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4.1 INTRODUCTION

Developments in this area of study in applied stochastic processes were initiated
around 1874 through the research of Francis Galton and H. W. Watson in respect of
the extinction of family sumames.

As is the practice in almost all societies, the family surname runs down the generations
through the male offspring of the family. It is possible that all the offspring of a
particular generation fail to reproduce a single child. Obviously then, in the
subsequent generation there will be nobody to carry forward the family name, which
then becomes extinct. "

Since the number of children to be born to a couple cannot be exactly predicted
because of inherent randomness, the obvious issue of interest would concern the
probabilities of extinction of the family name at subsequent generations, or the
probability of extinction. In a family tree, the branches are the descriptions of the
generations hence the name of the process. We shall begin the unit by discussing the
branching process and its mathematical formulations in terms of generating function,
expectations and variance in Sec. 4.2. In Sec. 4.3, we will continue our discussion to
the probability of extinction which is followed by some of the limiting properties of
the probability of extinction.

Obviously, branching processes have considerable relevance in the context of studies
in physics (neutrons), biology (bacteria), polymer chemistry (bonds), etc.

Objectives

After reading this unit, you should be able to:
e describe the branching process with examples;

e obtain the probability generating function, expectations and variance for a
branching process;

e define the probabilities of extinction;

e express the various limiting properties for the probability of extinction.

4.2 MATHEMATICAL FORMULATIONS

Consider a population of X, elements, biological or otherwise (living beings or

organisms like cells, neutrons, etc.), capable of reproducing offspring of the same
kind. Suppose that each element, by the end of its life time, produces j offspring with

probability p;, j=0, 1, 2,..., independently of any other offspring. Here, we are

interested in the size of successive generations. We note that X, is the size of the
0-th generation, and these elements of this initial set are called ancestors. All the 5
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offspring born to X, elements of generation- 0 comprise the first generation. The

elements generated by the elements of 0-generation are called the direct descendents -
of the ancestors. Let X, denote their total number, so that the size of the first

generation is X, (which is, obviously, a random number).

Again, each element of the first generation (X, in number) would produce offspring
according to the probability law {p;} independently of others, to form second
generation and the process of reproduction continues in this manner.

Let X denotes the size of the n-th generation where n=0,1,2,3, ....

 Mathematically, in view of the above structure,

Xo =& +& +-+E, ,n=0,1,2,...

P =PXou =il Xy =) =P, +& +---+& =)); i=12,...,j=0,1,2,... (1)
where &, &,,..., §;, etc. are independent and identically distributed (iid) random
variables with P(, =r)=p,, where r=0,1, 2,3,..., and k=1, 2,...,1i and

p.20,3 p,=1.

a=0

The sequence {X,} constitutes a branching process which is a special case of a
Markov chain with state space (0, 1, 2, ...).

Now let us see the real life situations of the branching process defined above.

(i)  Suppose, a series of plates are set up along the path of a current of electrons
emitted by a mechanism. After hitting a reflector, an electron splits into a
random number of new electrons. Suppose, X, is the number of electrons that hit
the first plate and split into X, electrons which, in turn, after hitting the second
plate split into X; electrons, and so on. The sequence {X,, n > 0} is a branching
process. . '

(ii) Biological entities, such as human beings, and animéls, that reproduce are
examples of branching models.

~(iii) Consider that a person with an infectious disease may transmit this disease to

others. Now the number of infected persons in the n-th generation forms a
branching process where all the infected persons of a generation are the
offsprings of the immediately preceding generation.

Obviously, we can see that {X_} is a Markov chain with a transition probability
matrix ((p;)). This stochastic process is called a discrete time branching process or
a Galton-Watson process. It is defined to be sub-critical, critical or super-critical as
p= Z jpj is *<’,“="or ‘>’ 1. Notice that  is the average number offspring of an

=0
individual element. For algebraic simplicity, let us take X, =1. Then the probability
generating function (p.g.f.) of the offspring distribution {p;} is given by

¢(s) =Es™ =Z s‘fpj , 0<s<1 2

=0

We denote the p.gf. of X, by $,(s) sothat ¢,(s)= Es®, 0<s<l.
Notice that for n>1,
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¢n+l (S) = Esxw

=" (X, =J)
=0

=33 P(X,,, =il X, =i) P(X, =i)s’
=0 i=0

W o

=3 PE +&, o+ & = P(X, =),

=0 i=0

[Where, naturally, P(X,,,
n to produce offspring].

=j| X, =0)=0 forall j >0, as there is none in generation

P(X, =i)z PE +E+--+E =] ¢

=0

=Y P(X, =i) {6 )} =$,(6(s)), for n=1,2,... [using Eqn.(2)] 3)
i=0

since, &, &,,..., &; being independent, the p.g.f. of their sum is the product of their
p-g.f’s which happen to be ¢(s) for each € ,r=1, 2,...,i. Here, it may be noted that
¢,(s) = ¢(s), is the generating functions of X, .

1l
8 IZM&

By induction then,

¢n+l (S) = ¢n (¢(S))
= 0,1 (¢(¢(s))
=0, (¢(H(H())))

............................

n times

= §(9,(5)), where X, =1 )

If X, #1, then consider that X, =k . In that case, each of the k members will

reproduce its offspring independently. These k members individually constitute their
own branching processes. Thus, in this case, the generating function of the sum will

be [¢,(s)]. Let us now try to find the expectations and variance.

Let us first assume that X, =1, then considering the usual relationship and Eqn. (4),
we get:

EX))= did)(s) | =9¢'(1)=p, which is the mean number of offsprings of an
s
individual.
d d
E(X;)= E%(S) | = E¢(¢(S)) | s=1
=¢" (689 () 51
={¢' ()} =4’

Proceeding in this manner, for n>1,

E(X,,)= %‘bm ()] szt

d
=35 % 06D
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Spaces | =¢, (D9'(1) = E(X,)E(X,) =pE(X,)
Using induction, we get E(X_,,)=p""', n=1,2,.... %)
Note that, when X, =k #1, then E(X,,, | X, =k)=kp"" ©)

Similar computations will yield, for variance, n 21,
Var (Xn+1 ) = E(Xr21+l ) _\E(Xnﬂ )2
= E(Xp1 (X1 =)+ E(X01) — (EX,.,0)’

dz n+l
= F‘bnﬂ(s) foup +R™ —(p

n+l1

n+1)2

dp., '
R LGOI

=47 (PENP'(9))” + &, (H(s)P"(5)
_JOM W =D ), pl
n0'2

@)
, p=l1

where ¢ = Var X .

Notice from Eqn. (5) that

w; u>l
E(X,,,)—>91; p=1
0; pu<l

In simple words, on the average, the generation size eventually explodes if p>1, i.e.,

if the average number of offspring born to an individual is more than one, or, on
average an individual is replaced by more than one offspring; similarly, the process
dies out (becomes extinct) eventually if p <1, i.e. if an individual is replaced, on the

average, by less than one offspring. On the other hand, the average generation size
remains fixed at 1, irrespective of the generation, if every individual is replaced by
exactly one offspring, only on the average.

Here, it can be interpreted that the average of a branching process increases
exponentially fast for super-critical, decreases exponentially fast for sub-critical and
remains stable for critical.

Also, if X, =k #1, then the variance is given below:
var(X,,,) =k var(X,, | X, =1)

_p O DA ),

no , p=l1

Let us illustrate the concepts given above in the following examples.

Example 1: Consider a branching chain originating from a single element, where
each individual element either replaces itself with probability p,, or fails to replace

itself (i.c., dies out without producing an offspring) with probability p, =1-p,,
0<p, <1. Obviously, p=0(p,) +1(p,)=p, <1. : ;

E(X,)=p" >0 asn—>wo.




Branching Processes

Here, ¢(s)=E(s*)=s"(p,)+5s(p,) =P, +P:S -

Example 2: Consider a branching chain originated by a single element, where each
individual element either replaces itself by k offspring with probability p, , or fails to
replace itself (i.e., dies out without producing an offspring) with probability

Po =1-p, where 0<p, <1.

Obviously, p=0(p,)+k(p, )=k p, and E(X,)=p" =(kp,)" > 0,1 or = as
n - o, depending on whether k p, <l,or =1,0r >1. Here,

0(s) = E(s*) =5°(Py) + 5" (P) =Po + Pys” -

Example 3: Consider a branching chain where each individual in a generation either
generates 2 offspring with probability p,, or replaces itself with probability p,, or

fails to replace itself with probability p,,p, + p; + P, =1 where 0<p; <1,i=0,1,2.
Obviously, p=0(p,) +1(p,) + 2(p,) =p; + 2p,; also,

d(s) = E(s*) =s"(py) +5(p,) +52(P,) =Py +P,S+ P,5°. Now, the limiting behaviour of
E(X,) will depend on the numerical values of p,, p, and p,.

Example 4: Consider the probability distribution of the number of offspring in a
branching chain originated by a single individual, where each individual element
generates three offspring, following the Poisson law, with an average A > 0, which is
given by

p, =(A*/kDe™, k=0,1,2,...

thus, §(s)=E(s*)=s"(py)+s(p;)+5*(p,) +---
={s"AY)+s(A) +s2 (AT /2)+--} e

=e%e™?
=exp{-A(l-s)}.
andp=A.E(x,)=A" > 0,orl,oroaccordingasA <1l,or=10r>1.

Now, try the exercises that follow.

El) Give two real life situations of the branching process.

E2) In abranching process {X, :n>1}, show that E(XZ,, | X, = k) =ko? + k’u?.
Hence find variance.

E3) Let {X,} be a branching process, where the probability distribution of the
numbers of offspring be geometric, with p, =P[{ =n]=qp", n=0,1, 2, ... and
q=1-p. Then, find the probability generating function of {X_}.

So far, we have discussed some mathematical concepts concerning the branching
process. In a branching process there may arise a case when no further branch is
reproduced. This is known as extinction. This may happen at any generation.

In the following section, we shall study the probability of extinction of a branching
process in detail.
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4.3 PROBABILITY OF EXTINCTION

By extinction we mean the event that the process {X} will consist of all zeros but
except for the first finitely n. It may also be noted in this context that in view of the
structure of the process, once X, =0 for some n, say n =k, then X is zero for all
subsequent n_i.e. n=k+1,k+2,... as there will be nobody left in generation k to
reproduce generation k +1, k+2,.... Let us denote the event {X =0} by A ,n>1.

Since X, =0 implies X,,,=0,A, cA_,,,n>1,sothat q, =P(A,)T asnT.

n+l?

Recall that we had taken {p,} as the offspring distribution of an individual,
pn=P(§=n),n=0,1,2,... |

If p, =1, then trivially, P(X, =0)=P(A,) =1 so that the system is trivially extinct.

On the other hand, if p, =0, then every individual element reproduces at least one

offspring so that X, , the size of the n-th generation, which essentially comprise of the

offspring of the elements of the previous generation, can never be zero with positive
probability, so that the process can never be extinct. Thus, in what we discuss below,
we take 0 <p, <1.

