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17.1 INTRODUCTION

We shall begin this unit by discussing the distribution of correlation coefficients in
Sec. 17.2. As we have already studied the correlation coefficient of two variables, in
this unit, we shall extend this to more than two variables by introducing the multiple
correlation and partial correlation coefficients. The distribution of partial correlation
coefficient and distribution of multiple correlation coefficients will be discussed in
Sec. 17.4 and Sec. 17.5, respectively. At the end, we shall focus on the distribution of
2 .
in Sec. 17.5.

1=-R?

Objectives

After studying this unit, you should be able to:

° define the correlation coefficients;

° calculate the correlation coefficient for multiple and partial correlation;
) describe the distribution of multiple correlation coefficients;

. describe the distribution of partial correlation coefficients;

. find the distribution of Rz/(l ~ '?;2) .

17.2 DISTRIBUTION OF CORRELATION
COEFFICIENTS

Let us start with the linear regression analysis with two independent variables and one
dependent variable. This is nothing but the extention of two variable regression
analyses. Let us assume the independent variables be x, and x, and the dependent
variable be y. Suppose we experimentally take observations on y by setting (x;, x;) at
n different levels. Let y; be the observed value of y when (x, x,) is set of (xy;, X21)
where i =1, 2, ..., n. Since we are assuming a linear relationship, the following

model is considered y, =b, +b;x; +b,x,,, where i=1,2, ..., n.

In this model, because of random variation in y, the points (y;, X;;, X3;) may not lie on a
plane, thus an error term e, is added to the equation of plane. Next we estimate by, b,
b, using observations y;, so that we get a best fit linear model.
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Now let §; =b, +b,x; +b,x,, i=1,2,...,n )

where. Bo, 13, and 132 are the estimated parameters and then y; is the best estimated

* value of y,. The best fit plane is known as regression plane.

Let us minimize the sum of squares of y, -y, the residuals or errors, that is

Ze —Z(y, y,

i=l i=l

= Z(Yi —by —byxy; —byxy )2 (Using Eqn. (1)) V)]
i-1
For minimization, the necessary condition is that the partial derivatives of expression
in Eqn. (2) with respect to b,,b, and b2 are zero. Thus

'Z(yn by —byxy; - 2x2i)=0

>_ixli(yi =by —byxy; —b2x2i)=0 3)

inl
‘szn (y| -b,-b xn 2x2i) =0
jml

These equations can be written as

ZYi =byn +bllei +b, szi )
leiYi =bonﬁ +b lezl +bzleix2i &)
szny| bozxzn +b thle +b22le ©

i=1

The system of equations in Eqns. (4), (5) and (6) are the normal equations of the least
square method. This system of normal equations can be solved to find the values of
b,,b, and b, defined by b,,b, and b, and can be substituted in Eqn. (1) to get the
equation of regression plane. The coefficients of independent variables b, and b, are

regression coefficients for linear regression. This model can be generalized to handle
the prediction a dependent variable forms several independent variables. Let us
consider the independent variables x,, x,, ..., X, , and the dependent variable y.

Then linear model is

yl =b0 +blxll +b2xi2 +"'+bkx.k +ei; i=1, 2, 3, P | (7)

where e; is the error or the difference between the true value and the estimated value.
The matrix notation of Eqn. (7) is

1 Xy Xz 0 Xy || by
Y 1 b €
y X1 Xy vt Xy I e
e
Yo 1 Xy Xpp ot X | Lbk 1. "
which can be rewrittenas y=xb+e ®

The errors e; are random variables for which the following assumptions are made
i) E(e)=0 "

ii) cov(ei,ej) =0, i#]j

iii) var(e;)= constant (say 02).




Now, let us extend the least square method to more than two independent variables. - Distributions of
. . . : Corrdation Coefficients
For this, we rewrite Eqn. (7) as given below

&; =y; — by +b;x;; — byX;p - by Xy

To fit the model, we estimate the values for the regression coefficients b,, b,, ..., b,

with the available data. For this, according to the method of least square, we minimize
the sum of squares of the errors w.r.t bjs. Thus, we minimize

ee= Zeiz = Z()’i = boxy —biXip e b Xy )2
=1 i=1

=(y- xh)' (y-=xb) [using Eqn. (8)] )

Now we get a system of k + 1 normal equations (similar to Eqn. (4), (5), (6)). If we
assume that rank of matrix x in Eqn. (8) is (k + 1), then normal equations will have a
unique solution given by Eqn.(11).

Let us denote the estimate or fitted value of b by b Then the deviation of the
estimated value and the true value is

g, —yi—bo—blxi1+bkxik, i=12,...,n 10$)

A A
or e=y-xb

where ¢ is the vector of estimated residuals e; ,
The least square estimate of b, obtained by solving normal equations, is given by

A
b= (x'x)'l X'y : an
As noted above the rank of x should be k+1<n,

A
Using the value of b given in Eqn. (11) and Eqn.(8), the fitted value of y can be
written as

¥ =xb=x(xx)" xYy (12)
The matrix x(x’x)'l x’ is known as ‘Hat matrix’. The residual vector is
e=y-y (13)
= [I‘ - x(x'x)—l x'] y [using Eqn. (12)]
and the residual sum of squares equal e'e.

Now let us illustrate this concept in the following examples.

Example 1: Formulate a linear regression model in matrix form for the following
data:

X, 0 1 12 3 4
X, (10 |7 {5 4 3
y 1 |4 3 8 9

Solution: The independent variables are x, and x, and the dependent variable is y.
The number of observations given here is 5. The corresponding matrices are

(1] [1 0 10]
4 11 7
y=|3 x={12 5§
8 13 4
9 4 3

of L4 3]
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" 1
€
b, €,
b=|b, e=|e,
b, €,

L ©s |

Therefore, we get y=xb +e¢

Example 2: The owner of a chain of five stores wishes to forecast net profit with the
help of next year’s projected sales of food and non-food items. The data about current
year’s sales of food items, sales of non-food items as also net profit for all the five
stores are available as follows:

Table 1: Sales of Food and Non-Food Item and Net Profit of a Chain of Stores

Store No.. Net Profit Sales of Food Items Sales of Non-Food
(Rs. Crores) y | (Rs. Crores) X, Items (Rs. Crores) x,
1 15 5 2
2 9 3 3
.3 3 4 3
4 7 2 6
5 3 1 7

Assuming a linear regression model y; = b, +b;x,; +b,x,; +e;, where
i=1\,2,3,4,5,calculate
i)  the least square estimates b,

ii)  the residuals éand
iii) the residual sum of squares for the model.

Solution: (i) From the given data,

1 5 2 (157
1 33 9
x=(1 4 3|{,y=|3|andRankx=3
1 2 6 7
1177 |3
Sttt 5 15 21
=[5 3 4 2 1] xx={15 55 50
2 3367 21 50 107
671 -l 1]
19 19 19 [377
(x'x)-l= -in % 13 and x’y=[l3]J
19 -.95 19 129
-81 13 10
19 19 19 ]
A 1
b=(xx) xy ‘
59/19
=|164/95
—4/19

The fitted regression plane is §; = 9 + 164 4

Xy m—Xqy i=1,2, ..., 5.
19 95 % 197
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215/19
727/95
A A
(ii) y=xb=|891/95]|
503/95
| 319/95 |
7019 ]
128/95
and the residuals e =y - y =| —606/95
' 162/95
| —34/95 |
(iii) The residual sum of squares is
AN 5619
fe="—n-.
95

Now, try the following exercises.

E1) Given the following data, fit a regression equation representing dependence of
number of credit cards on family size and family income. Also, show whether
addition of ‘Family Income’ variable has improved the relationship by finding
sums of squares of errors as also calculating simple and multiple correlation

coefficients.
No. of Credit Family Size Family Income (Rs. In
Cards vy - X, ' ' lakhs)

X,

2 0 2

3 2 6

2 2 7

7 2 5

6 4 9

8 4 8

10 4 7

7 6 10

8 6 11

12 6 9

11 8 15

14 8 13

E2) If the Hat matrix, given in Eqn. (12), is H = x(x'x)'1 x, then verify that
A : o
i) e =I-H is symmetric.

A
ii) e=I-H isidempotent.

So far, we have discussed the linear regression fit. Now, we shall obtain some kind of
coefficient of correlation that measures the adequacy of simultaneous linear fit with
several independent variables. For this consider y'y.

yy=(¥+ é)' (y+€) [using Eqn. (13)]

ApA

Yy=yy+ey+ye+ée

yy=yy+é&e [since &'y =0, using Eqn.(13)] .
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—2 L, =2 AN —_ =
y'y—-ny =yy-—n(y) +e’e [since Yy =y by normal Eqn. (4) for general k]

where §= mean of y; series

~ A
y =mean of y; series.

or g(yi-;)z .Z-:( Yi— ] +§e

or Total sum of squares = Regression sum of squares + Residual (or error) sum of
squares

Lt —2
Dividing both the sides by Z(yi - y) and rearranging the terms, we get

Sy S

i=l i=]

UL DY)

The sum of squares breakup suggests the following measure for goodness of fit for
linear model.
3

R =1-—i= . (19

2(n-3)

i=]

R? is the coefficient of multiple determination. It can be shown that R? is the square
of Pearson product moment correlation coefficient between the observed values y; and
the fitted values ¥, . This correlation coefficient is called multiple correlation

coefficient between y and x),X3,...,Xg

Thus, we see that

Z G-y ,

i Regression sum of squares
Z (y 2 Total sum of squares about mean

R?=

i=1
where R? is the squared multiple correlation coefficient. We write R? with the
subscripts as corresponding variables under consideration. For example, if we assume
the dependent variable y and the independent variables x,,x,,x;, then the squared

multlple correlation coefficient is denoted as R? The value of R? lies between

YX XgXy
0 to 1. If the value of R? = 1, then the fitted equation passes through each of data

points and in that case § == 0 for all i. While R2%==0 mplies §, =¥ for all i or the
values of x/s denote affect the estimates of y;.

Now, in the following section, let us discuss the multiple correlation coefficient in the
case when independent variables are not considered as fixed as in the present section
but are random variables.

17.3 MULTIPLE CORRELATION COEFFICIENTS

If the modeling is done by fitting a linear equation among more than two variables i.e.
more than one independent variables, then the extent of fit is measured by correlation
coefficient of dependent variable and independent variables called the muitiple
correlation coefficient.




Let us consider the set of independent variables or predictor variables

X;5 X3, X3, -..s Xy , and the dependent or response variable y. In many applications
(¥, X;5-.» X ) be y; for i=1,2,..., n, can be considered random vector having
some joint probability distribution and the problem is to find a best linear function of
Xis Xg, -e0y X » S8Y, by +byx, +:4+ b, x, to estimate or predict y.

b,
X
1 b,
X
Let x=| :2 , b=|b,
X, by

G, : ©

’ Yy yx
Ixl xk
Let z= (yJ and Z=| .- be its corresponding partitioned variance
x ) .
G, ! O
] bk |-

covariance matrix. I is assumed to be positive definite. The multiple correlation
coefficient between y and the predictor variables x,, x,, ..., X, is defined to be the

maximum correlation coefficient between y and any linear function
b'x =bg +b;x, +b,x; +:+- + b, x,. The multiple correlation coefficient R,, . ., is
thus defined by

- cov(y,b'x)
d \/var(y)var(b'x)
e ba, , : »

=b [variance or covariance does not depdsii on by}
:;c”b'znb
_m= b'ZéZZéoyx
1/c:yyb'z,mb
e 20 (20,.)
=b .
JOubZ b
, %) (25) [ 230, | (z
(%) (2o, (2] (=25) [”4% zio,
< A
\o,bLab NEPE

for all by, b. [using Cauchy-Schwarz inequality u'v<+uu/8' ]

((1Ze, ) (32e,)

R (15)

Y XXXy

Further

Distributions of
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Clearly the equality is attained when b = Z;,:cy,

Therefore,
o I lo
R:.x L.t L% (16)
Oy

andR , is the correlation between y and its best linear predictor, and is known as the

population multiple correlation coefficient. The square of R thatis R? is called the
population coefficient of determination.

It may be noted that 0 <R <1 by definition. If R =0, then x has no predictive power
and if R =1, then y can be predicted without error. In the following we assume z has

multivariate normal distribution N (p,Z) . It may be recalled that if Z~ N, (1, Z),
then the conditional distribution of y given x is normal with mean

E(y/x)=p, +6} D m(X-1,) an
and variance
var(y/x)=6,, -6, ) 1Oy (18)

Thus in present case best linear predictor of y is in fact the regression of y on x and

Var(%):cw -o‘wR;x =o,, (l—R;’F) (19)
Everi if z is not multivariate normal but the linear model
y=by+bx, +---+b,x, + e=b, +b'x +e is fitted so that the Mean squared error

= E(y - b, — b'x)” is minimal. Then it can be proved that minimum mean squared
error equals

var(y/x) =6,, -0, Y 0, [as in Eqn. (18)]

and is attained when b=X'a

XX yx‘
Now let us understand this in the following examples.

