 2.861296,
vy =5.621078; starting value y, =~ y(1.2) = 0.248135.

From the multistep method we get
fy =1, f, =1.222247, f, =1.501571; y, = y(1.3) = 0.414637,

f, =1.861924; y, =~ y(1.4) = 0.622223;
f, =2.347162; y, = y(1.5) = 0.886405.
E4) Starting values:
Xo =1, ¥, =1, K, =04, K, =0.672, y, = y(1.2) =1.536,
x, =12, y, =1.536, K, =0.779059, K, =1.534912,
y, =({1.4) =2.692985.

From the multistep method, we get
f, =2, f, =3.895296, f, =9.945153, y, = y(1.6) = 5.791032;

, =39.327084, y ~ y(1.8) = 19.979290;
f, =419.151320, y, ~ y(2.0) =196.814380.




ES) Starting value: Multistep and Predictor-
xo =1, Yo =2, K, =08, K, =093, K, =0.9495, Corrector tving TPy
K, =1.10485, y, ~ y(1.1) = 2.943975.
From the multistep method, we get

(1-h)y., =Y; +%(2xi+2 +4f,, +£),1=0,1,2
We obtain

Xo =1, ¥,=2,f,=8 x, =11,

y, =2.943975, f, =11.031925, x, =12

y, #y(1.2)=4.241767; f, =15.125301, x, =1.3,
y, = y(1.3)=6.016755; f, =20.650264, X, =14,
y, = y(1.4)=8.436273.

7 2 1
E6 =1, b,=—, b,=—=, by ==
) 3 173 2 3 33
TE=%h"yi"(xi)+0(h5); order:3.
17 14 1
E7 =-8, a —9 b, =—, by, =—, b, =——.
) z A

TE=-;-h5y"(x,-)+O(h°); order:4.
E8) a]=l, b0=-_, bl = b2="_.

4
TE = --2—4-yiv (x;)+O(h*); order:3

‘ 4 1 2
E9) al=-3—, a, ="§, bo =-3‘.

TE= —-;—h’y"'(xi) +0O(h*); order:2
E10) Starting value:
X, =1, ¥, =1, ¥, =1.841471, y§ = 2.381773,
y, = y(1.2) =1.415930.
From the given P-C set, we get
f, =1.841471, x, =12, f, =2.403962, x, =14,
v =1.952972; f(x,, yy) = 2.880828
‘” =1.944409; f(x,, y9) =2.875424
~y(l.4) =y, =1943869, f, = 2.875081; x, =1.6
=2.565997; f(x,, y{”)=3.110332,
“’ = 2.542410; f(x,, ") =3.106377,
~ y(1.6) = y, = 2.542015.
E11) Starting values
y, =y(0.2)=12, y,=y(0.4)=1496,
vy, ~ y(0.6) =1.9756.
Using the P-C set, we get
vy =3.4235, y{ =3.6167, yP =3.7074
Therefore, y, ~ y(0.8)=3.7074.

53




:r“(';;g:-'&'"'m' vy =9.0140, y¥ =11.5792, y{¥ =15.1009
Therefore, y, = y(1.0)=15.1009
E12) Characteristic equation is obtained as
.3 TH_, [ zn) H :
-~ E*-|1-==|E(-—=0, H=Ah<0.

5 3 5 3 5 3

Substituting £=(1+z) / (1~2), we obtain
vozZ  +v, 22 +v,z+v, =0 ‘

where

=—12!1, v, =4+-—ZE, v, =4-2H,v, =-2H
3 3

Since v, <0 for all H <0, method is not stable for any H.

Vo

Ei 3) The roots of the reduced characteristic equation
PE)=E +85-9=0
are §, =1, &, =-9. Since |§, | >, the method is unstable.

‘E14) Characteristic equation is obtained as
3H),; (9 3H),, 3H, 1
l-— =+ +—&+—=0, H=Ah<0.
[ 8 Jé [8 4 Jé 8 s 8
Substituting £=(1+2) / (1-2), we get
voZ' +v, 22 +v,z+v, =0
where

ve =%(8+3H), v, =%(18—3H), v, =%(2—3H), vy =—%

and D=v,v, -v,v, = %[9— 13H + 3H?]. Interval of absolute stability is

39)
3
E15) The characteristic equation is obtained as
( —EP—IJ g? —i§+i=o, H=xh<0.
3 373

Substituting £=(1+12) / (1—-z), we get

Vozl +v,2+Vv,=0

where
v4_H 2 2 H
°73 377'73 3777 3
since v,,V,,v, are all positive for all H <0, the method is A-stable.
_-x—
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PRACTICAL ASSIGNMENTS

Session 2:

1.

Write a program to solve the initial value problem y'=f(x, y), y(Xx,) =Yy, , using

Euler method as predictor and Backward Euler method as corrector. Use the
corrector three times. Input the step length h and the number of steps of
integration. '

Write a program to solve the initial value problem y’' =f(x, y), y(x,) =y,, using

Euler method as predictor and Trapezoidal method as corrector. Use the corrector
three times. Input the step length h and the number of steps of integration.

Write a program to solve the initial value problem y' = f(x, y), ¥(X4) =Y, using

Milne’s predictor-corrector method. Required starting values are to be computed
using the Euler method.

"Write a program to solve the initial value problem y’ =f(x, y), y(x,) =y, using
~ Milne’s predictor-corrector method. Required starting values are to be computed

using the Taylor series method of second order. Test your program on Example 9.

Multistep and Predictor-
Corrector Methods for
Solving IVPs
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10.1 INTRODUCTION

In Units 8 and 9, you have studied numerical methods for solving initial value
problems where the conditions are given at a point called the initial point. The
solution is obtained in some given interval in a step-by-step manner, that is, the
solution is obtained at one nodal point at a time.

In many physical problems, the conditions are given at two points say x =a and

x =b. The differential equation together with these conditions is called a boundary
value problem. The points x =aand x = bare called boundary points and the solution
is obtained at nodal points inside the interval {a,b]. In this unit we shall consider
second order boundary value problems and discuss two numerical methods viz; ﬁmte
difference and shooting methods for solving them.

In Sec.10.2 we shall start with introducing three kirids of boundary value problems and
then discuss the finite difference methods of solving them. Shooting method in
which the given boundary value problem is converted to an initial value problem and
then solution is obtained in a step-by-step manner, will be discussed in Sec.10.3.

Objectives

After studying this unit you should be able to

e identify a second order boundary value problem of first, second and third kind;

e obtain the solution of a given boundary value problem using finite difference
methods; s

e obtain the solution of a given boundary value problem using shooting method.

10.2 FINITE DIFFERENCE METHODS

You may recall that in Unit | we introduced you to the boundary conditions associated
with a differential equation and boundary value problems. Here we give you three
kinds of boundary conditions for a general second order ODE.

Consider the second order differential equation

y" =f(x,y,y") ‘ e)]
For Eqn.(1) we can have the following three types of boundary conditions:
Boundary conditions of the first kind

y(@=r, yb)=r (2)
where 1, and r, are given constants.
Boundary conditions of the second kind

y@y=r, y'(®)=r 3
where 1, and r, are given constants.,
Boundary conditions of the third kind (mixed conditions)

a, y(a) -2, y'@)=r, ]

by ¥(®)+b, y'(b)=1, 4)
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Numerical Solutions where ag,a;,by,b,,1, and r, are given constants such that
of ODEs a,a, 20, ~ [ag|+|a, =0
b, b, 20, [by[+(b, [#0

The differential Eqn.(1) together with the boundary conditions (2) or (3) or (4) is
called a boundary value problem (bvp) of the second order.

The points x =a- and x =b are the end points of some interval in which the solution
is to be obtained.

We shall now discuss finite difference methods of solving these bvp’s.