. P (extinction of the process) =P (X, =0 for some n)
n=]

=P(lim An), since A, 1

n—w

=lim P(A,)

n—w

=1im P(X, =0)

= lim ¢, (0) since ¢, (s) =Es*» :i sS'P(X, =) (8)

=0
Obviously, ¢(s)=Es™ 0<s<1 is non-decreasing, and whenever p, >0,
9 =P(X;=0)=¢(0)=P, >0
q; =P (X, =0)=¢, (0)=¢(9(9) = (Py) = ¥(q,)
And, ¢(q,)>¢(0)=gq,,since g, =p, >0.
Again,
95 =95(0) = $(9,(0)) = ¢(a,)
> ¢(q,),since q, >q, from above
>¢(0)=q,;
By induction,

Qn+1 = ¢(qn )
So that, from Eqn. (8), the extinction probability

I, = lim ¢, (0)
= hm qn+1
= lim 9(q,)

= ¢( limq, ), by continuity of ¢
n—®

=¢(I1,).
Thus, the extinction probability I1,is the solution of the equation '
I, =¢(11,) = 9)

We may now summarize the above discussion as follows:



Theorem 1: Let X, X, X,,... be a Galton-Watson process driven by the offspring - Branching Processes

distribution {p,, p;,..-}. Let X, =1 and ¢(S)=Z s’p; be the probability generating

=0

function. Then, the extinction probability IT, of the process is zero, or one,
depending on whether p, =0 or 1; otherwise, I, is a solution of the equation
s=¢(s),0<s<l.

Notice that s =1 is a root of the equation s = ¢(s) ; but there can be other roots too!
Then, which solution of s=¢(s), 0 <s<1 will yield IT, ? We will get further insight
about IT, from the following theorem.

Theorem 2 (Fundamental Theorem): Suppose p, >0 . Then II; is the smallest
positive root of s=¢(s). If further py +p, <1, then I1, =1 if and only if p<1.

Proof: We note that ¢
s=0(s) =Z sjpj2s°p0=q1. '
i=0

Now, assume, s>q,, then:
qn+l = P()(n+1 = O)

| =Y P(X,.=0,X,=])
| ‘ j=0

=Y P(X,, =0|X, =)PX, = ). (10)

=0

Now, because of the structure of the process, under X, =k, the random vector

(X,, X;,..., X,,;)is distributed as the sum of k independent vectors, exactly one
originating from each of the k elements of generation 1. So that under X, =k, the
distribution of (X,, X;,..., X,,,) is the same as the distribution of the sum of ki.i.d
vectors each being distributed like (X, X,,..., X, ). In particular

P(X,,, =0|X, =)
=P ( Size of the n-th generation of the j elements of generation-1 is zero)

n+l

J
= P(ﬂ {Size of n-th generation of k™ element of the first generation is zero})
k=]

P (Size of n-th generation of k™ element of the first generation is zero)

=1

P(X, =0)

>
[}

1

={P(X, =0)} =q}.
Thus, from Eqn.(10),

Qo =), 44 P;
=0
SZ sjpj =¢(s)=s.
=0
Thus, by induction it follows that

11
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Thus, I, is the smallest of the roots of s =¢(s). This proves the first part of the
theorem. Now, let p, + p, <1, i.e., the number of offspring of an element can be more
than one with positive probability. Then,
" d?
s)=—0(s
$"(s) " 6(s)
d2 ) .
= _ s'p.
dSz on p.l
= i(G-Ds"p,
=0
>0, se(0,1).
Therefore, ¢ is strictly convex in (0, 1) ; also, ¢'(s) = z js'! p;
j=0
>0, since p, <1,
so that ¢(s) is strictly increasing in s€(0,1). We now consider two cases.
Casel: p<1
Then, ¢ being convex, ¢'(s)<¢'(l) =p<1 =di s, so that
]
d
o (¢(s)—5)<0.
_ This implies that y(s)=¢(s)—s is strictly decreasing in s€(0, 1). Thus, for 0 <s<1
w(s) > w(1)
i.e. ¢(s)-s>¢(1H)-1=0
i.e. ¢(s)>s, O<s<l
= ¢(s) =s does not have a solution in (0, 1).
So that the only solution of ¢(s)=s is s=1, since s =0 is not a solution as
¢(0)=p, >0. Thus, we have been able to show that if p <1, then II, =1.
CaseIl: p>1
When ¢'(1)=)_ js" p;|,;=n>1, by the continuity of ¢, 35, such that ¢'(s)>1
j=0 :
for s, <s <1, then: :
expanding ¢ (s)abouts,, then at s #1 we get
1=0(1) = d(s) + (1-5,)9'(s"), 5, <" <1
. 1—¢(SO) =¢'(S.) > l
l - So
i.e. §(sy)—sy <0.
Let us now try to visualize the graph of ¢(s). We know the following already:
(i)  ¢(s)—s is continuous,
(i)  ¢(0)=p, >0, ¢ =1, ¢(sp)<s,
(iii)  ¢(s) is convex
12
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From (ii), then, 35™ <5, 3¢(s™) =s™. We will be through if we now show that b(s)
does not have any other root, obviously, smaller than s™ . If false, suppose s*** <s*
is such a root so that ¢(s™)=s"", and y(s) =¢(s)~s=0 has three roots, viz,

s=s"",5",1. Then, y'(s) = ¢'(s)—1=0 has at least two roots in (0,1) and

y’(s) = ¢"(s) = 0 has at least one root in (0, 1), but ¢"(s) = Z iG-Ds? p; >0 since
=0

P;+py+--=1-(py +p,) >0 as p, +p, <1. Thus, we confront a contradiction.

Hence ¢(s) has only one root in (0, 1) .This completes the proof of the theorem.,

Let us now illustrate it.

Example §: Refer to Example 1. Here, ¢(s) =E(s*)=p, + p;s, so that s =1 is the -

only solution of the equation ¢(s)=s, as p, +p, =1. As such, the probability IT,
that the process will be extinct is 1.

. Example 6: Refer to Example 2. Here, ¢(s) = E(s*)=5"(p,) +5*(p,) =Py + Py s
now, the equation ¢(s)=s would imply that we need to solve s - pks" -po =0,1ie.,

s(1—p,s*P)=p, for s. For k>1, from Theorem 2, as p, <1 (since p, =0), the
probability II, of extinction of the process is 1, if and only, if p=kp, <1.

Example 7: Refer to Example 4. Here, ¢(s) =exp{-A(1-s)}. Check that

 Po+P; =€ +Ae™ =(1+A)e™* <1 so that from Theorem 2, the probability IT, of
| extinction of the process is | provided A <1; otherwise, IT, <1.

) Example 8: Let us consider the following offspring distribution:
| p;=bp”, j=12,...

b

o 1_ .
Po=1-3, p,=1-b/l-p)=—F
t\ j= l-p
where b, p>0, p+b<l

Puring the 1920 census in the USA, this model was found to give a good fit with
'b=0.2126 and p=0.5893 in the context of American males. Now,
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Spaces =0

=p, +bs z ps™

el
bs ___1—p-b+ bs
l-ps 1-p 1-ps
b
b L8 —p
-ps (1-ps)
bp
(1-p’
] _b-bp+bp__ b
§ a-pf  (-py

=pp t

¥'(s)=7

b
. u =¢'(S)|s=l:i—_—l-)-+

Id mean 1 - + =5
Also, ¢(s)=s would mean 1-p 1-ps
. ~1+ps+s—ps _
1.C. Bosenasvensenasnnrabad S
(1-p) (1-ps)

. b(s—-1) 1
e. ———————=(s-1)

(I-p)-ps)
e, O o1 if sel

(1-p) d-ps)

b
i.e. I-—ps=1——

1-p-b
Sq =———r
p(l-p)
Thus, 1 and s, are the two roots of ¢(s)=s. Note that

i.e.

nitl

if  b2(-p)
- which would mean _
_1-p-b
" p(-p)
<l-p-(-p)?
> p(l-p)

5¢

=1.
In summary,

p=les, =1,

Thus, the extinction probability, according to Theorem 2, is I, =1 if p<1 and
I-p-b
p(l-p)

if u>1.

0 =
‘In this context, we may also be interested in determining the probabilities of extinction
at the n-th generation. Here, algebra is interesting.

For any two points, p and v,

9() - () =bj —>— - 3 }: He 1)
9-4() [H,s ) - p9l-m)

‘14
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o(s) — ¢(u) _s-u 1-pv . Branching Processes
o(s)—-(v) s-v 1-pu’

Take u=s, and v=1, so that for p#1 (i.e. s, #1)

1-p _[¢()=s {¢(s)-1}"
1—ps, S-S5, s—1

Taking the limit as s — 1 (check for yourself)
lI-p 1
1-ps, n
As such then, for all s =1
P(s)—s, _ 1 s-5
d(s)-1 p s—1°
Then, from Eqn. (3)
$,(s) s, - 9(9(s)) —s,
d(8)-1 9 (9(s)) -1
1 d(s)~-s, 1 s-—s,
TpeE)-1 prls-1
Iterating this way, for all s =1
$,(s)-s, 1 5—8)
0. (s5)-1 p" s—1
which, when solved explicitly, yields, for s =1

2
“n[ 1-5s, ] s
d)n(s):]—p"( 15, J+ H ~% ,if pel. (11)
‘ 1

K —5¢

H =5

If p=1, then s, =1 so that
¢(S)= P"(zp"l)s
1-ps
as b=(1-p)2.
Using Eqn. (3), it can be shown that for n>1,
np—-{(n+1)p~-13s
1+(n—1)p—nps

Thus, from Eqn. (11) and (12), the probability that the process will be extinct at
generation n is

P(x, =0)=9,(0)

1—;1“[ ln"s" ] if pel
— B =35, .

o
1+(n-p)p

(12)

, ifp=1

Now, try these exercises.

E4) Suppose in a branching process, the offspring distribution is as follows:
P =("CP* ™™, q=1-p, 0<p<I
k=0,1, 2,.... Discuss the probability of extinction of this branching process.

ES5) Following the notations introduced in this unit, for a branching process with
Xp=1,defineforn=1,2,3,...

15




Markov Processes
with Countable State
Spaces

Eé6)

E7)

Y, =1+X,+X, +-+X;
Thus, Y, is the total number of individuals born in the family (progeny) up to
and including the n-th generation, Let y,(s) denotes the probability generating
function of Y, . Show that ' '
Wt (8) = 50(W, (5)) -

Suppose in a branching process, the offspring distribution is as follows:

P =pq*,q=1-p,0<p<l,
k=0,1,2,.... Discuss the probability of extinction in this branching process.

Consider a branching chain where each individual element either replaces itself
by 2 offspring with probability p, or fails to replace itself (i.e. dies out without

producing an offspring) with probability q =1—p, where 0<p<1. We define
W, (s) as in ES), and y(s) = lim y,(s) . Show that if p<1/2, then

1-/1-4pgs?
wis)=—Y P

2ps
What would be the expression for the limiting probability generating function
y(s) had the offspring distribution been geometric, as in E6).

We now end this unit by giving a summary of what we have covered in it.

4.4

SUMMARY

In this unit, we have discussed the following points.

1.

W

The branching process is a Markov chain with a transition probability matrix
((®y)) -
The probability generation function of the offspring distribution {p;} is given

by §(s)= D s'p;; 0<s<l.

=0
The expectations and variance for the branching process are proved.

The extinction probability is given by IT, = ¢(I1,)

The fundamental theorem for the probability of extinction is stated and proved.

4.5

SOLUTIONS/ANSWERS

El)

E3)

E4)

Any two real life situations constituting the branching process.