Example 3: Derive the coefficient of correlation of bivariate case from the multiple
correlation coefficient.

Solution: For bivariate case, let the predictor variable be x and the response variable
be y. Then, we have

2=[ci po, o:]
po, ¢, O,

where o, and ¢, be variances of x and y and the correlation coefficient between
them be p.

Then var(y/x)=0? (1 -Pz),

B 0§ —oi(l—pz)
Ri’—_—c_si——

= p2
and hence _
Ry =|p|.
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Example 4: Consider the mean vector be p, = [ 2] and p, =4, and the covariance Correlation Coefficients
. 2 1 3
matrices of x;,x, and y are Z“=|:1 1}’6”' =9,0,, =[1]
Evaluate

i)  Fitthe equation y =b, +b;x, +b,x, as best linear equation,
ii)  The multiple correlation coefficient, and

iii) The mean square error.

Solution:i) b= Z ;lxvcxy

LT

1137 [2
R
by =n, —b'p, =4-[-1 2][_2]=11
Therefore,

y=by+bx=11+2 x, -x,.

-1 ’

o) o

S LTy [using Eqn. (16)]

Oy

LR i
= 5 1
EEEE X i
A 2] * |

ii) R?=

_3
9
o R=Y_o5.
3 '
;
iii)  The mean square error =o,, (1 - RZ) [using Eqn. (19)]
e
9
=4,

Now, try the following exercises.

E3) The following data gives DPS (dividend per share), EPS (Earning per share) and
Return on Market, for six companies.

13
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DPS EPS Return on
» (%) Market (x,)
12 8 1 B
6 3 2
3 5 2
22 17 5
4 9 6
10 16 8

Find the regression equation y =b, +b,x, +b,x,. Find the multiple correlation
coefficient and mean square error.

So far, we have discussed the population multiple correlation coefficient. Under the
assumption of normality of z, let us now discuss the estimation of population multiple
correlation coefficient. The estimate is called sample multiple correlation coefficient.
For this consider the joint distribution of y with x,, x,, ..., X, is Ny, (#,Z) where
"n, oy | G,
| and = -.- '

(M G, | Oy

Now suppose we have sample of size n on (y, x,,...,X;) and we computes the sample

mean vector u and sample covariance matrix S for this random sample. Let these be
partitioned as

« |
v
(]

A Yy : 23 \
R={ee andS=| :+¢ v e (20)
X 8, | Sy
It can be shown that the maximum likelihood estimators of the coefficients b,,bare
'b=S_ s, and @1
-— A — —_ —_
by=y-b'x=y-s, S, x. [using Eqn. (21)] 22)
Now by +b'x=F+s, S, (x-%) 23)

It may be noted that b, + G’x is called the linear regression function. The maxinium

likelihood estimator of Ry is the sample multiple correlation coefficient which is
defined as

R ’ S—l
R, = fsvx_sﬁv_x_ (24)
Yy

If the considered distribution is normal, then ﬁ is the maximum likelihood estimate of
R.

Now, in the following section let us discuss the partial correlation coefficient.

17.4 PARTIAL CORRELATION COEFFICIENTS

Let us consider the variables y,x, and x, where y is the linear predictor of two
independent variables x, and x,. If we consider the simple correlation coefficient
between y and x, or between y and x, keeping x, or x, constant respectively, then

this correlation coefficient is said to be partial correlation coefficient. Therefore, the
partial correlation coefficient is determined in terms of simple correlation coefficients




among the various variables involved in a multiple relationship. In the case of three c ﬁ‘:"‘g""‘"‘" of
variables y, x; and x, there are two partial correlation coefficients, which are orveiation Coefficients
T, = partial correlation-coefficient between y and x, keeping x; constant.

NLLr R
N

T, x, = partial correlation coefficiefit between y and x, keeping x, constant.

Expanding the number of variables, the partial correlation coefficient between
y; and x; holding X,;, X,z --» X, fixed is given by

. G
fjpHl-k
I iip

ijp+l-k = (25)
\Ciipstk \/ Cijp+1.-k

Let us define the distribution of this by dividing the components y and x into two
groups X® and X Accordingly, the corresponding mean vectors p of X is divided
into p(l) and pm and covariance matrix I is divided into Z,,, Z,,, Z,,, where

,,,Z;, and I,, are the covariance matrices of XY, of X" and X, and of X,
respectively. Further assuming that the distribution is normal, then the joint

distribution of X(" given X®, is normal with mean ) + DI . (X(z) - p(z)) and

the covariance matrix is Z;,, = Z,, = Z,Z5,%,,.

Example 5: Consider the above in a bivariate normal distribution to find the
conditiona! distribution of X(!) = X, given x® = X, =X,.
Sdiution: Givenis X =X, and X =X,

therefore p(') =, and u(z) =H,,

%, =6},5,; =Z; =p0,0; and T, =03
Therefore
Ly =% - z1222221

2.2 2

_.2 PO 0 _ 2

=0 -—— —-=0i{l-p
o,

Example 6: Consider the random vector z be

2 9 0 3 3
5 0 1 -1 2

N,(p, ) where p= and X = ‘
N(TE)) W=\, 3 21 6 -3
1 3 2 -3 7

If z is partitioned as z=(Y1,Y2,X,,X2)' and Hy [i}px =[_2], zw =|:9 O]

3 3 76 -3
I,= [—l 2] and Z,, =[_3 . j|, Then find
E(Y/ X), °°V(Y/ X), Tizs Tia4 AN 159,

Solution: E(Y/X)=p, +Z,, I3 (X-u,)

SHEE A

15
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cov.(Y/X)=Z,, ~L,, I.L,
‘ 2 R M M

1126 24
T331-24 14

T, ___ﬁl_ = 0 - 0
2 Jo 102 V9x1
Mgy = Cuu - ‘—24/ 3 A
. 0123402234 \/1_221_‘1 V126-14
33 33
=2 -0-571.
7

Now, try tﬁe following exercise.

2 410
E4) Let ybedistributed as N;(u,Z) where p=|-1|and Z={1 2 1
3 01 3
Find
-y, +
i) the distribution of z=4y, -6y, +y, and z=|:yl Y2 tYs
2)'1 + Y. Y;

ii)  conditional densities f (y2|yl,y3) and f (y,,yzly,)

iii) 1, andr,;.

S,y 8x,S are the estimators of Z,ysZ x5 sy Therefore, the estimator of

imq IS Timg, Which is the ij® element of R, =D;!(S,, -S,,8.!s, D]’

where D, =[diag (Sw - 5,58, )]%

Now let us define the sample partial correlation coefficient between y, and y, withy,

fixed as
iy — sl

Fo, =2 1323

123

] 2 2
I—r;1-13

where r,,,n, and r,; are the ordinary correlation coefficients between y, and y,, y,

and y, and y, and y; respectively.

In the next section, we shall discuss distribution of R? / (1 - Rz).
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Let us first recall the multiple correlation coefficient given in Eqn. (14). This is an
alternative way of computing the multiple coefficient of correlation. Before we
proceed for the distribution, let us define and discuss the following theorem.

Theorem 1: let X be a random matrix of order nxk and y be a random matrix of
order nx 1 with P(y = 0) =(. Suppose X is independent of y and the rank of X is
k —1 with probability 1. If the sample multiple correlation coefficient R givenin
a2
Eqn. (24), then R  has the beta distribution with parameters -;—(k ~1) and %(n -1),
ﬁz

k .
which can also be written as %——1— —-? s Fiy ok

Proof: Consider the partitions given as

Hy v
= d 3=
g (ux)a" [“ z ]

where the order u, is (k—~1)x! and order of Z,, is (k—1)x(k—~1). Here, it may be
noted that since R =0, therefore o,, = 0. Here the multiple correlation between

!—% and Z e (X; —n,) is same as that of between Y, and X|, therefore it can
G h :
vy

be assumed that p =0 and Z =I,. Now all the conditions of Theorem 1 are satisfied,
and the result follows.

a2
Example 7: Find the r™ moment of R* and hence derive mean and variance of R .

a2
Solution: The r™ moment of R is

E[ﬁ")z 7[%(n-1)]7(%(k—1)+ x)
Y(%(n -1)+ x)y(%(k _1))

[
T

Nl-‘ N~

2
The mean =E(ﬁ k1
n-1
A‘ Z__ - 2
and the variance is E| R =k2 l-(Ll)
n“~-1 \n-1

_2n-k)(k-1)
n’~1)(n-1)

Try the foliowing exercises,

17
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with MVN E5) Show that

Ny ~h30,

[0-2)0-2)]"

E6) Ifarandom vector X =(X,,X,,X,,X, )' has covariance matrix

23 =

6" O, G 0y
Oy ‘52 O3 Op

O3 Oy O Op

Sy O @, o
Then show that the four multiple correlation coefficients between one variable
and the other three are equal.

Let us now summarize the unit.

17.6 SUMMARY

In this unit, we have covered the following points:
1.  The coefficient of correlation.
2. Muitiple correlation is the correlation among more than two variables.

3. Partial correlation is the simple correlation between two variables while the rest
of the variables are kept constant.

A A A
4.  Distribution of R? and Rz/ 1-R%.

17.7 SOLUTIONS/ANSWERS

12 52 102
El) X'x=| 52 395 536
395 536 1004

097 024 -0.23
(xx)"=| 024 o016 -0.1
-023 -0.11 -0.08

90
x'y =| 482
872
5.38
b= (x')'('):1 x'y=| 3.01
-1.29

y=5.38+3.01x, ~1.29x,

E2) ) (I_H)' "=[I"X()(')()"l x']'

18
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Therefore 1 - H is symmetric
ii) (I—H)2 =[I—x(x’x)_l x':“:I-—x(x’x)_l x’]

=1- 2x(x’x)_l x' + x(x'x)—l xX'x (x'x)—l x’

=I-H
Therefore, =1-H is idempotent.

E4) i) z=4y, -6y, +y,

Y1
=[4 -6 1]y,
Y3

=a'y (suppose)

2
p,=an=[4 -6 1]-1|=17
3
41 0] 4
I,=a%a=[4 -6 1Jj1 2 1|-6|=79
01 3|1

‘Therefore, z is distributed as N(17,79)
-Ya+ z
z =[y' Yatys ]=|: ‘] (suppose)
2y1+Y,-Y; Z,

Y1
1 -1 1 A ( )
= : = u
5 1 _y||Y2]|=AY (suppose
Y3

cauc|! 1 1] 1_[6
A PRREEEY i I

5 4
T, =AJA’'=
4 23

6((5 4
Therefore, the distribution of z is N, , .
0|14 23

s 5 1 117
ii) f(yzlyls}':)=N[—5+Zyl+§Y3,E]

2

4 1
f(y,|y,y;)=N 1 [ ]
b=l 1

1 5/3

19
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with MVN iii) 1n,= il 0.3536

oy = -2% =0.3873.

E5) We know the following relationship between regression coefffcients and simple
correlation coefficients.
In this case

, 2 ' 2

8 =1, ——ZLZ and ¢, =r, —ZL; @)
Y2 V2

From the correlation coefficients of the two regressions we obtain

2 _ 2y

Y Z y

_1_& DL
DD

2 _
I, =1~

and

Therefore

2y =2y (1-1)
and
=Y (1-1) (i

Substitute the terms with asterisks in the formula of the partial correlation
coefficient

Z(y ax,)(x, ~4,x,)
Zy -1 JZX, l r23
- Z(yxl -8,XX, —&,yX, +ﬁlé]x2)
\/Zyzzxf\/(l—ré)(l"zza)
=Zyx|—512x X, — é,Zyx2+5,élzx§ ”
\/Zy \/2"1 \/_1'13) 1- rfs)

Substituting the values of a, and ¢, for their expressions obtained in (i)

f23 =

DER)RS J l—-r-a~)(1—rzs)

We multiply each term of the numerator by appropriate unitary terms so as to
transform them into simple correlation coefficients. For example, we multiply

20
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the first terms by [\/f y? \/Z x2 / ‘/Z y? \/Z x? :| =1,the second term by Correlation Coefficients
[\/_ZTIZ/Jfo ] =1and so on.