We divide the interval [a,b]into N + I subintervals of equal length h by the points
=Xy <X, <...<Xpn, =D '

where
X; =Xo +ih, i=0,1,..., N+1
and
_b-a
TN+l
The points x,,X;,...,X ., are called nodal points and we determine the solution

values y; ~ y(x,)at these points. For a boundary value problem of the first kind, we
.obtain solution values at the interior points Xx,,X,,...,X . Whereas, for the boundary

value problem of the seéond or the third kind we determine the solution values at the
interior points as well as at the boundary points x, and x,,.

In finite difference method, we have the foliowing three steps:

Step‘l: Discretize the differential equation at each nodal point, that is

yi =f(x;, ¥,y )»1=12,...,N %)
For boundary value problem of second or third kind, we discretize the differential
equations at x, and/ or x,,, also.

Step 2: Replace the derivatives y’ and y” in the differential equation and the

boundary conditions by the difference approximations. We know that
2

y'(%,) =% [¥(Xiy) = 29(x) + Y(Xi) 1 - T—zy"(é), X,y <E<Xy. (6)

Y =1 (Y)Y 2V O X, <E <K G

V() =3 ) -Yx) 1+ 2@, K <E<x,. (7ii)
2

YO =3 Y0 =YE) 1= @), Xy <E<xyye (i)

The approximations (6) and (7iii) are of second order, whereas the approximations (7i)
and (7ii) are of first order. Thus we can replace y" and y’ in the differential
equations and the boundary conditions by the difference approximations

, 1
Yi =h—2(yi_| =2Y; +Yiu) (®)
, 1 .
yi = 'ﬁ Yiu = Yi) (91)
.1 .
Yi=y vi-vyia) (9i1)
, 1
Yy = E Y1 = Yia) (9111)

When we use the approximations (8) and (9iii), we obtain a second order finite
difference method. When we use the approximations (8) and (9i) or (9ii), we obtain a
58 first order finite difference method.




Second Order Boundary

a of th f the difference ximations used for y' and y’
Note that the lower e orders of the difference appro i y y Value Problems

gives the order of the finite difference method.

For boundary value problems of the first kind, we obtain a system of N algebraic
equations in N unknowns y,,y,,....Yy, since y, =1, and yy,, =1, are known. For
boundary value problems of the second and third kinds, we obtain a system of

N + 2 algebraic equations in N + 2 unknowns y,,¥;,...,¥nu - '

If the function f(x,y,y’) is linearin y and y’ we obtain a system of linear equations.
If f(x,y,y') isnon-linearin y and/or y’, we obtain a system of non-linear
equations.

Step 3: Solve the resulting system of algebraic equations by direct or iterative
methods. For system of non-linear equations, we generally use Newton-Raphson
method.

We illustrate the method with the help of examples.

Example 1: Solve the boundary value problem
y"—4y'+3y=0
y0=1, y1)=0

. o oy . i
using second order finite difference method with (i) h = %, (ii) h =3~ . Compare the

numerical results with the exact solution y(x) = [e”z ~e™ ]

e2
Soiution: (i) For h = —;—, we get three nodal points x, =0, x, =-1i-and x, =1. The

boundary conditions give y, =1and y, = 0. We need the solution value y, =~ y(x,).

From the given differential equations, we get
yi—4yi +3y; =0, =l (10)
Using the approximations (8) and (9iii) for 1 =1, we obtain from Eqn.(10)

] 4 ‘

F(yo—ZY. +)’2)‘E()’2")’0)+3YI=0

Using hz—;—, y, =1 and y, =0, we get
4(1-2y, +0)-4(0-1)+3y, =0

or, -5y, +8=0

or, Y = y[%j =1.6

The exact solution is y[—;—) =1.20531

. 1 .
(ii) For h =—3—,we get four nodal points x, =0, x, =%, X, =-§— and x, =1. The

boundary conditions give y, =1and y, = 0. We need the solution values
y, # y(x,)and y, = y(x,). We discretize the differential equation at the points
X,and x,. We get
yi~4y; +3y, =0, i=12
using the approximations (8) and (9iii), we get

1 4
h_z(yi-l -2y, + yi+l)—"2—h'(yi+l =Yi)+3y; =0, i=12
Using h =%, we get

9(Yia =2y, +Yin) = 6(Yi —¥in ) *+3y, =0, i=1,2 (11)
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From (11), we obtain

Ci=1r 0 9(y, -2y, +y,)-6(y, ~¥,)+3y, =0

i=2: 9(y; =2y, +Yy;)-6(y, ~y,)+3y, =0 _
Using the boundary conditions y, =land y, = 0, we get the system of equations
9(1-2y,+y,)-6(y, -D+3y, =0
9(y, ~2y, +0)-6(0~y;)+3y, =0
or, -15y,+3y, +15=90
15y, =15y, =0
whose solution is y, =y, =1.25

Exact solution is y (-;:) =1.188591, y (-;—J =1.096071.

e ol e

Example 2: Solve the boundary value problem
A+x?)y"+4xy' +2y=2
1
y(0)=0, y()= 3

using the
(i) first order finite difference method (approximations (8) and (9i))
(ii) second order finite difference method (approximations (8) and (9iii)) with

h =—;— in each case.

Solution: For h =%,wc have four nodal points x, =0, x, =%, X, =§ and

- . 1 .
x; =1. The boundary conditions give y, =0, y; = 3 We need the solution values

y, and y,. From the given differential equation we get
(A+x{)yf+4x, ¥ +2y; =2, i=12 (12)
(1) Using the approximations (8) and (91) in (12), we get

1 4x; )
D) i =2y i)+ i —y) 2y =2, =12
Using h = —13-, we obtain

9(1+x|‘2) i 2 + Y ) 12X, (Vi ~ ¥ + 2y, =2
Fori=1and i=2, we get
i=1: 9(“”‘12)(YO‘2Y|+)’2)+12X|(YZ“Y!)‘*'z)'\ =2

i=2: 9(1+x2) (y, ~2y, +Y3)+12x,(y; ~¥,) +2y, =2

. 1 2 1
Using X, =§, X, =§, ¥o=0, v, =5,weget

1 1
9(1+-9~) (0-2y, +)’z)+12[§) (Y2—y)+2y, =2

4 1 231
9(1+-9-J (y, -2y, +5)+12[§) [5 —y2)-+-2y2 =2

or, -22y,+14y, =2

17
13y| -32y, =~ "2—

whose solution is

y, = y(—;—) =0.105364, y, ~ y[%) =0.308429 .

(ii) Using the approximations (8) and (9iii), we obtain from Eqn.(12)




1 4x. Second Order Boundary
h_2(1+xi2) (yio =2y, +Yi+l)+2—hl'(yi+| -y.a)+2y; =2, i=12. . Value Problems

Using h =§, we get
O+ x]) (Vi —2¥i +Yiu) +6X,(Yis —Yiz) +2y; =2, i =12
Fori=1and 1=2, we get
i=1: 9(1‘”‘12)(}'0_2)'1+YZ)+6X|(Yz")'0)+2)'l=2
i=2: 9(1+%3) (¥, =2y, +Y3)+6x,(y; ~y,) +2y, =2

: 1 2 1
Using x, =3 & =3 Yo =0, y; =—2-,we get

9(1+§1‘-] (0-2y, +yz_)+6[§] (y;-0)+2y, =2

4 1 2)(1
9(1+6] (y, -2y, +5j+6[3} (—2- —y|]+2y2 =2

or, —18y, +12y, =2
- 13

Oy, -4y, =~ —

Y Y, >

whose solution is y, = y(—;-) =0.092593, y, = y(%) =0.305556.

k%

Example 3: _Solve the boundary value problem
y'=xy+1

yO+y©@=1, y@=1

using the second order finite difference method with h = % .

