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COURSE INTRODUCTION  
 

Graph theory is the study of mathematical structures which are used to model the 

situations involving pairwise relations between objects from a certain collection. A 

"graph" in this context refers to a collection of vertices along with a collection of edges 

that connect certain pairs of vertices. The birth of graph theory took place long back 

while dealing with “The Königsberg Bridge Problem”. In the 18
th
 century in the town of 

Königsberg, Germany, a favorite pastime was walking along the Pregel River and 

strolling over the town's seven bridges. During this period a natural question arose: Is it 

possible to take a walk and cross each bridge only once?  This question was solved by 

the Swiss mathematician Leonard Euler and his solution was the beginning of network 

theory.  

 

A graph may be undirected, meaning that there is no distinction between the two 

vertices associated with each edge, or its edges may be directed from one vertex to 

another. In real life, a graph can be modelled, for example, to find the minimum cost to 

make every telephone reachable from every other, to find the fastest route from the 

national capital to each state capital, or to schedule the IPL 20-20 series into the 

minimum number of weeks. Graph theoretical concepts can also be used to colour the 

regions of a map. The discovery of Four-Colour Theorem is a major development in this 

direction. 

  

Graphs are extremely important in Computer Science. They can be used to represent 

many problems of computer science that are otherwise abstract. Finding a way to 

represent the solution to a problem as a graph can present new approaches to solve the 

problem or even lead directly to a solution derived from graph theory. 

  

Graph algorithms are also of much interest to emerging disciplines such as 

computational molecular biology and computational chemistry.   

In the first block of this course we will discuss certain basic concepts such as paths, 

cycles, trails, different useful models, bipartite graphs, connected graphs, minimal 

spanning graphs, trees and distance, finding the shortest paths from one vertex to 

another.  

In Block 2, we shall talk about Eulerian and Hamiltonian graphs, and some of their 

applications. Next we shall define the concept of graph colouring, and see how it can be 

used to solve some real life problems. Finally, we shall discuss the concept of planar 

graphs and some of their characterisations.  

Block 3 begins with the concept of matchings and covers. You will see here Hall’s 

Theorem for the existence of a special matching in a bipartite graph. We shall also 

present some algorithms for finding matchings of maximum size (in unweighted graphs) 

and maximum weight (in weighted graphs). The next concept you will study in this 

block is the connectivity of graphs. You will see the definitions and results on k -

connected and k -edge-connected graphs. At last, we talk about flows in networks, and 

discuss how to find a maximum flow in a network. We shall also present necessary 

theoretical background for the existence of a maximum flow in a network. 

This course also has a practical component given in the Appendix at the end. It consists 

of a set of practicals which are to be carried out at your Programme Centre. You may 

refer to the programme guide for more details regarding the evaluation and other aspects 

of the practical component. 
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Some useful books and websites are the following: 

1) “Introduction to Graph Theory”, Douglas West, Pearson  

2) “Graph Theory with Applications to Engineering and Computer Science”, 

Narsingh Deo, PHI 

3) “Graph Theory: Modeling, Applications and Algorithms”, Agnarsson, Pearson. 

4) Youtube Graph Series by Sarada Herke 

 (https://www.youtube.com/c/Saradaherke/Featured) 

 

We hope you enjoy the course! 
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BLOCK  INTRODUCTION  
 

This is the first block of the course Graph Theory. In this block, which is divided into 4 

units we discuss certain basic concepts of graph theory.   

 

In Unit 1 we start with the definition and explain the meaning of “graph” and discuss 

some fundamental concepts such as types of graphs, subgraph and complement of a 

graph, vertex degree, etc. You will see how the sum of the vertex degrees relates to the 

number of edges in a graph, in the form of Degree-sum formula. Then you will see the 

concepts of walks, paths, trails, circuits, cycles, cut-vertices, cut-edges which are 

essential for many other concepts such as connectedness. 

 

Unit 2 discusses the concept of degree sequence and graph representation. We will 

discuss Havel-Hakimi Theorem about degree sequences. You will see how matrices can 

be used to represent and study properties of graphs. 

 

In Unit 3, the attention is given on one particularly important and useful type of graph– 

that is known as a tree. Although trees are relatively simple structures, they form the 

basis of many of the practical techniques used to model and to design large scale 

systems. We discuss some characterisation of trees along with some additional concepts 

such as spanning trees, k -ary trees. 

 

Unit 4 lists some algorithms on trees. For instance, the BFS and DFS algorithms 

construct spanning trees in unweighted graphs, whereas Kruskal’s and Prim’s 

algorithms construct spanning trees with minimum weight in weighted graphs. There is 

one more algorithm, namely the Dijkstra’s Algorithm, which finds the distance from a 

given vertex to all the other vertices in the graph. 

 

Lastly, we advise you once again to carefully go through the solved examples, and to 

attempt all the exercises in each unit. This will help you grasp the theory better. 
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NOTATIONS AND SYMBOLS (Used in Block 1) 
 
   the set of natural numbers 
   the set of real numbers 

B\A     the complement of the set B  in the set A  
  empty set 

)(GV   the vertex set of a graph (or multigraph) G  
)(GE   the edge set of a graph (or multigraph) G  
)(vNG   the neighbourhood of a vertex v  in G  
vu    u  is adjacent to v   
vu     u  is not adjacent to v  

)(Gn   the order of G   
)(Gm   the size of G  

nK   a complete graph on n  vertices 

nnK ,    a complete bipartite graph with m  and n  vertices in its partite sets 

G   the complement of a graph G  
),( WG   a weighted graph G  with weight function W  

)(vdG   the degree of a vertex v  in G  
)(G   the minimum degree of G  
)(G   the maximum degree of G  

nC   a cycle on n  vertices 

nP   a path on n  vertices 

nS   an n -vertex star 

nW   an n -vertex wheel graph 









k
n

  the number of ways to select k  objects from n  distinct objects 

)(Gc   the number of components of G  
vG    the subgraph of G  obtained by removing the vertex v  and all the 

edges incident on v  
eG    the subgraph of G  obtained by removing the edge e  
uvG    the graph (or multigraph) obtained by joining the vertices u  and v  

of G  
),( vudG   the distance between the vertices u  and v  of G  

(G)diam   the diameter of G  
)(vG   the eccentricity of v  in G  

(G)rad   the radius of G  

kQ   a k -dimensional cube 
)(GA   the adjacency matrix of G  
)(GM   the incidence matrix of G  

21 GG    1G  is isomorphic to 2G  
)(G   the number of spanning trees of a labelled graph G  
),( rT   a rooted tree T  with root r  
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Unit 1                                                                                  Fundamental Concepts 

 UNIT 1                                                        

            FUNDAMENTAL CONCEPTS 

Structure          Page Nos. 
 
1.1 Introduction            9 

Objectives 

1.2 Graphs as Models         10 
1.3 Types of Graphs         15 
1.4 Subgraph and Complement of a Graph      19  
1.5 Vertex Degree          24  
1.6 Connected Graphs         28 
1.7 Cut-vertex and Cut-edge        33  
1.8 Summary          36 
1.9 Solutions / Answers         37  
 

1.1 INTRODUCTION 
 

Basic ideas of graph theory were introduced in the eighteenth century by the 

great Swiss mathematician Leonhard Euler. He used graphs to solve the 

famous Königsberg Bridge Problem, which we will discuss in this unit.  
 

Graphs are used to solve problems in many fields. For instance, graphs can 

be used to determine whether a circuit can be implemented on a planar circuit 

board. Using graphs, we can distinguish between two chemical compounds 

with the same molecular formula, but with different structures. Graphs can be 

used to study the structure of the World Wide Web. We can determine 

whether two computers are connected by a communication link using graph 

models of computer networks. Graphs with weights assigned to their edges 

can be used to solve problems such as finding the shortest path between two 

cities in a transportation network. We can also use graphs to schedule exams 

and assign channels to television stations.   

In this unit, we shall begin with Section 1.2 some graph models, along with 

basic definitions of graph theory. In Section 1.3 we shall study different types 

of graphs. Section 1.4 deals with the notion of subgraph, and the complement 

of a graph. Section 1.5 is devoted to the study of vertex degree and the 

resulting concepts such as even graphs and regular graphs. In Section 1.6, we 

shall study walk, trail, path etc. and connected graphs and Section 1.7 is about 

cut-vertices and cut-edges. 
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Objectives 

After studying this unit, you should be able to: 

• explain ‘graph models’; 

• describe what a graph is, and different types of graphs such as directed 
graphs, and weighted graphs; 

• determine subgraphs, spanning subgraphs, and induced subgraphs of a 
graph; 

• explain what are complete graphs, bipartite graphs, and complete 
bipartite graphs; 

• find the neighbourhood and degree of a vertex; 

• describe odd and even vertices, and their properties; 

• find the complement of a graph; 

• apply Handshaking Lemma; 

• explain the terms walks, trails, paths, cycles, and circuits; 

• describe connected graphs, and find the components of a disconnected 
graph; 

• explain what are cut-vertices, and cut-edges. 
 

1.2 GRAPHS AS MODELS  
 
In this section, we shall discuss some real-life problems, which can be 
modelled as a graph.  These problems can be solved, or be proved to be 
unsolvable, using the techniques of graph theory, as you will see in later units 
of this course. Along with, we shall present the basic definitions of graph 
theory.   
 
Let us start with the ‘Königsberg Bridge Problem’. 
 
Königsberg Bridge Problem 
 
The Königsberg Bridge Problem is a recreational mathematical puzzle, set 
in the old Prussian city of Königsberg(now Kaliningard, Russia), that led to the 
development of the branches of mathematics known as topology and 
graph theory. In the early 18th century, the citizens of Königsberg spent their 
days walking on the intricate arrangement of bridges across the river Pregel, 
which surrounded two central landmasses connected by a bridge (3). (See 
Fig. 1.) Additionally, the first landmass (an island) was connected by two 
bridges (5 and 6) to the lower bank of the Pregel and also by two bridges (1 
and 2) to the upper bank, while the other landmass (which split the Pregel into 
two branches) was connected to the lower bank by one bridge (7) and to the 
upper bank by one bridge (4), for a total of seven bridges. According to 
folklore, the question arose of whether a citizen could take a walk through the 
town in such a way that each bridge would be crossed exactly once.  

 

Fig. 1: Bridges of Königsberg 
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In 1735 the Swiss mathematician Leonhard Euler presented a solution to this 

problem, concluding that such a walk was impossible.  

 

In proving that the problem had no solution, Euler replaced each land area by 

a point CBA ,,( and D corresponding to four landmasses) and each bridge by 

a line joining the corresponding points as shown in Fig. 2. For example, the 

island A can be reached by five bridges, and so in Fig. 2 there are five lines 

incident to A . Likewise, there are three lines incident to D  corresponding to 

the three bridges that connect it to the other landmasses.  This kind of diagram 

is called a multigraph. Notice that Euler was concerned not with the size or the 

shape of the bridges, or land regions – but rather with how these bridges were 

connected. This was a different kind of geometrical problem, which could not 

be solved by the contemporary tools of geometry. 
 

So, what exactly did Euler do to show that the problem had no solution ? In 

fact, for Euler this was not a problem at all. What concerned him, and took his 

long time, was a generalised case consisting of n landmasses connected via 

m  bridges.  

 

For the generalised case, he proved that such a walk is impossible if the graph 

contains any point on which an odd number of lines are incident. 
 
Before discussing other real life problems, let us first look at the basic 
definitions.  

 
Basic Definitions 
 
Definition: A multigraph G is a triple consisting of a vertex set )(GV (which 

is nonempty), an edge set )(GE , and a relation that associates each edge 

with two vertices (not necessarily distinct) called its endpoints. The relation 

between the edges and vertices of G  is defined as follows. 

 
For each )(GEe∈ , uve)f =(  for some )(, GVvu ∈  where u can be the same 

as v . 

 

Thus an edge can have two endpoints or one. When an edge has only one 

endpoint it is called a loop. Note also that two edges may have the same 

endpoints. That is, it is possible that 2121 ),(, eeGEee ≠∈ but )()( 21 efef = . 

Such edges are said to be parallel.  When a multigraph has no loops and no 

parallel edges it is called a graph. In this course we shall mostly be concerned 

with graphs. However, occasionally we shall discuss multigraphs.  

 

We represent a graph or a multigraph on paper by taking each vertex as a 

point and representing each edge by a curve joining its endpoints. We denote 

the vertices usually by small letters such as cba ,,  etc., wvu ,,  etc., or 

321 ,, vvv etc, or just the digits 3,2,1  etc. An edge in a graph with endpoints 

u and v is denoted by uv (or by vu ). An edge uv  is said to be incident on its 

endpoints  u  and v , and in this case u and vare called adjacent vertices.   

 
Consider the following example.  

 

A  

B  

C  

D  

 

A graph is finite if 

)(GV is finite. In this 

course, we shall 
discuss only finite 
graphs. 

  Fig. 2 

Alternatively, a 
multigraph can also 
be defined as an 
ordered pair 

),,( EVG =  where 

ØV ≠  is the vertex 

set of ,G  and E  is a 

2-element multiset of 

,V  called the edge 

set of .G  
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 Example 1: Look at the multigraphG  given below.  

 
 
 
 
 
 
 
 
 

  

Fig. 3: A multigraph G  

 

Here },,,,{)( yxwvuGV  , and },,,,,,{)( 7654321 eeeeeeeGE  . The relation 

between the vertices and the edges of G is as follows: 

yyexyewxewxevweuweuve  7654321 ,,,,,,  

We can see that both 4e and 5e have the same endpoints. The edge 7e has just 

one endpoint. Thus 4e and 5e are parallel edges, and 7e is a  loop. Hence G is 

a multigraph.  