Thus we obtain

. yx ___/Zl:;ixlz]_r . [ /Zyzzxf}_r [Zyxz\/fozyz ]+r,3r23 S
i o 2> R 8
| V2 VZa-2)(-1)

_ W\/—ZT?(I‘IZ — T3y ~ T3y + igyy)
VZr 2 (i-5)(- 1)

Na ~ sl

) Vi fi-12

17.8 PRACTICAL ASSIGNMENT

Session 2

a)  Write a program in C-language to fit the model Y; =b, + b, X,; +b,X,; +¢;
where i =1, 2, 3, 4, 5 using the least square estimates.

b)  Write a program in C-language to find the multiple correlation coefficient and
the mean square error, if Z,,,0,, and o, are given.
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18.1 INTRODUCTION

You must have studied the linear transformation in your earlier studies. Now in this
unit, we shall focus on a particular linear transformation called orthogonal
transformation. In Section 18.2, we shall define the orthogonal transformation through
a matrix. Then in Section 18.3, we shall construct the orthogonal matrices by using the
orthogonality in a matrix. At the end, in the Section 18.4, we shall apply the
orthogonal transformation in multivariate normal distribution. ,

Objectives

After reading this unit, you should be able to:

e ' define orthogonal transformation through orthogonal matrix;
. learn the properties of orthogonal matrix;

. use the orthogonal transformation for multivariate normal distribution,

18.2 ORTHOGONAL TRANSFORMATION

Let us recall first the linear transformation. For this consider a linear transformation
T:Qy - Q. which can be expressed through a matrix A.

That is if we transform X to Y by the transformation T, we can write Y = T(X) = AX.

Consider that Q4 =Qy =R" and Y = AX is a linear ransformation. Ifthe matrix A

happens to be the orthogonal matrix, the transformation is called an orthogonal
transformation. It may be noted herg that orthogonal matrix is always a square matrix.

Before we proceed let us start with the orthogonal matrices first.

An orthogonal matrix is the real specialization of a unitary matrix, and thus always a
normal matrix. Although we consider only real matrices here, the definition can be
used for matrices with entries from any field. However, orthogonal matrices arise
naturally from inner products, and for matrices of complex numbers that leads instead
to the unitary requirement. Orthogonal matrices preserve inner product.

To see the inner product connection, consider a vector X in an #n-dimensional real
inner product space. Written with respect to an orthonormal basis, the squared length
of X is X'X. If a linear transformation, in matrix form Y = M X, preserves vector
lengths, then

23
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Y'Y = (MX')(MX) = X'(M'M)X .
And it should be equal to XX . This can only happen if M'M =1 where I is an identity

matrix. Thus, we see that M’ =M™ for orthogonal matrix M. You may also note that
the columns of an orthogonal matrix are an orthonormal set of vectors. Similarly, the -
rows of an orthogonal matrix are an orthonormal set of rows. As noted above, in order
for a matrix to be orthogonal matrix it must be a square matrix. So a matrix that is not
square, but does have orthonormal columns will not be orthogonal. To make the point
clear let us consider the following example:

Example 1: Consider the following matrices A and B:
2 1 1
1 -5 2
-3 1 -4
1 -1 1
We know that every matrix with linearly independent columns can be factored as QR

where Q is a matrix with orthonormal columns and R is an invertible upper triangular
matrix,

2 1 3
A=[-1 0 7| and B=
0 -1 -1

Thus, A and B can be decomposed as
(2 L 1[5 2 L]
NCNET) 46 NN
1 2 6 22
A=l-— — —=||0 = —=|=Q, R (sa
N 41 i S
5 1 16
0o - —|lo o =2
I 30 V6 il 6 |
T2 7 _us ] )
Jis  Jaass 20930 ([ gz 1L 17
R - S | S Vis 15
: Jis  Jaa8s {20930 299 53
B= 0 - =Q,R, (sa
_3 .18 8 Jaags  Jaags | e ()
JI5s  Jaass  J20030 || 0 210
14 _ 18 1 v20930 |
| V15 JJaass 20930 |

For the matrix A, the matrix Q, given as

2 1 1] .

VN TN
Q=l-L 2 2
N I N SN
0 51
V30 6|

by construction has orthonormal columns and since it is a square matrix it is an
orthogonal matrix. But for the matrix B, the matrix

2 7 18]
JI5  Jaass 420930
1 e 1

Q, = Jis  Jaass 20930
2= 3 18 81

TS Jaass 420930
1 4 18

| 15 Jaass 420930




: : A ix theref ) Orthogonal
Again by construction has orthonormal columns but it is not a square matrix therefore Transformations

it is not an orthogonal matrix.

Now, try an exercise.

El) Find value(s) for a, b, and ¢ for which the following matrix A will be

0 --% a
3

orthogonal A = L2 b
Js 3

_2 1

53 °

You may also deduce from the above discussions that finite-dimensional linear
isometries-rotations, reflections, and their combinations-produce orthogonal matrices.
The converse is also true: orthogonal matrices imply orthogonal transformations.
However, linear algebra includes orthogonal transformations between spaces which
may be neither finite-dim¢hsional nor of the same dimension, and these have no

orthogonal matrix equivalent.

Orthogonal matrices are important for a number of reasons, both theoretical and
practical. The nxn orthogonal matrices form a group, the orthogonal group denoted
by O(n), which, with its subgroups, is widely used in mathematics and the physical
sciences. For example, the point group of a molecule is a subgroup of O(3). Because
floating point versions of orthogonal matrices have advantageous properties, they are
key to many algorithms in numerical linear algebra, such as QR decomposition. As
another example, with appropriate normalization the discrete cosine transform (used in
MP3 compression) is represented by an orthogonal matrix. Below are a few examples
of small orthogonal matrices and possible interpretations:

Example 2:
; | S. No. Matrix Interpretations

1. 1 0 Identity transformation
o) .

2. 0.96 -0.28 - Rotation by 16.26°
[0.28 0.96 ]

3. I:l 0 ] Reflection across x-axis

0 -1

Now, try an exercise.

E2) Check whether the following matrix A has roto inversing or reflection across
x-axis or y-axis.
0 -0.80 —-0.60
A=|-0.80 -0.36 048
060 048 —0.64

Now, in the following section we shall discuss the methods of construction of
orthogonal transformation. 25
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18.3 CONSTRUCTION OF ORTHOGONAL
TRANSFORMATION

In this section, we will discuss briefly the method of construction of orthogonal
transformations. We have seen in the previous section that an orthogonal
transformation Y = AX can be constructed through an orthogonal matrix A. Now, we
will see how we can develop an orthogonal matrix of A of given dimension.

Let us start with the matrix of order 1 that is one dimensional.

The simplest orthogonal matrices are the 1x1 matrices namely [1]and [-1] which we
can be interpreted as the identity and a reflection of the real line across the origin.

Consider the case of two dimensional arrays that is the matrix of order 2x2. The
2x 2 matrices have the form

0

The orthogonality demands to satisfy the following three equations:

1=p? +q°
1=1% +4?
‘O=pt+qu.

Since there are four unknowns and three equations, more than one solutlon exists. Let
us consider that p=cos6, q=sin0; then either t=~q, u=p or t=q,u=-p. We

can interpret the first case as a rotation by 6 (where 8 = 0 is the identity), and the
second as a reflection across a line at an angle of 6/2. Thus, we see that

Y, |_[cos® —sinb||X,
Y,| |sin@ cos8 ||X,
is an orthogonal transformation which is a rotational transformation. Similarly,
Y; | |cos@ sin6 |]|X,;
Y, “|sin® —cos@][X,
is an orthogonal transformation which is a reflectional transformation.

The reflection at 45° exchanges X, and Xj; it is a permutation matrix, with a smgle 1
in each column and row and 0 otherwise, i.e.

01
1 0]
The identity is also a permutation matrix.
A reflection is its own inverse, which implies that a reflection matrix is symmetric

(equal to its transpose) as well as orthogonal, The product of two rotation matrices is a
rotation matrix, and the product of two reflection matrices is also a rotation matrix.

Now, let us discuss this for matrices of higher dimension.
Regardless of the dimension, it is always possible to classify orthogonal matrices as

purely rotational or not, but for 3x3 matrices and larger the non-rotational matrices
can be more complicated than reflections. For example,

-1 02 0 0 -1 0
0 -1 Ojand|l O O
0 0 -1 0 0 -1




 Orthogonal

represents an inversion through the origin and a rotoinversion about the z-axis. Transformations

Rotations also become more complicated; they can no longer be completely

characterized by an angle, and may affect more than one planar subspace. While it is

common to describe a 3x 3 rotation matrix in terms of an axis and angle, the existence

of an axis is an accidental property of this dimension that applies in no other. -
However, we have elementary building blocks for permutations, reflections, and

rotations that apply in general.

Primitives

The most elementary permutation is a transposition, obtained from the identity matrix
by exchanging two rows. Any nxn permutation matrix can be constructed as a
product of at most n —1 transpositions.

A Householder reflection is constructed from a non-null vector v . Here the numerator
is a symmetric matrix while the denominator is a number, the squared magnitude of v.
This is a reflection in the hyperplane perpendicular to v (negatmg any vector
component parallel to v). Ifv is a unit vector, then Q=1 - 2vv suffices. A
Householder reflection is typically used to simultaneously zero the lower part of a
column. Any orthogonal matrix of size nx n can be constructed as a product of «t
most n such reflections.

A given rotation acts on a two-dimensional (planar) subspace spanned by two
coordinate axes, rotating by a chosen angle. It is typically used to zero a single sub
diagonal entry. Any rotation matrix of size nx n can be constructed as a product of at
most n(n~1)/2 such rotations. In the case of 3x 3 matrices, three such rotations
suffice; and by fixing the sequence we can thus describe all 3x 3 rotation matrices
(though not uniquely) in terms of the three angles used, often called Euler angles.

A Jacobi rotation has the same form as a Givens rotation, but is used as a similarity
transformation chosen to zero both off-diagonal entries of a 2x 2 symmetric
submatrix.

Matrix Properties of Orthogonality

A real square matrix is orthogonal if and only if its columns-form an orthonormal basis
of the Euclidean space R" with the ordinary Euclidean dot product, which is the case

if and only if its rows form an orthonormal basis of R" . It might be tempting to
suppose a matrix with orthogonal (not orthonormal) columns would be called an
orthogonal matrix, but such matrices have no special interest and no special name; -

they only satisfy MT™M =D, with D a diagonal matrix.

The determinant of any orthogonal muatrix is +1 or —1. This follows from basic facts
about determinants, as follows:

1= det(I) = det(Q'Q) = det(Q") det(Q) = (det(Q))’ .

The converse is not true; having a determinant of +1 is no guarantee of orthogonality,
even with orthogonal columns, as shown by the following counter example:

2 0
0 L
2
The inverse of every orthogonal matrix is agam orthogonal, as is the matrix product of
two orthogonal matrices.

Example 3: Construct an orthogonal matrix of order 3 x 3 such that the elements in
the first row are equal. :
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Solution: Let us suppose that the elements in the first row are ‘a’. In order that the

matrix is orthogonal, sum of square of these must be one, i.e. 32> =1. This shows that
the matrix may be of the following forms:

1 1 1 1 1 1 1 1 1
BB BB Vi BB
b d f jor| b d f {or| b d f | andsoon.
c e ‘g c ¢ g c e g

Let us consider the first one. In order that it is an orthogonal matrix rest of the
elements should fulfill the following conditions:

b+d+f=0, 6))
c+e+g=0, )
bc+de+fg=0, 3)
b? +d? 4+ %=1, @
cttet4gi=l. %)

If we choose b=2/+46, d=-1//6 and f =—-1/6 , Eqn. (1) and Eqn. (4) are
satisfied. Eqn. (3) reduces to the following on substitution of these values:

2-e-g=0 (6)

On adding it with Eqn. (2) we get ¢ =0 and hence e = —g . From Eqn. (5) we have
e=~g=xl/ w/E . Therefore all of the following will be an orthogonal matrix.

— - - -

LIRS S 1 1t 1
F A G| |BFE G ~
(NS SRS S RN B S S
6 V6 Vo J6 V6 6|
o L _L o L L
L V2 2] | NN

Similarly, jrou consider other forms and develop orthogonal matrices. Hence show that
many more orthogonal matrices can be constructed.

So far, we have discussed the orthogonal matrices in detail. Now in the following
section, let us focus on the orthogonal transformation in multivariate normal
distribution.

18.4 USE OF ORTHOGONAL TRANSFORMATION
IN MULTIVARIATE NORMAL DISTRIBUTIONS

Let X be a p-dimensional random vector such that X =[X,, X,, ..., X, ]' and the
density function of X, i.e. the joint density function of X,, X,, ..., X be
f(xys X3, -+, X, ). Let us define a real valued function Y =y(x) ie.

Y;=y;(Xps X5 -5 X )5 §=1,2, .., p. U

If the transformation X to Y is one-to-one, the inverse transformation can be wriften
as :




4—-

' (8) Crthogonal
Transformations

xi ?Xi(YU yz: reay yp)

Now, you know that the density function of random vector Y, i.e. the joint density of
Y, Y,, ..., Y, is obtained as

G(Yp yz; A | yp)zf(xl(yl? Y2s‘--" yP)s xz(Y[y yza ey yp)

"'xi(yr’ Yis eens yp))'lJ(Yl: Yaseens yp)l' ®
where |J| is the magnitude (positive value) of the Jacobian of the transformation
defined below: : .

| o X &,
BYI a)'z ayp
Oy O 2.5 |
Iy Yarea ¥p) = ¥ %, %, . (10)

&, o T oy,

Theorem 1: The Jacobian of an orthogonal &msformation is always one.