Solution: For h = %, we have the nodal points x, =0, X, '=% and x, =1. From

the boundary conditions we get y, =1. We need to determine y, and y,. From the
given differential equation we get

yi=x;y;+1, 1i=0,1
Using the approximation (8) , we obtain

Lo ~2y ) =Xy 41 P20
h2

Using h = —;— , we get

i=0:  4(y, -2y, +y)=X,¥, +]1
i=1: 4(y, =2y, +Y,)=%x,y, +1

Using x, =0, x, =-;— and y, =1, we get
4(y_ =2y, +y,) =l
4(y, -2y, +1)§%y, +1

or, 4y, -8y, +4y, =1

17
4Y()—"2_Y1=“3 (13)
Using the approximations (9iii) with i =0, we obtain from the first boundary

condition

1
Yo +%(?’x -y,)=1
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for h=—21-,weget

Yoty -y, =1
or, Ya =Yooty -1 (14)
Eliminating y_, from Eqn.(13), we get the system of equation
-4y, +8y, =5
17
4y, - _2‘ y, =-3
whose solution is y, = y(0)=-9.25, y, »y(1/2)=-4.

ok

Example 4: Solve the boundary value problem
y'-3y'+2y=2
YO -y'©)=-1, yD+y@d=1

using the second order finite difference method with h =

N |-

Solution: For h= %, we have the nodal points x, =0, x, = %and x, =1. Since

the boundary value problem is of third kind, we need to determine the solution values
Yooy, and y,.
From the given differential equation, we get
yi=3yi+2y;=2 , 1=0,12
Using the approximations (8) and (9iii), we obtain

1 3
h—z()’i-lb =2y, +Y¥iu)— E(Yin -Yia)+t2y; =2

For h =—;—,we get

4(Yia —2Yi +Yi) =3Vim —Yic) +2Y; =2
or, 7Yiq=6Y¥i +¥ia =2
We obtain for i =0,1and 2
i=0: Ty, -6y, +y, =2
i=1: 7y, —6y,+Yy, =2
i=2: 7y, -6y, +y; =2 ‘ (15)
Using the approximation (9iii), we obtain from the boundary conditions

1
i=0: YO_EE(YI_Y-I)=—1

i=2: y2+—1—

oh (ys-y)=1

For h =-;—,we get

Yo=Y1+Yq=-1
Yo +Y; -y =1
or, Ya=-l-ye+V,
and Yi=l+y, -y,
Eliminating y_,and y, from Eqn.(15), we obtain the system of equations.
T(-1-y, +y,) -6y, +y, =2
Ty, -6y, +y,; =2
7y,-6y, +(1+y, -y,)=2
or, ~13y, +8y, =9




Ty =6y, +y, =2
8y, -7y, =1

whose solution can be obtained by using Gauss-¢limination method. We can write
—y, +0.615385 y, =0.692308

yo, —0.857143 y, +0.142857 = 0.285714
8y, =Ty, =1
Eliminating y,, we obtain
-.241758y, +.142857y, =.978022
8y, -7y, =1
Solving the above system of equations we obtain the solution
y, #y(1)=-14.680011, y, = y(1/2)=~12.720010, y, = y(0) = —8.520006 .

ek

Example §: Using second order finite difference method solve the boundary value
problém

. 1
y'=2y’, y=1,y()=7
with(i) h = % and (ii)) h= é . The exact solution is y(x) = 1 .
X
Solution: (i) For h= —;—, we have the nodal points x, =1, x, =—;-and X, =2. From

the boundary conditions we get y, =land y, = % We need to determine y,. From

the given differential equation we get
yi=2y; , i=l
Using the approximation (8), we get

hlz(yi-, ~2Y; +¥Yi) =2y}
For h =-;—and 1=1, we obtain
4y, =2y, +y,)=2y]
or, 4[yI -2y, 4——;-]=2y,3

or, F(y,) =2y} +8y, -6=0
which is a non-linear equation in y, . Using the Newton-Raphson method

- F(y'™
=y§)_ )

(m+l)

Y, ,m=0,1,...

Lym 20 -8y 6
6(y™)* +8
Since 0.5 <y we may choose y, =0.75.
With y{¥ =0.75, we obtain
_ 0.84375

11.375

y® =0.675824 - 0023941 _ 0.673595
10.740428

y =075 =0.675824

¥\ =0.673595 - 0.000021 _ 0.673593

‘ 10.722381
Hence, y, = Y[%j =0.673593.

. Second Order Boundary
Value Problems
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The exact solution is y [—%} =0.666667 .
i) For h = 1 have th 1 poi _ 4 5
(ii) For —g,we ave the nodal points x, =1,x, =§,x2 =3 and x, =2. From

the boundary conditions, we get y, =land y, = 3 We need to determine y, and vy, .

From the given differential equation we have
yi=2y} , i=12
Using the approximation (8), we write

Flz'(Yi-l -2y, +Yi)=2y; i=12

For h=%, i=1and 2, we obtain

=1 4(y, ~2y,+Y,)=2y;

i=2: 4(y, -2y, +Y;)=2y;

Using ;he boundary conditions y, =0and y, '=%, we get
4(1-2y, +y,) =2y,

l\
4[y1 -2y, +,5] =2y,

AN
Hence, we obtain a system of two non-linear equations
f, ()’1’3’2):2)’1J +8y, -4y, -4=0
f,(y:,Y2)= 2)’2 -4y, +8y,-2=0

we use the Newton-Raphson method to solve this system. If you are not familiar with
this method then you can refer to Appendix given at the end of the unit.
We have

y\,mﬂ =|:y1m]_J:nl [fl(ylm’ yzm)] , m=0’1"“

Y2,mu Yzm £ (Vims Y2m)

where
of,  of
5 |l =[6y12m+8 -4 }
"oy oy -4 6y}, +8
8, %,
J_,z_l_{6y§m+8 4 ]
" D, 4 6y: +8
and

D, =(6y2, +8) (6y2, +8)-16

Since %< Y,y <1, we may choosey,, =0.8and y,, =0.6. We get
[y,, ]_[o.s] 1 [10.16 4 ] [1.024]_[0.699018]
Yo | |0.6] 1042944 | 4 11.84][0.032] |0.557094
l:yn } _[0.699018] _ 1 [9.862122 4 "[0.046885]
v, | 10557094 91.810321] 4 10.931575 || 0.006472
0.693702 -
[0.554281]

_




Second Order Boundary
Yis _ 0.693702 3 1 9.843365 4 000142 Value Problems
Y3 0.554281| 91.168012 4 10.887335 || 0.000021 ’

0.693686
0.554272

Hence, we get y, & y[%} =0.693686, vy, ~ y(%) =0.554272.

Exact solution 1s y[%] =0.75, y[%] ={0.6
e ek

You may now try the following exercises.

E1) Using second order finite difference method solve the boundary value
problem ‘

Y'=y+x,y(0)=0, y1)=0

1 1 1

ith(@ h==, () h=—and h=—.
with (a) 5 () 3 an 2

e

E2) Using second order finite difference method solve the boundary value problem
x}y'=2y-x,y@)=0, y3)=0

1 1
ith(a) h=—and(b) h=—.
with (a) 2an (b) 3

E3) Solve the boundary value problem
y' =-3y'+2y=0

2y(0)-y'(0) =1, yM+y'(1)=2e+3e’

N |-

using second order finite difference method with h =
E4) Solve the boundary value problem
y'=2yy", y(0)=% » y()=1
using second order finite difference method with (a) h =% and (b) h= é— .

E5) Solve the boundary value problem

s 3
y =5y2 ,¥(0) =4 , y()=1

T . 1
using second order finite difference method with h = 3 and h = % .

In finite difference methods for solving boundary value problems, we solve a system
of linear or non-linear algebraic equations. For obtaining accurate results, we keep the
step size h small and we have to solve a large system.