The generating function
60)=Yp;s =3 aplsl = =
7 =0 ps
The generating function
¢ )= ps’ =g NCipq s = (ps+ "
J J

Now, the extinction probability has to be a solution of s =(ps+q)". Then,
argue in terms of Theorems 1 and 2.
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ES5) Clearly, by definition,

o (s)= Z ' P(Y,1 =)

j=0
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I
Ms

' P(Y, + X, =)

s
1t

Me
M-

P(Y, +X,,; =j| Y, =k)P(Y, =k)

[
Il
—
=
L[]
—

I
M
m\—v
M 1A

PXpn =i-k|Y, =K)P(Y, =k)

il
Ms
/4]
"

PE, +& +-+Ey =j—k|Y, =K)P(Y, =k)s™

=
[
[
[
=

where & is the number of offspring born to the r-th member of generation n
\ The above line then equals to

t Z kz P(énl +§n2 -+§nk =j—k)P(Yn :k)sj_k

| =]

!
8

—Z *P(Y, —k)Z P(E, + 8y o+ 8y = j—k)sT™*

I

I
I D TP T

s*P(Y, =k)z PE, +Ep + - +Ey =1)s"

=0

s*P(Y, = k){b(s)}* , since &'s are [ID

e

{$)s} P(Y, =k) =y, (s4(s)).

Alternately, let us look at
Y =1+X,+X;, +--+X

n+l 3
Thus, the total number of individuals born in the family till generation n +1,
starting from generation @ can be looked upon as the sum total of md1v1duals
‘ born in n generations started by X, individuals of generation 1. Alternately, if
| Y, =k,ie, X, =k ~1, we should be able to write

Yo =0+X, +- +Xn+,,)+(}+X22+ +Xn+12)+(1+X23+ +Xn+,3)
ot (4 X+ + X )

where X;; is the number of family members in (original) generation i of the
branch started by the j-th individual (out of k — 1 individuals) of the first
generation. We also remember that the same stochastic conditions apply

(reproduction distributions are the same for all individuals who behave
independently of each other). Now,

¥, ()= s'P(Y,,; =J)
j=1
© j

=Z sjz P(Y,. =ilY, =k) P(Y, =k)
]

=1
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E6)

k Sji P(Y,,1 =il Yy =K)P(Y, =k)

k=1

[
[
-

$9) P+ Xy + o+ X))+ A+ X g+ + X1 5)
=1 .

[
1
N
=

+(1+ Xy + -+ X, 0) +
ok (U4 Xgp g + o+ Xy e =D PCY; =K)

sIP((1+ X, + et X))+ A+ X e+ Xn2)

M
M

x
()
—
[,
(]
Lol

. +(1+X23 '+"'+_Xn+]’3)+
et (L X + oo+ X ) =D P(Y, =k)

SIP(Z, +Zy ++Zy =) P(Y, =))

s
Ng

x
[}
—
=

j=
where, forr=1, 2, ..., k-1, Zr =1+X,, +-+X,,, ,: here, Z, is the number
of family members bom to the r-th member of the generation 1 till the (n +1)th

generation counting from the first ever individual, and in n number of
generations starting from the the r-th individual of the first generation. Notice
that interpretation-wise, Z_ has a similar interpretation as that of Y, , because

Z, is the number of family members caused in n generations by the r-th

individual of the first generation. Thus, since the Z's are [ID, being ascribed by

different individuals of generation - 1, then the above is equal to (recalling that
the pgf of sum of (k —1) IID random variables is the (k —1) -th power of the pgf
of any one of them) ‘

o o

=D Y SH{PEZ, +Z, +-+ Z, = DIP(Y, =Kk)

k=l j=k
~
@

>y, N P, =k ~1)
2 |
k=0

]

—

"

> v, G PX, =k)
EYNG))

P.=pq* q=l-p O<p<l p=0,,2...
probability of extinction

¢(s)=2¢: p;s’

=0
-=Z pq's!
=0
- P
1-gs
. ~p(—q) Pq
$'(s)= =
(-gs)’ (1-qs)? ' o

, - P4
R $(S)]my -7
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Also, ¢(§) =5

=8
1-gs
i, s =p/q.
Therefore 1 and s, are the two roots of §(s)=s.
It may also be noted that

uilif qp
i, p=1if s,=p.

Thus, the extinction probability is IT,=1 if p<1,and II, =T—p— if u>1
g o ,

E7) Here, the offspring distribution is as follows:
‘ Po=4:p1 =0, p;; =p, p, =0, r23
so that
@(s)=q+ps’, \« ‘
“"Now, from ES), ¥,,,(s)=s0(y,, (s)), and taking limit as n —  on both sides,
we get ' .
¥(s) =sp(y(s)) i S | ¥
and hence,
Y(s)=s{q +py’(s)
ie., ps‘I’2 (s)—wy(s)sq=0

2
1-41-4
so that W(s)= VTR .
2ps
Whenever the offspring distribution is geometric, the pgf will be
o)=L
1-sq

so that, arguing as before,

___ps
y(s)= " %)

and as such,
q¥?(s) - w(s) + ps=0.

1-4/1-
Hence, ¥(s) = ——ipis— .
2q
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5.1 INTRODUCTION

In the previous unit, we followed up on the size of the offspring population from one
generation to another. Thus, it was as if we were dealing with the number of additions
to the population through births over generations. In other words, X, in the previous
unit represented the number of births caused by the X _; elements of generation
(n-1), ie,. X, represented the number of descendents over a (generation) time
period considered as one unit. It was as if we were counting time on a discrete scale.
But there are phenomenon that experience continuous reproduction rendering the
concept of a generation in their context inappropriate, and instead of looking at

{X, :n >0} one needs to look at {X, :t>0} where X, can be an alternative notation

for X(t) for convenience) is the number of ‘births’ or ‘events’ by time t or during the
interval [0, t]or alternately (equivalently) the ‘population’ at time t, depending on the
context. This phenomenon can be seen in the following situations.

(i) Suppose, ‘customers’ arrive at a service point (like a ticket counter, or a doctor’s
chamber or barber shop, etc.) in a random fashion over time. We may denote
X(t) by the number of customers who arrived at the counter for service

between time zero and t, i.e. by time t. It may be of interest, for instance, to
study if the service facility is adequate or not in matching the arrivals.

(ii) Think of a machine of equipment which while working may fail from time to
time. Suppose we have a very efficient maintenance system in place so that the
moment it fails, it is repaired instantaneously so that the machine is once again
functional. To work out a suitable maintenance strategy, it may be necessary to
study the number of failures X(t) that takes place between time zero and t, i.e.,
by time t.

We shall begin this unit by providing the necessary background on continuous time
Markov Chains in Sec. 5.2. In Sec. 5.3, we give the mathematical formulation of
continuous time Markov branching process in terms of the generating function and the
mean function. We also provide a brief discussion on the extinction probabilities. In
Sec. 5.4, we consider growth processes categorised as pure birth processes which are
some variation of the branching process in continuous time. Here, we derive
population size distribution at time t for Yule and Poisson processes besides some
properties of the Poisson processes.

6:
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Markov Processes . Obj ectives

with Countable State ‘ .
Spaces After reading this unit, you should be able to: -
' e get the basic concepts of stochastic process in continuous time;
° use basic Kolmogorov forward/backward equations for obtammg populatlon
size distributions of special continuous time processes;
. obtain the generating function, the mean function of generation size at time t,
and the extinction probability for a Markov branchmg process in continuous
time; ,
. define a pure birth process and apply it to derive Poisson process and Yule
. . process. ‘

5.2 PRELIMINARIES

Before, we start continuous time Markov Process, let us discuss the prerequisites.

5.2.1 Continuous Time Markov Chain

Before we proceed to discuss ‘Continuous Time Branching Processes” we need to
recall certain concepts of Markov processes with discrete state space, which are also
: referred to as continuous time Markov chains. The objective is to prepare the ground
' for the introduction of Markovian continuous branching processes.

Consider a continuous time stochastic process {X(t):t=0} having a finite or

countably infinite state space which we represent without any loss of generality by
S={0,1,2,...}. Such a process is known as a jump process. If X(t) counts the
number of events (like number of births, number of failures of a machine, etc.) by time
t, then X(t) is called a counting process. Thus, for a process {X(t):t20} toa

f counting process,

i) X(t)=0 forall t

ii)  X(t) is integer-valued
iii) X(s)<X(t) for 0<s<t,and

iv)  X(t)—X(s) for 0 <s <t would represent the number Qf events occurring in
time interval (s, t].

If for any process {X(t):t >0}, X(t,), X(t,) - X(t,), ..., X(t,) - X(t,_,) are
independent random variables for all choicesof n>2 and 0<t,<t, <...<t,,then
the stochastic process is said to have independent increments.

Define for i, j € S, the transition probability function
F;)= P(X(t) = j| X(0)=1), t>0,
(0) 8| J ?
where 8; is the Kronecker’s delta, i.e.

{l;i:j
Sij= .
0;i#j

with Z P, (t)=1. The matrix (P;;(t)) is called the transition probability function
j€S .
matrix associated with the stochastic process X(t), t20. For a continuous time

22




Markov chain, we require ,
P(X(t) = jI X(t,) =1y, X(t,) =iy, X(t,)=1,, X(s)=i)
= P(X(0) = §| X(s) =i) | 0
forevery n21,0<t, <t, <...<t, <s<t and i, iy, ..., 1,,i,j€S. This is known as

the Markov property. We shall deal with the case where the transition probability
function is stationary with respect to the time, or time homogeneous, i.e., it depends
only on the length of the time interval, but not on its location. Thus, in this case the
right hand side of Eqn. (1) is essentially P,;(t —s). The Poisson process, or the

branching process, that we shall discuss shortly, are examples of such a process.

Consider a Markovian stochastic process {X(t):t >0} with stationary transition
probability function (P, ;). Then, for 0<t, <t, <...<t,,

P(X(t) =i, X(t,)=1,, ..., X(t,)=i,)
=P(X(t,) =1, | X(t,_,) =i, DPX({t, ) =1, X(t,,)=i,5, ..., X(t,) =1})
=Pi, i, (t, —t, ) )Pi, i, (t,_ —t,5) . Phir (b, =t DP(X(t) =1).
thus,
P(X(t)=j, X(t+h)=k|X(0)=i)=P(X(t)=], X(t+h)=k, X(0)=i)/P(X(0)=1)
=P(X(t +h)=k|X(t)= j) PX(1) = j| X(0) =1)
=P, (h) P;(1),
thus, for any t,h>0, we have
P,;(t+h)=P(X(t + h) = j| X(0)=1i)

=Y P(X(t+h)=j,X(t)=k| X (0)=i)

keS .

=Y P.(®) B;(h). | @)
keS -
This is the Chapman-Kolmogorov equation. In matrix notation, this equation can be

represented as
P(t+h)=P(t)P(h) 3)
where P(t) =(P;(1))and P (0) = (S;) =1 by definition. Notice that any t can be
expressed in relation to another number t, <t ast=r ty +s, where r is a positive
integer and 0<s <tg,so that
P(t)=P(r t, +s)
=P(t,) P((r-Dt, +5)
=P(t,) P((r—2)t, +5)

=P (to) P(s). 4
This result has a deep significance; it shows that once P(t) is specified for 0<t<t,,
however small t, may be, we can use the Chapman-Kolmogorov equation to know
P(t) forall t>0.