*** 

 

Example 2: Now consider the multigraph G  given below.  

 

 

 

 

 

 

 

 
 

Fig. 4: A graph G  

 

G  has no parallel edges and no loops. Hence G is a graph.   

*** 

 

Definition: The number of vertices in any multigraph is known as the order of 

the multigraph and is denoted by )(Gn , i.e., )()( GVGn  . The number of 

edges in a multigraph is called the size of the multigraph and is denoted by 

)(Gm , i.e., )()( GEGm  .  

 

For the graph given in Fig. 4, 6)( Gn and .8)( Gm  

 

Definition:  Let G be a graph and )(GVv . A vertex )(GVu is called a 

neighbour of v  if  GEuv . The set  vNG of all neighbours of v  is called 

the neighbourhood of v  in G . Symbolically,  

   )(:)( GEuvGVuvNG  . 

For example, in the graph in Fig. 4, the vertices b  and c  are the neighbours 

of a , hence    cbaNG , . Likewise,    edcabNG ,,, . 

If u is a neighbour of 

v , then v is also a 

neighbour of u . We 

shall denote it by 
vu . 

When G is clear from 

the context, we shall  

write )(vN for 

)(vNG . 

 

 

a  

b  

c  d  

e  

f  
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Definition: A set of pairwise adjacent vertices in a graph is called a clique 
and a set of pairwise nonadjacent vertices is called an independent set.  
 

Look at the graph in Fig. 4, again. Here  cba ,,  is a clique because a  is 

adjacent to b  and c , b  is adjacent to c  and a , and c is adjacent to a  and b . 

Likewise, you can see that  dcb ,,  is a clique. However,  dcba ,,, is not a 

clique, because a  is not adjacent to d . The set  da,  is an independent set. 

 

Let us see an example. 

 

Example 3: Consider the graph G  given below. 

 

 

 

 

  

 
  

Find the following: 

i) the order and size of G  

ii) all cliques in G  of size at least 3 

iii) all independent sets in G  

 

Solution: i) We first note that },,,,{)( edcbaGV   and 

},,,,,,,{)( decdbebdaeadacabGE  . Since 5)( GV and 8)( GE , 

order of G is 5 and size is 8. 

ii) You can observe that vertices ba, and e are pairwise adjacent, hence 

},,{ eba is a clique of size 3 . Similarly,        deadebdcadba ,,,,,,,,,,,  

are also cliques of size 3 . There are no other cliques of size 3 . The set 

 edba ,,, is a clique of size 4 . Since any other clique of size 4 would 

containc , which does not have 3neighbours, there are no other cliques 

of size 4 . Also there is no clique of size 5 . 

iii) You can observe that the vertices b and c are nonadjacent. Hence 

},{ cb is an independent set. Similarly, },{ ec is also an independent set. 

There are no other independent sets. 

  *** 

 
Since we have seen the basic definitions concerning graphs, let us see some 
more applications which can be modelled as graphs. 
 

Scheduling Problem 
 

Suppose six committees of an organisation have to meet on specific time 

periods in a week. However, certain members are the part of more than one 

committee. So, any two committees cannot meet at the same time if they have 

a common member. Let the committees be 4321 ,,, CCCC
 
and 5C . Further, let 

1C  have a member common with 32 ,CC and 24 ; CC  and 4C  in addition, have 

a member common with 5C  
and 6C ; and 5C  has, in addition, a member 

common with 6C . We represent this information through a graph by treating 

nonadjacent = not adjacent 

 a  

b  

e  

c  

d  
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each of the 
i

C s as a vertex. We join two vertices if the corresponding 

committees have a common member. The graph is given below:  
 

 
 
 
 
 
 
 
 
 

The problem is to allot the minimum number of time periods so that all the 
committees can meet without any member skipping any meeting. 
 
Let us see one more problem.  
 

Assignment Problem 
   
The Assignment Problem is one of the most famous problems in graph theory.  
Assume we have 5 applicants and 6 jobs. Each applicant is qualified for a 
certain number of jobs, however every applicant can get at most one job. 

Let us denote the applicants by 4321 ,,, PPPP
 
and 5P , and the jobs by 

.,,,, 54321 JJJJJ  Who is qualified for what job is given below: 

 
  Applicant Jobs qualified for 

1P  21, JJ  

2P  
3J  

3P  2J  

4P  543 ,, JJJ  

5P  
64 , JJ  

 

We can represent this information through graph as follows: Each of 
i

P s and 

j
J s is regarded as a vertex. If any 

i
P is qualified for any 

j
J we draw an edge 

between that 
i

P and
j

J . The graph is drawn below. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The problem is: can every applicant get a job to which he/she is qualified for? 

In the terminology of graphs, it is equivalent to: does there exist a set M of 

edges such that no two edges in M  have a common endpoint, and every 
i

P  

is an endpoint of some edge in M ? 

 
1C  

2C  

3C  

4C  5C  

6C  

 

 
1P  

2P  

3
P  

4P  

5P  

1J  

2
J  

3J  

4J  

5J  

6
J  
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You may try these exercises, now. 
 
 

E1) In a museum an exhibition is arranged in five rooms shown as below.  
 
 
 
 
 
 

  
 
 
  The problem is to find whether it is possible to complete a visit starting 

from any place passing through all the doors exactly once. Model this             
problem by a graph.  

 

E2) Four children CBA ,, , and D  are asked to give their choices about five 

gifts SRQP ,,, , and T . The choices of the children are as follows: A  

likes QP, , and R ; B likes onlyQ ; C likes Q and S ; and D  likes R and 

T . The problem is to determine whether each child would get a gift of 
his/her choice or not. Draw a graph to represent this problem. Do you 
think a solution  exist? 

 
E3) For the graph given alongside, find  

 i)  a clique of maximum size;  

 ii)  an independent set of size 5; 

 iii)  two vertices u and v  such that ;2)()( =∩ vNuN  

 iv)  three vertices vu, and w with mutually disjoint neighbourhoods.   
 

 
If you have understood what a graph is, and how it can be used to model real 
world problems, we can proceed to learn more about graphs. Next, we shall 
discuss different types of graphs. 
 

1.3 TYPES OF GRAPHS 
 
There are various types of graphs depending upon the number of vertices, 
number of edges, interconnectivity, multiplicity and the directionality of edges 
and their overall structure. We will discuss a few important types of graphs in 
this section. 
 
Definition: A graph on n vertices is called an n -vertex graph. A graph on 

n vertices and m edges is called an ),( mn -graph.  

 
A graph with only one vertex and no edge is called a trivial graph and a graph 
having no edges is called a null graph. 
 
Definition: An n -vertex graph is said to be complete if there is an edge 

between every pair of its vertices. So, an n -vertex graph is complete graph if it 
has a clique of size n .  

 
Thus in a null graph no vertex is adjacent to any vertex. On the other hand, in 
a complete graph every vertex is adjacent to all the other vertices. We shall 

 

 

1 

2  
3  

4  5  

6  

7  
8  

9  10  
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use the notation 
n

N  to denote a null graph on n  vertices, and 
n

K  to denote a 

complete graph on n vertices. For example, 
4

N and 
4

K are drawn below. 

 
 
 
 
 

 
 
 
 
 

Let us consider an example. 
  
Example 4: Let G be a graph such that for every distinct 

)()()(),(, GVvNuNGVvu
GG

=∪∈ . Show that G is a complete graph. 

 

Solution: Let us assume, if possible, that G is not complete. Then there exist 

two nonadjacent vertices u and v in G . This means )(vNu
G

∉  and ).(uNv
G

∉  

Since G  has no loops, )(uNu
G

∉ and )(vNv
G

∉ . Thus 

{ } )()(, vNuNvu
GG

∪∉ , which implies )()()( GVvNuN
GG

≠∪ . This is a 

contradiction. Hence, G is complete. 
*** 

 

Next, we discuss two important statements related to simple graphs. 
 

Proposition 1: An n -vertex graph has at most 








2

n
edges. 

 

Proof: Note that an edge joins a pair of vertices. So, there are at most 










2

n
pairs of vertices, that is, the edges in a graph. 

Proposition 2: The number of n -vertex labelled graphs is 









2
2

n

. 
 

Proof: There are a maximum of 








2

n
edges in a graph on n vertices.  Each 

edge’s presence or absence gives a new graph. Hence the total number of 

labelled graphs is 









2
2

n

. 

For example, all the 82
2

3

=









 graphs with three vertices are drawn below. 
 

 

 

 

 

 

 

 

 

 

Note that 

!)(

!

rn

n

r

n

−
=







 

 

4
N  

4
K  

 a  a  a  a  

a  a  a  a  

b  b  b  b  

b  b  b  b  

c  c  c  c  

c  c  c  c  

A graph is said to be 
labelled if its vertex 
set is specified, 
otherwise unlabelled. 
Sometimes, the 
labels of the vertices 
of a graph are 
irrelevant. In such 
cases, we shall omit 
the labels, and 
consider the 
unlabelled graph. 
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Many times graphs arise from situations where the vertices belong to two 
groups, for example, men-women, candidates–jobs, etc. Such situations can 
be modelled using bipartite graphs defined below. 

 
Definition:  A graph G is said to be bipartite if there exist two sets 

)(, GVYX  such that Ø),(  YXGVYX  and every edge in G has 

one endpoint in X and the other in Y . 

 

The sets X and Y are called partite sets of G and  YX , is called a 

bipartition of G . 

 

For example, look at the following graphs 1G , and 2G . 

 
 

 
 
 
 

 
 
 
 
 
 

It is easy to see that },,{ cbaX  and },,{ fedY  are the partite sets of 1G , 

and so 1G is a bipartite graph. 

 

In case of ,2G let },,,,{ 97531 vvvvvX  and },,,{ 8642 vvvvY  . Then observe 

that every edge of 2G has one endpoint in X and the other endpoint in Y . 

Also )( 2GVYX   and ØYX  . Thus  YX , is a bipartition of 2G . 

Hence, 2G is a bipartite graph.  

 
Finding a bipartition of a bipartite graph may not be easy always. We shall see 
an alternate characterisation later, in Unit 2. Now we define a special class of 
bipartite graphs.   

 
Definition: A bipartite graph G is said to be complete bipartite if every vertex 

of one partite set is adjacent to every vertex of the other partite set.  

 
A complete bipartite graph with m and n vertices in the partite sets, 

respectively, is denoted by nmK , . For example, 4,3K  is drawn below.  

 
 
 
 
 
 

 
 
 

 
Definition: The graph 1,1 nK is called a star on n vertices, or an n -star.  

For example, the 5 -star is drawn below. 

 

1G  
2G  

f  e  d  

a  b  c  

7v  

6v  

1v  2v  
3v  

4v  
5v  

8v  

9v  

 

 

4,3K  4,4K  

 

Sometimes, a 

bipartite graph with 

bipartition (X, Y) is 

also called an          

(X, Y)-bigraph. 
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Example 5:  What is the total number of edges in nmK , ? 
 

Solution: Let X and Y  be the two partite sets of nmK , with nYmX  , . 

Since every vertex in X is adjacent to every vertex in Y , there are mn edges 

in nmK , . 

*** 
 

In many networks, such as in information networks, citation networks, and 
food web networks edges have directions that indicate the flow of information. 
For example, in a citation network if an article x  cites article ,y  then y  cannot 

cite .x  This leads to the following definition. 
 

Definition: A directed graph (or, in short, a digraph) is an ordered pair 

),,( EVG   where V  is a finite nonempty set, called the vertex set of ,G  and 

VVE   is the edge set of .G   

In a drawing of a digraph G , we shall draw an edge uve  as an arrow 

heading from u to v , and call u the tail of e , and v the head of e . 

For example, the graph given below is a directed graph 
 

 
 
 
 
 

 

 
 

In another kind of real world networks, ‘weights’ are usually associated with 
edges. 
 

Definition: A weighted graph is an ordered pair ),,( WG  where G  is a graph, 

and W  is a weight function defined as )(: GEW  that associates each 

edge e  of G a real number ).(eW  

 
For example, the following graph is weighted. 
 
 
 
 
 
 
 
 
 
 
 

The weight of edge 21vv is 1, of 32vv is 2 . The maximum weight is 4 , 

corresponding to 87vv . 

 

 

The 5-star 

 

By the weights in a 
weighted graph, we 
mean the weights on 
the edges. However, 
sometimes weights 
can be assigned to 
vertices also. 

If uve   is an edge 

in a directed graph, 
we may sometimes 

write ),(tail eu   

).(head ev   

2v  
3v  

4v  1v  

5v  

6v  
7v  

8v  

9v  
10v  

1 3  
1 

4  

2  
3  1 2  

1 2  

3  

2  

2  
3  



 

 

19

Unit 1                                                                                  Fundamental Concepts 

Now, you may try these exercises. 
 

 

E4)    If G is a bipartite graph with bipartition ( )YX , , then X and Y are 

independent sets. True or false? Why? 
 
E5)    Find a bipartition of each of the following bipartite graphs. 

 
 
 
 
 

 
 
 
 
  

E6)    There are four basic blood types: ABBA ,,  and O . Type O can donate 

to any of the four types. Type A and B can donate to AB as well as to 

their own types, but type AB can only donate to AB . Draw a digraph 

(directed multigraph) that presents this information. 
 

E7)  The distances (in kilometers) between six towns EDCBA ,,,, and F  of 

a city are as follows: 

Distance between A  and 8=B  

Distance between A  to 5=C  

Distance between A  to 18=F  

Distance between B  to 10=C  

Distance between B  to 20=D  

Distance between B to 18=E  

Distance between D to 20=E  

Distance between E  to 15=F  

Model this situation through a weighted graph. Which town is well 
connected? 