There is another class of methods called shooting methods, in which we convert the
given boundary value problem to an initial value problem and obtain the solution in
step-by-step manner using some singlestep method. In this method we do not have to
solve a system of equations. .

10.3 SHOOTING METHOD

In this method, we convert the given boundary value problem to an initial value
problem by adding sufficient number of conditions at one end and adjust these
conditions until the given conditions are satisfied at the other end. We may write the
second order initial value-problem as a system of two first order initial value problems
and solve this system by using any method given in Unit-8 or solve the second order
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initial value problem directly. For this reason, this method is also called initial value
problem method. We consider linear and non-linear second order boundary value
problems separately.

Ui

Linear second order boundary value problems

First we give you the broad idea used in the method for any kind of boundary
conditions. .
Consider the linear second order differential equation

y'+p(x)y' +q(x}y =r(x) (16)
subject to given boundary conditions which could be of first, second or third kind.
We write the solution of Eqn.(16) as

p———

y(x)=Ay, (x)+(1-2)y,(x) (17)
where y,(x)and y, (x) are respectively the solutions of the differential Eqn.(16) i.c.,
yi +p(X)y; +q(x)y, =1(x) (18i)

~and :
¥: +P(X)y; +q(x)y,; =1(x) (18ii)

with suitable initial conditions. We determine A so that the boundary condition at one

“end is satisfied. Since the initial value problem is of second order, we require two

linearly independent conditions at one end.
We now outline the method for each of the three kinds of boundary conditions.
Boundary conditions of the first kind

Here, we are given the boundary conditions as y(a) =1, and y(b) =r,. Now we have
one condition at x =a . We assume the other condition y'(a) =s, where s is

arbitrarily chosen. Normally we choose s =0 and s=1. We now solve the two

initial value problems

() yi +p(x)y; +a(x)y, =1(x)

subject to "y,@=1, y@=0 (19i)
(i) ¥z +p(x)y; +q(x)y, =r(x)

subjectto  y,@)=r, , yi@ =1 (19ii)

upto x = b, that is, we obtain y,(b)and y,(b).
From Eqn.(17), we get
y(b)=1, =Ay,(b) +(1-2)y, (b)
which gives
L~y (b)
yi(b)-y,(b) ’
Ongce the value of A is obtained, Eqn.(17) gives the solution at various nodal points.

yi(b) # y,(b) (20)

Boundary condition of the second kind

Here, we are given y'(a)=r, and y'(b)=r,. We have one conditionat x =a. We
assume the other condition y(a)=s where s is arbitrarily chosen. Normally we
choose s =0 and s=1. We now solve the two initial value problems

() yr+p(®)y;+q(x)y, =r(x)

v@=0 , y@-=r ' (21i)
(i) Y3 +p(x)y; +a(x)y, =1(x)

y:(@)=1 , y3(@)=r ‘ _(21ii)
upto x =b, that is we obtainy, (b), y;(b)and y, (b), y5(b).
From Eqn.(17) we get ,

Y'(x)=Ay; (x)+(1-2)y3(x) (21iii)

Theret_‘ore, we obtain
Yy =r, =Ly (b)+ (1-1) Y} (b)
which gives



Iy — y+(5) Second Order Boundary
=7 - : ; > Yi(b)= yy(b) (22) Value Problems
y;(b) - y3(b)

We then obtain the solution values from Eqn.(17) and derivative values from
Eqn.(21iii) at various nodal points.

Bbundary conditions of the third kind

Here, we are given a, y(a)—a, y'(a) =r, and b, y(b) + b, y'(b) =r,. We assume the
value of y(a) or y'(a). If we choose y(a)=s, then we get y'(a)=(a,s-r,)/a,,
where s is arbitrarily chosen. Normally, we choose s =0and s=1. We now solve the
two initial value problems

(1) Y1 +p(X)y +a(x)y, =r1(x)

y,@)=0, y(a)=-1/a, (231)
()  y;+p(x)y> +ax)y, =r(x)

y.@)=1, yi(@)=(a,—-r)/a, (23ii)
upto x = b, that is we obtain y,(b), y;(b) and y,(b), yi(b).
From Eqn.(17), we have

y(b) =Ly, (b) +(1-A)y,(b)
and Y'(b) =2y (b)+(1-A)y5(b)
Therefore,
b,y(d) +b,y'(b) =1, =b, [Ay,(B)+ (1 -A)y, (b) ]
+b, Ay ®+Q -2y, ) ]
which gives
3 = r,-[b,y,(®)+b, yi(b) ] .
by y,(b)+b, yi(b) ] - [b, y,(b)+b, ylz(b) i

'We obtain the solution values from Eqn.(17) for various nodal points. We can sum up
the above discussion in the form of following theorem.

(24)

Theorem 1: For a linear second order boundary value problem of the form (16), it is
sufficient to solve two initial value problems with two linearly independent sets of
assumed initial conditions.

Solution of second order initial value problems

As we have mentioned earlier the second order IVP can be solved either directly or, by
resolving it to the system of two first order IVP’s. Accordingly, we give here two
methods for solving the second order initial value problem

Y =X Y), y(Xo)=ye, ¥Y(Xe)=Yo ‘ (25)
where f(X,y,y") can be a linear or a non-linear function of y and/or y’. ,

Method 1

We can write Eqn.(25) as a system of two first order initial value problems

u'=v ; u(x,)=y(x,)

vi=f(x,u,v) V(X)) =y'(xg)
where y(x)=u(x). We can solve this system of first order initial value problems
using Taylor series method or Runge-Kutta method as discussed in Unit 7.

Method 2

We can solve the initial value problem (25) directly by using the m"™ order Taylor
series method.

2 m

= +h 'V+ll_.. e —
Yia =Y, Y; 21 Yi A

m

! ’ " h m+
)’M':)'i*'h)’i‘*“"*ﬁ)’f X (26)
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The truncation error in both y and y’ is of order h™'. If we use Taylor series
method of order p to determine y;,, and that of order q to determine y/,,, then the
final order of the Taylor series method is smaller of p and q. Higher order
derivatives are obtained by differentiating the given differential equation.
We now illustrate these methods with the help of examples.
Example 6: Using shooting method, solve the boundary value problem

y'=y+l, y(0)=0, y(l)=e-1 ’
Use the Taylor series method

2

, h
Yia =Y¥i thy; +—2_}’i
Yin =¥; +hy]
with h =0.25 to solve the resulting second order initial value problems. Compare this

numerical solution with the exact solution y(x)=e* -1.

Solutibn: We solve the two initial value problems
Yi=y,+L y(0)=0, yj(0)=0
Yi=Y2+1 y,(0)=0, y)(0)=1

The given Taylor series method gives
2

, h™

Yiin =Yy thyy, 'fTY|i
hZ

=yli+hy;i+—2_(yli +1)

h? , h?
=[1+‘2—J)’1i+h)’u +T

Yiin =Y thyj
=y, +h(y,; +1)
=hy,;+y;;+h , 1=0,1,23

Similarly we obtain
; 2

p h® ,
Yaia = Y2 thyy, +_2")'2i

, h°
=Yy,; +thy;; +'2_(YZi +1)

( h2 , h2
:[1+7Jy2i +hy’; +-—2—

Yo in =Ya; thys,
=y, +h(y,, +1)
=hy,;+y5;+h

For h:%,wc obtain

Yy =1.03125 y;, +0.25 y,, +.03125

Vi =025y, +y;;+0.25 (27)
and

Ya iy =1.03125 y,, +0.25 ), +0.03125

Y500 =025 ¥, +y5; +0.25 (28)
1=01273.