Now, let us discuss Kolmogorov forwar& and backward equations in detail.
5.2.2 Kolmogorov Forward and Backward Equaﬁons
Let us assume that, as is logical, for all i,j€$ ‘

({i_fg) P;(t) =8;;

[n matrix notation,

Continuous Time
Markov Processes-1
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lim P(t)=1

(t-»0)

Note that we have also defined

P(0)=1.
Also, let us assume that P, (t) are continuous for t> 0. Then; under the above
assumptions, it can be shown that P(t) is differentiable at all t >0 (of course, the
derivative at t=0 is the right hand derivative). Define for all i, j€ S

. {P;()-P;(0)}

Q;; =F;0) = (lzgrol) -—J——t'———" .
These are well-defined. The quantities Q;; are called the infinitesimal transition
rates and Q=(Q;;) is called the infinitesimal generator or infinitesimal rate
matrix.

Whenever the state space S is finite, then, differentiating both sides of Eqn. (2) with
respectto t at t=0, we get
B =Y Pi(0) B(h)
keS
=2Qik P, ;(h),
" keS
so that forall t20,
P'(t)=QP(t) (5)
This is called Kolmogorov’s Backward Equation. Again, differentiating
Eqn. (2) with respect to h and setting h =0, we get
Bj(©)= P () By,
keS
= Z P, (1) Q, j
keS
so that forall t =0,
P'(t)=P(1)Q, (6)

which is Kolmogorov’s Forward Equation.

It is interesting to note here that whenever S is finite and P(0) =1, the backward
Eqn.(5) with the initial condition P(0) = 1, has a unique solution P(t)=exp(tQ),
where we define '

ext(tQ)=1+» t"Q"/n!.

n=1
as a format matrix series.

Now we are ready to discuss continuous time Markov branching process in this
section.

5.3 CONTINUOUS TIME MARKOYV BRANCHING
PROCESSES

We shall start out by a explaining a popular notation regarding a real-vatued function
f(.) defined on the real line. We shall write “ f(x) = 0(x) as x — 0, read as “the

function f(x) is lower order as x goes to zero” to mean that f(x) is such that

f(x)/x—>0 as x — 0. For instance, f(x)=x'? = 0(x) as x — 0 while
f(x)=x#0(h) as x > 0. Itisnot hard to see that:




o Iff(x)=0(x) as x—>0 and g(x)=0(x) as x — 0, then f(x)+g(x)=0(x) Continuous Time
as x—0 ’ Markov Processes-1

e If f(x)=0(x) as x — 0, then for any scalar vy, y f(x)=0(x) as x—>0.

We will have to make use of these two trivial results in our succeeding compiltations.
Let us formulate the Markov branching process in continuous time mathematically.

Consider a continuous time Markovian process {X(t):t >0}, where X(t) denotes the
number of elements at time t given X(0)=1. Each element, after surviving for a

random amount of time, splits upon producing a random number of elements
(offspring) of identical type; we assume the process to be time homogeneous in the
sense that an element splits upon producing j elements over a time duration

(t, t+h],h >0 with probability
8U+G,Jh+0(h), j=0, 1, 2,... (7)

as h— 0, where §;; is the Kronecker delta, i.e., 8;; =1, or 0 accordingly as j=1 or

j#1.Itis assumed that a; 20 for j=1,and Z a;=0. We further assume that
=0

individual elements act independently of each other in accordance with probabilities

" given in Eqn. (7). We observe that for j=1

P, a0 =P{X(t+h)=n+j-1|X(t)=n}
=n{a; h+0(h)} {1+a, h+0(h)}"" +0(h)
=n o;h+0(h), ‘ (8)

while
P, (h)=P{X(t+h)=n|X(t)=n}

={I+0; h+0(h))" +0(h) -
=1+no, h+0(h). | . ®

Let us pause for a while to ponder how these expressions could be arrived at from
Eqn. (7). At time point t, X(t) =n, i.e., the number of elements is n at time t, let us

explore the ways the event that the same can be n+ j—1 after h units of time. It can

- happen in many ways, for instance, suppose one of the elements splits into j elements
.and each of the remaining (n —1) elements is replaced by exactly one offspring so that
attime t+h the number of elements would be j+n—1=n+ j—1. Since each
element behaves independently of the other, we are in a binomial situation and the
probability of this particular possibility is exactly equal to the first expression in

Eqn. (8). But the same event can happen also if, say, one of them is replaced by j—1
eléments, another by 2 elements, and that each of the remaining (n—2) elements is

replaced by exactly one offspring, so that at time
t+h, X(t+h)=(-1)+2+(n-2)=n+ j—1. But the probability of the later will be,

by independence again, is given by

n(n~1{o;; h+0(h)}{a, h+0(h)} {1+, h+ 0(h)}"? the whole of which is O(h) as
h — 0. In the same way, all other possibilities can be shown to have probabilities

- which together will be of 0(h) as h— 0. This explalns the expression given in

Eqn. (8).

Let us now examine Eqn. (9). One of the ways in which the number of elements
remain the same at n both at time points t and t+h is when each of the n elements
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~ seen to be ;

at time point t is replaced by an element produced by it and the relevant probability is
{1+, h+0(h)}" =1+noy h+0(h). Any other possibility of achieving the event of

the number of elements to be pegged at n at both time points t and t+h will be of
O0th) as h—0.

Let -
06 9=3 9 B,®=EsO | (10)
=0

the probability generating function of P,;(t)=P{X(t)=j|X(0)=1}, j=0,1, 2,...;
trivially, $(0; s)=s. Also, because of independence amongst the elements, using
arguments as in Unit 4, for i2 0, the probability generating function of P,;(t) can be

a0

2 SR O={ ) . o an

j=0
At this stage, let us recall the Chapman-Kolmogorov Eqn. (2) as follows

Bjtt+h)=3" P, (t)B;(h).
Now, from Eqn. (11)

Ot+h; 9F =3 & B(t+h)

=0

s’ D Pu(t) By;(h)

©
k=0

P 3 ' By(h)

j=0
P () {d(h; s)}*
0
= {d(t; d(h; s))Y, (12)

Me EIMe 5D

x
[}

and with i=1, ,
&(t+h; s) =¢(t; ¢(h; 5)), ‘ - (13)

a result equivalent to Eqn. (4) in Unit 4 on the discrete case.

Let us now specialize these results in the context of our present model as specified by

Eqn. (7). Let us denote it by u(s)=z Qa; si . Then

j=0
o(h; s)=Y B (h)=) s’ (8;+0c;h+0(h)
i=0 §=0
=s+h u(s)+0(h), (14)

so that from Eqn. (13),
o(t + h; s)=4¢(t; s + h u(s) + 0(h)).

Now, we shall use the Taylor’s expansion of the bivariate function ¢ as below
¢(t + h; s) =d(t; s+ h u(s)+0(h))
: = §(t; s) + h u(s) {dd(t; s)/ds} + 0(h),
and, thus,
{d(t+h; s)—d(t; s)}/h = {do(t; s)/ds u(s) + 0Ch)/h .

Taking the limit of both sides as A — 0, we have,




o9(t; s) = {Od(t; s)} u(s) . - 15)

" This partial differential equation can be solved for ¢(t; s) subject to the initial

condition ¢(0; s)=s.
Again, from Eqn. (13) and Eqn. (14), we get
¢(t+h; s)=¢(t; ¢(h; 5)) ‘
=¢(h; s) + t u(p(h; s))+ 0(t) ‘

Now interchanging t and A, the same equation can be written as

¢(t + h; 8) = ¢(t; s)+h u((t; s))+ 0(h) .
Hence,

{$(t+h; s)—(t; )}/ h =u(¢(t; s)) + 0(h)/ h
so that by taking the limit as t tends to zero, we have another equation, this time an
ordinary differential equation

2 4t 9= ) (16)

which again can be solved under the initial condition ¢(0, s)=s. The Eqn. (15) and
Eqn. (16) may be referred to as forward and backward equations, respectively.

We wish to evaluate the mean function, m(t) = EX(t), under the above set up. As we

already know, a convenient way to compute this would be to differentiate the
probability generating function ¢(t;s) with respect to s, and to evaluate the same at

s=0. In this context, we first differentiate both sides of Eqn. (15) with respectto s,
and interchange the order of differentiation, to get

%{(g) o(t; s)} = gs-{u(S) (%] o(t; AS)}

. o|fao d* 0 ,
ie. 5{(&] &(t; S)} =,U(S)§{¢(t; s)} + [g) {o(t; )} u'(s).

For s=1Lu(l)=0, we have

56; m(t)=u'(l) m(f) .

-Under the initial condition X(O) =1, this can be easily solved for m(t) to yield

m(t) =e"®!, a7
Now, we shall discuss the probability of extinction of this process. :

The process cannot be extinct unless a, >0. And, as such it will make sensé to
consider only the case a, >0. Also, we take X(0)=1 as this has been argued earlier

in Eqn. (11) ‘
S 9B, ()= (06 9 ={i N Pl,-(t)}

=0 =0
so that, P, (1) = {P,(t)}’ .. Here P,(t) is the probability of a population of size i
dying out by time t . Notice that Eqn. (13) and the fact that ¢(t;s) is non-decreasing
for fixed t show that

Py (t+h) = {Po(t+h)} = {§(t+h; 0)} = {o(t; ¢(h; 0)} > {o(t; O)} =P, (1),

so that P,;(t) is non-decreasing in t, which is intuitively clear as well. Given this
background, the “extinction probability”, the probability that a family caused by an

“individual will eventually die out, can be defined as m, = lim P wt).
t—o0

We shall close this section after quoting the following theorem without proof which-is'
a bit involved, but not hard:

Continuous Time
Markov Processes-1
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Markov Processes Theorem 1: Suppose a, >0. Then, n,the smallest non-negative root of the equation
with Countable State

Spaces us)=Y ;s =0. Further 7, =1 ifand only if w'()<0.
)
Now, let us apply this theorem in the following example:

Example 1: Consider a continuous time Markov branching prooess with
a, =a,a; =—(a+b),a, =b,and a; =0 forj>3.

Then ;
@)= a8’ | |
=0 ,

or ¢(s)=bs’-(a+b)s+a
=b(s—a/b)(s-1)
Here, it is clear that t, =1ijjb<a o
or w, =11jj ¢'(1)<0. ' i

5.4 PURE BIRTH PROCESSES

We will now consider a variation of the Markoy branching process discussed in the
previous section. In that process, we postulate as follows: i
P{X(t+h)=k+1|X(t) =k} =kah + g, (h)
P{X(t+h)=k|X(t)=k}=1-kah +g,(h)
‘and for j#0,1
P{X(t+h)=n+j|X(t)=n} =g;(h)
for some o> 0, where g;(h) are o(h) as h—0, j=~1, 0, 1, 2,.... Note the
characteristics of this process. Here, it is clear that the chances of a ‘birth’ in the time
interval [t,t + h] depends on the size of the population as well as on the length of the
time interval and further, those of more than one ‘birth’ in the time interval [t,t + h] is
negligible. No death is allowed. : , ' i

To generalize further, suppose {X(t):t >0} is a Markov process, and for series of
positive numbers A, , the following postulates are satisfied as h — 0. §
1. Py (h)=P{X(t+h)=k+1|X(t)=k}=Ah+g,(h) ' ;

2. Pkk(h)éP{X(t+h)=k|X(t)=k}=l—lkh+g2(h) | ' : 1

3. P{X(t+h)=k+j| X(t) =k} =g;(h), for all j=-1,2,3,.... where g;(h)=0(h) :
as h—0. . 1
In addition, sometimes, to be able to handle the consequent algebré and also to
be in tune with the reality of the process being modeled, when A, >0 we may
postulate the following: , : 1

4, X(0) =0, for convenience.