 

 

The directed graphs and weighted graphs arise in special applications, and we 

shall discuss them as and when the situation arises.  Next, our aim is to 

discuss some more basic concepts essential for building a theory.  
  

1.4 SUBGRAPH AND COMPLEMENT OF A 
GRAPH 

 

We shall, in this section, discuss what we mean by a subgraph, and what are 

the different types of subgraphs of a graph. We shall also discuss the notion of 

complement of a graph. 
 

We call two graphs G and H  equal if )()( HVGV =  and )()( HEGE = . Now 

look at the following definition. 

i) 1
v  

2
v  

3v  

8v  

4
v  

7v  
6v  

5v  

1
v  

2
v  3v  

4
v  

5v  6v  7v  8v  

ii) 
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Definition: A graph H is said to be a subgraph of a graph G if )()( GVHV ⊆  
and )()( GEHE ⊆  . 

 

Example 6: Consider the graphs given below. Which of 
21

, HH  and 3H  are 

subgraphs of ?G  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
Solution: Note that 

}.,,,,,,{)(},,,,,{)( decdbebcaeadabGEedcbaGV == and We have 

},,,{)(
1

edbaHV =  and },,,{)(
1

debeadabHE = . Clearly, )()(
1

GVHV ⊆ and 

)()(
1

GEHE ⊆ . Hence 
1

H is a subgraph of G .  

 

Also, note that )()(
2

GVHV = , and )(},,{)(
2

GEcdbcaeHE ⊆= . Therefore,  

2
H  is also a subgraph of G . Now, consider the graph 3H . Edge bd of 3H is 

not an edge of G . Hence, 3H is not a subgraph of G .  

*** 

 

In the example above you have seen that the subgraph 
2

H contains all the 

vertices of G . By adding the missing edges in
2

H , we can get the original 

graph G . Thus, in a sense 
2

H  “spans” G . This leads to the following 

definition. 
 

Definition: If H  is a subgraph of a graph G  such that )()( GVHV = then H is 

called a spanning subgraph of G .  
 

Consider the following graphs 
1

, HG and 
2

H . 

 
 
 
 
 
 
 

 
 
 
 

 

 

2  

5  

3  

6  

G  
1 

4  

2H  

5  

4  3  

6  

2  

5  

3  

6  

1H  
1 

4  

 

a  

a  a  a  

b  

b  b  b  

c  

e  e  e  

c  

d  d  d  

e  d  

2H  1H  
3H  
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Let us check whether graphs 
1

H and 
2

H are spanning subgraphs of graph G , 
or not.  
 

Note that )()(
1

GVHV = and ).()(
1

GEHE ⊆  Hence 
1

H is a spanning 

subgraph of G . However 
2

H is not a spanning subgraph of G as 

)()(
2

GVHV ≠ . 

 

Example 7: Let G be the graph with },,,,,{)( 654321 vvvvvvGV = and 

},,,,,,,,{)( 656454435242325121 vvvvvvvvvvvvvvvvvvGE = . Let 
21

, HH and 3H be 

graphs defined as below: 
 

i) },,{)(},,,{)( 32312113211 vvvvvvHEvvvHV ==  
 

ii) },,{)(},,,,,,{)( 54322126543212 vvvvvvHEvvvvvvHV ==  
 

iii) },,,,{)(},,,,{)( 6564545242365423 vvvvvvvvvvHEvvvvHV ==  

Which of 
21

, HH and 3H  are spanning subgraphs ofG ? 

 

Solution: i)   Here we find that 31vv is an edge in
1

H , but not in .G  This 

means H  is not a subgraph of .G  Therefore, H is not a spanning 

subgraph of .G  

ii)  Here )()(
2

GVHV = , and )()(
2

GEHE ⊆ . Hence, 
2

H is a spanning 

subgraph of G . 

iii)  Since )()( 3 GVHV ≠ , 3H is not a spanning subgraph of G . 

*** 

 

Although 3H , in the example above, is not a spanning subgraph of G , there is 

something interesting about it. It contains every edge that is present in G  
between any pair of its vertices. Such subgraphs are “induced” by their vertex 
sets. A formal definition is given below.  
 

Definition: Let G be a graph. A subgraph H of G is said to be an induced 

subgraph if { })(,:)()( HVvuGEuvHE ∈∈= .  

 
Let us consider an example.  
 

Example 8: Look at the graph G given below: 
 
 
 
 
 

 
 
 
Which of the following graphs are induced subgraphs of ?G   
 
 
 
 
 
 

 

x  

v  

u  

w  

y  z  

G  

 
 

z  

w  

y  

v  

x  

v  

u  

w  

y  z  

2H  

u  

z  y  

w  v  

3H  
1H  
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Solution: We have ).()( 1 GVHV   Here  

  ).(,,,,,)( 1 GEwzvyvzyzwyvwHE   Thus 1H  is a subgraph of .G  Further, 

1H contains all the edges present in G between every pair of the vertices of 

1H . Hence, 1H is an induced subgraph of .G  

 

In case of 2H , note that ),( 2HEuy  but ).(GEuy  So 2H  is not a subgraph 

of .G  Hence 2H is not an induced subgraph of G . For ,3H  we have 

),()( 3 GVHV   and ).()( 3 GEHE   So 3H  is a subgraph of .G  Now, 

)(, 3HVzy   and ),(GEyz  but ).( 3HEyz  Hence 3H is not an induced 

subgraph of G . 

*** 
 

Any subgraph of a graph is essentially obtained by ‘removing’ certain vertices 
or edges, or a collection of them. However, we must have a precise definition 

of what a vertex or edge removal means. If e  is an edge in a graph G , then 

eG  is the graph with )()( GVeGV  and }{\)()( eGEeGE  . On the 

other hand, when v  is a vertex in a graph G , then vG  is the graph with 

}{\)()( vGVvGV  ,and  

}  :)({)( evGEevGE of endpoint an not is . 

The definition of eG  and vG  can be generalised as follows: 
 

Definition: Let G be a graph and )(GEM  . Then MG  is the graph with 

),()( GVMGV  and MGEMGE \)()(  . 

 

Definition: Let G be a graph and )(GVS  . Then SG  is the graph with 

,\)()( SGVSGV  and  

} :)({)( SeGEeSGE  in endpoints no has . 

Immediately, you must see that MG  is a spanning subgraph of G , whereas 

SG  is an induced subgraph. 
 

We often come across situations where two graphs have the same set of 
vertices but their edge sets are complementary. That is, the union of their 
edge sets contains all the possible edges a complete graph on the same 
vertex set could have. We call such graphs “complements” of each other. 
 

Definition: The complement of a graph G , denoted by G , is the graph with 

the vertex set )()( GVGV  and the edge set 

 )(),(,:)( GEuvGVvuuvGE  . 

The definition of )(GE  immediately implies that )(GEe if and only if 

)(GEe . 

 

Example 9: Consider the graph G  given below: 

 
 
 
 
 

 

 

1 

2  4  

3  

5  

2  4  

1 

5  

3  
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Here  5,4,3,2,1)( GV . So  5,4,3,2,1)( GV . Now )(13 GE , so 

)(13 GE . Likewise,  we can see that the edges 35,25,24,15,14  do not 

belong to G , and hence they are in G . Thus }35,25,24,15,14,13{)( GE . 

*** 
 
What is the complement of the complement of a graph? To investigate, let us 

consider a graph G . Then we know that )()()( GVGVGV  . Now 

)()}(),(,:{)}(),(,:{)( GEGEuvGVvuuvGEuvGVvuuvGE   

Thus GG  holds for every graph G . 
 

Let us consider the following definition 
 
Definition: The union of two graphs 1G and 2G is the graph G with 

)()()( 21 GVGVGV  and )()()( 21 GEGEGE  .  
For example, look at the following graphs.  

 
 
 
 
 
 

 
 
 
 
 

You may try the following exercises now.  
 
 
E8) If H is a spanning induced subgraph of a graph G , then GH  . True or 

false? Justify your answer. 
 
E9) Let G be a graph with },,,,,{)( 654321 vvvvvvGV  and  

 },,,,,,{)( 54435232615121 vvvvvvvvvvvvvvGE  . Find G . Also, draw both    

G  and .G  
 
E10)  What is the complement of nK ?  

 

E11) Show that nmnm KKK , . 

 

E12)  Draw a graphG , with 5)( Gn  and )()( GmGm  . 
 

E13) What is the relation between )(Gm and )(Gm for any graphG ?   
 

E14) Let G be a graph and )(GVv . Show that vGvG  .  
 
 
You know that the vertices in a graph have neighbourhoods. The size of the 
neighbourhoods of vertices of a graph can reveal a lot about the structure of 
the graph, as you will see in the next section. 

 

1 2  

4  3  

21 GG   

=  

1 2  

4  3  

1G  2G  
1 2  

3  4  

  

Note that we shall 
use the notation 

HG   for the union 

of G  and ,H  when 

.)()(  HVGV  
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1.5 VERTEX DEGREE  
 

In this section, we shall define the degree of a vertex, and discuss a few 
related results. We shall also discuss the concepts such as even graphs and 
regular graphs.  
 

Before giving the definition of degree of a vertex, first note that if e  is a loop 

from a vertexv  to v , then e  is said to be incident on v  twice. 
 

Definition: Let G be a multigraph and v  a vertex in G . The degree of v  
written )(vd

G
or )(vd , is the number of edges incident on v .   

For example, in the following multigraph 8)( =ud and 2)( =vd . 

 
 
 
 
 
 

 
 
 
 
 

A vertex of degree 1 is called a leaf (plural leaves) and a vertex of degree 0 is 
called an isolated vertex. The maximum degree of a graph (or multigraph) 

G , written as )(G∆ is the maximum of the degrees of all the vertices of G . 

Similarly, the minimum degree of a graph G , denoted by )(Gδ , is the 

minimum of all the degrees of the vertices of G .  
 

Example 10: For the following graphG , find the degree of all the vertices of 

G . Hence find )(Gδ and )(G∆ . 

 
 
 
 
 

 
 
 
Solution: Since there are two edges incident on u , the degree of u is 

2)( =ud
G

. Note that there are four edges incident on v . So, .4)( =vd
G  

Similarly, you can see that ,1)( =wd
G

2)( =xd
G

 and .3)( =yd
G

Since no 

edge is incident on 0)(, =zdz
G

. Thus we have 4)( =∆ G and 0)( =Gδ . 

 

Let us discuss some more examples. 
 
Example 11: Find the sum of all the degrees of the vertices of the following 
graph. 

 
 
 

 
 
 
 
 
 

 

z  
y  x  

w  
v  u  

 

 
1

v  

1
e  

2
v  

2e  
3

v  

3
e  

4
e  

4
v  
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Solution: To find )(
1

vd , we count the total number of edges, incident on 
1

v . 

Since two edges 
1

e  and 3e
 
are incident on 

1
v , 2)(

1
=vd . Likewise 

3)(,2)( 32 == vdvd and 1)(
4

=vd . Hence the sum of the degrees is 

81322 =+++ . 

*** 

 

From the example above, you must have observed that while counting all the 

vertex degrees we have counted each edge twice. For example, the edge 

211
vve = is counted twice, once to obtain )(

1
vd and secondly to obtain )(

2
vd . 

Thus, while computing the sum )()()()( 4321 vdvdvdvd +++ , we have counted 

each of the edges 321 ,, eee and 
4

e twice. Hence 

=+++ )()()()( 4321 vdvdvdvd ×2 (number of edges) 842 =×= . 

 
This is not true only for this graph. It holds for all the graphs as stated in the 
following lemma. 
 
Theorem 1 (Handshaking Lemma): If G is a graph, then 

).(2)(
)(

Gmvd
GVv

G
=

∈

 

 

Proof: Let 
n

vvv ,...,, 21  be the vertices of .G  Consider the degree sum  

 
)()()( 21 nGGG

vdvdvd +++ L  

In the degree sum, every edge 
ji

vv contributes 2 , one for )(
i

vd and one 

for )(
j

vd . Hence in the degree sum, all the edges are counted twice. 

Therefore, 

 
).(2)()()( 21 Gmvdvdvd

nGGG
=+++ L  

 
The above lemma is named so because of the following case. A party consists 

of n people, between whom some handshakes take place. If )(
i

pd denotes 

the total number of handshakes done by the person
i

p , then the sum 


=

n

i

i
pd

1

)( is twice of the total number of handshakes.”  

 
Thus the sum of the degrees of all the vertices of any graph is even. To verify, 

consider the following graph.   
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

1x  
2x  

1y  
2y  

3y  

3x  

6x  

4y  
5y  
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Clearly each ,31, ≤≤ ix
i

 has degree 4. All the remaining vertices 61, ≤≤ iy
i

 

have degree 3, each. The sum of the degrees of all the vertices is 30, which is 
even.  
 

Example 12: For an ( )mn, - graph G , show that )(
2

)( G
n

m
G ∆≤≤δ . 

 

Solution:  We know that for all ),(GVv ∈ ).()()( GvdG ∆≤≤δ  

This implies 

)(
2

)(

)(2)()()()(
)( )()(

G
n

m
G

GnmGnGvdG
GVv GVvGVv

∆≤≤

∆≤≤∆≤≤ 
∈ ∈∈

δ

δδ

 

*** 

 
Let us consider the following definition. 
 
Definition: A vertex in a graph is said to be even if its degree is even, 
otherwise odd. A graph is said to be even if all its vertices are even. 
 
Have you observed that the number of odd vertices in the graph above is 
even. This is because of the following corollary.  
 