Using the conditions y,, =0, y;, =0, we get from Eqn.(27)




x=025, 1y, =003125, y!, =0.25
x=050, y,=0.125977, 'y, =0.507813
x=0.75, y,,=0288117, 'y}, =0.789307
x=10, vy, =0525697, vy, =1.111336
Using the conditions y,, =0, y5 =1, we get from Eqn.(28)
x=025, 'y, =028125,  y, =125
x=0.50, y, =0.633789, vy, =1.570313
x=075, y,=1077423, vy’ =1.978760
x=10, vy, =1.637032, vy, =2498116
From Eqn.(20), we obtain

a=2D"Ya _ 6073110

Yia =Y

Hence, we obtain

y(x)=-0.073110 y,(x) +1.073110 y, (x) 29)
Therefore, we get from Eqn.(29)

Numerical solution Exact solution

y(0.25) = 0.299528, y(0.25) =0.284025

y(0.50) = 0.670915, y(0.5) =0.648721

y(0.75) =1.135129, y(0.75)=1.117000

y(1.00) = 1.718282, y(1.0)=1.718282

ok ok

Example 7: - Solve the boundary value problem
y" -3y'+2y=0

2y(0)~y'(0)=1, y()+y'(l)=2e+3e’
using shooting method. Use the Taylor series method
2 3

=y.+h ’+h— ’+h— v
y|+l YI ‘ Y| 2 y| 6 Y|

h2
Yia =Yi +hyi + Tyi” (30)

with h =0.25 to solve the resulting initial value problems.

Solution: We have
y'=3y'-2y
and
y"=3y"-2y' =33y -2y)-2y' =-6y+7y

From the given Taylor series method, we get

h?2 h?
Yia =Y; +hy;] +7(3y'—2y)+?(—6y+ 7y")

. 2 3
—(1-h%-h%)y, +[h+32—+ 7'6‘ Jy:

2

’ ’ [ h r
Vi =Yi +h3y' -2y) + 7(—6y +7y")

=(-2h—3hz)yi+(l+3h+%h2] y!

For h =l, we get
' 4

Second Order Boundary
Value Problems




Numerical Solutions Yin =0.921875 y, +0.361979y;

of ODEs Yin = —0.6875y, +1.96875y’
) or,
Yia | _|0.921875 0361979 |y;
{y'm } {- 0.6875 1.96875 } [y; } GD
" Now, we solve the two initial value problems
' yi =3y, +2y, =0
«¥1(0)=0, y1(0)=-1

and

yy —3y3+2y, =0

Y.(0) =1, y3(0)=1
using the method given in Eqn.(30).
Using y,(0)=0, y;(0)=-1and
(Vi [0.921875 0.3619797
Y. m] ) [-0.6875 1.96875 |

{yfi},ﬁo,l,z,s
Yii

[y, ] _[-0.361975] [y,,] [~-1.046342
_YinJ_[—1-96875} ’ {y{,}_[—3.627119}

[y | _[-2277537] [y, ] _[ -4.424063
_%;}[—6-42,1530] ’ [y;4j|-[-11.076581}

Using y,(0) =1, y5(0)=1
and

we get

Y20 ] _[0921875 0.361979] [,
| Yain | [ ~0.6875 1.96875 ||y},

[ya|_[1283854] [y, ]| [1.647339
_y;,}_[l.zslzs} ’ [y'zz]{lm%u}
yu|_[2112218] [y, | [2.705848
[y’zz}{z.wsm} ’ [y;j’{z.suow]

From Eqn.(24), we get for b, =1, b, =1, and r, = 2e + 3¢’

jl ,1=0,1,2,3

we get

_2e+3¢® —[y, +Yh] 22223865

T (Yis +Yia)~ (Yas + Yh)  —20.880511

=-1.064335
Hence, we get '

y(x) =-1.064335 y, (x) + 2.064335 y, (x)

and
y(0.25) = 3.035567, y(0.50)~ 4.514318

y(0.75) = 6.784388,  y(1.00) ~10.294462

ok ok ok
)

Non-linear second order boundary value problem

We now consider the non-linear second order differential equation

y' =f(x,y,y")

subject to given boundary conditions. Since the boundary value problem is non-linear
we cannot write the solution in the form of Eqn.(17). In this case we proceed as

follows:
70




Boundary conditions of the first kind
Here, we are given y(a) =r, and y(b)=r,. We assume y’'(a) = s where s is arbitrary,
and solve the initial value problem
y"=£(x,y,y) ' .
y@=r ,-y'@)=s (32)

upto x = b using any numerical method. The solution of the initial value problem (32)
at x = bdenoted by y(b,s)should satisfy the boundary conditionat x =b. Let

“¢(s)=y(b,s) -, - (33)
Hence, the problem is to find s, such that ¢(s) =0.

Boundary conditions of the second kind

Here, we are given y'(a) =1, y'(b) =r,. We assume y(a)=s, where s is arbitrary,
and solve the initial value problem '

y' =f(x,y,y)

y@@)=s, Y(@)=r (34)
upto x = b using any numerical method. The solution of the initial value problem (34)
at x = b denoted by y(b,s) should satisfy the boundary conditionat x=b. Let

s)=y'(b, s) -1, (35)
Hence, the problem is to find s, such that ¢(s) =0.

Boundary condition of the third kind

Here, we are given a,y(a)—a,y'(a) =r, and b, y(b)+ b, y'(b) =r, we assume the
_ value of y(a)or y'(a). If wetake y'(a) =s, we get y(a) =(a,s+r)/a,. Wenow
; solve the imtial value problem

y' =f(x,y,y)

y@@)=(a;s+1)/ay, y'(@)=s (36)
upto x = b using any numerical method. The solution of the initial value problem (36)
at x = b denoted by y(b,s) should satisfy the boundary condition at x =b. Let

#(s) =bg y(b,s)+b,y'(b,s)-r, (37
Hence, the problem is to find s, such that ¢(s)=0. :
The function ¢(s) in Eqn(33) or Eqn.(35) or Eqn.(37) is a non-linear function in s. We
solve the equation ‘

b(s)=0 (38)
by using any iterative method to get the required solution.
One of the iterative methods, the secant method of solving Eqn.(38) is given by

(kel) _ (k) s stV )
s =g~ o(s"™), k=12,... (39)

o(s™) - 0(s“™)

where s'” and s are two initial approximations to s. To start the application of the
secant method, we solve the initial value problem (32) or (34) or (36) for two values of

s, that is s'” and s'. The iterations are stopped when l ¢ ™) |<e where € is
the given error tolerance.
We illustrate the method with the help of an example.

Example 8: Using the shooting methaod solve the boundary value problem
v . 1
y'=2yy' . yO) =3, yh=1

Use the Taylor series method

h? h?
Yia =Y, +hy; iy yi'+~6—y;”

Second Order Boundary
Value Problems
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h2
Yia =Yi +hyi'+7y;"

with h =0.25 to solve the resulting second order initial value problem and the secant
. : 1 S
method for iteration. Take s =2 s® = 0.1 and perform two iterations of the

secant method. Compare the numerical solution with the exact solution
y(x)=1/(2-x). '

Solution: We solve the initial value problem
y =2yy’

YO =2, YO=s =05

using the given Taylor series method with h=0.25. We get
y"=2(y') +2yy’
1=0: x=0,y,=0S5,y;=05 y; =05, yg =1
2 3
(0.225) yh + (0..’::)5)
(0.25)°

Yy =Yo +0.25y, + y5 =0.643229

y, =y, +0.25y5 + yo = 0.62625
x, =0.25, y; =0.643229, y! =0.65625, y| =0.844238, y7 = 1.947405

' , 0.25)7 . (0.25)°
y2=y,+0.25y,+( 2) y,+( 6) y

]
s

" =0.838736

(0.25)*

Y=y +025 yi+ yy =0.928166

i=2:  x,=050,y, =0.838736, y; =0.928166, y; =1.556972, y7 = 4.334761
0.25?% , (0.25)°
( 2) g L 025