This is required to be used as the initial condition at times and also postulate 4 may be
changed if felt appropriate in a given situation. Notice that in view of the last
postulate, X(t) can be inferpreted as the number of births in [0, t] and not the size of
the population at time t . Also, postulates 1 and 2 together imply that the chance of
more than one birth over a period of duration h is of lower order h . Such processes
can be referred to as pure birth processes. Let P, (t) =P(X(t)=n) . -Then, for n>1,

e ma et e
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= Continuous Time

P (t+h)=P(X(t+h)=n)=)" P(X(t+h)=n, X(t)=j) Markov Processes-I

=0
=P(X(t+h)=n, X(t)=n-1) + P(X(t + h) =n, X(t)=n)+ 0(h)
=P(X(t+h)=n|X(t)=n-D)P(X(t)=n-1)
+P(X(t=h)=n{X({t)=n)P(X(t)=n + 0(h)
={A _h+g (h)}iP_(t)+{1-Ah+g,(h)}P, (t)+0Ch)
50 that
{P,(t+h)-P, )}/ h=A P, (t)-A P 1)+ -O(xﬁ
Taking fhe limit as h — 0, weget
B ()= P (-2, P (D) (18)
On the other hand, ‘

Po(t+h)=PX(t+h)=0)=PX(t+h)=0, X(t)=0) i
=P(X(t+h)=0]X(t) =0) P(X(t)=0) %
={1-Aoh+g,(h)} Py(t) :

so that, as before, we now get

Py(t) =g Py(t) (19)
Solving Eqn. (19) with the initial condition X(0)=0, i.e., B,(0)=1,

P, (t) = exp(-A,t) : (20)

Notice that since X(0)=0 as per our postulate 4, the event {X(t) =0} ={T, > t},
where T, is the random variable denoting the time to the first birth; according to |
Egn. (20) then, Py(t) = P(X(t) = 0) = P{T, > t}, so that the time to the first event is |
exponentially distributed with the mean (1/A,).

Now, from Eqn. (17), solving successively, for n=1,2, ...

P (t)=A,_ exp(-A,t) j exp(h, u) P, (u) du. 1)

Example 2 (Yule Process): Consider a pure birth process that has exactly one element
originally (originator). It and its successive offspring each has a probability ah +0(h)

of reproducing a similar element over a period of infinitesimal length h(a > 0); as

usual, we assume that the elements reproduce independently of each other. Remember
that we are not bringing in the concept of “death” and as such the value of X(t) can

only go up through births at random points of time. ‘Also, note that given that the
probability of birth over a duration of length h is ah +0(h), the probability of no

birth is (1—oh +0(h)) as more than one birth is not permitted. Suppose that the
population has achieved size k attime t,ie., X(t)=k, and after h units of time its

size has to become, say, k +1, there being no ‘deaths’, the only way it can happen
would be when exactly one out of k elements present must have reproduced an
offspring (the probability of which for each of them is ah + 0(h)) while the others did

not (the probability of which for each of them is 1-ah +0(h) ). Thus, because of

independence of the behaviour of the k elements, we are in a binomial situation, and
obviously, .

P(X(t+h)=k +1]| X(t)=k) =(*C,){ah + 0(h)}' {1 —th + O(h)}*!
=kAh + 0(h).
Arguing in a similar fashion, for j> 1,
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P(X(t+h)=k + jiX()=k) =(XC,) {ah + 0(h)}’(1 - oth + O(h)}*]
= 0(h).

Thus, comparing this with the model discussed just before Example 2, we find that
A, =k\. The birth process with parameters A, =k is called a Yule Process. The

solutions of Eqns. (19) and (20) through routine computations with the initial
conditions, X(0)=1(i.e. P(X(0) =) =8,;, j=0,1,2,...) yields
P ()= (- k=1,2,.. [¢3))

We note that for each t >0, X(t) has a geometric distribution with success probability

. Therefore, EX(t) (1/e™™)=¢™ , i.e. on the average, the process grows
exponentlally

Example 3 (Poisson Process): The postulates of a pure birth process may be
recounted as follows: '

In the pure birth process we allowed the probability of a birth over a small interval of
time to depend on the number of births k . But, suppose that, in a special situation, the
A, 's are identical and equal to a constant A . For instance, X(t) can be the number

of occurrences of an event of a certain kind taking place in the time interval [0, t]; e.g.
X(t) can be the number of accidents taking place in a city over time, or number of

‘telephone calls passing through a PABX board, or number of times a particular

component of a machine is replaced following failures over time, or even the number
of customets arriving at a store over a time, the number of cars that pass a particular
bus-stop by time t, etc. In such cases, obviously, no event lies in the root of the
occurrence of a previous one (i.e. unlike fathering the “next generation™) so that the
number of events that have taken place until the recent time will not have any apparent
influence whatsoever on the occurrence of a subsequent one; at the same time it is
logical to argue that the chance of occurrence of event in a time interval of smail
length is proportional to its length. We will later approach the Poisson process from
this aspect as well.

We define a Poisson process as a birth process satisfying the following postulates:

L Pt (W) =P{X(t+h)=k+1| X(t)=k}=2h +g,(h)

2. Py (h)=P{x(t+h)=k|X(t)=k} =1-2h +g, (h)
3. P{X(t+h)=k+j|X(1) =k} =g;(A), forall j= 0,1

4, X(0)=0
where g;(h)=0(h) as h—»0.

Then, from Eqn. (17) and Eqn. (18), we have
Po(t) =~APy(t)

P,()=2P, () - AP, (1),
the initial conditions being, because of postulate 4 given above, P,(0)=1,P,(0)=0 for
n>1. Then from Eqn. (19), we will have

Py(t) =exp(-At) : (22)
and for n>1
P, (1) = Aexp(-At) [exp(hu) P,  (u) du 23)
’ .

which can be recursively solved to yield




" 3 ~ Continuous Time
‘ exp(—At), Markov Processes-I
n

P.() =P(X(t)=n)=

So that for t> 0, X(t), the number of event occurrences of events that take place up to

time t, have a Poisson distribution with mean At. Is there an alternate set of
postulates to identify a Poisson process? In fact, we shall now show that a counting
process, {X(t):t>0} (X(t), that often denotes the number of births in the time

interval [0, t]) is a Poisson process with rate A > 0, if
I. X@©)=0

2. {X(t); t >0} has independent increments

3. forany t>0, X(t+h)— X(t) , which is the number of events (births) in the
interval (t, t+h] of length h follows a Poisson distribution with mean Ah .

Notice that because of 2 and 3,
P (h)=PX(t+h) =k +1| X(t) =k} =P{X(t + h) X(t)=1]X(t) =k}
=P{X(t+h)-X(t)=1}
=Ahe™
=Ah{l1-Ah+(Ah)2/2-..}
=2h+g,(h) '
‘=2h +0(h)
since
| g,(h)| < (Ah)2{1 +(Ah)/2+ (Ah)? /31 (Ah) /4% -} <(Ah)? {1+ (Ah) +
(Ah)? 7214+ (Ah) /3t -3 = (Ah)?e™ so that |g,(h)/h| < (A’h)e™ ; thus g, (h)=0(h)
as h — 0. This shows that the postulate 1 of the Poisson process is satisfied, i.e.,
P, (h)=P{X(t=h) =k +1|X(t) =k} =rh + O(h)..

Next, let us note that
P{X(t+h)- X(1)>2} = Ze-“' (Ah)* /nl<e™ (xh)ZZ(xh) /m!<(Ah)?
m=0

which is 0(h) as h — 0 justifying postulate 3. Finally

Py (h) = P{X(t + h) — X(t) = 0} = P(X(t + h) — X(t) = 0}
=1-P{X(t+h)-X(®) =1} -P(X(t+h)- X() 2 2} =1
={(Ah)+0(h)} - 0(h) =1-(Ah)+0(h),
so that postulate 2 is also satisfied. Infact, note that postulate 3 is automatically
satisfied since we are dealing with a counting process. And, postulate 4 is there in the

form of condition 1. Thus, a counting process satisfying conditions 1-3 is a Poisson
process.

From now onwards, therefore, we shall take conditions 1-3 to define a Poisson
process. '

Example 4: Let us, again, consider a Poisson process {X t),t=, O} of parameter A .

Solution: For k =1, 2, ..., h let T, be the time between the (k —1) th and k-th event,
then {T, :k 21} is the sequence of “inter-arrival times” in the Poisson process. Note
that for n=1,2, ..., S,time T, + T, + -+ T, is the time instant of occurrence of the
nth event. Note that by Eqn. (22), the probability that the waiting time T, for the first
occurrence of the of event will exceed t turns out to be
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P(T, 2t)=P(X(t)=0) =P, (t) =e ™
which means that T, is distributed exponentially with mean % . Notice, then, that

roughly speaking, A is the rate of occurrence of the event. Again, by independence of
occurrence of events over disjoint intervals, by postulate 2, for 0<t, <t, < we have

P(T, <t,, S, >t,)=P(X(t,) =1, second occurrence of event after t, )
=P(X(t)) =1, X(t,) - X(t,) = 0)
=P(X(t,) =D P(X(t, —-t,)=0)
= (At )e e BT = (At e,
Consider the case, 0<t, <t, <o, ie,

t f
0 t, , t,

P(T, <t,,S, >t,)=P(X(t,) =1, second event after t,)
=P ( both first and second occurrence of event after t, , but the first
event before t,) |
+P (first occurrence of event before t,, and the second after t, )
= P(X(t,) =0, X(t,) - X(t,) 2 1)+ P(X(t,) = 1)

=e M (1-e M)+ (A, ) e,

Thus, the joint probability density function of T, and S, is given by
)

e for0<t, <t, <o
51, 61,

Ofor 0<t; st <

P(T1<t,,Sz>t2)={

Now, by transforming as X =T, and Y =S, —T,, we obtain the joint probability
density of T, and T,, which is given by

AZe MY x>0 and y>0.

It is, thus, seen that the inter-arrival waiting times T, and T, are i.i.d with each

exponentially distributed mean 1.

In Example 3 we showed that the first two inter-arrival times are i.i.d., with each
having exponential distribution. Proceeding in the same manner, one can prove a more
general property of Poisson process as stated in the theorem given below.

Theorem 2: If {X(t):t>0} is a Poisson process with rate A, then the inter-arrival
times T,, T,, ... are independently distributed each having exponential distribution
with mean A, Conversely, suppose {T, :n2>1} is a sequence of independently and
identically distributed random variables each having the exponential distribution with
mean A~ ; define So=0andforn=1,2,...,§ =T, +T,+---+T,. Fort>0, let
X(t)=max{n20:S, <t). Then {X(t): t >0} is a Poisson process.

The above theorem, which we will not prove here, gives.a simpler insight into the
structure and profile of a Poisson process.

We will now discuss one more important property of the Poisson process. Towards
that, visualize a situation where events are occurring in the Poisson fashion over a time




scale. For instance, the event can be one of arrival of a public bus at a bus stop. Continuous Time
Suppose, you are waiting for a bus at a bus stop and you are interested in the time you Markov Processes-1
may have to wait now, or the time when the last bus went past the bus stop before your

arrival. Let t, is the time when you arrived at the bus stop. The last bus went past U

units of time ago and V is the time that you have to wait to get the next bus.