Corollary 1: Every graph has even number of odd vertices.  
 

Proof: Let G be a graph. The sum of the vertex degrees of G can be 

calculated by taking the sum of the degrees of all even vertices and degrees of 

all odd vertices. That is,  

 

)()()(
odd iseven is

Gmvdvd
vv

=+   

Since 
even   is 

)(
v

vd is even as it is the sum of even numbers, 
odd is

)(
v

vd must also 

be even. Now, for each odd )(, vdv  is odd, and the sum 
odd  is v

vd )( is even. That 

means, the total number of odd vertices must be even. 
 

Example 13: A graph has 21 edges. It has 3 vertices of degree 4 and all the 

other vertices of degree 3. Find the order of the graph. 
 
Solution: Let there be n vertices in the graph. Out of these n vertices 3 are of 

degree 4 and )3( −n vertices are of degree 3. By Handshaking Lemma 

132123)3(34 =×=×−+× nn  

Thus, G  has 13vertices.  

*** 

 

What will you call a graph whose all vertices have the same degree? Look at 

the following definition. 

 

Definition: A graph is called regular if the degrees of all its vertices are equal. 

If degree of all the vertices of a graph G  is 0≥k  then G  is called a k -

regular graph, and k  is called the degree of regularity of G . 

Recall that the sum of 
n  odd numbers is 

even, only when n  is 

even. 

Clearly, if G is a 

regular graph, 

then )()( GG δ=∆ . 

In a graph G , 

observe that for any 

),(GVv ∈

)()( vNvd GG = . 
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Example 14: Which of the following graphs are regular?  

 

 

 

 

 

 

 

 

 

 

Solution: Note that the degree of each vertex of 1G is 3, so 1G  is a 3-regular 

graph. In 2G , all the vertices do not have the same degree. For example, the 

vertex 1 has degree 4 , but the vertex 5has degree 3 . Hence, 2G is not 

regular. 
*** 

 

You can see that a complete graph 
n

K is )1( −n -regular, as  

( ) ( ) .1−==∆ nKK
nn

δ  

 
Example 15: Find the size of an n -vertex k -regular graph. 

 

Solution: Let graphG be k -regular, i.e., kvd =)( for all )(GVv∈ . 

By Handshaking lemma,  

2
)()(2)(2)(

nk
GmGmnkGmvd

Gv

===
∈

 

*** 
 

The example given above tells us what kinds of regular graphs are possible. 
For a k -regular graph on n vertices, at least one of k and n  must be even. 
 

Example 16: Construct two 3-regular graphs on 10 vertices.  
 

Solution: Two 3-regular graphs with 10 vertices are drawn below. 
 
 

 
 
 
 
 
 

 
(a)            (b) 

*** 
 

Now, to check your understanding try the following exercises. 
 

 

E15) Show that the Handshaking Lemma holds when G is a multigraph. 
 

E16) Let G be a graph with 2)( ≥Gn . Show that there are at least two 

vertices in G with equal degrees. 

Can you find a 
regular induced 

subgraph of ?2G , 

regular spanning 

subgraph of ?2G  

 

 

8  7  
2  1 

4  3  
5  6  

2G  

v  w  

1G  

u  

x  
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E17) Consider a graph G with 12 edges. If G has 6 vertices of degree 3 and 
the other vertices have degree less than 3, what is the minimum order of 

G ? 
 

E18) Consider a graph G of order 13 such that each vertex has degree 7 or 8. 
Prove that there are at least 8 vertices of degree 7, or 7 vertices of 
degree 8. 

 
E19) Prove or disprove: There exists a graph G such that 

1)(,5)( == GGn δ and G contains two vertices of degree 4 . 

 
E20) Does there exist a 3-regular graph on 5 vertices? Justify. 
 
E21) Consider the following statement:   

 “If G is a regular graph, then G is regular.” 
  If this statement is true, prove it. Otherwise, give a counterexample.  
 

 
In any network, reachability from one vertex to another is of utmost 
importance. For example, in a housing colony it is desirable that every house 
is connected by a road to address the issue of reachability. In the next section, 
we shall discuss the notions such as walks, trails, paths, and connected 
graphs. 
 

1.6 CONNECTED GRAPHS 
 

In this section, we shall discuss about connected graphs. Let us first define 
some important terms.  
 

Definition: Let G be a multigraph, and )(, GVvu ∈ . A ),( vu - walk is a finite 

alternating sequence of vertices and 

edges ),,...,,,,,,,( 1322110 kkk wewewewew
−

 such that uw =0 , vwk = , and for 

each ki ≤≤1 , the edge ie has endpoints 1−iw  and iw .  

 

The length of a walk W , denoted as )(length W , is the number of edges in 

W , with repeated edges counted as many times as they occur. A ),( vu - walk 

is said to be closed if vu = , otherwise open. 
 

For instance, the sequence ),,,,,,,,,,,,( 2557485633211 vevevevevevev , in the 

multigraph given below, is a ),( 21 vv - walk. Of course, ),,( 211 vev is also a 

),( 21 vv - walk, with smaller length.  

 

 

 

 

 

 

 

 

 

 

Note that a walk 
always begins and 
ends at a vertex. 

 
1v  

3v  

1e  

3e  

2e  

9e  

6v  10e  
5v  4v  

4e  

2v  

5e  

7e  

8e  

6e  
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Can you find a ),( 51 vv - walk of length 5 , with no edge repeated, in the graph 

above? Just try. 
 

Definition: A walk with no repeated edges is called a trail. A closed trail is 

called a circuit. A walk with no repeated vertex is called a path. A closed path 

is called a cycle. 

 

For example, in the multigraph given above, ),,,,,,,,( 442556332 vevevevev  is a 

),( 42 vv -trail, and ),,,,,,,,,,( 23365847552 vevevevevev  is a closed trail, i.e., a 

circuit. Likewise, you can see that ),,,,( 69321 vevev  is a ),( 61 vv -path, and 

),,,,,,,,,,( 11244756321 vevevevevev  is a cycle. 

 

Walks, trails and paths provide different ways of traversing a graph. Suppose 
from our home we walk to reach our friend’s home. All the three types of 
traversing are possible. It could be (as if a drunkard or a senseless person 
does) we keep on travelling through the same road and repeating the same 
spots or junctions. Usually we avoid repetition and use an optimal path (may 
be unknowingly). 
 

Now we shall discuss walks, trails and paths in graphs.  
 

We denote a cycle on n  vertices by nC
 
and a path on n  vertices by nP . A 

cycle with 3 vertices, 3C , is often called a triangle.  

 

Note that in a graph there is at most one edge between any two vertices. So in 
a graph trails and paths can be represented by vertex sequences.  For 
example, consider the following graph. 

 
 
 
 
 

 
 
 
 
 
 
 

Look at the vertices u and y . There are many ways to go from u to y . One 

can take the walk ),,,,,,,( ywzxwvxu of length 7 . One can also go via a 

shorter walk ),,,,,,( yzxwvxu of length 6 . There is an even shorter walk 

namely ),,,,( yzwxu . What do you think about the walk ),,,( ywxu ? It is one 

of the shortest paths from u to y . The point we emphasise is that whenever a 

),( vu -walk contains repeated edges or vertices, we can always cut short the 

repeated edges and vertices to get a ),( vu -path. 

 

Let us look at the following lemma, in this regard. 
 

Lemma 1: In a graphG for distinct vertices u  and ,v  every ),( vu - walk 

contains a ),( vu -path 

 

Proof: Let W be a ),( vu -walk in G . Let P be a shortest ),( vu - walk in W . 

We have to show that P is a ),( vu - path. Assume, if possible, that P is not a 

 

u  1
e  x  

6e  5e  

7e  
z  

9
e  

y  

8
e  

w  

2e  
3e  

v  4e  
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path. This means there is a vertex w which is repeated in P .Then P contain a 

subsequence ),,,,( 11 wewew kK . Removing ),,,,( 11 wewe kK from P leaves a 

),( vu - walk shorter than .P  This is a contradiction. Hence P must be a  

),( vu - path.   

 
It is natural to concatenate two walks ending at a common vertex. Let 

),...,,( 10 vxxxuW k === be a ),( vu -walk, and ),...,,(' 10 wyyyvW l === a 

),( wv -walk. Then we define 'WW + to be the walk  

),...,,,...,,(' 1010 wyyyvxxxuWW lk =====+  

The length of 'WW + is 

)'(length)(length)'(length WWWW +=+  

 
Consider the following example which shows the concatenation of two paths. 
 

Example 17: Let G be a graph, and )(,, GVwvu ∈ . If P is a ),( vu -path, and 

'P  is a ),( wv -path such that P  and 'P  have no common vertex other than v , 

then 'PP +  is also a path, and 

)'(length)(length)'(length PPPP +=+ . 

If P and 'P have exactly two common vertices, that is, their endpoints, then 

'PP +  is a cycle. 
*** 

 
Presence or absence of cycles of a particular length is often useful in studying 
the structure of graphs. In this connection, we have the following definition. 
 
Definition: Let G  be a graph with at least one cycle. The girth of G is the 

length of a shortest cycle in G . If G has no cycles, then we sayG has infinite 
girth. 
 

For instance,  the girth of nC is n , whereas the girth of nP
 
is infinite. Similarly, 

you can see that 1K  and 2K  have infinite girths, whereas for 3≥n , nK has 

girth 3. A triangle-free graph has girth at least 4 . Can you think of a graph with 

girth 4 ? What about 2,2K ? Just try to draw a graph with girth 5 , apart from 

.5C  

 
Now consider the following definition. 
 

Definition: An n -vertex wheel, denoted as nW , is a graph which contains a 

cycle 1−nC and a vertex adjacent to each of the vertices of 1−nC . 

For example, the 5-vertex wheel 5W  and 6W  are drawn below. Note that 

5W has girth 3 . What is the girth of 6W ? 

 
 
 
 
 
 
 

Does Lemma 1 
hold when 

?vu =  

 

5W  
6W  
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In a graph, to reach from one vertex to another, all we need to know is a path 
between them. This leads to the following definition.  
 

Definition: A graph G  is said to be connected if for any ),(, GVvu ∈  there is 

a ),( vu -path in G . If a graph is not connected then it is called a 

disconnected  graph.  
 

Consider, for example, the graphs 1G  and 2G  given below: 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Note that in 1G , there is no path from1to 4 . Hence 1G is disconnected. On the 

other hand, in 2G we can find a path between every pair of vertices. Hence 

2G is connected.  

 

Definition: A component of graph G is a subgraph of G that is connected 

and is not contained in any other connected subgraph of G .  

For example, the graph 1G  given above can be redrawn as follows:   

 
 
 
 
 
 

 
 
 
 

 
Note that both 1H  and 2H  are connected. Also, none of them is contained in 

another connected subgraph. Thus, 1H  and 2H  are the components of .1G  

 
Example 18: In the following graph ,G  there are four components whose 

vertex sets are },,,,{},,{},{ wvutsrqp  and },,{ zyx . 

 
 
 
 
 
 
 
 

*** 

Note than nN has 

n components, 

whereas nK has just 

one component. 

)(Gc = no. of 

components in G  

 

1  

2  3  

7  

8  

4  5  

9  

6  

1G  

2  

3  1  

4  

5  

6  

7  

8  

2G  

 

 

2  3  

4  5  

6  

7  

8  

9  

1 

1H  

2H  

 

What is the girth of 

?nW  

 r  

q  t  p  

v  w  s  u  
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y  z  
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We know that nN contains n components. If you add one edge to nN one 

component is reduced. That is, the resulting graph has 1n components. 

Further, add one edge. How many components does the resulting graph have, 

now? At least 2n  , right? Now think of a graph G with n vertices and 

m edges. How many components can G have? The answer is at least mn , 

as stated below. 
 

Proposition 3: An ),( mn - graph has at least mn components. 

Now, we will discuss a very important theorem.  
 

Theorem 2: A disconnected graph G with n vertices and k components can 

have at most 






 
2

1kn
edges. 

 

Proof: Let in be the number of vertices in the 
thi component of G . Then  

...
1

21 nnnnn
k

i

ik  


 

The maximum number of edges in the 
thi component is 








2

in
. So, the 

maximum number of edges in G is 
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Let us consider some examples. 
 

Example 19: If vu,  are the only odd vertices in a graphG , then show that 

G contains a ),( vu - path. 

 

Solution: If u and vare the only vertices of odd degree in a graph G then 

u and vhave to be in the same component ofG . Because, if u and v  belong 

to two distinct components say, 1H and 2H , respectively, then 1H being a 

graph must contain an odd vertex w , different from .u  This is a contradiction. 

Hence G contains a ),( vu -path. 

*** 

 
Now, you should try the following exercises. 
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E22) Let vu be an edge in a graph G . Show that vu belongs to at least    

)()()( Gnvdud −+  triangles in G . 

 

E23) In the following graph 
 
 
 
 
 
 
 
 
 
 
 
 
 

i)   find two paths from s to z ; 

ii) find a trail of length 7 which is not a path; 

iii) are there any cycles containing both s and z ?  
 

E24) What is the size of 
n

W ? 

 

E25) Find the value of n for which the following graphs are regular.  

i) 
n

P                        ii)  
n

C                     iii) 
n

W    

 

E26) If G is a connected graph, then G is also connected. Prove or give a 
counterexample. 

 

E27) Check whether the following statements are true or false. Give reasons 
for your answers. 

 i) Every disconnected graph has an isolated vertex. 

 ii) An )1,( −nn -graph has exactly 1 component. 
 