2
¥y =y, +0.25y} + (9'225) y? =1.452870

y7=1.130721

Y=Yy, +025y) +

i=3:  x,=0.75,y, =1.130721, y} =1.452870, y} =3.285581, y} =11.651813
' (0.25) , (0.25)°

2 yat 6 y
0.25)°

7 =1.626956

Ye=Y; +(025)y; +

y, =y, +(0.25) y} + yT=2.638384,
From Eqn.(33), we get
) =y(1,5) -1=0.626956
We now solve the initial value problem
y'=2yy'
Y=, YO = =01
using the given Taylor series method with h=0.25. We get
i=0: x=0,y,=05,y,=01y,=01 y5 =012
025?% , (0.25)°
7 7
0.25)%
2

y7 =0.528438

Y1 =Y, +(025)yo +

Y =Yo+(0.25)y5 + y" =0.12875. |
i=1:  x, =025, y, =0.528438, y, =0.12875, y} =0.136073, y} =0.176965

(025 ., (025
v, =y, +(025)y, + 2) g7+l 6) y” =0.565339




(0.25)° Second Order Boundary
Yy =y +(0.25) yi +— yy =0.168298. : Value Problems

i=2:  x,=05,y,=0565339, y, =0.168298, y; =0.190291, y =0.271806

.2 2 . 3
y, =¥, +(0.25) y5) + © 25) y5 + © 265) y5 =0.614068

(0.25)*

yy=y5 +(0.25)y; + y7 =0.224365

i=3:  x,=0.75y, =0.614068, y; =0.224365, y; =0.275550, y§ =0.439092

0.25)* , (0.25)°
2 T

(0.25)°

y7 =0.679914

Yy, =Y; +025y; +

Y=y, +025y; + y7 =0.306974.
From Eqn.(3 3\), we get »
o(sM)=y(,5")-1=-0.320086

From Eqn.(39), we get

@ _ M s —s© m
§ =57 - m ¢(S )=0235194

Now we solve the initial value problem
y' =2yy’

y(0)=%, y'(0)=s? =0.235194

using the given Taylor series method with h=0.25. We obtain

i=0: Yo =%, y, =.235194, yg =0.235194, yg =0.345826

y, =0.567049,y; =0.304800.
i=1: y, =0.567049, y| =0.304800, y; =0.345673, y7 =0.577833
y, =0.655556, y’, =0.409276.
i=2: x, =0.5, y, =0.655556, y, =0.409276, y5 =0.536607, y; =1.038566
y, =0.777349, y; =0.575883
i=3: x, =0.75, y, =0.777349, y; = 0.575883, y5 =0.895324, y7 =2.055241
y, =0.954651, y, =0.863940
From Eqn.(33), we get
o(s?) = y(1,s?) —1=-0.045349
from Eqn(39), we get

oo |52 = @
s =80~ m ¢(S )=0.257510

Now, we solve the initial value problem
y =2yy’

y(0) =%, y'(0)=s? =0.257510
Using the given Taylor series method with h =0.25. We have
1 .
i=0: Xe =0, ¥, =5’ yo =.257510, y5 =0.25751, y7=0.390133

y, = y(0.25) = 0.573441,y} = y'(0:25) = 0.334079.
i=1:  x, =025y, =0.573441, y} =0.334079, y| =0.383149, y{ = 0.662645
y, = y(0.50) =0.670660, y} = y'(0.50) = 0.450574.
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Numerical Solutions i=2:  x, =050, y, =0.670660, y, =0.450574, y] =0.604364, y" =1.216679
of ODEs y5 = y(0.75) = 0.805358 y' ~ y'(0.75) = 0.639686

i=3: X; =075, y, =0.805358, y3 =0.639686, y; =1.030353, y7 = 2.478002
Y4 = y(1.0)=1.003931, y, = y'(1.0)=0.974712.
Exact solution is given by

= d
y(x)=——an

y(0.25) =0.571429, y(0.50) =1
y(0.75)=0.8, y(1.0)=1
The exact value of s =y’(0) is 0.25.

You may now try the following exercises.

E6) Find the solution of the boundary value problem
xX2y"-2y+x=0
y(2)=0, y(3)=0
using the shooting method. Use the Taylor series method
h 2
Yin =Y +hy; +7 i
Yia =¥i +hy{
with h =0.25 to solve the resulting initial value problems.
E7) Find the solution of the boundary value problem
y"=2y-y'
y()=2e+e2, y(2)=2e*+e™*

using shooting method. Use the Taylor series method
h? h?
=Y. +hyl +—vy'+— y7
YIH y' YI 2 Y1 6 B Y|

2
"

! ! L4 h
Yia =Yi +hyi+—y;
2
with h =% to solve the resulting initial value problems.

E8) Using shooting method solve the boundary value problem
Y=y, Y0)=3, y()=e+2/e
Use the Taylor seties method
h 2 h 3 .
=y, +hy +—y  +— y7”
y|+l YI Y| 2 Y| 6 yl

2
"

’ f L4 h
Yin =Yi +hyi+—y;
2
with h = 2 to solve the resulting initial value problems.

E9) Solve the boundary value problem
y =xy+1 )
yO)+y'(0)=1, y1)=1

using shooting method. Use the Taylor series method
2 3

Y, —y.+hy’+h; ”+h_ ”
i+1 i i 2 Y| 6 YI

hZ
Yin =yi+hyi’+7yi"

74 with h =0.25 to solve the resulting initial value problems.




E10) Use shooting method to solve the boundary value problem Second Order Boundary

2 100 Value Problems
"=6y’ , y(0)=1, y(0.3)=—
y'=6y” , y(0) ¥(0.3) T69
use the Taylor series method
h2 3
o =Y.t+thy +—yl+—vy7
Yist =Y Yi 2 Yi 6 Y;

’ ' " hz ”m
Yin =Yi thyi + TYi
with h = 0.1 to solve the resulting initial value problems and the secant method
for iteration. Take s'® =-1.8, s =-1.9 and perform two iterations of the
secant method. Compare the numerical results with the exact solutions

1
yix)= 1+x)?

We now end this unit by giving a summary of what we have covered in it.

10.4 SUMMARY

In this unit we have discussed the following points:

1. A second order differential equation
y =f(x,y,y")
with one of the three kinds of boundary conditions
(i) firstkind: y(a)=r,, y(b)=r,
(i) secondkind: y'(a)=r,, y'(b)=r,
(iii) third kind (mixed kind): ayy(a) —a,y'(a) =T,
boy(®)+b,y'(b)=r,
is called a boundary value problem (bvp) of first kind, or second kind, or third
kind respectively. The points x =a and x =bare called boundary points.
2.  Thebvp is linear if f is linear in yand y'. The bvp is called non-linear if it is

non-linear in y and/or y’

3.  We divide the interval [a,b] into N + 1 subintervals of equal length h = ;—a] .
: +
We obtain the nodal points x,,X,,...,Xy,, » Where
X, =2

X;=X,+ih, i=12,...,N, x,, =b
The solution of the bvp is obtained at these nodal points.
4.  In finite difference methods of solving a bvp, we replace y'and y” by some

difference approximations at each nodal point. In corporating the boundary
conditions, we obtain a system of N equations for bvp of first kind and a system
of N + 2 equations for bvp’s of second and third kind. The system of equations
is linear for a linear bvp and non-linear for a non-linear bvp. We solve this
system of equations using some direct or iterative method.