Proof: Let us consider that a p-dimensional random vector X is transformed to
" p-dimensional random vector Y by an orthogonal transformation Y = AX , where

(2, a8, ... a,
31 8z .- 8y

A=| " : an
[3pt Bp2 3pp |

Thus in the éxpanded form the transformation is written as
Yl = a“xl + alzxz A +alpxp
Y, =2y X, +3,X, 4o tay X,

S (12)

..................................................

Now the inverse transformation can easily be obtained by recalling that Y = AX is an
orthogonal transformation and A is an orthogonal matrix. Thus, A'A=1. Pre-
multiplying by A' in Y = AX on both the sides, we have A'Y =A'AX =X,
therefore the inverse transformation in extended form can be written as

X, =2a,Y +a,Y, ++a,Y,
X,=a,Y, +a,Y, + -+ aszp

............................................... | 13)

SRR eTEIRR IO RISELRINLLERNANID
‘ 3 w-+a Y
X, =apYi+a5Yz * woP

Now, using Eqn. (10), we get the Jacobian of the transformationas 2
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ap Ay ag
a;p Ay 25

J={ue e e l=|AY - (14
2, ay 2,

But A'A =1, therefore |A'A]=1=>|A'||A|=1. The magnitude of the determinant
of A and A® are same and hence magnitude of | A* | = magnitude of |A| =1.
Remark: From the above theorem we see that if we have to use orthogonal
transformation, there is in fact no need to calculate the Jacobian of the transformation.
The density of the transformed new random variable can simply be obtained by
replacing the old variables in terms of new variable as obtained from the inverse

transformation. This ease of the orthogonal transformation gives the following
interesting result which is popularly known as Fisher’s lemma.

Theorem 2: Let X is p component random vector following normal distribution with
mean vector 0 and variance covariance matrix I (now onwards it will be denoted as
X ~N,(0, ). Then every orthogonal transformation Y = AX produces 8 new

random vector Y having similar distribution, i.e. Y~N (0, I).
Proof: Since X ~ N, (0, I), the density function of x is given as: .

f(X) =(2m) ™% exp (-X'X) (15)
Hence the density of Y = AX , where A is orthogonal matrix can be easily obtained,
using the above theorem by replacing X by A'Y in(16), as

g(Y) = (27) " exp ((A'Y) (A'Y))

=(2m) 2 exp (-Y'A' AY)
=(21) P 2 exp(-Y'Y) (since A'A=I) (16)

Remark: The Eqn. (15) can be written as

(X, X5, o0 Xl,)=(21t)“""2 exp [—(ixf}ﬁ E%exp (Xf)] an

i=l. i=l

This means that X,'s are independently and identically distributed (1.1.D.) standard

normal variables. Thus, the theorem can also be stated as “Orthogonal transformation
on a set of LI.D. standard normal variables gives a new set of LLD. standard normal
variables”.

Let us consider another application of orthogonal transformation in studying the effect
of independent linear constraints on chi-square distribution. Let X be an
n-dimensional random vector such that X ~ N (0, I), i.e. components X,'s are LLD,

n
standard normal variables. Therefore you know that X'X = Z X? is distributed as

i=t

- chi-square with n degrees of freedom. However, if the variables are subject to linear

constraints, the degregs of freedom of X'X is reduced.

Theorem 3: If X ~N_ (0, ) where X is subjected to m linearly independeht

constraints BX = 0, the distribution of X'X is chi-square with n~m degrees of
freedom.




- re————scesE

Proof: Let us consider the expanded form of the constraints given below:
b, X, +b,X, +---4+b, X, =0
by X, +bpX, +:04b,, X =0

................................................

bauX; +b, X, +o-+b X, =0

Orthogoaal
Transformations

(18)

Consider a transformation Y = AX such that jth element in the ﬁrst row of the matrix

A is

b,.
1

i = for j=1,2,..,n.
2
\,Zbu‘
i=1

Now, we choose rest n(n —1) of the elements in A such that it is an orthogonal

(19)

matrix, i.e. we have n(n —1)) unknowns to be obtained by solving (n -1) (n-2)/2
equations for n(n—1) unknowns. Since the number of unknowns is more than the

number of equations; more than one solution exists. Further,

. ibux,-

Y, =) a,X; = F=—=—==0,

Sbh

=l

because of the first linear constraints. It may also be noted that
Y'Y =(AX)'(AX) = X'A'AX =X'X, i.e.

zn:Yiz =ixi2 =2Yi2

i=1 i=l i=2

(Y, =0).

Interms of Y;'s the constraints (18) reduces to 0=BX = BA'Y =CY,i.e.

- 1
bll blZ N l.,ln -\
(b, by o b || [, n, n,
S | DL DILH 2050
21 22 n i=l i=1 i=1 Y,
vae vee  ees v 8y azz e e azn E
Y,
[bm  bm2 b n |
L a, Apy 2, _
or,
.’/ - b
; n” ay anl-1
2
254
- ¥ i
bll blZ . bll\ .I bu : azz anl 0 0
by by b2, zn:bf, Y, ) 0
i=1 P
ase oae Yn 0
mel me bmn_ wes
bln
T 2 B
,f):bi-
LV i=t i

20)

@n
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4 _cml Cm2 cmn.. LY,D_.
or,

(22)

----------------

n
Therefore, the original problem of finding the distribution of Z X? (sum of n
' =)

standard normal variables) subject to the constraint BX = 0, now reduces to finding

the distribution of ZYi2 (sum of (n—1) standard normal variables) subject to

' iw2
(m —1) linear constraints. Needless to mention that the transformation X to Y be
orthogonal therefore Y,'s are also standard normal variables (as per Theorem (2)).

Now we repeat the above process through transfonning Y to Z using an orthogonal
transformgtion Z=A*Y (where A*=((a;)); i, J=2, 3, ...n) and choosing

hil . °2J

azj = = .
2
Zczj
=2

We see that original problem of finding the distribution of sum of n standard normal
variables subject to m linear constraints, now reduces to finding the distribution of

sum of (n - 2) standard normal variables subject to (m — 2) linear constraints.
Repeating this process for m times we conclude that the problem finally reduces to

find the distribution of sum of square of (n —~m) standard normal variables free from
any constraint thus follows chi-square with (n —m) degrees of freedom.

Now, we shall summarize the unit.

18.5 SUMMARY

“In this unit, we have covered the following points.

1.  We introduced the concepts transformation particularly orthogonal
transformation. Also the advantages of orthogonal transformation were
discussed.

2.  We generated orthogonal matrices of our interest for manipulating the problems
in finding the distributions. The examples given in the unit were deliberately
taken to be of low dimension; however they will learn the ptocedure and may
use it for higher dimension also.

3. The orthogonal transformation of multivariate normal distribution was discussed
in detail.
32
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18.6 SOLUTIONS/ ANSWERS Transformations
El) You see that }he columns of the matrix M are
2
eI
M, = = M,=| — | M;=|b
3 !
L
L V5] L3 ]

E2)

You can verify that M, and M, are orthonormal vectors possess the properties
that M, M, =1, M, M, =1 and M, M, =0, i.c. these fulfill the requirement of
columns of an orthogonal matrix. Therefore, we need to find a, b and ¢ such

that M3.M3 =1, MI.M3 =0 and Mz-Mg =0, ie.
MM, =—=-<2=0

V5 45
M, M, =—za +£b +—l-c =0
3 3 3
From the first dot product we can see that b=2c. Substituting this into the
second dot product, we get 5¢ =2a . Combining these results we have the values
of b and ¢ interms ofaas b=4a/S and ¢=2a/5. Now, in order that the
third column be orthonormal to make the matrix M orthogonal, we must have

M; M, =1.
[ ]
a
Since M, = 4a M, M, =a? FELPCIRL I
5 : 25 25
2
~a
5°]

This gives us two possible values of a namely a = i—Jj=that we can use and
5

this in turn means that we could used either of the following two vectors | ,

I B
Va5 Jas
4 4
M,=|-—=|o, M, =|——
3 ng 3 w/Z_S_
2 -2
V45 | L 45 ]
S.No. Matrix Interpretations
L. 0 -0.80 -0.60 Rotoinversion:

~080 -036 048 axis (0, -3/5, 4/5), angle 90°

060 048 -0.64

18.7 PRACTICAL ASSIGNMENT

1)

Write a pregram in ‘C’ language to show that the matrix A is orthogonal.
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2)

1 -1 1 -1
R T T
20t 1 o1

1 1 -1 -1

Also, extend the program to check that the columns of A form an orthonormal
basis of R*.

Writea pro'gram in ‘C’ language to develop an orthogonal matrix of order 3x 3
such that the elements in the first row are equal.
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19.1 INTRODUCTION

We shall begin this unit by recalling the multivariate normal distribution. Many of our
explanations use the representation of the rows of X as k points in n-dimensions. In
section 19.2, we will introduce the assumptions that a random sample is constituted by
the observations. We shall confine it for random sampling, for which we shall assume
that the traits or the measurements considered for the different trials are independent
and the joint distribution of all the variable remains the same. In section 19.3, we shall
discuss the maximum likelihood estimation.

Objectives -

After studying this unit, S'ou should be able to:

. describe the likelihood function and the role of maximum likelihood estimation
in deriving the normally distributed estimators;

. understand the distribution of a normal random vector;
] compute the mean and covariance;

o assess the role of multivariate normal distribution in finance.

19.2 MULTIVARIATE NORMAL DISTRIBUTION
AND RANDOM SAMPLING

Let us recall the multivariate normal distribution, A p-dimensional random variable x
is said to have a p variate normal distribution if and only if every linear function of x

has a univariate normal distribution.

Let X' =(X,, X3, ..., X,) represent a p-dimensional random variable. The mean and
variance-covariance matrix are denoted by p and Z, respectively and are given by

W =E(x) = (E(x,), E(X3), -y E(X)) = (115 B2y o5 Hy) M
L =E[(x~p) (x—p)] 2
var(x,) CoV(X,, X3) ... COV(X, X,)
cov(X,, X;) var(x,) ... €ov(Xy, Xp)
cOv(xp, X;) cov(x,, X;) ... var(x )
The density of a p-variate normal random variable x is given by
N, ( T)=@m)™"* |2 exp{‘?l(x —py - p) } 3)
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where the mean of xis pu, and the variance-covariance matrix of x is X .

We now obtain the multivariate normal density by transforming the random vector
z=(z;, 2,, ..., Z,) Where each z; has the N(0,1) and the zs are independent. Thus
E(z)=0 and cov(z) =1. When random variables are independently distributed, then

their density function is the product of their individual densities. We can write
f(2) =1,(z) £,(z,)...f,(z,)

| G 1 2 1 22, |
—e 't e/ ——e™*"* |sincef,(z,) = —=—=€>"2

“Jr vz 2n J2n
o ezj:z,?/z
(Va=f

1 ~z'2/2
E ] ’ 4
(W2m)? ¢ @

If we extend z as a multivariate normal density, then it is with mean vector 0 and
covariance matrix 1.

Here, we wish to obtain the multivariate normal density with arbitrary mean vector p
and covariance matrix ¥ which is positive definite. We define the transformation for

y=0zZ+|, y=Z%z+p.

where Z% is the (symmetﬁc) square root matrix. The mean vector and covariance
matrix for the transformed random vector y are :

E(y)= E(Z%Z+uj = Z%E(z)+E(p.)
=3h.0+p=p ' &)

wrymen{Hers) et 5]
ks .

Let us now find the density of y = Zy z+u from the densnty of z glven in Eqn. (4} )
The density of y=oz+p is g(y)= f(z)— =£(2)|V/o].
The analogous expression for

y=):%.z+p is g(y)=1(2) .(7)

It may be noted that in Eqn. (7) we use the vertical bars for the determinant of a matrix
as opposed to the use of vertical bars to indicate the absolute value of a scalar quantity

used as 9z .
dy
Now Eqn. (7) can be written as
8(y)=£(2) ®)
-tz ®
1 L :
= [using Eqn. (4)]
(V) B




Ky~ | |2 (y-1) _ ‘ . , Inference-I
(\[Z_n lp IZI}/ -[E Y~ HZ y u]/z [since Z=—};—v2£]

1 -(ru)'(z}éz}é)‘l(y-“)/z ; - | g
(Vax (Vs |
= 1 “(Y-u)'z;'(y"u)/2 N ; (10)
( 21:) IZ‘.]% .