 

For many applications it is necessary to know more about a graph than just 
whether or not it is connected. For example, in telecommunications networks 
there are usually several different paths between a given pair of subscribers 
(vertices). In such a situation, it is important to know how many links (edges) 
can be blocked or broken without preventing a call being made between the 
two subscribers. In order to answer this and similar questions, in the next 
section we shall investigate connected graphs a little further.  
 

1.7 CUT-VERTEX AND CUT-EDGE 

 

In this section, we shall discuss the notions of cut-vertex and cut-edge. These 
notions are essential to study many important concepts of graph theory. 
Consider the graph G given below:  

 
 
 
 
 

 

v  

 

 s  

t  

u  

v  w  

x  

y  

z  
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After deleting v  from G , how many components are left in the remaining 

graph vG − ? We have 3)( =− vGc , as you can see below.  

 
 
 
 

 
 
 
 
 

Thus, the removal of v  cuts G into 3components. Such a vertex is called a 
“cut- vertex”. Let us look at the formal definition.  
 

Definition:  Let G be a multigraph and )(GVv ∈ . Then v is called a cut-

vertex  of G if )()( GcvGc >− . 

 

In the case given above, )(13)( GcvGc =>=− . Hence, v  is a cut vertex of 

G . Let us consider one more example. 
 
Example 20: Find the cut-vertices of the following graph.  

 
 
 
 

 
 
 
 
 

Solution: Note that 1)( =Gc . The vertices u and y cannot be cut-vertices, 

because 1)()( =−=− yGcuGc . Likewise, w and x are not cut-vertices. For 

vnote that )(2)( GcvGc >=− . Hence, v  is a cut-vertex.  

*** 
 

Example 21: Suppose v is a cut-vertex of a graph G . Prove that vG − is 
connected. 
 

Solution: Let  ).(, GVwu ∈  First assume that u and w belong to two different 

components of vG − . So, in vG −  there is an edge joining u  and w . (Why?) 

Now let ,u  and w  be in the same component of vG − . Then in vG − , u  and 

w have a common neighbour lying in another component of .vG −  Thus, in 

either case there is an ),( wu -path in vG − . Hence vG −  is connected.   

*** 

 
Now, we shall discuss the characterisation of cut-vertices.  
 

Theorem 4: Let G be a connected graph, and )(GVv∈ . Then v  is a cut- 

vertex of G if and only if there exist vertices }{\)(, vGVwu ∈  such that every 

),( wu -path in G passes through v .  

 

Proof: Let G be a connected graph and let v be a cut-vertex of G . Then 

vG − is disconnected. Let 
k

GGG ,....,, 21 be the components of vG − . Let 

 

Note that to have cut-

vertices a graph need 

not be connected. 

 

vG −  
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)( 1GVU =  and U
k

i

i
GVW

2

)(
=

= . Also, let Uu ∈ and Ww ∈ . Obviously, 

)(
i

GVw ∈  for some 1≠i . If there is a ),( wu -path P in G not passing through 

v , then P connects u and w in vG − also. (Why?) Therefore 
i

GG ∪1 is a 

single component in vG − , contradicting our assumption. Thus every ),( wu -

path in G passes through v . 
 

Conversely, let there be vertices }{\)((, vGVwu ∈ such that every ),( wu -path 

in G passes through v . Then there is no ),( wu -path in vG − . Therefore 

u and wbelong to different components of vG − . Thus vG − is disconnected 

and v is a cut-vertex of G . 
 
Now let us see how an edge removal affects the connectedness of a graph. 
Consider the graph G given below. 
 

 
 
 
 
 
 

 
Look at the edge vwe = in G . Removal of e  from G leaves two components. 

That is, eG − has more components than G . Such an edge is called a “cut-
edge” as defined below. 
 
Definition: Let G be a multigraph. An edge e  of G is said to be a cut-edge if 

)()( GceGc >− . 

Let us consider the following example.  
 
Example 22: Find a cut-edge in the following graph. 

 
 

 
 
 

 
 
 
 
 
 
Solution: Look at the edge 47 . The graph 47−G is drawn below. 

 
 
 
 
 
 
 

 
 
 
Clearly 47−G has more components than G . Hence 47 is a cut-edge of G . 

*** 

How many 
components can an 
edge removal create?  

 

1 

2  

4  

6  9  

8  

7  

5  3  

G  
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Next, we characterise cut-edges in terms of cycles. 
Theorem 5: Let G  be a connected graph. Then an edge of G  is a cut-edge 

of G  iff it belongs to no cycle of .G  
 

Proof: First we shall prove that if e  is a cut-edge of ,G  then e  belongs to no 

cycle of .G  So, let us assume that xye =  is a cut-edge of .G  Then eG −  is 

disconnected. So, x  and y  must lie in different components of .eG −  Now, if 

e  lies on a cycle in ,G  then there must be an ),( yx -path in G  not containing 

,e  i.e., an ),( yx -path in .eG −  But this not possible because x  and y  are in 

the different components of .eG −  Hence e  belongs to no cycle of .G  
 

Now let us prove that if e  belongs to no cycle of ,G  then e  is a cut-edge of .G  

So, we assume that xye =  lies in no cycle of .G  This means, ),,( yex  is the 

only ),( yx -path in .G  Hence eG −  is disconnected. Consequently, e  is a   

cut-edge of .G  
 
Now try the following exercises. 
 

 
E28) Identify the cut-vertices and cut-edges in the following graphs.  

 
 
 
 
 
 
 
 
 
 
 
 
E29) Determine whether the statements below are true or false: 

 i)  If a graph is connected then some vertex is adjacent to all other 
vertices. 

 ii) Every leaf is a cut-vertex.  

 iii) Every edge incident to a leaf is a cut-edge. 
 

 

Let us now summarise what we have covered in this unit. 
 

1.8 SUMMARY 
 

In this unit, we have covered the following points: 
 

1. Modelling of real world problems through graphs. 
 

2. Basic terminology from graph theory, such as definitions of a graph, 
subgraph, and different types of graphs including directed, and weighted 
graphs. 

 

3. The notions of spanning and induced subgraphs. 
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4. Complement of a graph.  
 

5. Independent sets, and cliques. 
6. Complete graphs, bipartite graphs and complete bipartite graphs.   
 
7. Concepts of neighbourhood and degree of a vertex, and related 

concepts such as even, and odd vertices, regular graphs.  
 
8. Some results related to vertex degree sums such as handshaking 

lemma.  
 
9. The concepts walk, trail, circuit, path, cycle in a given graph. 
 
10. The concepts of connected and disconnected graphs. 
 
11. The concepts of cut-vertex and cut-edge in a graph, and some 

characterisations of cut-vertices and cut-edges.    
 

1.9 SOLUTIONS/ ANSWERS 
 

E1) Let us denote the five rooms by the letters ,,,,, edcba  and the open 

place by f  as shown in the figure given below. 

 
 
 
 
 
 
  

 
 
 
Corresponding to each room we draw a vertex as shown below. 
 

Note that there is a door between a  and ,b  and between a  and ,c  to 

indicate them we have joined a  to ,b  and a  to c  by lines. Between b  

and f  there are 3  doors, so we have drawn 3  lines between b  and .f   

There are also 3  doors between e  and ,f  and hence 3  lines between 

them. The room d  is connected to each of c  and e  by one door. So 

there is a line between c  and ,d  and between d  and .e  One door at d  

connects it to ,f  and hence one line is drawn to join d  and .f  Thus the 

following graph models the given problem. 
 

 
   
 
 
 
 
 
 
 
 
 
 

 a  b  

f  

e  d  

c  

 

 

a  

c  

d  e  

f  

b  
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E2) We have drawn the children as the vertices DCBA ,,,  and the 

chocolates as the vertices .,,,, TSRQP  Each edge between a child and 

a chocolate indicates that the child likes the chocolate. The graph 
modelling this situation is drawn below. 

 
 
 
 
 
 
 
  
 
 
 

Existence of a solution to this problem means that each child gets a 
chocolates of his/her choice. Let us see whether a solution exists or not. 

Note that B  likes ,Q  so B  must get .Q  The child C  likes Q  and .S  

Since Q  is given to CB,  must get .S  Now A  still has two choices 

namely, P  and .R  Let us give P  to .A  Then we can give one of R  and 

T  to .D  Thus this problem has a solution. 

 

E3) i) We can see that }8,6,4,3{  is a clique of maximum size. 

 ii) }9,7,4,2,1{  is an independent set of size .5  

 iii) We find that 

  }.8,4{}8,7,5,4,3{}8,6,4,2,1{)6()3( =∩=∩ NN  
  So .2|)6()3(| =∩ NN  

iv) Look at the vertices 7,1  and .9  Here 

.)9()7()9()1()7()1( =∩=∩=∩ NNNNNN  

 
E4) True. Because no edge has its endpoints in the same partite set. 
 

E5) i) Let ,1 Xv ∈  Then Yv ∈2  as 21 vv  is an edge of the graph.  

   Similarly, Xv ∈6  and .5 Yv ∈  This way, we get },,,{ 5431 vvvvX =
 

and }.,,,{ 8752 vvvvY =
 

  
ii) Let .1 Xv ∈  Then ,, 82 Yvv ∈  and ., 73 Xvv ∈  Then Yvv ∈64 ,  and 

.5 Xv ∈  So, we get 

   
},,,{ 7531 vvvvX =  and },,,{ 8642 vvvvY =  

 

E6) Let us draw the vertices as ABBA ,,  and O  as shown below. An edge 

uv  indicates that the blood type u  can donate to the blood type .v  
 
 
 
 
 
 
 
 

 

A  

B  

C  

D  

P  

R  

Q  

S  

T  

 

 
A  B  

O  AB  
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E7) The required weighted graph is drawn below. 
 
 
 
  
 
 

 
 
 
 

We can see that Town B  is well connected. 
 

E8) True. Since H  is spanning, ).()( GVHV =  Since H  is induced 

).()( GEHE =  Hence, .GH =  
 

E9) By definition }.,,,,,{)( 654321 vvvvvvGV =  Since G  contains precisely 

those edges which are missing in G  we have 
  

 }.,,,,,,,{)( 6564635362424131 vvvvvvvvvvvvvvvvGE =  

 
 
 
 
 
 
 
 
 
 

E10) .
n

N  

 

E11) 
nm

K ,  has two independent sets X  and Y  of sizes m  and ,n  

respectively. Each of these independent sets becomes a clique in .,nmK  

In ,, nm
K  each vertex in X  is adjacent to all the vertex in .Y  Hence in 

nmK ,  there is no edge between X  and .Y  Thus 

., nmnmnm KKKKK +=∪=   

 
E12) One such graph is drawn below. 
 
 
 
 
 
 
 
 
 
 

E13) We know that 








2

)(Gn
 is the maximum number of edges in any graph .G  

So ).(
2

)(
)( Gm

Gn
Gm −








=  

 
A  B  
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D  20  E  

15 

F  
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8  

10 
5 
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E14) It is easy to see that ).()( vGVvGV −=−  Now 

 )(,),()( vGVyxGExyvGExy −∈∈⇔−∈ and  

             )(,),( vGVyxGExy −∈∉⇔ and  

             )( vGExy −∉⇔  (Why?) 

             ).( vGExy −∈⇔  

 Hence ).()( vGEvGE −=−  Therefore, vGvG −=−  for any vertex v  of 

.G  
 

E15) Note that every loop or parallel edge contributes exactly 2 towards the 
degree sum. Hence, the Handshaking Lemma holds for multigraphs. 

 

E16) Let .)( nGn =  If G  has two or more isolated vertices, the result holds. If 

G  has exactly one isolated vertex, then the remaining 1−n  vertices 

have degrees in }.2,,2,1{ −nK  Hence by the Pigeonhole Principle at 

least two vertices have the same degree. Finally, if G  has no isolated 

vertices, then there are n  vertices and 1−n  degrees .1,,3,2,1 −nK  

Again by the Pegionhole Principle, there are two vertices with equal 
degrees. 

 

E17) We have .12)( =Gm  Since 6 vertices have degree 3, the remaining 

6−n  vertices have degree less than 3. Applying the Handshaking 
Lemma, we get 

 
−

=

×=+×

6

1

122)(36
n

i

ivd 
−

=

=
6

1

)(6
n

i

i
vd  

                                    )6(36 −≤ n 8≥ n  

 Thus, the graph has minimum order 8. 

 
E18) Let 1n  and 2n  be the number of vertices of degree 7, and 8, 

respectively. Then .1321 =+ nn  Now, if possible, let 71 ≤n  and .62 ≤n  

Then 71 =n  gives ,62 =n  and the degree sum becomes ,8677 ×+×  

which is odd. Hence, 71 =n  is not possible. So, we have 61 ≤n  and 

.62 ≤n  But then ,1221 ≤+ nn  which is a contradiction. Therefore, either 

81 ≥n  or .72 ≥n  

 
E19) Assume, if possible, that G  is such a graph. Let u  and v  be the two 

vertices of degree 4 in .G  Then u  is adjacent to all the other vertices of 

,G  and so is the case with .v  This means, every vertex has degree at 

least 2, which contradicts the fact that .1)( =Gδ  Hence, no such graph 

exists. 

 
E20) No. A 3-regular graph on 5 vertices would have degree sum ,15  which is 

odd. Hence no such graph exists. 