Pictorially,

0 U >t,— V—>

Thus, in respect of the time point t,, U is the time since the last occurrence of the
event, and V is the waiting time for the next occurrence of the event since t,. In the
context of Reliability Theory which deals with event-like failure of systems, the
random variable of interest is the life (i.e., the time to failure) of a system, then U is
often referred to as the current life (at the present time t,) and V is called the excess
(toty) life. For 0 <u<t, and v> 0, the joint distribution functlon of the random
variables U and V can be computed as

PUzu,V2v)

= P(X(ty) ~ X(to —u) = 0 = X(t, + v)~ X(t,)}

=P{X(ty) = X(t, —u) =0} P{X(t, + v) - X(t,) =0}

=e¢Me™ = 0<u<t,, v>0
Also, P(U2u)=P(U>u, V>0)=¢™ for O<u<t,,
=0 foruxt,

and, P(V2v)=¢e™, v20.
Thus, U and V are independently distributed.

We will see a few other interesting results through the exercises given below.

E1) For aPoisson process {X(t):t>0}, find the conditional probability that there

are k events in t units of time, given that there are k +n events in t +s units
of time.

E2) Fora Poisson process {X(t):t>0}, let T be the random time to the m-th
event. Find its distribution. Also, for n 21, obtain P{T, <t|X(s+t)=n).

E3) Let the Poisson process {X(t): T >0} with intensity o be independent of
another such process {Y(t): t >0} with intensity 3. Then
{Z(t) =X(t) + Y(t): t = 0} is also a Poisson process with intensity o+ .

E4) Suppose that from a bus stand, one person has the option of traveling to a given
destination either by Bus No. 2 or Bus No. 9. Bus No. 2 arrives at the stand
following a Poisson process with intensity 6 per hour and Bus No. 9 arrives also
following a Poisson process with intensity 4 per hour.

a) Let X denotes the extent of time in hours a person has been late in
arriving at the bus stop since the last bus went by. What is the distribution
of X?

b) Let W denotes the extent of time in hours the person has to wait for a
bus. What is the probability that this person has to wait for more than 10
minutes?

s
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Markov Processes E5) For a Poisson process {X(t):t = 0}, define another process

ith table Stat )
‘Sv;,acecsoun able State N(t) = X(t+5s4) - X(t), where s, >0 is a fixed constant. Is N(t) also a

Poisson process?

E6) Suppose a system breaks down from time to time because of the failure of one
of two components —component A and component B. The number of system
breakdowns follow the Poisson process with parameter A ; also, the probability
that a breakdown is caused by the failure of component A is =, so that the -
probability of a breakdown being caused by the failure of component B is
(1-7). Show that the number of system breakdowns owing to the failure of

component A over time is a Poisson process with parameter Az .

E7) Supposeina given society, there are N individuals; moreover the population
produces no new individuals, i.e., has birth rate zero, but adds to the population
through immigration which takes place as a Poisson process with parameter A .
Let X(t) denotes the size of the population at time t and denote, as usual, by
Py (1) =P(X(t)=k). Develop a suitable differential equation to determine the
probability generating function of X(t), and discuss what happens as t —» 0.
Also, calculate EX(t).

E8) The time to failure of a certain variety of machine is distributed exponentially

with mean — ; the time a mechanic would require, then, to restart the machine is
o ;

also exponentially distributed with mean —. The failure and repair times are

independent of each other. Consider two such machines and two mechanics so
that each of the machines can get the immediate attention of a mechanic
whenever required. The two machines are put into operation at the same time
and let X(t) denotes the number of machines out of action at time t. For

k=0,1, let p, (t)=P(x(t) =k); show that py(t)= —BE(I —e @)y Obtain

the limiting distribution of X(t) as t — o and show that it has a mean ﬁ
+n

b

o
where T1=—.

Now, we summarise what we have learnt in this unit.

5.5 SUMMARY

In this unit, we covered the following:

1)  We learnt a number of concepts that are, in some sense realistic and, hence, are
targeted towards modeling processes that we come across in our daily dealings
with life.

2)  In the previous unit, we dealt with the number of additions to the population
through births over generations. Thus, time (generations) was counted on a
discrete scale; thus, the first generalization over that concept that one thinks of is
to allow time to vary over a continuous scale. Now, more in tune with reality
the population is viewed to be growing, or rather changing, over a continuous
time scale. We, however, desist at this stage, from even conceiving the process
X(t) to be changing continuously itself.
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We have introduced the Markov property of processes, which, in plain words, is Continuous Time
that the future development of a process would depend on the recent-most past. Markov Processes-1

The definition and interesting properties of a Poisson process are discussed,
which essentially models occurrences of events that are kind of ‘rare’ (the
probability of occurrence of an event in a time interval is proportional to the
length of the said interval, irrespective of its location on the time scale).
Obviously, the next behaviour of interest concerning a process has been to study
the growth, or otherwise, of a process that is typified by the occurrences of two
kinds of events counteracting the effect of each other on the overall change, like
births and deaths. Such a process with death rate zero leads to a birth process
which is, in another sense, a generalization of the Poisson process.

3.6

SOLUTIONS/ANSWERS

‘El)

E2)

We need to compute P{X(t) =k ]| X(t +s) =k + n} . Notice that by definition of
conditional probability,
P{X(t)=k|X(t+s)=k+n}
=P{X(t)=k, X(t+s)=k +n}/P{X(t+s)=k +n}
=P(X(t)=k, X(t+s)—X(t) =n}/P(X(t +s) =k + n}
=P{X(t) =k} P{X(t +5) -~ X(t)=n}/P(X(t +s) =k +n),
since in a Poisson process, the number of events in disjointed intervals are
independent.
={e M (A)* /K1) fe ™ (As)" }/{e A (L + 8)I" Ak +n)!}

={(k + )/ k! n!} {t/(t +s)}* {s/(t+s)}".

We may represent S, as S, =Ty + T, +---+ T, where T, is the time between
the (k —1) -th and k-th event, 1 <k <m. From Theorem 2, we know that the
inter-arrival times T,, T,, ... are independently distributed each having an
exponential distribution with mean A™.
Clearly,

PGS, <t)

=P{X(t)2m}

= Z e Ak /K,

k=m

so that the pdf of S, which is the time to the m-th event is

{d/dt} PS,, <t)
=—he™ Y A" /ki+e*AY k()< /K
k=m

k=m

=-2e ) At /ki+re™ Y (At /K

k=m k=m-1
=e A" ™ (m -~ 1), t=0.
Now, P{I,<t]X(s+t)=n}
=P{X(t) 21| X(t+s)=n}
=P{X(t)21, X(t +s)=n}/P{X(t +s)=n}

= i P{X(t) =k, X(t +S)=n}/P{X(t+s)=n}

k=1
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P{X(t) =k, X(t +S) - X(t) =n - k}/P{X(t+s)=n}

M T

It

P{X(t) =k} P{X(t+S)—X(t) =n-k}/P{X(t+s)=n}

L3
]
-

Since, in a Poisson process, the number of events in disjoint intervals are
independent.

™AD" K} {e™ As)"™/(n - K)}

Ma

o>
i
—

x{nl/(e ™) (A1 + 5)]")

» t k s (n-k)
| =Z=, Ki(n — k)'(t+s) [t+s)
' s )
(t+s t+s t+s
-1-( ) .
t+s

E3) We need to argue that
i zZ0=0

(i)  {Z(t):t >} has independent increments

(iii) forany h >0, Z(t+ h)— Z(t), which is the number of events (birth) in
the interval (t, t + h] of length h, follows the Poisson distribution with
mean (o + B)h.

Since Z(t)=0=X(0)=0, Y(0)=0, (i) is obvious since X(t) and Y(t)
themselves are Poisson processes. Again, because of the same reason, (ii) easily
follows. Now, Z(t + h) — Z(t) = {X(t + h) - X()} + {Y(t + h)} and each of the
components on the right hand side is a Poisson random variable and they are
independent as X(t) and Y(t) are also independent. Hence, their sum, i.e.

Z(t + h) — z(t) is a Poisson random variable for all t>0, h=0. This
establishes that {Z(t): t >0} is a Poisson process.

E4)" Let X(t) denotes the number of Bus No.2 that pass through the bus stand by
time t and similarly let, Y(t) the number of Bus No.2 that pass through the

same bus stand; thus, since either of the two kinds of buses are fine for the
person, the process of interest for the person would be Z(t) = X(t) + Y(t).

Again since both X(t) and Y(t) are Poisson processes, so is Z(t) with
intensity 10, assuming X(t) and Y(t) to be independent. As such, from
theory,

P(X2u)=e™® for 0<u<t,,
=0 foruxt,

where t is the time that the person arrived at the bus stand. Also, from theory,
W has an exponential dxstﬂbutnon with intensity 10. Accordingly,
P(W210)= e‘“’“" =¢,




. —1 = _ =l =ea"A% k /11 Continuous Time
| E5) Let us-s try P{N(t? = %(} P{X(t+s,) - X(t)=k}=e™"% (Asy)" /k!} for a.ll t. Markoy Processes.]
The right hand side is free of t!. Thus, N(t) cannot be construed as a Poisson
’ process.
| Letusnow look at U(t)P{U(t) =k} = P{X(t +5,) - X(so) =k}
| ‘ C =e M /K.

Also, by definition U(0)=0. Finally, since X(t) has independent increments,
so does U(t) as well. Hence, U(t) is a Poisson process.

E7) Let Y(t) denotes the number of persons added through immigration to the
populatlon so that X(t) =Y(t)+ N. Now, for k>N, since Y(t) is a Poisson
process with parameter A,

k .
Pe(t+h)=PX(t+h)=k =D P{X(t+h)-X(t)=k-j, X(t)=j}
j=0
=P{Y(t+h)- Y(t)=0, k - N} + :
+P{Y(t+h) - Y(t)=1, Y(t)=k — N =1} +0(h)
=P{Y(t+h)- Y(t)=0} P{Y(t)= k- N} + ‘
+P{Y(t+h)-Y(t) =1} P{Y(t)=k - N -1} +O(h)
=P{Y(t+h) - Y(t) =0} P{X(t)=k} +
+P{Y(t +h) - Y(t) =1} P{X(t) =k —1} + O(h)
=ep, +Ah e p, (1) +0(h)
={1-2h +0(h)} p, (1)
+Ah{l - Ah + 0(h)} p, _, (t) + O(h) , so that
{p  (t+h)—p, (t)}/h=-Ap, (t)+Ap,(t) +0(1), and hence,as h > o,

Px(t)=-Ap () +Ap;,(t), k2N. (5.7.1)

For k=N, py(t)=-Apy(t) + Apy_ (t)=-Apy(t), since py(t)=0, as the
- population can never be smaller than the number of original individuals.
Solving the differential equation, p)(t) =-Apy(t), we find et py()=C,a
~ constant. But, py(0)=1, since, again the original population size is N, so that
| C=1 and as such py(t) =e™*. Now from Eqn. (5.7.1),

| Prst (D +APna (D =Apy(H) =Re™, ie. %{e“ Pra(®} =1, ie.

e py., (t) = At+ constant.

Again, py,,(0) =0, so that the Constant = 0 and as such,
t

Pra () =Ate™;
solving successively, py,, ()=(At)* e /k!, k=0, 1, 2, ....