Which is the multivariate normal density function with mean vector u and covariance
matrix ¥ . . . .

. Now, we shall discuss random sampling. For tiﬁ,s, consider the data matrix X of ofder
nxk, which can be plotted for the n-dimensional scatterplot by representing the .
columns of X as points. We can write

N ’

X Xpo ot X M

X,. X e Xy y

1 Xu X 2
KXok =] - [xl,x,, x]

! I

xnl xnz che xnk yn

where ] is considered as the elements of the rows of the data matrix. Let us consider

—_ — n

x; as the sample mean of the i-th observation which is x; =-1—me yi=L 2.,k
h=l

then the deviation vector denoted by e, is computed as

ei = yi --)E|l, Where 1=[L 1, srag l]l
=[x, =X, Xy — X Xy X1 )
for two vectors ¢; and e;, we have eje; =n s;, where s; is the sample variance- -
covariance matrix, Also, the sample correlation coefficient

Ral | B, withy ==t = cos(9,)
GO sy

where 6; is the angle between e; and e;.

2
Example 1: For 2=[ ° Wl‘:z}
PO‘,GZ G,
Find the exprmlon for the probablhty density function of a bivariate normal
distribution.

Solution: Since detX =00, (l-— p )> 0,

2™ exists and is given by
L =e
o &% 1
-+ 1 |1-¢
6,6, o

™
L
1

Furthermore, for X =(x,,x,) #0
X'EX =(0,x, +poy X, )’ +(l -p*)o’x;? >0,

8 3




= .“-x"mﬁ'gﬁa R e
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Hence T is positive definite.
With p=(p;,1,)

e R e e

The probability density function of a bivariate normal random variable with values in

E? is |
1 1 x—pz x--'p.2 X~y || X, -
—pz)}é {2(1-—9 )l: o, o, o, O, )

2no,0, (l

Example 2; Let £= E ;]

Since, for X = (x1,x;) #0
X'ZX =2(x, + x2/2)z +%x12 >0,

I is positive definite. Hence

ool e oo el —s)]}

£ (x)=——
(%) B P T3 2 2 2

is the probability density function of a bivariate normal random variable X =(X,,X,)
~ with mean (2,3)' and covariance I .
l e
H =4,
cre p=2
Example 3 (The equivalence of zero covariance and independence for normal
variables): Let X, beN; (1) with
410
Z=|1 3 0
0 0 2
Check whether X, and X, are independent or not? Also check the independence of
(X,,X,) and X, ?

Since X, & X, have covariance o,, =1, they are not independent. However,

partitioning X & Z as

AR

X 1 ol | * -
X= 2 ’E.—. 3 - X2 e
. Z HE

X, 0 0 i 2] (¥ "y

2

(X,,X,) and X, are independent. This implies X, is independent of X, and also of
X;.

X |
We see that X, = [Xl] and X, have /¢ovarianoe matrix I,, = [g] Therefore,




Example 4 (The distribution of a linear combination of the components of & : Inference-1
normal random vector): Consider the linear combination -a'x of a multivariate
- xl

X
normal random vector determined by the choice a'x =[1,0,---,0] :2 =X,.

Xp
And
]
ap=[1,0,---,0] H:z =W,
Hp
We have
Oy O + Op |l
o o STE . ) 0
aZa=[L0,--,0] 7 20 |=ou
cpl cpZ . cpp 0

and it follows from Result (1) that X, isdistributed as N(u,,5;,). More generally,
the marginal distribution of any component X; of X is N(i;,0;).

[Result 1: If X is distributed as N, (p, 2) , then any linear combination of variables
a'X =aX, +2,X, +---+a, xp is distributed as N(a'u,aTa) ]

' 50 4
Example 5: Considerx=[2 4 6],the scatter plot of X is
x2
,.x3
X, o M
-1 [ X,
1 1 1 1 S
T 1 X
5+0+4
. 3 3
Mean vector is p = =
2+4+6 4 -
3
5 31. [ 2
Here, ¢; =y, —i1=|0 (—-[3|=]| -3
| 4| 13] |1
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€ =Y, ~Rl=|4|-[4]|=| 0

6 4 2
Also, 3s,; =ele, =14
3s), =ee, =2

3522 =e'2e2 =8
14
= 2
Therefore, s, =| 3 / 3 =2 =-0.189
2/3 83 VSuS2
A 1 —0.1
and R= 0.189 .
-0.189 1

Now, try the following exercises:

- - X, - X
El) For X distributed as N, (u,Z), Find the distribution of l:x’ XZ:I .
, . 2~ Ay

. X
E2) If X is distributed as N, (y, Z), find the distribution of [Xz] .

4
E3) Prove that if the covariance matrix ¥ of a normal random vector

X= (Xl,---,XP)' is a diagonal matrix, then the components of X are
~ independently distributed normal random variables.

. -1 25
E4)  Find the sample correlation matrix R for the data matrix X=| 3 - 4 2|.
’ 223
: , 1 -2 0
ES) Let X be N;(u,Z) with p' =[-3,1,4] and Z=| -2 5 0|. Whichofthe
, - ‘ 0. 0 2
following random variables are independent? Give reasons.
a) . X and X,
b) X, and X,

9 (X,,X,) and X,

(X X, )Y
“d) (_“"’12 z]andX3

e X,and (xz—%xl-xg].

E6) Find the mean and the covariance matrix of the random vector X = (X,,X,)
-with probability density function '

-, ‘(x),—_ -zl—exp{—%(lez +X,7 +2%,X, —22%; - 14x, + 65)} and X e E%.
- :




In the following section, we shall define and maximum likelihood estimation of Inference-l
muitivariate normals.

19.3 MAXIMUM LIKELIHOOD ESTIMATION

Suppose X;,X,,*,X, is a random sample of vector observation from a population
with a density h (x j;6) , where 0 is a parameter vector that identifies the particular

member of a family being sampled.
The likelihood fungtion, denoted by L(x;0), is defined by

L(x;0)= f[lh(xi;e)
where we view L(x;e) as a function of 8 for a fixed set of sample observation

x=(X;5Xp7 X, ) -
In the case where the density is N, (u,Z), then

L(xuX)= [51;]% IZI-% exp {:21'21:("1 —H)Z7 (% - P')} .

Frequently, the logarithm of the likelihood function is used.

The value of a parameter, as a function of the data, that maximizes the likelihood
function is called a maximum likelihood estimator (MLE). In many important cases
MLE:s can be found quite readily by differentiating the likelihood function, or its
logarithm, setting the result equal to zero, and solving. In other cases the maximum
occurs at a point where the derivative does not exist, and hence other procedures have
to be followed. Often numerical methods have to be used. Iterative proportional fitting
and the Newton-Raphson method are two such algorithms frequently used to generate
MLEs in this case.

Properties of Maximum Likelihood Estimators

1)  Unbiasedness: An estimate S of a parameter 6 is said to be unbiased .
ifE(S)=0. In the case where S is a vector or matrix of estimators, then we say
the estimate is unbiased if the expected values of the constituent components
equal the component values of the vector or matrix of parameters. The sample
mean X is an unbiased estimate of the population mean vector p, and if the

sample sums-of-squares cross-product matrix is divided by the sample size
minus 1, then it is an unbiased estimate of the true variance-covariance matrix.

2)  Sufficiency: Suppose that the data matrix X =(X,, X,,..., X, ) where X; isa
p-dimensional vector, forms a realization of a random vector, and that a family
F of possible distributions is specified. A statistic S is said to be sufficient for
F if the conditioned density fys (XIS) is the same for all the distributions in
F . The structure of the likelihood function indicates the form that sufficient
statistics take on. In particular, a necessary and sufficient condition for S to be
a sufficient statistic is that the likelihood function is expressible as
L(6;X)=h(X,0)g(X).

From this result, known as factorization theorem, it is clear that maximum likelihood
estimates are often the functions of sufficient statistics. For the multivariate normal
family, the factorization theorem shows directly that the mean vector X and sample
variance-covariance matrix S are sufficient statistics for the population parameters p

and Y, respectively.
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Theoreml: If x,, x,, ..., X, is arandom sample from N, (#,X), then the maximum
likelihood estimators of u and Y. are

p=x | | (1)
A n - =Y 1

e G G

5= n—n— =%w (12)

where W = ( ; ;}[xi—)—() .
i=1

Proof: Since the x;s are independent (because they arise from a random sample), the
likelihood function (joint density) is the product of the densities of the x;s :

L(wZ) =TTt (xi5)

i=1

- 1 —(xi_p.).E"(Ka‘“)/z
-H_
l-l( 21':) IZI}/
- X~ Z'x—
e ¢ Bz a3)
(V2x) " 2P

We use the notation L(u,Y) because we consider x,, X,, ..., X, to be known or
available from a future sample. For the given values ofx,, x,, ..., x,,, we seek the

values of pand Y that maximize Eqn. (13). We first express Eqn. (13) in a form thax
will facilitate finding the maximum.

The scalar quantity (x; - p)' 2" (x; —p) is equal to its trace.
Hence, we have

i(xi_u)'zﬂ(xi— Ztr(x "'Ll) 3 (X _l’lb

= _ :[Z-n iZ:l:‘(xi ~p)(x; - p)'] (14)

Here,1-tr(A +B)=tr(A)+tr(B)
[ 2-tr(AB) =tr(BA) }

Now by adding and subtracting X in the sum in the right side of Eqn. (14), we obtain

;(X P)(x - ) ;[x —x+x—p][xi—;+;(—p]‘

Far ) o)
=ween(ion)[5on) 05




The other two terms in the expression preceding Eqn. (15) vanish because Inference-J

Z(Xi - ;;] =0. Using Eqn. (14) and Eqn. (15), we obtain

1 ——I—_e_nz"["'*“[’-"“l;_uj]/z )

e

(16)

Because the natural logarithm is an increasing function, the maximum of In L will
occur at the same point as the maximum of L . We prefer to work with In L because )
of its simpler form for differentiation:

InL(p,Z) = —npln\/-2_1t——-;—ln|2| —%trz“ [w + n()-(— u)()—(— p] }
=-np ln\f27—3|n[£|—%tr(z"w)—%()_(—pJ T [;— p] . an

To find the maximum likelihood estimator for p, we differentiate InL(p,X) givén in
Eqn. (17) with respect to u, and set the resulting expression equal to 0:
——61'”;(“’ ) 0-0-0+n(E7%-2"p)=0 (18)
which gives "
h=x.
It is clear that pAt =~ X maximizes InL(p,Z) with respect to ., because the last term of
Eqgn. (17) is £0 and the term vanishes for ;1= X. |

Before differentiating InL(p,X) to find %, we substitute ﬁ =x in Eqn. (17) and

rewrite [Z] in term of £ to obtain

lnL(;_z,E}=—npln\/ﬁ+%|n|2‘ll-_51tr(z'1W). (19)
We now differentiate Eqn. (19) with respectto =™ ;
amr{ﬁ,z] i :
—— 2= _0+nZ-—diag(Z)- W +—diag(W)=0 20
az—l 2 lag( ) 2 lag( ) ( )
From which we have
ﬁ—ldiag[ﬁ)l W - ~diag(W) @)
2 n 2 g
or ‘2 = l W
n
To see that ﬁ = w is the solution to Eqn. (21), note that for the off-diagonal elements

n

we have c/;k =w, /n,j#k, and for the diagonal elements,

c;\ii—c;ﬁ/Z =w;/n—w;/2n or ;ﬁ/2=wﬂ/2n

[Note that we solved Eqn. (21) for £ instead of £, even though we differentiated
with respect to =™ . Otherwise we would have obtained (W/n)™ as the maximum

likelihood estimator for ™ . This illustrates the invariance property of maximum
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-1 -1
likelihood estimators; That is, [(%) ] =W/n is the maximum likelihood
estimator for (Z")h —1=X. Since Z is positive definite, W is positive definite with
probability1.]

Example 6: Consider a portfolio consisting of n securities, and denote the rate of
return of security i by X;. Let C; denotes the weight of security i in the portfolio.
Then, the rate of return of the portfolio is given by the linear combination,

R=CX, +C,X, ++C X, (22)

To see this, let x; be the current market value of security i, and let Y; be its future

Y, - x, &

— . Let Qo=zgixi,
i Coi=l
where £, denotes the number of shares (not weight) of security i, and let Q denotes
the random variable that represents the future portfolio value. Assuming that no
rebalance will be made the weight C, in the portfolio is given by,

value. The rate of return of security i is givenby X, =

EX; «
C =2 . 23)
Qo
It follows that the rate of return,R = Q;Q" , of the portfolio is obtained as
ZEA (Yi = xi) n
R =.i=l___=2cixi 29)
Qo i=l '

As claimed the mean E(R) and the V(R) are given by,

E(R)= ;Ciﬂi:V(R) = Z Z i0¢;

Respectively, no matter what the random variables X; are.