 
E21) The statement is true, the proof of which is as follows. Since G  is 

regular, there is some nonnegative integer k  such that kvd
G

=)(  for all 

).(GVv∈  Then kGnvd
G

−= )()(  for all ).(GVv∈  Since GkGn ,0)( ≥−  

is regular. 
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E22) Observe that uv  belongs to precisely as many triangles as there are 

common neighbours of u  and .v  Now 

 |,)()(||)(||)(||)()(| vNuNvNuNvNuN ∩−+=∪  

 which implies 

 |)()(||)(||)(||)()(| vNuNvNuNvNuN ∪−+=∩  

                      |)()(|)()( vNuNvdud ∪−+=  

 Note that ).(|)()(| GnvNuN ≤∪  So 

 ),()()()()( GnvdudvNuN −+≥∩  as desired. 

 

E23) i) Two ),( zs -paths are ),,,( zwvs  and ).,,,,,( zwvuts  

ii) One such trail is ).,,,,,,,( zywvutvs  Since the vertex v  is repeated, 

it is not a path. 

iii) Note that in any cycle containing s  and ,z  the edge vw  must 

occur twice, which is impossible. Hence, there is no cycle 
containing both s  and .z  

 

E24) 
n

W  contains a cycle 1−n
C  which has 1−n  edges. Also, 

n
W  has a vertex 

adjacent to each of the vertices of 1−n
C  which gives additionally 1−n  

edges. There are no other edges. Thus the size of 
n

W  is .22 −n  

 

E25) i) Note that 
n

P  has two vertices of degree 1 for all .n  Then 
n

P  can 

be regular only when all its vertices have degree .1  This is 

possible only when .2=n  

 ii) Note that whatever n  is, every vertex of 
n

C  has degree .2  Thus 

n
C  is regular for all .n  

 iii) 
n

W  has a cycle .1−n
C  Every vertex of W  that lies on 1−n

C  has 

degree 3 . (Why?) So, the remaining vertex which is adjacent to 

every vertex of 1−n
C  must have degree .3  This gives 31 =−n , i.e., 

4=n . 
 

E26) If G  is connected, then it is not necessary that G  is connected. For 

example, 
n

K  is connected but 
nn NK =  which is disconnected. 

 
E27) i) False. The graph given below is disconnected but has no isolated 

vertex. 
 
 

  ii) False. For a counterexample look at the graph given below. 
 
 
 
 
 
 
 
E28) i) The given graph has only one component. Note that the graph 

obtained after removal of any of the vertices 321 ,, vvv  or 4v  is 
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connected. Hence, 321 ,, vvv  and 4v  are not cut-vertices. Similarly, 

the vertices ,,,,, 109876 vvvvv  and 11v  are not cut-vertices. However, 

the graph obtained by deleting 5v  has two components induced by 

},,,{ 4321 vvvv  and }.,,,,,{ 11109876 vvvvvv  Hence, 5v  is a cut-vertex. 

 

 Now observe that each edge belongs to some cycle. Hence, by 
Theorem 5, the graph has no cut-edges. 

 

 ii) Let G  be the given graph. It is easy to see that G  is 

disconnected. Its two components  1H  and 2H  are shown below 

   
   
 
 
 
 
  
 
   

 
  We can see that removal of any of the vertices 21,vv  or 3v  leaves 

a graph with 2 components. That is, 

).()()()( 321 GcvGcvGcvGc =−=−=−  So, none of 21,vv  and 3v  

is a cut-vertex of .G  Likewise, we can see that none of the vertices 

87 ,vv  and 9v  is a cut-vertex. Now consider the removal of 54 ,vv  or 

.6v  For instance, for ,4v  we find that ).(3)( 4 GcvGc >=−  Thus 

4v  is a cut-vertex. Similarly, 5v  and 6v  are cut-vertices. 

   

  Finally let us note that the removal of any of the vertices 121110 ,, vvv  

or 13v  does not increase the components. Hence 121110 ,, vvv  and 

13v  are not cut-vertices. 

   

  Let us now find the cut-edges. 
   

  We can see that every edge, except 54vv  and ,96vv  of the 

component 1H  lies in a cycle. Hence 54vv   and 96vv   are the only 

cut-edges of .1H  Also every edge of the component 2H  lies in a 

cycle. So, 2H  has no cut-edges. Therefore, the only cut-edges of 

G  are 54vv  and .96vv  

 

E29) i)  False. For example, 4C  is connected, but it has no vertex adjacent 

to all the other vertices. 

ii) False. Without loss of generality, assume that G  is a connected 

graph. Let v  be a leaf vertex in .G  Take }.{\)(, vGVwu ∈  Then no 

),( wu -path passes through .v  Hence, by Theorem 4, v  is not a 

cut-vertex. Since v  is arbitrary, no leaf is a cut-vertex of .G  

iii) True. Since the edge which is incident on a leaf does not lie in any 
cycle, it must be a cut-edge.   

 
2v  

3v  
5v  

6v  

9v  

8v  
7v  4v  

1v  

1H  

 

 

10v  

11v  

13v  

12v  

2H  
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2.1 INTRODUCTION 
 

In Unit 1, you saw graphs as models, and the basic concepts of graphs theory 

including neighbourhood and degree; walks, paths and cycles; connectedness 

and components. In this unit, we shall introduce some more essential 

concepts to understand the structure of graphs.  
 

In Section 2.2, you will see how to define the ‘distance’ between two vertices 

of a graph. One particular application of distance, you will see is in 

characterising bipartite graphs. In this section, you will also see, the related 

concepts, such as radius and diameter of a graph. In Section 2.3, we shall 

introduce two important graphs namely, Petersen graph and Hypercube graph, 

and look at their properties. Section 2.4 deals with the representation of 

graphs through matrices.  
 

In Section 2.5, we shall discuss the concept of isomorphism, which will help 

you to decide when two graphs are ‘isomorphic’. Finally, Section 2.6 deals with 

the notion of degree sequence, and graphic sequence. 
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Objectives 

After studying this unit, you should be able to:  

 define the distance between two vertices of a graph; 
 

 find the radius and diameter of a graph; 
 

 describe the Petersen and Hypercube graphs; 
 

 represent a graph by adjacency matrix or incidence matrix; 
 

 explain what isomorphism is, and when two graphs are isomorphic; 
 

 differentiate between a degree sequence and a graphic sequence; 

 describe and use the Havel-Hakimi Theorem to determine whether a 
given sequence of non negative integers is a graphic sequence or not. 

 

2.2  DISTANCE 

 
In this section we shall study the concept of distance between two vertices of a 
graph. We shall also see the related concepts such as the diameter and the 
radius of a graph.  
 

Definition: Let G be a graph, and )(, GVvu  . The distance between u and 

v , denoted by ),( vudG , is the length of a shortest ),( vu -path. If there is no 

),( vu -path inG then ),( vudG .  

 
For example consider the graph given below. 

 
 
 
 
 
 

 
 
 
 
 
 

 
The distance between some pairs of vertices of this graph is as follows. 

2),(,3),(,3),(,1),(  zvdzudcaduad  

 
You can compute the distances between other pairs of vertices similarly. You 
will find that the maximum distance between any two vertices of this graph is 

3 .  

 
From other mathematics courses, such as real analysis or topology, you can 

recall that a distance function d  on a set S  is a nonnegative function that 

satisfies for all Szyx ,, : 

1)    yxyxd  0),(  

2)    ),(),( xydyxd   

3)    ),(),(),( zydyxdzxd   

Note that 

),( vudG  iff  

u and v lie in 

different components. 
When there is no 
confusion, we shall 

write ),( vud in place 

of ),( vudG . 

 a  

b  c  

u  
v  

w  

x  
y  

z  

 
Fig. 1 
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The first two properties hold trivially for the distance defined in graphs.  Let us 
verify the third property, which is called the triangle inequality, in the example 
below. 
 

Example 1: In a graph G , show that for all )(,, GVzyx ∈  

),(),(),( zydyxdzxd +≤ . 

 

Solution: Let ', PP and ''P be three shortest ),( yx -path, ),( zy -path, and 

),( zx -path, respectively. Then  

),()''(length),,()'(length),,()(length zxdPzydPyxdP ===  

 

Note that 'PP + is an ),( zx -walk of length ),(),( zydyxd + . So, there exists 

an ),( zx -path in 'PP +  of length at most ).,(),( zydyxd +  (Why?) But ''P is 

an ),( zx -path of shortest length. Hence,  ),(),(),( zydyxdzxd +≤ . 

*** 

 
Recall, from Unit 1, that a bipartite graph can be written as a union of two 
nonempty disjoint independent sets. The concept of distance helps us get 
another characterisation of bipartite graphs in terms of even cycles.  
 
Theorem 1: A graph is bipartite if and only if all its cycles are even.  
 

Proof: Suppose that G is a bipartite graph with a bipartition ),( YX . Let 

),,...,,,( 1321 vvvvvC
k

= be a cycle in G . Without loss of generality, we can 

assume  that Xv ∈1 . Since 2v is adjacent to 1v , we have Yv ∈2 . Similarly, 3v  

belongs to 4,vX to Y , and so on. Thus, Xv
i
∈ or Y according as i is odd or 

even, for ki ≤≤1 . Since 1vv
k

is an edge of G and YvXv
k

∈∈   ,1 have we . 

Accordingly, k is even. Thus, C is an even cycle.  
 

Conversely, let us suppose that G contains only even cycles. We first assume 

that G is connected. Let u be a vertex of G . Define  

),(:)({ vudGVvX ∈= is even. } and ),(:)({ vudGVvY ∈= is odd. }. 

 

We will prove that ),( YX is a bipartition of G . To prove this, we have to show 

only that X and Y are independent sets.  So, let Xyx ∈, be such that yx ↔ . 

Then ),( xud and ),( yud are even. Let P be a shortest ),( xu -path, and 'P a 

shortest ),( yu -path. Then the lengths of both P and 'P are even. If u is the 

only common vertex of P and 'P , then xyPP +∪ )'( is a cycle of odd length, 

a contradiction. Otherwise consider a vertex von both P and 'P such that 

),( vud  is maximum. (See the following picture.) 

 
 
 
 

 
 
 
 
 

Now look at the cycle C formed by the ),( xv -path along P , the edge xy , and 

the ),( vy -path along 'P . We have 

 

u  

v  

P  

P ′  

x  

y  
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1),(2)'length()length(

1)],()'[length()],()[length()length(

++=

+−+−=

vud-PP

vudPvudPC
 

 
This implies C  is an odd cycle, which contradicts the assumption. Hence, X is 

an independent set. Similarly, Y is an independent set. Consequently,G is a 
bipartite graph.  
 
Recall that the diameter of a set in a metric space is the maximum distance 
between any two points of the set. In the same spirit, we can define the 
diameter of a graph. 
 
Definition: The diameter of a graph G , denoted by diam )(G , is the 

maximum of the distances between all the pairs of the vertices of G , that is,  

diam { }),(max)(
)(,

vudG
G

GVvu ∈

= . 

 

Since the maximum distance between any two vertices of the graph in Fig. 1 
above is 3 , the diameter of the graph is 3 . Now let us consider the following 
theorem that relates the diameter of a graph with its complement.  
 

Theorem 2:  If G  is a  graph and diam 3)( ≥G , then diam 3)( ≤G . 

 

Proof:  Suppose we have diam .3)( ≥G  Choose )(, GVvu ∈  such that 

3),( ≥vud . Then u  and v  are not adjacent, and neither they have any 

common neighbour in G . (Why?). Let },{\)( vuGVx∈ . Then x  must be 

adjacent to at least one of u  and v  in G . Since vu ↔  in G , we have 

,2),( ≤uxd
G

and .2),( ≤vxd
G

  

 

Now let, }.,{\)(, vuGVyx ∈  Then there are four cases. 

 

Case i): )(, uNyx
G

∈  

 In this case .2),(),(),( =+≤ yuduxdyxd
GGG

 

 

Case ii): )(, vNyx
G

∈  

 In this case 2),(),(),( =+≤ yvdvxdyxd
GGG

 

 

Case iii): )(),( vNyuNx
GG

∈∈  

In this case 3),(),(),(),( =++≤ yvdvuduxdyxd
GGGG

 

 

Case iv): )(),( uNyvNx
GG

∈∈  

This is similar to the previous case.  
 

Thus in all the cases, we have shown that .3),( ≤yxd
G

 Since x and y are 

arbitrary, we have .3),(max
)(,

≤
∈

yxd
GGVyx  

Therefore, diam .3)( ≤G  

 

Just like the diameter, we can define the radius of a graph. See the definition 
below. 
 

Definition: Let G be a graph. The eccentricity of a vertex v  of G , denoted 

by )(vGε , is the maximum distance of v  from any other vertex of G . The 
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radius of G , denoted by rad )(G , is the minimum eccentricity of a vertex of 

G .  
 
Let us consider the graph G given below. 

 
 
 
 
 
 
 

 
 
 
 
 

Here we can see that the eccentricity of 1v is 4 , i.e. 4)( 1 =vε (This is because 

6v is the farthest vertex from 1v  at a distance of 4 ). Similarly we have 

.2)(,4)(,3)(,3)(,3)(,3)(,4)(,3)( 36458792 ======== vvvvvvvv εεεεεεεε  

Thus,    rad 2)( =G  and diam 4)( =G .  

 
Example 2:  Let us consider the following graph in which every vertex is 
labelled with its eccentricity.  

 
 
 
 
 
 
 

 
 
 
 
 
Here the minimum eccentricity is 3 , and the maximum eccentricity is 5 . So, 

rad(G ) 3= and diam(G ) 5= .  

*** 
 

Thus, unlike geometry or analysis, the diameter of a graph need not equal 
twice the radius. Instead, we have the following relation between the radius 
and the diameter of a graph. 
 