N,
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6.1 INTRODUCTION

In the last unit, we considered the pure birth process as an example of a continuous
time Markov process where the births occur randomly with a given rate in any small
time interval. In Sec. 6.2, we will once again look at pure birth processes. Analogous
to the pure birth process where the state of the system changes only on the birth of
another individual, we shall consider a pure death process in Sec. 6.3, where deaths
occur at random times with a prescribed rate. For example, such a situation can occur
in a system of m components which fail independently of one another. Then, the
process which counts the number of components which are working at time t will be
a pure death process. One can also visualise a system (e.g., the population of a certain
species) where both births and deaths occur at random times. In Sec. 6.4, we will
introduce and study such processes and see several examples. We will also study the
steady state distribution of the processes in Sec. 6.5.

Objectives
After studying this unit, you should be able to:
e identify pure birth, pure death and birth and death processes;
¢ find the transition probabilities for these processes;
e write down the infinitesimal generator of these processes;

e find the steady state probabilities for these processes.

6.2 PURE BIRTH PROCESS

Recall that the pure birth process was introduced in Sec. 5.4 as an example of a
continuous time branching process. In particular, it is a Markov process on the state
space of non-negative integers where the only transitions that are possible are due to
births that take place at random times. In other words, it is a collection of random
variables

X, :t>0}

where the transition (jump) from X, depends only on the (current) value of X, and
not on the past of the process (Markov property). Further, if X, =k, a birth occurs at
random time in small time interval (t, t + h) with some rate A, which, in general,

might depend on k . It is assumed that the chance of more than one birth occurring
simultaneously in infinitesimal interval is negligible. These conditions can be written
compactly, as was done in the previous unit.
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Let P, ;(t) denotes the transition probability

P ;) =P(X, =j| X, =1)=P(X,,, =ji X, =) D
Then, fork =0, |

(b1) P, (h)=Ah+g (h)

(b2) B (W) =1-2.h +gy(h)

(b3) B, _;(0)=g;(h) for j=-1,£2,+3,...

b4) X, =0
where g;(h) j=0are of order O(h) as h 0.

We will see several example of pure birth processes in this section.

Example 1 (Poisson Process): The simplest (and perhaps the most important)
example is when the birth rates A, do not depend on k. If we denote the common

"rate by A, the corresponding pure birth process is called the Poisson process with

parameter A . Such processes arise in many real life situations where the “births”
occur at a constant rate irrespective of the elapsed time as well as the number of
“births” that have already occurred. Here are a few such examples.

(a) : Let X, denotes the number of fish caught from a lake by an individual in the
time interval [0, t]. Under the assumption that the number of fish in the lake is quite
large, the rate at which the fish will be hooked can be considered to be a constant and,
hence, X, may be considered to be a Poisson process, where the catch of each fish is a

“birth”. Since the fish being caught in the fishing hook at any instant is as likely as
any other instant, the births do not depend on time t

(b) : The fishing example above is a special case of general phenomena observed in
queueing models. If X, denotes the number of arrivals into the queue in the time
interval [0, t], then X, is a Poisson process if arrivals follow the assumptions
underlying such process.

(c) : Consider a radioactive particle which decays with time. A Geiger counter detects
these disintegrations. Let X, denotes the number of disintegrations detected by the
counter in time interval [0, t]. Then, X, is a Poisson process since, in most cases,

the half-life of the radioactive substance, or the time it takes for the substance to decay
to exactly half its mass, is large and, hence, the rate of decay can be considered to be a
constant. Needless to say, in this example, the “births” considered are decays of a

‘radioactive particle.

Example 2 (Yule Process): This was also introduced in the previous unit by putting
A, =kA. Areal life situation where such a process arises is in the population of
amoebae. Each amoeba lives for a random amount of time after which it splits in two
(so that the population size goes up by one). Let X, denotes the population of the
colony at time t. Ifall amoebae live and split independently of one another, then it
can be shown that X, is a Yule process.

Example 3 (Yule Process with Immigration): Suppose that in the amoebae colony in
Example 2, it is possible that amoebae also come from outside. Suppose that the
stream of amoebae which enter from outside is like a Poisson process with parameter
A . All the amoebae in the colony continue to split as before. Then the population
process X, will be a pure birth process where the birth rates A, =kA +6 .
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Example 4 (Maintenance Process): Consider a machine whose lifetime is an Continuous Time
exponential random variable with parameter A, . On its failure, suppose that it is Markov Processes-1I

repaired instantaneously. The lifetime of the repaired machine is now exponential 2, .

This process is repeated, so that after the n™ repair, the lifetime of the machine is
exponential with parameter A, . If X, denotes the number of repairs carried out in

time interval [0, t], then {X,} is a pure birth process with birth rate A dependmg on
the number of births n so far.

In the previous unit, the infinitesimal generator Q =((Q; ;)) was introduced (see
section 5.2) where Q, ; are the infinitesimal transition rates defined by

. B ()-P, ;(0)
ihj ij
Q.; = fim h
where
1 ifi=]
P @= { if izj

Using the postulates (b1) — (b4) on the transition probabilities of a pure birth process
one can easily calculate the infinitesimal transition rates. We leave this as an exercise.

Now try the following exercise.

El) Show that for a pure birth process mﬁmtesmal transition rates are given by
- if j=i E
Qy={& if j=i+l
0 otherwise
Thus, the infinitesimal generator Q is the matrix of the form
~A Ay O 0
0 -2 A 0
Q= 0 0 A, A,

Now, we look at “waiting times™ associated with pure birth processes.

Definition 1: The waiting times between births is a sequence of random variables
{T,}, where T, denotes the time between the k™ and the (k +1)™ birth.
‘In the previous unit, it was shown that (see Eqn. (19))

P,(t) = P(X, =0) = exp(~A,t)

which, in turn, implied that T, has an exponential distribution with parameter A, (or
mean 1/1,). We can use Eqn. (20) of the previous unit to show inductively that T,
has exponential distribution with parameter A, and it is also independent of

Tys - Tyy- Here, T, denotes the amount of time that the process spends in state k ,

after which it jumps by 1 to state k + 1. Thus, pure birth process can be called a pure
jump process.

The pure birth process can also be defined by its waiting time distributions. Let T, be

an independent sequence of exponential random variables with parameters A,
respectively. Then, define 41
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K+l

X, =k ifiTiS'KZTi @
i=0 i=0

Then, it can be shown that X, is a pure birth process in the sense that it satisfies the

defining postulates (b1) — (b4). We summarise the above discussion in the follow@ng
theorem which we state without proof. (The proof in a special case is given in Unit 7).

Theorem 1: Let {X,,t>0} be an increasing jump process, and {T} be a sequence of

‘random variables such that Eqn. (2) holds. Then, {X,} is a pure birth process with

birth rates {A,} if and only if T, 's are independent random variables and T, has an
exponential distribution with parameter A, .

E2) In Example 2, assume that the lifetime of each amoeba is exponential A and is

independent of the lifetimes of all other amoeba. Show that the population
process X, defined there is a Yule process.

E3) Show that the process X, of Example 3 is a pure birth process, and find the
birth rates under the assumption of E2) above.

So far, we have discussed the pure birth process and the Poisson process. In the
following section, we shall discuss a pure death process.

6.3 PURE DEATH PROCESS

In the previous section we looked at pure birth processes, where the process stays in a
state k for an exponential amount of time, T, , after which it jumps. The only jumps

which are allowed are of size +1, so that when the jump occurs the state changes from
k to k+1. We can, also consider pure jump processes where the jumps allowed are
of size —1. So that a process can jump from k, only to k —1. Such a process will be
called a pure death process.

Example 5 (System with Parallel Components): Consider a system with built-in
redundancy, so that n identical parts are connected in paratlel. The system works as
long as at least one of the parts work. We assume that the lifetimes of the components
are independent exponential random variables with parameter, p. Let X, denotes the

number of parts out of n which are working at time t. Then X, takes values in the
state space {0, 1, 2,..., n}. If X, =i at some time, t, then the process will jump to
state i—1, if any one of the i components fails. During infinitesimal small time
interval (t, t + h). If the waiting time in state i, is denoted by T;, then the distribution

of T; is that of the minimum of i independent and identically distributed exp(p)

random variables. Thus, T, isexp(in) random variable. The process {X, :t>0} is
then a pure death process.

Note that for a pure death process taking values in the set of non-negative integers, the
state 0 becomes an absorbing state, since no transition is possible from 0. This is the

case in the above example as well. As we did for the pure birth process, we can write
down the postulates for a pure death process.

We will continue the same notation for transition probabilities.

@d1) P, y(h)=pyh+g(h), for k21
(d2) Pk_k(h) = 1 - p'kh + go(h), fOI‘ k > 1




d3) P, ,..(h)=g.(h) for j=1,£2,£3,... Continuous Time

@3) Py y,5(h) =g;(h) for | . Markov Processes-11
d4) By o(h)=1

where g;(h) are all of order O(h) as h 1 0. Note the postulate (d4). Of course, it can

also be incorporated in (d1) and (d2) by requiring that p, =0. The sequence
" {n, :n 21} are called the death rates of the process.

. Note that a pure death process is also a pure jump process and, hence, the results on
waiting times (viz., Theorem 1) remains valid (except, of course for T, ). Just as we

did for the pure death process, we can calculate the infinitesimal rates Q; ; and the
infinitesimal generator Q of the system. We leave this as an exercise.

Before, we proceed further, try this exercise.

E4) Consider a pure death process X, with death rates {u1,}. Find the infinitesimal
generator Q.

In this section, we shall study a birth and death process.

6.4 BIRTH AND DEATH PROCESSES

In the earlier two sections, we looked at jump processes where all jumps of the process

‘ ‘are +1, or all jumps are —1. It is conceivable that we encounter processes where both
" births and deaths can occur, i.e., jumps of +1 as well as —1 are allowed. Indeed this is
the case in many real life situations. We start with a few examples.

. Example 6 (Single Server Queueing Models): Consider a service facility where
customers arrive at random times as a Poisson process with parameter A . So that the
lengths time intervals between successive arrival of customers is an i.i.d. sequence of
exponential (A) random variables. There is only one service counter so that only one
customer is attended to at a given time. All the other arrivals (if any) form a queue for
getting service. Suppose further that the service time for each customer is also
exponentially distributed with parameter n. Let X, denotes the queue length at time

- t. Then, X, either jumps up by one if a new customer arrives in the queut , or
decreases by one if a customer leaves the service counter, after being attended to.
Thus, X, is a birth and death process with birth parameter A, =A and death

parameter U =[.

Example 7 (Linear Growth Model): Consider a colony of individuals whose
lifetimes are independent and identically distributed exponential random variables
with parameter p. Each individual either gives birth to another individual of the same
type, independently of one another, or dies at random times which are distributed as
exponential random variables with parameter A . Let X, denotes the population size

attime t. Then, {X, :t>0} is a birth and death process.

Under the assumptions mentioned above, and proceeding, as we did for the Yule
process, we can identify the birth and death rates for the linear growth model. We
leave this as an exercise.

Example 8: Consider a system with N identical machines which work (or fail)
independently of one another. Each machine fails at an exponential (j) time. Once

the machine has failed it is repaired. The repairs take place independently of .
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eVerythiﬁg else (for example, each machine may have its own repairman, and then it
does not matter as all the machines are down at a certain time), and the repair time for
each machine has an exponential distribution with parameter A . Let X, denotes the

number of machines working at time t. Then, X, is a birth and death process (with
death for the cited example) with parameters p; =ip and birth parameters
A, =(N=-iA fori=0,1,...,N.