Now, of interest is the potential for significant loss in the portfolio. Namely, given a
probability level o, what would be the maximum loss in the portfolio ?

The maximum loss is called the value at risk (VaR) with confidence level 1000% and
VaR is a prominent tool for risk management. More specifically, VAR with

- confidence level 100a% is defined by z, >0 that satisfies -

P{Q-Q, 2-z,} =« 25)

And VAR’s popularity is based on aggregation of many components of market risk
into the single numberz, . Fig. 1 depicts the meaning of Eqn. (25)

-Za R
Fig. 1: The d;nsity function of Q - Q, and VaR




Since Q- Q, =Q,R , we obtain gap P{Q,R <-Za}=1-a (26)
Note that the definition of VAR does not require normality. However, calculation of
VAR becomes considerably simpler, if we assume that (X,,-+-,X,) follows an
n-variate normal distribution. Then, the rate of returnR , in Eqn. (24) is normally

n n n
distributed with meanE(R) = z:cipi , and variance V(R)= ZZ CiGiC; -

i=1 i=l j=I
The value Z, satisfying Eqn. (26) can be obtained using a table of the standard

normal distribution. In many standard textbooks of statistics, a table of the survival
probability

® 1 _yy
L(x)=|—=e 72dy, x>0,
( ) ;[ ‘/2—1; y
is given. Then using the standardization [Y = ﬂj and symmetry of the density
c

function [¢(x) = —‘/—12=e—x/2 X E R] about 0, we can obtain the value Z, with ease.
= ‘

Namely, lettingr, = -z, /Q, , it follows from Eqn. (26) that

1_a=p{5§_&5%_;ﬁ},

where p=E(R),0? =V(R) whence

1-&:1{-""“}.
c

Therefore, letting x, be such that

L(x,)=1-a, wehave z, =Q,(x,6-p), 27
_xa = ——ra' _p’
c
(x46-p) = -r,
X, 0-n = Zy
a Qo
Z, = Q,(x,0-1)

The value z, in Eqn. (27) is Var with confidence level 100a% . The value x, is the
100(1- o) percentile of the standard normal distribution given in Table 1.
For example, if p =0, then the 99% VaR is given by 2.32606Q, .

Note: Since the risk horizon is very short, e.g. one day or one week, in market risk

management, the mean rate of return p is often set to be zero. In this case, VAR with -

confidence level 1000% is given by x aQ, .

Table 1: Percentiles of the standard normal distribution

100(1- o)

10

5.0

1.0

0.5

0.1

Xa

1.282

1.645

2326 .

2.576

3.090

Now try the following exercises:

E7) Show that Zn:hr(yi —w) =7 (v ~n)= "[5"'zl:(yi -w)(%:i-1)

i=l

iwl

Inference-I
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OlnL(p,Z -
E8) Show that —%l = n(Zl‘1 y— E'lu) .

B9) Let X=(X(Xgy)" with Xgy =(Xyur-X,) and Xy =(Xgurrr--X, ), and le

i be similarly partitioned as p = ( p.(l),p.(z)) ,and let T be partitioned as
Z, Z
= [Z” 2'2:| where Z,, is a submatrix of dimensionq x q . Prove that if X
21 22
has normal distribution with mean p and covariance matrix Z, and
I, =L, =0, then X, and X, are independently normally distributed with

means p,, K, and covariance matrices Z,;, Z,,, respectively.

E10) Show that ) (x;-X) (X—u)’ and ) (X-p) (x;-X)' areboth pxp
Al f=]
matrices of zeros. Here x) =[x, Xj,...,%x;,],j=12,...,nand

X=

Now let us sum up this unit.

19.4 SUMMARY

In this unit, we have covered the following points.

1. A multivariate normal distribution is a generalization of the one-dimensional
normal distribution to higher dimensions. It is also closely related to matrix
normal distribution.

2. Estimation of parameters of multivariate normal distribution requires maximum
likelihood estimation (MLE), which is a popular statistical methods used for
fitting a mathematical model to some data. Maximum likelihgod estimation
gives a unique and easy to determine solution in the case of normal distribution
and many other problems. That is, it has widespread applications in various
fields, including structural equation modeling, psychometrics and econometrics,
data modeling in nuclear and particle physics, path-choice modeling in
transport networks, etc. '

19.5 SOLUTIONS/ANSWERS

X
X - X 1 -1 o] "

El ! 2= X, |=AX (suppose

) [xz - XJ [O 1 _l]xz (suppose)
3

the distribution of AX is multivariate normal with mean

T}
=1 0™ | [ — m
Ap= Mz |=
01"1“ Ba = K

3

And covariance matrix




E2)

E3)

Inference-1

l _1 O oll 012 613 1 O
AZA'= Oy Oy O 11
O 1 __1 21 2 23
03 Oy O3 0 -1
=[0’n 20’,2 + 0, o, + oy, 6p - O
G + G1s - 022 Oy Gy - 2623 + Oy

Alternatively, the mean vector Ay and covariance matrix AZA’ may be

verified by direct calculation of the means and covariances of the two random
variables Y, =X, -X, and Y, =X, -X,.

X
We set XI:[ 2],pl=(uz]’zl‘={czz 024}
X4 By Cu Ou

And note that with this assignment X,u, and X can respectively be rearranged

and partitioned as
- - 4 ~.
X, Ha [o 22 On O Oy Oy
X, 22 O Oy Oy O3 Oy
X= = o=
X, §y O, Ouy Gy O3 Oy
X, I Gy Oy Gj3 'Oy O
| Xs | LHs | 1025 Ous G5 O3 Oss
or,
X By Iy Zy,
(2x1) (241) (2x2) (2x3)
X=| oo u=| o =] o Pl
. A\
X, Ho Ly t Zp \
L (3x1) (3x1) (3x2) (3:3)

Thus, from the distribution

Ha | 1Oy Oy
N ,2 = ’
N2 (Px u) N, ([“4] [024 Oy D

It is clear from this example that the normal distribution for any subset can be
expressed by simply selecting the appropriate means and covariances from the
original p & Z.

Since X is diagonal matrix of order p, let us prove the same for p = 2.
0

forp=2, z=[°” ]

0 o,

here, o,, =0,, =0 as I is a diagonal matrix.

The density function for bivariate normal distribution can be given by:
1

f(x,.x,) =

2“\/01 1922 (1 -Ph )

X exp4 —

‘ 2 2 :
2 (1 -Phy ) Vou Cn VOu On
since 6,, =0 .. p,, = correlation coefficient = 0
this gives,
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1 2
: X expi—= L ”' +L = Da\
with MVN f(x,,%;)= m P Jon

. 2 %, -1,
, R N I Y Tt exp ___( 2 )
L EE 2(4:,;] | 2

“ f(x,,xz) f(xl) f(xz)
. i.c. if the random variables X, and X, are uncorrelated, so that p,, =0, then
1 ' the joint density are the product of two univariate normal density and X,,X,
are independent.
kg This result is true in general.
‘ 2
E4) p=|3
1
J - [-3 0 -3
e,={ 0], e,=| 1 |ande;=]| 1
[ 3 -1 2
/ (6 -1 5
s.=[~-1 2/3 -1/3{|.
|5 -1/3 14/3

ES) a) Since x, and x, have covariance &, -2, they are not independent.

b) Since x, and x; have covariance o; =0, they are independent.

¢) Partitioning x and X in pairs (x,, x,) and x,, we get L

X, 1 -2:0 s i3
X ) . 0 11 - 12
X= 2 s = 3 ={ eer T .
. Iy P2
X5 |0 0 : 2 n 2
Xy | . . 0
Now here . and x; have covariance matrix Z,, = 0 , therefore
24

(X}, x,) and x, are independent.

1t X,

d) Similarly, partitioning x and T in >~

and x,,
X, +X,
2
b, SE T /
X3

o o 1||™
X3 X3

41% _[1/2 1/2 ,o] H
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3
|
i
|

172 1/2 0
Thus, A =
0 0 1

Now,
: 1 -2 0ff1/2 0

AIJA’=|:1/2 12 0:| -2 5 0f|1/2 0

1
0 0 0 0 20 1

1/2 : 0 Z, ! I,
0 : 2 Z, ¢ Iy
Since the covariance matrix X,, =0 (which is the covariance between

X, +X, X; +X,

and x,), therefore, and x, are independent.

E7) D u(y-w) 2 -w=tZ" Y (v - (5 - R

i=1 i=l

1t follows from the fact that “trace of a sum of matrices is equal to the sum of
the traces of the matrices™.

Also, x’'Ax = tr(x'Ax) = tr(Axx’) where A is a kxk symmetric matrix and
x bea kx1 vector.
E8) Since we know that
n 1 _ n, _ ol =
InL(y, Z)=-nplnv2n - nlIE| o @ 'w) -5 0-WE 'T-n

. M/:O—O—O—n(—z'l(?‘u))

ou
=n(Z7'y~Z7p)
(since %(?—p)' T -p) =§(i—u)’z" and
0 n_, 2 -1 =
— | =Z'F-w? |=-nZ ' F-p).
\au[z & u)] nZ” (Y—-u)

X
E9) Given, x=[ “’} p=[""’
X® K2

Ty Z b I
z;-_;[ i ‘2], s =[ | (Since z, =%, =0)
221 z22 0 222 :

Also, x is N (u, Z) with [Z]| =0,
Now, (x -7 (x-p) = [(xqy =M@y (X(p) et )]
E;ll 0 Xy Ho ’
0 I3 |[*e Mo

=(Xa) ~ Hqy)' = &gy ~He)+ e ~Re) In (X2) ~H@y)
ie, x; and x, areindependently normally distributed with mean Hays M)
respectively and covariances matrices £,, and I,, respectively.

E10) Letustake, ¥ (x;-X) (X—p)’
F=

Inference-1
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with MVN =§: xji'—i xjp-zn:i2+iip

=) = 1 =
=nX-nXp-nX+nxXp=0
Similarly, other can be solved.

19.6 PRACTICAL ASSIGNMENT

Session 4

1.  Whrite a programme is ‘C’ language to find the ML estimation of mean (p) and

variance (o?).
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20.1 INTRODUCTION

We shall begin the unit by discussing the plausibility of p, as a value for a normal

population mean in Sec. 20.2. Multivariate hypothesis testing differs from univariate
testing in many ways. For example, the number of possible hypotheses is very large
and in many cases, there are several alternative test statistics from which to choose.
The number of possible hypotheses is large because of the large number of

parameters. For example, the p-variate normal distribution has —;-p(p + 3) parameters,

for each of which we could specify-a hypothesis, as well as for subsets or functions of
the parameters. There are many advantages to testing p variables in a single

multivariate test rather than in p separate univariate tests. These advantages include

preserving the o — level , testing with greater power, and determining the contribution
of each variable in the presence of the other variables. The multivariate tests make

allowance for the intercorrelations among the variables, which accounts in part for the
increase in power. At this point, we shall concentrate on inferences about a population

mean vector and its components through Hotelling’s T? test in section 20.3. At the
end of this unit we shall discuss the sample distribution of X and S in section 20.4.

Objectives

After studying this unit, you should be able to:

e make on inferences about a population mean vector and covariance matrix;

. understand the correspondence between univariate and multivariate test statistic;
.»  compute Hotelling’s T?;

. test the hypothesis with T?;

. define the distribution of mean and sample covariance;

. decide whether a process is in control or not.

20.2 INFERENCES ABOUT p, AS A VALUE FOR
NORMAL POPULATION MEAN

Let us start by recalling the univariate theory for determining whether a specific value
l, is a plausible value for the population mean p . From the point of view of

hypothesis testing, this problem can be formulated as a test for comparing hypotheses
Hy:p=p, and H :p#p,
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Here H, is the null hypothesis and H, is the (two-sided) alternative hypothesis. If
XX+, X, denote a random sample from a normal population, the appropriate test
statistic to be used is given by

. "—1 ’
This test statistic has a student’s t distribution with n -1 degrees of freedom (d.f.).
We reject H,, at some specified level of significance, which implies that p, cannot

be a plausible value of u. Rejecting H, when |t| is large is equivalent to rejecting

H, if its square,
Y
2 (X—}Lo] Y 27 |
-t =—Sz—/;1—=n(x-llo](s) (X'Hoj n

is large. The variable t* in Eqn. (1) is the square of the distance from the sample
mean X to the test value p, . The units of distance are expressed in terms of s/ Jn,or

estimated standard deviations of X .Once X and S? are observed, the test is given
by Reject H, in favour of H,, at significance level a, if

n()-(— m,)(s’)‘l (5(- poJ >t, 2(0/2) o))

where t,_; (/2) denotes the upper 100(01./2)tll percentile of the t -distribution with

n-1 d.f. If H, is not rejected, we conclude that p, is a plausible value for the

normal population mean. For a given data set, there are always a set of plausible
values of p that are consistent with the given data. From the well-known

correspondence between acceptance regions for tests of H,:p=p, versus H; :p#p, -
and confidence intervals for ., we have

{Do notreject H, : =, at levela} or

i—“—’-‘l st (e/2)

S/Vn

which is equivalent to
{uo liesin the100(1 - &)} % confidenceint erval xtt, (o/ 2)78——} . 3)
n

The confidence interval consists of all those values p, that would not be rejected by
the level a test of H, :j = i, . Before the sample is selected, the 100(1-a)%
confidence interval in Eqn. (3) is a random interval because the endpoints depend
upon the random variables X andS. The probability that the interval contains p

is1 - a; among large numbers of such independent intervals, approximately
100(1-a)% of them will contain .