5. In shooting method of solving a bvp, we convert the given bvp to an IVP by
assuming one of the following conditions:
(i) y'(a)=s, forbvp of first kind
(i) y(a)=s, forbvp of second kind
(i) y(a)=s, or, y'(a)=s, for bvp of third kind
we generally take s=0 or s=1
For linear bvp’s, we solve two IVP’s
yi +p(x) ¥ +4(x) y, =r(x)

and y3 +p(x) y; +q(x) y, =1(x) 75




Numerical Solutions with the associated initial conditions
of ODEs (i) bvpoffirstkind: y,(a)=r,, y;(a)=0
y.(@)=r , ylz(a)=1
(i) bvpofsecondkind: y,(a)=0, y;(a)=r,
y.(@)=1, y3(@@)=r,
(iii) bvpofthirdkind: y,(a)=0, y,(a)=-1,/a,
y.(@)=1, y3(@)=(a, -1)/a,
using any singlestep method.
We write the solution of the bvp as
y(x) =4y, (x) +(1-2)y,(x)
and determine A, so that the boundary condition at x = b s satisfied. We then
determine the solutions values from the above equation for y(x).

For non-linear bvp’s, we again assume y(a)=sor y'(a) =s and solve the

given differential equation upto x = b using two different values of s, say s

m

and s® . We use secant method iteratively to determine s, k=2,3,..., so

that the boundary conditions at x =bis satisfied to the required accuracy.

10.5 SOLUTIONS/ANSWERS

El) We obtain from the differential equation
Yia —(2+h))y, +y,, =h’x;, i=12,...

1 1 .
a) h=3’ Xo =0, X, =-5’ X2 =1, Yo =0, y2 =0,1=1

y; = y(1/2)=-1/18=-0.055556.

b) h=1/3,x,=0,x,=1/3,x,=2/3,x,=1,y,=0,y,=0,
i=1and i=2; :
y, = y(1/3) =-0.044048, y, ~ y(2/3) = —-0.055952

¢) h=1/4,x,=0,x,=1/4,x, =2/4,x,=3/4,x, =1, y,=0,
y,=0,1=1,23; i
y, = y(1/4) =—-0.034885, y, =~ y(2/4) =—0.056326,
y; = y(3/4)=-0.050037.

E2) We obtain from the differential equation
X} Vi - 207 +h?)y +xfy, =—xh?, i=12,..
a) h=1/2,x,=2,x,=5/2,x, =2,y,=0,y, =0,i=1;
y, = y(5/2)=1/8=0.125. ‘
: b) h=1/3,x, =2,x,=7/3,x, =8/3,x, =3,y, =0,y, =0,i=1,2;
1 y, #¥(1/3)=0.140777, y, = y(2/3)=0.165049 .

E3) We obtain from the differential equation
3h .
Yin = 2Yi +Yia “7()’“1 —Yia)+ 2h2)’i =0,1=0,12,... (40)

!

For h=1/2, we get x, =0,x, =1/2,x, =1. We need to determine y,,y,,y,.

From boundary conditions, we get y_, =1-2y, +Yy,, ¥; =¥, =¥, +2¢e +3e?.

We obtain on eliminating y_, and y, from the equations obtained from

5 Eqn.(40) for i = 0,1,2 and solving the resulting system of equations
1 Yo =y(0)=1.593159, y, = y(1/2)=3.107898,y, = y(1) =7.495274 .
} E4) We obtain from the differential equation

(Yies =2Y; +¥ia) ~hyi(Yiny —yi0) =0, i=12...

§ 76 a) Forh=1/2, weget x,=0, x,=1/2,%, =1y, =y(0)=1/2,
] ~




= =li=1: i ~ =7 Second Order Boundary
y, =y(l)=1i=1;we obtain y, = y(1/2) =2/3. T iy

b) For h=1/3, we get x, =0,x, =1/3,x, =2/3,x, =1,
=y(0)=1/2,y, =y(l)=1,i=1,2. We obtain the system of non-

linear equations
fy,,y,)=2y,y, +11y, -6y, -3=0

£,(71,¥2) =YY, +3y, =7y, +3=0
Using Newton-Raphson method with y® =0.6,y =0.8, we obtain
vy =06, yP =0.75, y? =06, y¥ =0.75
Hence,
y, =y(1/3)=0.6, y, ~y(2/3)=0.75.
E5) We obtain from the differential equation

3h? .
Yiet = 2¥; +Yia =Tyf, i=12,...

a) For h=%,weget X, =0, x, =-;—,x2 =1,

=y(0) % 4,y, =y(l)=1, i=1. We obtain the non-linear equation
f(y,)— y. +8y,-20=0

Using Newton-Raphson method with y(o) 2, we get
y{" =1.857143, y!» =1.854887, y{” =1.854887

Hence y, =y(1/2)=1.854887 .

1 1 2
b) For h=§,weget Xo =0,X, =3 X, =§,x3 =1

=y(0)=4, y, =y(l)=1,i=1,2. We obtain the system of non-linear
equations
f,(y,,¥,)=yi +12y, -6y, —24=0
f,(y,,y,)=y; -6y, +12y,-6=0
Using Newton-Raphson method with y{¥ =2.5, y =1.5, we obtain
y{" =2.302455 , yi’ =1.469866;
"’ =2.295044 , y'¥ =1.467949,
“’ =2295040 , y{’ =1.467947.

Hence, 'y, ~y(3J 2295040, vy, ~y(§]—1.467947.

E6) We solve the two initial value problems

. . 2 '
v (1) y1=x_2yl—x s YI(2)=0’ YI(2)=0

i) yi=Zy-x. $@=0 Y@=

using the given method with h =0.25. We obtain
y,(2.25)~-0.0625 , y;(2.25)=-0.5
y,(2.50)~ -0.258584 , y(2.5)=-1.068673
y,(2.75) = =0.606463 , y;(2.75)~-1.714360
y,(3.0)=-1.126003 , y;(3.0)=-2.441957

and
y,(2.25)~ 0.1875 , ¥5,(2.25)=0.5

v,(2.50) ~ 0.244502 , y,(2.50)=-0.043982 N
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:fu(l;);g:al Selutions y,(2.75)=0.157827 , y,(2.75)=~-0.404920
y,(3.0)~-0.028036 , y,(3.0)~-1.081985
From y(3)=0=21y,(3)+(1-1)y,(3), we obtain A =-0.025534.
From y(x) =2y, (x)+ (1-A)y,(x), we obtain
y(2.25)~0.193884 | y(2.50)=0.257384 ,
y(2.75)~0.177342 , y(3.0)~0.

E7) We solve the two initial value problems
() yi+yi-2y,=0 , y()=2e+e” , yi()=0
() yi+yi-2y,=0 , y,()=2e+e? , y)()=1

using the given method with h = % . We obtain

y,(4/3)=6.122210 , y;(4/3)=3.095499
y,(5/3)=7.644058 , y;(5/3)=5.980810

y,(2)=10.171119 -, y{(2)=9.230707
and
y,(4/3)~6.418506 , y;(4/3)=3.928833

y,(5/3)~ 8216531 , y’,(5/3)=6.839864
y,(2)=11.054667 , y5(2)=10.264626
From Eqn.(20), with r, = 2e? +e™*, we obtain A =-4.23927. Using
y(x) =Ay, (x) + (1-1)y,(x) we obtain |
- y(4/3)~7.673298, y(5/3)~10.640912, y(2)~14.796428 .