Theorem 3: If G is a connected graph, then  

rad ≤)(G diam(G ) 2≤ rad ).(G  

 
Proof: The inequality rad )(G ≤ diam )(G  follows from the definition. We have 

to prove the second inequality diam )(G 2≤ rad )(G . So consider two vertices 

u and v in G , with =),( vud diam ).(G   Let w be a vertex in G with 

=)(wε rad ).(G  Then 

)( rad2)()(

),(),(),()( diam

Gww

wvdwudvudG

=+≤

+≤=

εε
 

 
Now, you may try these exercises.  

When the graph G  is 

clear from the context, 

we shall write ),(vε  

instead of ).(vGε  

 

1v  
2v  

8v  

3v  
4v  

6v  

5v  
9v  

G  

7v  

 

 

4  

4  

5  4  

3  5  

4  

4  
3  

3  

 

Note that 

diam )(max)(
)(

vG G
GVv

ε
∈

=  
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E1) Find the diameter and radius of the following graph. 

 
 
 
 
 
 
 

 
 
 

 
E2) Find the diameter and radius of the following graphs.  

 i)   nK    ii)  nC   iii)   nP   iv)  
nm

K ,  

 
E3) Give an example of a graph, different from any of the graphs given in 

E2) such that  

  i)    its radius and diameter are equal. 

  ii)   its radius is half its diameter.   
 
E4) Does there exist a graph with radius 2 and diameter ?5  Justify. 

 

 
In the next section, we shall discuss some special graphs. 
 

2.3  SOME SPECIAL GRAPHS  
 
In this section, we shall study two special graphs: the Petersen graph and the 
hypercube graph, and some of their properties.   
 

Petersen graph  
 
Definition: The Petersen graph is a graph whose vertices are the 2-element 

subsets of a 5-element set },5,4,3,2,1{ and whose edges are pairs of disjoint 

2-element subsets of }5,4,3,2,1{ .  

 

Note that a 2 -element subset of },5,4,3,2,1{ can be chosen in 








2

5
ways, i.e., 

in 10  ways. So there are 10vertices in the Petersen graph. Now consider any 

vertex },{ vu . There are three remaining elements in }5,4,3,2,1{ . Of these 

three elements, there are 3
2

3
=







ways to pick a 2 -element subset. This 

means, there are exactly three 2 -element subsets disjoint from },,{ vu and 

hence },{ vu is adjacent to all of them. Thus every vertex in the Petersen graph 

has degree 3 , that is, it is 3 -regular. Hence the number of edges in the 

Petersen graph is 15
2

103
=

×
. 

 
The following is a drawing of the Peterson graph. (For convenience we have 

written },{ vu  as vu ). 

 

7v  

1v  
2v  3v  4v  

5v  

6v  

8v  

9v  

10v  

11v  

12v  

13v  
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Petersen Graph 
 
Look at any two nonadjacent vertices in the graph above. How many 
neighbours they have in common? Exactly one, right? This is guaranteed by 
the following proposition.  
 
Proposition 1: If two vertices are nonadjacent in the Petersen Graph, then 
they have exactly one common neighbour. 
 
Proof: Consider two nonadjacent vertices A  and B  of the Petersen graph. 
Then },5,4,3,2,1{, BA  and .2||||  BA  Since A  and B  are 

nonadjacent,  BA  But both A  and B  have cardinality 2, so 

.3|| BA  Let ).(\}5,4,3,2,1{ BAC   Then .2|| C  Also 

 CBCA  Thus C  is the only common neighbour of A  and .B  
 
Recall that the girth of a graph is the length of a shortest cycle in it. 
 
Proposition 2: The Petersen graph has girth 5.  
 
Proof: By definition, the Petersen graph has no loops and parallel edges. This 
means it has no 1-cycle and 2-cycle. A 3-cycle would require 3 pairwise-
disjoint 2-sets, which cannot occur among 5 elements. A 4-cycle in the 
absence of 3-cycles would require nonadjacent vertices with 2 common 
neighbours that is also not possible due to Proposition 1. The vertices 12, 34, 
25, 14, 35 yield a 5-cycle, so the girth of the Petersen graph is 5. 

 
Hypercube Graph 
 
Definition: The k-dimensional cube,  also called a hypercube of dimension 

,k  is a graph whose vertices are the k -tuples ),,,( 21 kaaa  , where 

;ki,ai  1}1,0{  and the edges are the pairs of k -tuples that differ 

exactly at one position.  
 
We denote a k -dimensional cube by kQ . See below the drawing of 

21, QQ and 3Q . 
 
 

 
 
 
 
 
 
 
 
 

 

)0,0(  )0,1(  )0,0,1(  )0,0,0(  

)1,0(  )1,1(

)0(  )1(  

)1,1,0(  
)1,1,1(  

)1,0,1(  )1,0,0(  

)0,1,0(  
)0,1,1(  

1Q  2Q  3Q  

 12  

45  34  

23  15  

13  
35  

25  

24  
14  
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Since each entry in a vertex ),,( 21 kaaa K can be 0 or 1, kQ has 
k

2 vertices. 

 

For example 1Q has 22
1

= vertices, 2Q has 42
2

= vertices and 3Q  has  

823
= vertices. Thus k

k
Qn 2)( = . What is ?)( kQm To compute, note that a 

vertex ),,( 21 kaaa K  is adjacent to a vertex that differs at exactly one position. 

But there are k  positions in ),( 21 kaaa K . So every vertex is adjacent to k  

vertices. This means kQ is k-regular. Thus .2.
2

.2
)(

1−
==

k
k

k k
k

Qm (Why?) 

 
The following example gives more information about the structure of 
hypercubes.  
 

Example 3: Show that kQ is a bipartite graph.  

 

Solution:  Let X  be the set of all vertices that contain an odd number of 

s,1 and Y  the set of all those vertices that contain an even number of s.1  

Then ),( YX  is a bipartition of kQ .  

*** 

 
The hypercubes naturally occur in computer architecture. Processors can 

communicate directly if they correspond to adjacent vertices in kQ . The 

−k tuples that name the vertices serve as addresses for the processors. 
 
Now, to check your understanding solve the following exercises. 
 
 

E5) Determine whether the Petersen graph is bipartite. 
 
E6)  Find the diameter and radius of the Petersen graph.  
 

E7) Give a drawing of .4Q  
 

 

In the next section, we will discuss how graphs can be represented by 
matrices. 
 

2.4 REPRESENTATION OF GRAPHS 
 

Pictorial representation of a graph is a very convenient approach for visual 
study of a graph, but not very good for computer processing. To process a 
graph in a computer all that is required is whether any two vertices are 
adjacent or not. Alternatively, we can process the incidence relation between 
an edge and a vertex. Such information can be represented through matrices.  
We shall discuss here two such matrices, called the adjacency matrix, and the 
incidence matrix.  
 

2.4.1 Adjacency Matrix 

Definition: Let G be a multigraph with },,,,{)( 321 nvvvvGV K= . The 

adjacency matrix of G  is an nn ×  matrix defined as ,)()(
nnij

aGA
×

=  where 





=

≠
=

ji , 

ji        ,   

ifon loops of no. the twice

ifandendpoints  withedges of no. 

i

ji

ij
v

vv
a  
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For example, look at the multigraph G and its adjacency matrix )(GA , given 

below.  
 
 

 

 

 

 

 

 

 
 

                   )(GA  

 

 
Let us consider some more examples. 

 
Example 4: Draw a graph whose adjacency matrix is 

.

00010

00100

01001

10001

00110























=A  

 
Solution: A  has 5  rows and 5columns, so the corresponding graph has 

5vertices. Let 54321 ,,,, vvvvv be the vertices of the graph. Then from A  we find 

that },{)(},,{)(},,{)(},,{)( 34413512321 vvNvvvNvvvNvvvN ====  and 

}.{)( 25 vvN =  

 
Using this information, we draw the graph as follows.  

 
 
 
 
 
 
 

 
*** 

 

Example 5:  Consider the following multigraph G . 
 
 
 
 
 
 
 
 
 
 

i) Find )(GA . 
 

ii) Is )(GA  symmetric ? 



























=

211101

101000

112110

101022

001201

100210

)(GA
 

 

1v  2v  

4v  

5v  

3v  

6v  

G  

 

1v  

2v  

3v  

4v  

5v  6v  

7v  

 

 

1v  

2v  

3v  
4v  

5v  
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iii) What is the sum of the values of the entries in each row?, in each 
column? 

 

iv) How would you interpret the sums in iii) above ?  

 
Solution:  

i) We have 





























=

2101100

1010000

0100100

1000100

1011030

0000301

0000010

)(GA

 
 

ii) We can see that 
jiij

aa = for all i and j . Hence )(GA is symmetric. 

 

iii) The sum of the entries of )(GA in each row is given below: 

52226 4 1sum

7 65432 1row
 

The column sums are also the same.  
 

iv) Let us compare the degree of vertex 
i

v
 
with the sum in row i , for each 

,7,2,1 K=i  what we find is that  

=)(
i

vd sum of the entries of )(GA in row i 
=

=

7

1j

ij
a  

*** 
 

In the example above, you saw that the sum of the entries in a row equals the 
degree of the corresponding vertex. This is indeed the case for all multigraphs. 

To see, consider a vertex v in a multigraph G . Then the quantity 
∈ )(GVu

uv
a  

represents the number of edges incident on v , with each loop counted twice. 

This is exactly the degree of v . That is,  


∈

=

)(

)(
GVu

uv
avd  

Now in the equation above, let us take the sum over all )(GVv∈ . We get  

  
∈ ∈ ∈

=

)( )( )(

)(
GVv GVv GVu

uv
avd , 

which implies 
∈

=

)(,

)(2
GVvu

uv
aGm  , or  


∈

=

)(,2

1
)(

GVvu

uv
aGm . 

 
This shows that we can compute the number of edges in a multigraph using its 
adjacency matrix. 
 
Let us consider some examples. 
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Example 6:  Let G  be a graph with { }14,13,12,11,5,4,3,2)( =GV  and for any 

)(, GVvu ∈  

1),gcd( =⇔↔ vuvu . 

Find )(GA and )(Gm . 

 

Solution: Note that for any )(, GVvu ∈ , 

1),gcd(1 =⇔↔⇔= vuvua
uv

 

Hence the adjacency matrix of G is  

































=

01011010

10111111

01011000

11101111

11110111

01011010

11011101

01011010

)(GA  

 

Therefore, we have 21
2

42

2

1
)(

)(,

=== 
∈ GVvu

uv
aGm . 

*** 

 
2.4.2 Incidence Matrix 
 
The incidence matrix is defined below.  
 

Definition: Let G be a loopless multigraph with },,,{)( 21 n
vvvGV K= and 

},,,{)( 21 m
eeeGE K= . The incidence matrix of G  is an mn×  matrix defined 

as 
mnij

bGB
×

= )()( , where  





=
othewise.,0

onincidentisif,1
ij

ij

ve
b  

 
Note that in incidence matrix, n  rows correspond to the n vertices and 
m columns correspond to the m edges. 
 
Example 7:  Find the incidence matrix of the following graph. 
 

 
 
 
 

 
 
 

 
 

Solution:  The incidence matrix is given below. 

 

1
v  

1
e  

2
v  

2
e  3v  

4
v  

3e  

5e  

7
e  9

e  6
e  

8
e  

5v  
4

e  

6v  
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

























=

010100000

110011000

001101110

000010100

000000011

101000001

)(GB  

  *** 
 

In the incidence matrix )(GB  of a graph G , you can see that the sum of all 

the entries in a row represents the degree of the corresponding vertex. 
However, each column has exactly two s1  corresponding to the endpoints of 
the edge representing the column.  
 

Since an adjacency matrix A is a square matrix, we can compute its powers 

,, 32 AA  etc. For example, the adjacency matrix of the graph  

 
 
 
 
 
 
 

 
is given below: 























=

01100

10100

11010

00101

00010

A  

In ,A  the thji ),(  entry is 0  or ,1  which indicates the number of ),(
ji

vv - walks 

of length .1  The second and third powers of A  are: 























=























=

23411

32411

44240

11402

11020

,

21110

12110

11301

11020

00101

32 AA  

Now let us see what we can infer from the thji ),( entry of
2

A . For example,  

the th)1,1( entry is 1, which is the number of ),( 11 vv -walks of length 2 in the 

graph. You can see there is exactly one such walk, that is, ),,( 121 vvv .  

Now look at the th)2,1( entry which is 0 . In the graph there are no ),( 21 vv -walk 

of length 2 . Similarly, th)3,3( entry is 3 , and all the ),( 33 vv -walks of length 

2 are  

).,,(),,,(),,,( 343353323 vvvvvvvvv  

You can look at other entries. What you will observe is that in thjiA ),(,2  entry 

represents the number of ),(
ji

vv -walks of length 2 .  

 

1v  2v  3v  

4v  

5v  
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Now let us look at the entries of
3

A .  
 

The rd)3,2( entry is 4 , and all ),( 32 vv -walks of length 3are: 

),,,(),,,,(),,,,(),,,,( 3232343235323212 vvvvvvvvvvvvvvvv  

Thus in thjiA ),(,3 entry represents the number of ),(
ji

vv -walks of length 3 .  

 

Now can you guess what the thji ),( entry of 
k

A would represent?  The answer 

is given in the following theorem. 
 

Theorem 4:  Let A be the adjacency matrix of a graph 

G with  },,,{)( 21 n
vvvGV K= . Then the thji ),( entry of ,kA for ,1≥k represents 

the number of ),(
ji

vv -walks of length k in G . 

 

Proof:  We shall prove it by the Principle of Mathematical Induction on k . 

Let 
)(k

ija  denote the thji ),( entry of 
k

A . When ijij aak ==
)1(

,1 . So  if 0=
ij

a , 

then there is no ),(
ji

vv -walk of length 1. If ,1=
ij

a then iv and 
j

v are adjacent 

and hence there is exactly one ),(
ji

vv -walk of length 1. So, the result holds 

for 1=k . 