Consider now the problem of determining whether a given px1 vector y, isa
plausible value for the mean of a multivariate normal distribution N, (u, Z), Z

unknown. We shall proceed by analogy to the univariate development just presented.
A natural generalization of the squared distance in Eqn. (1) is its mulitivariate analog




|

e-fen)] ) -

T?=n (i —He)' s ()_(“"‘ Ho) @

where X =YX,
n

px1 !

1 & - )
S =—— X -X[|X,-X|'
() n-1 j_l( ! J( ! ]

o
and p, = P'zo .
px1 :

Pio

The statistic T? is called Hotelling’s T? in honor of Harold Hotelling, a pioneer in
multivariate analysis, who first obtained its sampling distribution. Hese (1/n)S is the

estimated covariance matrix of X .

If the observed statistical distance T? is too large — that is, if X is “too far” from p, -
' the hypothesis H, :ju = 1, is rejected. It turns out that special tables of T percentage
points are not required for formal tests of hypothesis. This is true because T? is

n-1

distributed as B 0PE | 6
n-p "

where F, a-p denotesa random variables with an F -distribution with p and n—p d.f.

Note: The square of a univariate t has an F, ,_, distribution. To summarize, we have 4
the following: . N R

Let X,,X,,---,X, be arandom sample froman N, (p.,Z) population. Then with
- l n ' 1 n - - '
X==)X,and S=——)  X;-X || X;-X |,

3w se o3 %]

a= p[T2 > ((‘;-_ 13;’ Fyusp (a)]

=p[n(;_ p] S"[i— p]> ((';‘_‘z;’ E.. (a)} ®

Whatever the true p and T be. Here F,,_ (a) is the upper (100a)th percentile of

the F,,_, distribution.

Statement given in Eqn. (6) leads immediately to a test (in the multivariate case, a
simple function of T? also has an F -distribution) of the hypothesis Hy :pu =p,

against H, : p # p, . At the a level of significance, we reject H,, in favour of H, if the
observed

T = n()_(— poj s-'. (i-po].> (""_ Zp F, ., () ™

n

In the following section, we shall discuss Hotelling’s T2-Distribution.
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20.3 HOTELLING’S T2-DISTRIBUTION

The formal definition of a T?> random variable is similar to the formal definition of
the univariate t> random variable. Let Z be distributed as the multivariate normal
N, (0,Z) and W be distributed as Wishart W, (v,Z), with Z and W independent.

Then the T? random variable with dimension p and degrees of freedom Vv is defined

as
-1
T =Z [X] V4 ®)

v
The distribution of Hotelling’s T? can be derived from this definition.

Define \—’=\/IT()_(—uo)andW=(n—l)S.

Then V is N, (0,Z) if p=py, Wis W, (n-1E),and V and W are independent.
Hence by using Eqn. (8) we have

-1
Tz =V _w_] v
n-1

-1 -] [ i )

=n(X ~Ho)' sT(X- Ho),
which is given in Eqn. (4).

We now consider the case in which the hypothesis H, :p =y, is p-dimensional. In
order to test Hj :p=p,versus H, :p # p,, we assume that a random sample

X,, X, ++,X, is available from N, (i, Z), with £ unknown. By analogy with the
univariate t-statistic’ and the Z>-Statistic and also, from Theorem lin Unit 3, we use

the sample mean vector X and the sample covariance matrix S to construct the test
statistic,

- n[)_(— po) st [i_ po] ©)
which is the standardized distance from X to p,.

If H,, is true and if sampling is from N, (1,Z), then T? in Eqn. (9) has Hotelling’s
T -distribution with dimension p and degrees of freedom (n-1). We reject H, if

-1
T2 sza'p'n_l =N, (0, Ty [n—l_jw" - (2)] N, (0, £) and accept H, otherwise.

For p=1,the T? statistic in Eqn. (8) reduces to the square of the univariate t as
shown:

_ 2
n(x— po] ,
At
[ ](s ) (x-p )=____._Sz =t
Another link between T? and the univariate t is that in cases where there is an
analogous t-test, the degrees of freedom for the T>-test will be same as for the

. univariate t-test. Thus the one-sample T-test has n -1 degrees of ﬁeedom, and the

two-sample T -test has n, +nz -2 degrees of freedom. The two-sample T2-test is
defined as:

\\\




:ﬁ

if X,;, X125 -++» Xyqy» is random sample of size n, from N (u,, Z) and - Inmference-Il
X215 X325 +-+» X3p7 is an independent random sample of size n, from N (u,, Z),

wnl+n2—2 (E)
n, +n, -2

then T? = NP(O,Z)": } N, (0, 2).

A key assumption in the T -distribution is the independence of X & S ; this
assumption holds when sampling is from a multivariate normal population. Also if X
& S are based on a random sample X;,X,,--,X, from N_(u,Z), then X and S are

independent). Usually X & S are obtained from the same sample, although this is not

necessary. As long as S is an unbiased estimator of £ and is independent of X, the
estimator S could come wholly or partly from another sample. For example, suppose

)El and S, arise from a sample of size n, from N (#,Z) and that a supplementary

estimate S, is available from a sample of size n, from N, (p.z,Z) , where the two

distributions have a common covariance matrix % and the two sample are
independent. We estimate = by the pooled estimator

S =[(ny ~1)S, +(n, -1)S, ]/(n, +n, - 2), which has n, +n, -2 degrees of
freedom. Then a T -statistic could be based on S,, or S, or S,

nl(xl—pl] Sl-l[xl‘l‘l] is sz’nl -1

n, [Xl"lh] 8, [xl‘PlJ is sz’nz -

n,(xl—p,) Sp,"(xl—p.,] is sz,pl +n, -2.
\ The coefficient of the quadratic form in all three cases is n, because each of S, /n, ,

J S,/n, and S, /n, estimates z , the covariance matrix of X) . Thus, the leading
n,

coefficient in these T-Statistic is the sample size for Xi.
Some important properties of the T-test statistic for testing H, : p = u, versus
H, :p#p, are as follows:

1. A T>Statistic is invariant to the transformations of the form Z, = AX, +b ,where

A is a non-singular matrix that is T, = T,? . Invariance of this type, often

referred to as afﬁng, invariance includes changes in scale, as, for example, from
inches to centimeters.

2. The T>Statistic is the uniformly most powerful (UMP) invariant test. UMP test
is defined as follows: In statistical hypothesis testing, a UMP test is a hypothesis
test which has the greatest power 1 -3 among all possible tests of a given size

a.

The T -Statistic is sensitive to departures from normality.
4,  The T*-Statistic is the likelihood ratio test statistic.
5. The T2-Statistic is the union-intersection test statistic.

In the univariate case (p =1), the t-statistic can be adapted to serve for a one sided

alternative hypothesis such as H, {pu > , . The resuiting one-tailed t-test has some
optimal properties. In the multivariate case, however, the T>-Statistic cannot be
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similarly adapted to have optimal properties for a one-sided alternative. For p >1, the
one-sided alternative H, :u>p, can be defined to mean that p; > p,; for all

j=1,2,---,p. Kariya and Cohen (1992) showed that for this case there is no scale /
invariant test statistic with satisfactory properties. The T*-test is invariant but cannot

. be recommended for obvious reasons — it would reject H, when we want to accept it,

namely, when same or all ij are considerably less than the corresponding p,; .

Now again consider

T = R ] (%)

We can write

= k) (0 (%)

which combines a normal, Np (O,Z) , random vector and a Wishart, Wp,n_1 (Z) ,

random matrix in the form

Wishart =

multivariate ) . . multivariate ‘
T?, o1 =| normalrandom ran_odn_l_t:__ normal random (10)
vector o vector

=N, (0,2) [ﬁwp',,_l(‘z)]_1 N, (0.%).

This is analogous to

¢ = %o () VA K-

or,
( Chi - square )™
Normal m(.m:; Normal :
‘ tzn_l =| random ﬁlzfe— random )
variable o variable
\ /

for the univariate case. Since the multivariate normal and Wishart random variables
are independently distributed, their joint density function is the product of the
marginal normal and Wishart distributions. Using calculus, the distribution of T? can
be derived from the joint distribution given in Eqn.(10) of multivariate normal and
Wishart distributions.

Example 1 (Evaluating T?): Let the data matrix for a random sample of size n =3
from a bivariate normal population be

6 9
X=[10 6
8 3

Evaluate the observed T2 for p}, =[9, 5]. What is the sampling distribution of T? in
this case?



Solution: We find , Inference-Il

. 6+10+8 ,
i=[y;]= 9+8+3 =M
3
And _
s, (6—8)2+(10—2-8)2+(8—8)2 .
s - (6-8)(9-6)+(10-8)(6-6)+(8-8)(3-6) _ i
12 2
s, (9—6)2+(6—26)2+(3—6)2 o
4 3
15 ]
11
y 1 9 3
R OO e My
9 27

From, T? = n()_(— ;,Lo] s X~ poJ
We have,

T? =3[8-9,6-5]

2

2 _afl_ 9(_7
T_3[11]1 5

27
Before the sample is selected, T? has the distribution of a
3-1)°
%FLH =4F,, random variable.

Example 2 (Testing a multivariate mean vector with T*): Perspiration from 20
healthy fernales was analyzed. Three components X, =Sweat rate,

X, =Sodiumcontent, and X, = potassiumn content ; were measured, and the results,
which we call the sweat data, are presented in Table 1. Test the hypothesis

H, :p =[4,50,10] against H, :p' #[4,50,10] at level of significance @ =0.10 .

Table 1-Sweat Data

Individual X, X, ). &
1 3.7 48.5 9.3
2 5.7 65.1 8.0
3 3.8 47.2 10.9
4 32 532 12.0
5 3.1 55.5 9.7
6 4.6 36.1 - 7.9
7 24 24.8 14.0 i
8 7.2 33.1 7.6 57 '
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9 6.7 474 8.5 i
10 5.4 54.1 11.3 |
11 3.9 36.9 12.7 ]
12 4.5 58.8 123 |
13 35 27.8 9.8 |
14 4.5 . 40.2 8.4 }
15 1.5 13.5 10.1 |
16 8.5 56.4 7.1 ]
17 4.5 71.6 8.2
18 6.5 52.8 10.9
19 4.1 44.1 11.2
20 5.5 40.9 94

Solution: From the data given in Table 1

4.640 2.879 10010 -1.810
X = [45400( S = |10.010 199.788 -5.640
9.965 -1.810 -5.640 3.628
And
0.586 -0.022 0.258
S -0.022 0006 -0.002
0258 -0.002 0.402
We evaluate
4.640 -4
T? = 20[4.640 - 4,45.400 - 50,9.965-10]S™| 45.400-50
9.965~10

T2=9.74
Comparing the observed T2 =9.74 with the critical value
(a-1)p (9)(3)
(e p) E .. (10)= E;;,(.10)
=3.353(2.44) [F3_ " (o. 10) = 2.44 from the table given in the Appendix]
=8.18

- We see that T2 =9.74 > 8.18, and consequently, we reject H, at the 10% level of

significance.

Try the following exergises:

El1) (a) Evaluate T2, for testing H,:p =[7,11], using the data
2 12
8 9
X =
6 9

8 10
(b)  Specify the distribution of T for the situation in (a).
E2) For n=42 pairs of obServations from the bivariate normal distribution, the

quantities X, S and S™ are given as follows: 7
)‘(_. 0.564 00144 0.0117| _, _ 203.018 -163.391
" 0.603 00117 0.0146 T]-163.391 200228



- Conduct a test of the null hypothesis H, :p’ =[0.55 0.60] at the o.=0.05 Inference-11
level of significance.

E3) Using the data in E1(a), verify that T> remains unchanged if each observation
Xj,j =1,2,3 is replaced by CX;, where

Let us now discuss the sampling distribution of X and S.