E8) We solve the two initial value problems
@ yi=y, » »(O®=0 , y(0)=3
i) yi=y, ., y,(0=1 , y30)=3

using the given method with h = % We obtain

y,(0.25)=.757813 , y,(0.25)=3.09375
y,(0.50)~1.562989 , y}(0.50)~3.379883
y,(0.75) = 2.465605, y,(0.75) ~3.876252

y,(1.0)~3.521813 , y;(1.0)=4.613796
and
y,(0.25)~1.789063 , y5(0.25)= 3.34375

y,(0.50) ~ 2.689616 , y}(0.50)=~3.895508
y,(0.75) = 3.757688 , y,(0.75)=4.689647
y,(1.0)=5.059740 , Y,(1.0)=5.775620
Using Eqn.(22) with r, = ¢+ 2/e = 3.454041, we get
_ 5-y30.0)
y1(1.0) - y4(1.0)
Hence, from y(x) =AYy, (x) +(1-1)y,(x), we obtain
y(0.25)~-0.271600 , y(0.50)~0.438369
y(0.75)~1.175823 , y(1.0)~1.986625

=1.998219

E9) We solve the two initial value problems
@  yi=xy,+l, y0)=0, y(0)=1
(i) y;=xy,+1 , y,(0)=1 , y3(0)=0
using the given method with h =0.25. We obtain

y,(0.25)~0.28125 , y;(0.25)=1.25
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y,(0.50) ~ 0.628745 , y;(0.50)~1.536148 Second OJ;lle']reB‘)?;:cll:';ys
y,(0.75) ~1.057494 , y;(0.75) ~1.908392 :
y,(1.0)=1.597108 , y,(1.0)=2.434447

and
y,(0.25) = 1.033854 , y,(0.25)=0.28125

¥,(0.50) =~ 1.146369 , y',(0.50) = 0.630371
y,(0.75) = 1.356930 , y,(0.75) ~1.069341
y,(1.0) =1.692941 , y,(1.0)=1.641232
Using Eqn.(24) with by, =1, b, =0 and r, =1, we get
__ Ly, (D
C -y, ()
Hence, from y(x)=Ay,(x)+(1-2) y,(x), we get
(0.25)~ —4.408010 , y(0.50) ~ ~2.596422
y(0.75) = —-0.808206 , y(1.0)=1

=7.230714

E10) We solve the two initial value problems
G yi=6y; , y(0=1, y(0)=s=~18
(i) yi=6y: . ¥,(0=1, y,(0)=s"=-19
using the given method with h =0.1. We obtain
y,(0.1)=08464 , y;(0.1)~-1308
y,(0.2) = 0.734878 , y;(0.2) ~ —0.94459
y,(0.3) = 0.655232 , y,(0.3) = —0.578913

100
Oy =y (0.3)- —=0.063516
d(s*) =v,(0.3) 169

and
y,(0.1)~0.8362 , y,(0.1)~-1.414
¥,(0.2)~0.713412 , y,(0.2) ~ -1.065405
y,(0.3) = 0.620620 , y5(0.3)~-0.805635
(s")=y,(0.3) - % =0.028904

From Eqn.(39), we obtain s'? =—-1.983504.

We now solve the initial value problem
Yi=6y; . y:(0)=1 , yj(0)=s?

and obtain .
y;(0.1)=0.835616  , y}(0.1)~~1.502520
y,(0.2)=0.703801 , ¥3(0.2)=-~1.158899
¥;(0.3)=0.601140 , ¥3(0.3)~-0.910636

O 100

o(s')=y,(0.3) - Teo 0.009424

From Eqn.(39) we obtain s’ =-2.023909

Exact value of y'(0)=-2.

Finally, we solve the initial value problem .
y' =6y’ , y0)=1, y'(0)=-2.023909

and obtain
y(0.1)~0.823561, y(0.2)~0.686829 , y(0.3)=0.577837.




Numerical Solutions
of ODEs

APPENDIX

Newton-Raphson Method for System of Nonlinear Equations

We now extend the Newton-Raphson method derived for the single eqution f(x)=0
to a system of nonlinear equations. We first consider a system of two nonlinear
equations in two unknowns as

f(x,y)=0

g(x,y)=0 (A1)
Let (x,,y, ) be suitable approximation to the root (&, 1) of the system (A1). Let Ax
be an increment in x, and Ay be an increment in y, such that (x, + Ax,y;~+Ay) is
the exact solution, that is /

f(x, +Ax, y, +Ay)=0

g(x, +Ax, y, +Ay)=0

-Expanding in Taylor series about the point (x,,y, ), we get

. 2
0 0 1 0 0
f(xk,yk)+|iAXg+A}’g} f(xk,yk)+z |iAX-a—x—+A}’g:| f(Xk,yk)+---=0

2
03] 0 ' 1 5] 03]
g(xk,yk)+{Axg+Ayg} g(xk,yk)+a [Axg+Ayg} g(x,,y,)+--=0

Neglecting second and higher powers of Ax and Ay, we obtain
- f(xLy0) +Ax £ (X, Y ) + Ay £(x, Ly, ) =0
g8(X,, Y )+ Ax g, (X, ¥, ) + Ay g, (X, ¥, )=0 (A2)
where suffixes with respect to x and y represent partial derivatives. Solving .
Eqn.(A2) for Ax and Ay, we get

1
AX=—D—[f(xk,yk) gy (X, ¥i) - 8(X Ly £, (X, y,) ]
k

Ay=—DL[g(xk,yk) £, (X ¥) - FoYi) £ (Ko ¥i) |
k

W}}eié Dy =f, (X, Y1) 8, (X, Yi) — 8, (X6 ¥) fy (X6 yy) -

- We obtain Xy =Xy +Ax,and y,,, =y, +4y.

Writing the Eqns.(A2) in matrix form, we get

f,(x,y) f (X y) |:AX:|____|:f(Xk,)’x)j‘
g, (x,Y) 8,(X,yW)| [AY g(x\,¥y)

or, J, Ax=-F(x,,y,) . (A3)
fx fy f AX
where J, = , F= , AX=
Ex & o) | 8 Ay
The solution of the system (A3) is ‘ \
Ax=-J;' F(x,,y,)
-l
f, f -f
where J;l=|: X y} =L|:g)’ fy:|
Ex & (X2 ¥x) D" ~ Ex X d(xpy)

Therefore, we can write

l:Ax:| —_J |:f(xk 'Yk ):(
=-Jdy
Ay g8(X,Yy)

f
wo [T ) o
; Y+t Y Ay Y gx,,yy)

or, x® D =x® _ g Fpx®) (A4)




Second Order Boundary

where x(k) =[x(k)ay(k)]Ta F(x(k))= [f(xk’yk)s g(xk’yk)]T Value Problems

This method can be easily generalized for solving a system of n equations in n
unknowns

(AS)

f,(x,%,5,...,%x,)=0
or, F(x) =0
T T
where x=[x,,X,,...,x,] ,F=[f,f,,...,f,]
©) _[y O (O (01T ; s P .
If x* =[x,"",x, ',...,%, '] isaninitial approximation to the solution vector x,
then we can write the method as . ‘

x®0 = x® _ g7 Fx™), k=0,1,... | (A6)
where
af,/ax, afl/axz afl/axn
J. = afz/ax, "afz/axz afz/axn

n _(x®)

. =
N\ | of, /0%, of, /ox, - Of, /0x
~ is the Jacobian matrix of the functions f 1»f5,...,f, evaluated at x* .

~ . - . . .
Note that the matrix J,' is to be evaluated for each iteration. We can also write the

method as .

I, Y —x®) = -F(x¥) (A7)
or, J, e®=-Fx"¥) (A8)
where, e®=x®" _ x® {5 the error vector.

We solve it as linear system of equations (by a direct method if the system is small and
by an iterative method if the system is large) for each iteration.
_x—




Numerical Solutions
of ODEs

PRACTICAL ASSIGNMENTS

1.

- Session 3:

Write a program to solve the boundary value problem
y'+p(X)y=r(x), y@)=a, y(b)=P,a<x <b, using a second order ﬁmte
difference method. Input h.

Write a program to solve the boundary value problem

a(x)y" +b(x)y’ +c(x)y =r(x), y(a)=a, y(b)=p, a<x<b, using second order
central difference approximations to both y” and y’'. Input h. Test your
program on exercises E4) and ES).

Write a program to solve the boundary value problem

a(x)y" + b(x)y' + c(x)y =r(x), y(a)=a, y(b)=pB, a <x <b, using shooting
method. Use Taylor series method of second order to solve the corresponding
initial value problems. Test your program on Example 6 and E6).