Now, try the following exercises.

ES) Find A, and p, in Example 7 above.
At this time, let us look at the defining postulates for a birth and death process.

~ We continue to use the same notation for transition probabilities.
(bd1) B, (h)=p,h+g(h), for k=1

(bd2) P, ;,,(h)=2,h+g,(h), fork>0

(bd3) P,  (h)=1-(, +p )h +g,(h), for k>0
(bd4) P, j(o) = 8i, j

(bdS) p, =0

where g;(h) is of the order O(h) as h 10,i=1,2,3. Using these postulates, it
is now easy to find the infinitesimal generator of the birth and death process.

E6) Show that for the birth and death process with birth rates {A, } and death rates
{1, }, the infinitesimal generator, Q, is given by

Ao Ao 0 0

B ) M 0

Q=| 0 H2 —(A; + 1) Ay
0 0 K3 ~(A; +13)

...............................................................................

As we did in the previous unit for the Poisson process, now we can write the
differential equations of the birth and death process.

Lemma 1: Let {X, :t>0} be a birth and death process, with death parameters {pn },
and birth parameters {A,} respectively, so that P, ;(t), defined as by (bd1) to (bd5)
are the transition probabilities. Then

1. the backward Kolmogorov’s differential equations are given by
Py j(©)=—AoP, ;() + Ao, (1)

B (0= 1By ()= (s + )P, () + APy (8), i21forj20 3)
2. the forward Kolmogorov’s differential equations are given by

P o(t)=-AoP, o(t) + WP, 1 (1)

P =20 P (O -2 + )P () + BB (1), j=1forj=0 C))

Proof: The proof follows directly from Eqn. (5) and Eqn. (6) of the previous unit, and
the form of the infinitesimal generator Q derived in E6). :




We will use the above result in the next section to compute the steady state Coutinuous Time

probabilities for a birth and death process. Markov Processes-If
/

6.5 STEADY STATE PROBABILITIES

We ended the previous section with lemma 1 which gives the Kolmogorov backward
and forward differential equations ((3) and (4), respectively). These are nothing but
difference-differential equations involving the transition probabilities P; ;(t) and thus

they tell us as to how these transition probability functions evolve with time. In this
section, we will look at the long term behaviour of these functions. We note that if
Aq =0, the state 0 is absorbing, and then the state space is not irreducible, so we

assume that A, > 0. We need the following result which we state without proof.

Theorem 2: For a birth and death process with the transition probability function
given by P, (1), as in E5). .

limP, ;(t) =TI, )
exists. And, it is not de_pendent on initial state i.

Note that the limit depends only on j, and the initial state i is “forgotten”. We will -
use the above result to find the I1;'s in terms of the birth and death parameters {A,}

and {p,}, respectively. The question that we need to answer now is: under what

conditions do limiting probabilites form a probability distribution. First, we have the
following definition.

Definition 2: Suppose I1; are as in Eqn. (5). If
> =1 (6)
i

the sequence {II;} is called an equilibrium, or steady state distribution of the‘ birth
and death process.

To study this sequence in detail, we recall the Chapman Kolmogorov equations. (See
Eqn. (2) of Unit 5.) For any states k, j, and any t, s>0, we have

B s+t =i P i(®) P (D

i=0

Letting s —  and using Eqn. (5) (and, assuming that we can interchange limit and
sum), we get .

IT; = i ILE ;(t) )
i=0

The above identity can be interpreted as follows. Suppose steady state distribution
exists for a continuous time Markov Chain, so that {I1;} is a probability distribution.
Suppose that for every i, IT; is taken as the probability that the process is in state i
initially. Then, the probability that the process is in state j after any given time t
(given by the right hand side of Eqn. (7)) is I1; . Hence, the probability distribution of
the state of the system at anytime in future is same as the initial distribution of the
sequence {I'I j} satisfying th. (7) subject to (6) stationary distribution of the system.
~Thus, steady state distribution if it exists is also the stationary distribution.
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This, in turn, implies that for all j and k

Pj’, k (t) = 0 .
Putting these values in the Kolmogorov forward Eqn. (4), we get

0=—AoIL, + I,

0=A 00, = A+ I +pp,ll,,  j21 ®
] These equations can also be interpreted as follows. In the steady state, the rate at
which the (birth and death) process enters state j is equal to the rate at which the
process leaves state j. For example, when j=0, the process will leave state 0
and jump to state 1, with rate A,IT;. At the same time, it will enter state 0 (by

jumping from 1, following a death) with rate, u,I1,. Equating the two will give the

first of the two equalities in Eqn.(8) above. The second equality can be derived
similarly.

Our aim now, is to solve the system of equations in Eqn. (8). We will use induction to
first express I1; in terms of I1,. The first equation in Eqn. (8) gives

Hl =X_OI—I0
H :
Now assume that for some k =1, we have
Aghq .. A
I, =21k, )
- Habg oo fby
Then for k +1 we get from the second equality of Eqn. (9)
Aoghy .o A Y Y
ek = Oy + ) ————5T1, =4, L
Hy - Py L LRl o 'S
AA A Aok, - A _ AoAy .- Ay
=A‘k 0 M leo_._[p'k 071 kl__kk—l 0V k2JH0
WMy -- My MMy - By iy - My
Aoy .
=Ag _0&1___7\&:1_1'10. (10)
Hiby - By
Thus, finally, we get
I, - | Y S I
LUV PRER

and Eqn. (9) holds for all k.

Finally, to check that Eqn. (6) is satisfied, we need that

+Z koxl "‘xk-l Ho :1
k=1 Habo .-y

which gives

-1
N Aghq. A
L. =| 1+ 01 k—l] 11

’ [ é Bybby ool (n

Note that in the above equation, I, > 0 if, and only if
Yy Y W <o
k=1 Hilg - By

I,

(12)
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Thus, Eqn. (12) gives a necessary and sufficient condition in terms of the birth and ) Continuous Time
death rates for the birth and death process to have a stationary distribution. Thus, this Markov Processes-il
is the condition for all states to be positive recurrent.

The above results can be used to do the following exercises.

E7) Consider the single server queueing model of Example 6. When will a
stationary distribution exist? Whenever it does exist find II, .

Let us look at a couple of examples of birth and death processes, and calculate their
steady state probabilities. ’

Example 9 (Simple Birth and Linear Death Process): Consider a birth and death
process where the birth rate is constant (A, =A), and the death rate is linear so that

1, =np for all n. We will investigate the long term behaviour of the process. First,

note that
o © k
My haey 'L[&J <o
pargl VP T e i SN

for all A, p>0. Thus, a stationary distribution always exists. Further

SRR

Now Eqn. (9) implies

_ vt
k!

K exp{—A/pu}.
Example 10: Consider the birth and death process {X,} of Example 5. Here {X,}

denotes the number of machines out of N that are working at time t. As observed
earlier X, can take values in the set {0, 1, ..., N}. Further, for i=0,1,..., N, we have

W, =ip and A, =(n-i)A. Putting A, =0 for i>N, we see that

ST R S P Y

ks MabaecBe G Mg el
Further
N _ _ k\!
I, = 1+Z (N(n l)...(Nk k+1)A
k=1 klp

.

Thus

N k -N
I, = AN , k=0,1,...,N.
k J\p p

We end this unit with an exercise.
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with Countable State . e L ea e .
 Spaces for all k 20, where A, u>0. Show that a stationary distribution always exists.

Find II, .

Now, let us end this unit by summarizing the following points.

6.6 SUMMARY

In this unit, we studied the following:

1.  We defined a pure death process using postulates about its transition
mechanisms. We saw several examples from real life situations where such
processes arise. We also learnt to calculate the birth rates, and studied its
infinitesimal generator.

2. Wealso looked at a pure death process and its infinitesimal generator. We also
saw some real life examples.

3.  We studied the birth and death process via its defining postulates, saw many
examples and identified its infinitesimal generator. We also derived the forward
and backward Kolmogorov differential equations.

4.  We studied the long term behaviour of a birth aﬁd death process by looking at its
~ steady state probabilities, and deriving them in terms of {A_} and {u,}. We

also found necessary and sufficient conditions for the steady state probabilities
to exist.

6.7 SOLUTIONS/ANSWERS

P, i(h)-P ;(0) i Lo Mh g ()1 _

I
P...,(h)-P. (0 g
Qi’i+l = llli_l;r(l) 1, l+l( )h l,l+|( ) - llli_l;l'(l) A‘ll‘l +hg] (h) = A’l .

E2) We need to use the following result. If Y, Y,,..., Y, are independent
* exponential random variables with parameters 0,, 0,, ..., 8, respectively, then
Z=min{Y,, Y,, ..., Y,} is exponential with parameter ZL .8
In Example 2, the population size jumps from k to k+1 as soon as any of the
k amoebae split, which is the minimum of k i.i.d. exponential (A) random
variables. Hence, the waiting time in state k is exponential with parameter kA,
and Theorem 1 now gives the result. Independence of T, follows from

independence of lifetime distributions and memory less property of exponential
distribution. '

E3) We argue, as in E2, above. .The only difference here is that the T, the
minimum of k i.i.d. exponential (A) and one exponential (8) random
variables. Thus, T, ~exp(kA +6).

E4) Forixl,
P .(h)-P.(0 -1 -
Qii=lim l,I( ) 1,1( )=llml p,h+g0(h) 1=—L|-i
¥ ho0 h h—0 h
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h—0 h

Q —1“1

h-0
Further Qp o =0. Thus,
(00 0 0 0 )

| i- l(h) |l—l(0)
h

ES5) Note that X, can take values in the set {0, 1, 2,...}. Suppose X, =k for some ‘

k21. Then, X, will jump up by one as soon as any one of the k individuals
gives a birth. This random time (as seen in the earlier exercises) is an
exponentially distributed random variable, with parameter kA . Similarly, X,
will decrease by 1 if any one of the k individuals dies. This will happen at a
random time which is exponentiaily distributed with parameter k. Note

further that 0 is an absorbing state. Thus, X, is a birth and death process with

birth parameters A, =kA , and death parameters p, =ku for k20.
E6) Forizl,
P .. (h)-P. (0 4 -
Qi i =11m l,l"-l( ) 1,1—1( ) =hm P-lh +g1(h) 1 =
' h—0 h h-0 h !
For i20,
— l i+1 (h) |+l (0) ;\,.h +g5 (h)-1
Qi = }lll_fg D ]l‘l_'0 - =,
Cpim P M B0 o 1-( +pdh+ gy (h)-1
Qui=jm—=———=im h BRE

E7) For the birth and death process of E6 the birth and death parameters are
identified as A=, A, and p_, = respectively, for all n. Then

gis 5[

= M “2 =1

The right hand side is finite, if and only if, A <y, and under this condition
distribution exists. In this case, using Eqn. (11), we get

mefuo$ (2] (-2

Now Eqn. (9) implies

Y

E8) To check that a stationary distribution exists, we consider the expression in

Example 12
Ao h
Ahy Ay ZL(_] <w for all &, .
k=1 HiHy-- k=1 k!

This proves the existence of a stationary distribution whatever A, L. Also,

49




— s

Markov Processes ~ = 1 () -1
with Countable State - I id - _
Spaces Ho—[l+§ k!(u” =exp{-A/p).
We evaluate IT, , using Eqn. (9), to get
k
IT, L2 exp{-A/u}, k=0,1,2,....
ki{p

—--x---
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