20.4 THE SAMPLING DISTRIBUTION OF X AND §

The tentative assumption that X,,X,,---,X, constitute a random sample from a
normal population with mean p and covariance I completely determines the
sampling distributions of X and S. Here we preéent the result on the sampling
- distributions of X and S by drawing a parallel with the familiar univariate
conclusions. ’

In the univariate case (p=1), we know that X is normal with mean
p = (population mean) and variance.

lc’ - Population Variance

n Sample Size

The result for the multivariate case (p >2) is analogous in that X has a multivariate

normal distribution with mean p and covariance matrix (l/ n)E . Again forp =1 for
0 SN2

the sample variance, recall that (n ~1)S? = Z[x i -x] is distributed as o’ times a
i=l

chi-square variable having n—1 degrees of freedom (d.f.). In turn, this chi-square is

the distribution of a sum of squares of independent standard normal random variables.

That is, (n—1)$” is distributed as 6*(Z* +---+22, ,)=(0Z,)" +-++(0Z,.,)" . The
individual terms oZ, are independently distributed as N(o, cz).

It is this latter form that is suitably generalized to the basic sampling distribution for
the sample covariance matrix.

N

The sampling distribution of the sample covariance matrix is called the Wishart
distribution, after its discoverer; it is defined as the sum of independent products of
multivariate normal random vectors. Specifically,

W, (.1Z) = Wishartdistribution withmd .

m
= Distributionof y_Z;Z
i1
where Z; are each independently distributed as N, (0,X).
We summarize the sampling distribution results as follows:

Let X,,---,X, be a random sample of size n from a p-variate normal distribution with
mean p and covariance matrix I . Then

1. X isdistributed as N, (p,(%)z) .
2. (n-1)S is distributed as a Wishart random matrix with n—1 d.f..
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3. XandS$ are independent.

Because X is unknown, the distribution of X cannot be used directly to make
inferences about p . However, S provides independent information about X, and the

distribution of S does not depend on .. This allows us to construct a statistic for
making inferences aboutp .

Properties of the Wishart Distribution

1. If A, isdistributed as W, (A /Z) independently of A, which is distributed

W, (A,/Z), then A, +A, is distributed as W,,,, .., (A, +A,/Z). That is, the
degrees of freedom are added.

2. If A is distributed as W, (A/Z), then CAC' is distributed as
W, (CAC/CEC').

Let us discuss the Large-Sample Behaviour of X andS.

Suppose the quantity X is determined by a large number of independent causes
Vi, V,,++,V, , where the random variables V; representing the causes have

approximately the same variability. If X is the sum
X=V+V,+:-+V,

Then the central limit theorem applies, and we conclude that X has a distribution that
is nearly normal. This is true for virtually any parent distribution of the Vs, provided

that n is large enough.

The univariate central limit theorem also tells us that the sampling distribution of the

sample mean, X for a large sample size is nearly normal, whatever the form of the
underlying population distribution.

It turns out that certain multivariate statistics, like X and S, has large-sample
properties analogous to their univariate counterparts. As the sample size is increased
without bound, certain regularities govern the sampling variation in X and §,
irrespective of the form of the parent population. Therefore, the conclusions presented
in this section do not require multivariate normal populations. The only requirement
are that the parent population, whatever its form, have a mean p and a finite

covariance L. ,

i

Example 3 (Multivariate Quality Control Charts for Monitoring a Sample of -
Individual Multivariate Observations for Stability):

We assume that X;,X,, -+, X, are independently distributed as N, (p,Z) .
Then
1 1 1 1 1

iy 1
Xj—X=[1—-;]Xj —;Xl —;xz —----;Xj —1——r-l-Xj+1 —"'—;X

(%] -0

And Cov[X x) (-1,

Has

Each X X has a normal dlstnbutlon, but, X X is not independent of the sample '
covariance matrix S. However to set Control limits, we approximate that




Inference-I1

(X ; —)—(] s (X i- )_(] has a chi-square distribution.

For the j point, we calculate the T2-statistic

o) (s

We then plot the T>-value on a time axis. The lower control limit is zero and we use
the upper control limit

UCL =y, (0.05) at 95% level of significance or sometimes x,” (0.01) for 9% level

of significance.
There is no centerline in the T?-chart.

Example 4 (A T*-chart for Overtime Hours):
Using the following data, construct a T>-chart on the two variables X, =legal

appearances hours and X, = extraordinary event hours we take o =0.01 level of

significance.
Table 2
No.of | X, (hrs.) | X, (hrs.)
periods

1 3387 2200
2 3109 875

3 2670 957

4 3125 1758

5 3469 868

6 3120 398
7 3671 1603

8 4531 523

9 3678 2034
10 3238 1136 -
11 3135 5326
12 5217 1658
13 3728 1945
14 3506 344
15 3824 807
16 3516 1223

Solution: The T2-chart for the data given in Table 2 is presented in Fig. 1, which
reveals that the pair (legal appearances, extraordinary event) hours for period 11 is out
of control. This is due to the large value of extraordinary event overtime during that
period.

T T T T 1T
0 2 4 6 8 10121416
Period

Fig. 1: T>-Chart for legal appesrance(X,) and extraordinary event hour (X,)
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Now try the following exercises:

EA) Let X, X,,--+,X;s be a random sample from a population distribution with mean

ES)

E6)

p and covariance matrix Z. What is the approx1mpte distribution of each of the
following?

) X b) n[)_(— u] s ()—(— p]

If X is distributed as N, (1,Z) with [Z|#0, show that the joint density can be .

written as the product of marginal densities for
X,and X, ifZ,= 0
(qxl) ((pﬂ)xl) (‘l"(P"I))

Write true or false against the following statements. Give reasons also.

i)  The maximum likelihood estimator of nT M is p' T, where p=X

and £ = ((n-1)/n)$ are the maximum likelihood estimators of p&E
respectively. ,
ii) Let X,X,,--, X, be arandom sample from a multivariate normal

population with mean p and covariance Z. Then x and S are sufficient
statistics. .

ii) Let X;,X,,-, X, be indepéndent observations from a population and
mean p and finite (nonsingular) covariance Z. Then

a) Jn ().(— pJ is approximately N, (O,Z) .

b) n()_('— u) s ()-(— u) is approximately x,”.

iv) Rejecting H, :p =p, when 1+1 is large is equivalent to rejecting H,, if

2
o]
it's square, t* =~———< = n[X—pOJ(Sz) (X— p.OJ is small,

S2/n
v)  Ifthe observed statistical distance, T? is too large — that is if X is “too
far” from p, - the hypothesis H, : p =, is accepted.

Let us now summarize the unit.

20.5 SUMMARY

In this unit, we have covered the following points.

1)
2)

3)

Hotelling’s T2 is the test to which is applied to assess the statistical significance
of the difference on the means of two or more variables between two groups.

T-test is used to test and assess the statistical significance of the dlfference
between two independent sample means.

The Wishart distribution is a generalization of the gamma distribution to
multiple dimensions. These distributions are of great importance i in the
estimation of covariance matrices in multlvanate statistics.




4) A sampling distribution is the probability distribution, under repeated sampling
' of the population, of a given statistic. The formula for the sampling distribution

‘———

Iuference-I1

depends on the distribution of the population, the statistic being considered, and

the sample size used.

20.6 SOLUTIONS/ANSWERS

3

3

_ 2+8+6+8
_ (X T2 |= 12
El) a) Wefirstfind X=| " |= 2 X =
X,| [12+949+10 20
‘ 2
now, »
S _(2-12)2 +(8-12) +(6-12)* +(8~20)* 296
m= =T
3
S = (12-20)° +(9-20)" +(9-20)° +(10-20)> _ 406
o = =30
3
s =2-12) (12-20)+(8-12) (9-20)+(6-12) (9-2) + (8~ 20)(10-20)
122 = i
3
310
Se=3T
296 310
S=[Su Su}t 3 3
Sn Sp| |310 406
3 3
Therefore,
406 310
gt = 3 3
2675.11_310 296
3 3
Since T =n (X~p)' $7'(X~p)
Forn=4, :
. 12-7
T? =4[12~7,20-11}8™
20-11

T? =4{5,9]s™ [Z] =3.077

b)  T? has the distribution of S"UPF
n-p

That is for n =4, p=2 (bivariate population), T? has

(4-1).2
(4-2)

F, 4., =3F, , distribution.

E2) Calculate
T?=nX-p) $7'X -p)

= 42{0.564 - 0.55, 0.603-0.60] ™' [

T? =1.169 [S™! is given]

Now T? has the distribution ‘"2 F _ (q)

0.564-0.55
0.603-0.60
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ﬁs)

E4)

E5)

E6)

where n=42, p=2, & =005

Thus, @2-n2

T (42-2)
=(2.05) (3.23)

critical Value =6.62

i.e. the critical value of T? is 6.62, which is more than the observed value of

T%(1.169) , so consequently, we accept H,, at the 5% level of significance. ‘

E, 4 (0.05)

1
Here C=[

—1],then
1 1

X;-X; '

CX i= gives the new matrix,
Xp+X;,

(2-12) @—m_m-mvm—wq

(cx,.)'=[(2+12) (8+9) (6+9) (8+10)

2-12) (2+12)] [-10 14
8-9) @+9| | -1 17
1 @6-9) @©6+9] | -3 15
(8-10) (8+10)| | -2 18
using this, we can calculate CX and S™' as has been computed in exercise 1(a).
Accordingly,
T? =n(CX -p)' S~ (CX-p).

ie., CX

(n-Dp

The distribution of T? will remain unchanged that is F, op(@) for

=4 and‘p=2.

a)  Approximate distribution of X is N,[M. (l) EJ , Where n =75 (sample
. n
size).
b)  Distribution of n(X -p) $™' (X~) is approximately x> (chi-space) for
n-p large (n-75).
We can write,
- oo |[X,-n
X -y T NX =) =[(X, —p )X, ~pu )3 M P
X - E (X -p) ={(X, ~p))X, Pz)][ 0 zz;j“ixz "Pz]
= (X, =) Eq (X) — 1)+ (X -1, YED (X, ~12)

o 1Z 0 .
where, % =[ Ol'l 22:] (Smce' Z,=0)

it |2 O [Zj @
DS e Y E”’ 0o Z;;

i.e,, the joint density is the product of marginal densities for X, and X,.

i)y True ’

if) . True

R e

Y
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(Since it has been proved that the unbiased estimator of u (for a normal Inference-11
population) is X and similarly, unbiased estimator of £ is S . Moreover,

all the information about p and £ is contained in X and S, regardless of

the sample size n. Although, this is not true for non-normal populations.

Thus, we can say that for normal populations, X and S are sufficient
statistics for p and X .)

3
ifi) a) True |
Since, we know that X ~ N, (u, (1/n)I) i
Therefore, X ~ uN, (0, (1/n) £)
- X-mn N, (0, 1,)

JE/vn

or, Vn (X ~p) ~ N, (0, T)

b) True,
We start with,

n(i _ p)lz'l (i - “) = n(i _ u);z‘uzz-l/z(i‘_ P')
Since X ~ N_(u, (/n) L)

We can write %/"/‘% ~N,(0,1.)
where Z=vn 272 (X ~p) hasa N, (0, 1,) distribution.
Now, ,
nX -2 (X -p) = Vo X -pE 22X - pn

=Z'Z

=Z 42y 4+ Z2
We now that y? (chi-square) is defined as the distribution of the sum
Z}+23+.+ 22, whete Z,, Z,, ..., Zp are independent N(0, 1)
random variables.
Therefore, n(X ~p)Z ' (X -p) is x: distributed. Further, when n is
large, S isclose to £ with maximum probability. Consequently,
replacing £ by S in n(X —p)’ (X —p) yields the outcome that
n(X ~p)'S™(X ~ ) or approximately 3 distributed for n large.

iv) False .
X- Ko
s/
student’s t distribution with'(n-1) d.f. Wereject H, (null hypothesis)
if the observed | t| exceeds a specified value (critical value) of a
t-distribution with n —1 degrees of freedom.

Now, t? =~(-X?2—;1—;—)—'=n(x"f"'o) (8 (X -pp)

The test statistic t = for Hy :p = p,. This test statistic has a

Once X and S? are observed, we can state: Reject H, at significance

\WQ\ i \\@i -.uo\ () (X ~py) > a0/ 2) thatis observed value .of

aala 12) denotes the
So in both

t*, where t
t-distribution.

{* is more than the critical value of )
upper 160 (af H* percentile of the
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Distributions Associated _ the cases ((t) and t?), the observed value and critical value of |t| and t*
with MVN

respectively, are compared to reject or accept H, and since the
fundamental principal remains the same in both the cases i we can reject
H, if |t] is Jargeor its square, t* is large.

v) False
If the observed statistical distance T2 is too large i.e., the calculated value
of T2 is too high than its critical value, then sample mean cannot be
regarded as representative of population mean or we can say "X will be
too far from py. In that case the hypotbesis H, : u = 11, between sample
mean and population mean is statistically significant.

20.7 PRACTICAL ASSIGNMENT
Session §

1.  Write a program in “C’ language to compute Hotelling T2.