Now,  assume that 
)1( −k

ija represents the number of ),(
ji

vv -walks of length 

1−k . Consider the thji ),( entry 
)(k

ija of 
k

A , which can be obtained by 

multiplying the thi row of 
1−k

A with the thj column of A . That is  


=

−
=

n

r

rj

k

ir

k

ij
aaa

1

)1()(
. 

Note that rj

k

ir aa
)1( −

is nonzero only when ,0≠
rj

a i.e. when 1=
rj

a . But this 

means there is an edge between 
r

v and 
j

v . Thus rj

k

ir aa
)1( −

is the number of 

),(
ji

vv -walks of length kk =+− 1)1(  through 
r

v . Hence 
)(k

ija is the number of 

all ),(
ji

vv -walks of length k . 

By the Principle of Mathematical induction the result holds for all 1≥k . 
 
The following result tells us more about the usefulness of adjacency matrices. 
 

Theorem 5:  Let G  be a graph with },,,{)( 21 nvvvGV K= and the adjacency 

matrix A . Then G  is connected iff every nondiagonal entry of the matrix 

12 −
+++=

nAAAM K  

is nonzero. 
 

Proof: First, let us assume that G is connected. Pick distinct 
ji

vv , in 

)(GV arbitrarily. Connectedness of G implies that there is a ),(
ji

vv -path of 

length ,k where 11 −≤≤ nk . This means the th),( ji entry of 
k

A is nonzero. 

(Why?) Since th),( ji  entry of each power of A  is nonnegative, th),( ji  entry of 

M  is also nonzero. Since iv and 
j

v  are arbitrary, each non diagonal entry of 

M  is nonzero.  
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Conversely, assume that each entry of M  is nonzero. Pick any iv and 
j

v in 

)(GV . Then th),( ji entry of 
k

A is nonzero for some 11, −≤≤ nkk . So by 

Theorem 4, there is a ),(
ji

vv - walk in G . Hence G is connected.  

 
Theorem 5 is useful in specific settings. For example, the connectedness of a 
graph represented by the adjacency matrix can be checked by a computer 
program.  
 

Example 8: Find the number of ),( 31 vv  -walks of length 4,3,2,1 and 5 in the 

following graph.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Solution: The adjacency matrix of the given graph is  























=

00111

00101

11010

10101

11010

A  

Here 013 =a , which means there is no ),( 31 vv -walk of length 1. Now we 

compute  























=













































=

*****

*****

*****

*****

10313

00111

00101

11010

10101

11010

00111

00101

11010

10101

11010

2A  

We can see that the number of ),( 31 vv -walks of length 2  is .3
)2(

13 =a  Now we 

compute 























=













































=

*****

*****

*****

*****

76272

00111

00101

11010

10101

11010

*****

*****

*****

*****

10313

3A  

From here we find that ,2
)3(

13 =a which is the number of ),( 31 vv -walks of 

length 3 . Similarly, you can compute 

Note that the ed*  

entries are left 
uncomputed. 

1v  

2v  

3v  

5v  

4v  
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,

*****

*****

*****

*****

114201120

4























=A

 

and 























=

*****

*****

*****

*****

5140265126

5A  

We find that 20
)4(

13 =a and ,26
)5(

13 =a which are the number of ),( 31 vv -walks 

of length 4 and ,5 respectively.  

*** 

 
Now, try the following exercises. 
 

 
E8) Write down the adjacency and incidence matrices of the following graph: 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

E9) If A  is the adjacency matrix of a graph, then 
k

A  is symmetric for every 

1≥k . Prove the statement using the Principle of Mathematical 
Induction. 

 
E10) Check whether the graphs or multigraphs represented by the following 

adjacency matrices are connected or not. 

 i)  



















1011

0100

1011

1011

 ii) 























00011

00011

00011

11101

11110

 

 
E11) Draw the graph or multigraph corresponding to each of the following 

adjacency matrices: 

 i) 























01010

10111

01010

11101

01011

 ii) 



















0111

1010

1101

1010

 

 

E12) Find the number of walks of length 4 between any two nonadjacent 
vertices of the following graph: 

 

1e  

1v  

2v  

3v  

4v  

5v  
6v  

2e  3e  

4e  

5e  
6e  

7e  8e  

9e  
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In the next section, we shall talk about the concept of isomorphism which tells 
us whether two graphs are structurally same or not. 
 

2.5 ISOMORPHIC GRAPHS 
 
Look at the following graphs. 

 
 
 
 
 
 
 

 
 
 
 
 

Do you find them different, or the same? Clearly, 21 GG ≠  as ).()( 21 GVGV ≠   

Now, for a moment, ignore their labels. Then you will see that they are exactly 

the same. If you observe a relation between two vertices of 1G  you can see 

the same relation between the “corresponding”  vertices in .2G  For example in 

1G , t and r have a common neighbour ,s and in 2G the vertices u and x  have 

a common neighbour y . Such graphs are called “isomorphic” to each other. 

The formal definition is given below: 
 

Definition:  Let 1G and 2G be two graphs. Then 1G is said to be isomorphic 

to 2G , written as ,21 GG ≅  if there exists a one-one onto function 

)V(G)V(G: 21 →φ  such that 

)E(G(v)(u))E(Guv 21 ∈⇔∈ φφ .         (1) 

The function φ is called an isomorphism from 1G  to 2G . 

 

Let us resume our discussion on the graphs 1G and 2G  given above. Let 

)()(: 21 GVGV →φ be defined as .)(,)(,)(,)(,)( xtysurvqwp ===== φφφφφ  

Now for each edge in 1G , we verify the statement (1). 

)()()()(

)()()()(

)()()()(

)()()()(

)()()()(

)()()()(

21

21

21

21

21

21

GEuxtrGErt

GExwptGEtp

GEyxtsGEst

GEuysrGErs

GEvurqGEqr

GEwvqpGEpq

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

φφ

φφ

φφ

φφ

φφ

φφ

 

 

u  

v  

y  

x  

w  

p  

t  

s  

q  

r  

1
G  

2
G  
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Thus we have proved that φ is an isomorphism from 1G to 2G . Therefore, 

21 GG ≅ .  

Are you wondering that 21 GG ≅ implies `12 GG ≅  ? It is true. You can verify 

that if φ is an isomorphism from 1G to 2G  then 1−
φ is an isomorphism from 

2G to 1G . Thus when 21 GG ≅ , we call 1G and 2G are isomorphic, otherwise 

nonisomorphic. Let us see some examples. 
 

Example 9: Show that the graphs shown below are isomorphic. 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Solution:  Let us define )()(: 21 GVGV →φ as below: 

tyzs

vuxw

====

====

)8(,)7(,)6(,)5(

,)4(,)3(,)2(,)1(

φφφφ

φφφφ
 

By definition it is clear thatφ is one-one and onto. Now 

)()5()4()(45

)()8()3()(38

)()7()2()(27

)()6()1()(16

)()5()8()(85

)()8()7()(78

)()7()6()(67

)()6()5()(56

)()1()4()(41

)()4()3()(34

)()3()2()(23

)()2()1()(12

21

21

21

21

21

21

21

21

21

21

21

21

GEvsGE

GEutGE

GExyGE

GEwzGE

GEstGE

GEytGE

GEzyGE

GEszGE

GEvwGE

GEuvGE

GExuGE

GEwxGE

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

∈=⇔∈

φφ

φφ

φφ

φφ

φφ

φφ

φφ

φφ

φφ

φφ

φφ

φφ

 

Thus we have proved that φ is an isomorphism from 1G  to 2G . 

Hence .21 GG ≅  

*** 
 

If you have to prove that two graphs 1G  and 2G are isomorphic you have to 

use the definition, there is no alternative. An isomorphism from 1G  to 

2G preserves the adjacency relation between 1G  and 2G . This implies, 1G  
and 2G  must have the same order, the same number of components, the 

same number of triangles, the same girth, the same radius, the same 
diameter, etc. In short, we can say that  
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≅ 21 GG If 1G has a property P , then 2G also has the property .P  
 

Can you write down the contrapositive of the statement above? The 
contrapositive is  
 

If 1G has a property P , but 2G does not have P 21 GG ≅/  
 

Here, P can be any property a graph may have. Let us look at some examples 
of nonisomorphic graphs.  
 

Example 10: Show that the graphs 1G and 2G given below are nonisomorphic.  

 
 
 
 

 
 
 
 
 

Solution:  Since 1G has only one triangle and 2G has two triangles, 21 GG ≅/ . 

*** 
 

Example 11:  Show that the graphs below are nonisomorphic.  
 
 
 
 
 

 
 
 
 
 
 
 
 

Solution:  The graph on the left is bipartite, and so has no odd cycles. 

However, the graph on the right has a 5 -cycle. Hence, they are not 
isomorphic.  

*** 
  

By now you must have understood that an isomorphism between two graphs 
tells us that they are the same, a copy of each other, but labelled or drawn 
differently. Recall that the complement of a graph is obtained by removing the 
existing edges from the graph and adding the missing edges. This process 
may produce a copy of the original graph. What will you call such a graph? 
“Self-complementary”? Let us see the definition below. 
 

Definition:  A graph G is said to be self-complementary if GG ≅ . 

For example, let us look at 5C and 5C  drawn below 

 
 
 

 
 
 
 

 

1 2  3 4  

1
G  

5 

1 2  3 4  

1
G  

5 

u  v  w x  

2
G  

 y  

 

 w  p  

q  

r  

s  

v  

u  

t  

a  

b  c  

d  

e  

f  g  

h  

 

 

5C  5C  

1  2  

3  

4  

5  

1  2  

3  

4  

5  
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Note that 5C
 
is the cycle )1,4,2,5,3,1( . Here },51,45,34,23,12{)( 5 =CE

 
and    

}41,24,52,35,13{)( 5 =CE . We have one-one onto mapping 

}5,4,3,2,1{},5,4,3,2,1{: →φ  defined as 

4)5(,2)4(,5)3(,3)2(,1)1( ===== φφφφφ . 

We leave it for you to check that for all  }5,4,3,2,1{, ∈vu  

)( 5CEuv ∈
 
if and only if )()()( 5CEvu ∈φφ . 

 
Now you should be ready to do some exercises.  
 

 
E13) Which of the following pairs of graphs are isomorphic ? 

 
 
 
 
 
 
 
 
 

 
  

 
 
 
 
 

 
 
 
 
E14)    Show that the following graphs are isomorphic. 
 

 
 
 
 

 
 
 
 
 
 
 
E15) Which of the following graphs are self-complementary? Justify your 

answer.  
 
 
 

i)                                                ii)  
 

 
 
 
 

 

 

 

 

Two unlabelled 
graphs are 
isomorphic if their 
labelled versions are 
isomorphic.  

 

 

1G  
2G  

 

i) 

ii) 

12 

45  34  

23  15  

13  
35  

25  

24  
14 
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E16) Let G  be a self-complementary graph. Let 1H  be the graph obtained by 

joining each vertex of G  to the two endpoints of .4P  Let 2H  be the 

graph obtained by joining each vertex of G  to the two internal vertices of 

.P  Show that both 1H  and 2H  are self-complementary. 

 
E17) Prove that if G  is an n -vertex self-complementary graph, then n  or 

1−n is divisible by 4 . 

 
E18) Construct a self-complementary graph on 8 vertices. 
 

 
In the next section, we shall discuss degree sequences and graphic 
sequences. 
 

2.6  DEGREE SEQUENCES AND GRAPHIC 
SEQUENCES 

 
In Section 1.5 of Unit 1, we have discussed degrees of vertices in graphs and 
multigraphs. Here, we shall study degrees of all vertices of a graph or 
multigraph together. 
 
Definition 21: The degree sequence of a multigraph is the sequence of its  

vertex degrees ),,,( 21 nddd K , where nddd ≥≥≥ K21 . 

For example, consider the following multigraph. 
 
 
 

 
 
 
 
 
 
 
 

In this graph there are two vertices of degree 4 ,  four vertices of degree 3 , 

three vertices of degree 2 , and two vertices of degree 1. Hence its degree 

sequence is )1,1,2,2,2,3,3,3,3,4,4( .  Of course, every multigraph has exactly 

one degree sequence. However, two multigraphs may have the same degree 

sequence. For example, the graph 1G  and the multigraph 2G  given below 

have the same degree sequence )1,2,2,3( .  

 
 
 
 
 

 
 
 
 
 
 
Let us consider one more example. 
 
Example 12: Write the degree sequences of the following graphs.  

 

 

 

1G  

 

 

2G  
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Solution: In 1G , we find that 3)(,1)( 21 == vdvd , 

2)()()( 543 === vdvdvd and 1)()( 76 == vdvd . Hence, the degree sequence 

of 1G  is )1,1,1,2,2,2,3( . 

 

Similarly, in 2G , the degrees of the vertices edcba ,,,,  and f  are 2,2,3,3,3   

and 1 respectively. Hence the degree sequence of 2G  is ).1,2,2,3,3,3(  

*** 

 
Did you observe that the sum of the terms in each of the degree sequences 
found above is even? This is because of the following theorem. 
 

Theorem 6: Let ),,,( 21 ndddd K= be a decreasing sequence of nonnegative 

integers. Then d  is a degree sequence iff 
=

n

i

i
d

1

is even.  

 

Proof: If ),,( 21 ndddd K= is a degree sequence then there exists a multigraph 

with sd i  as the degrees of its vertices. Hence by the Hand-shaking Lemma for 

multigraphs (E15 of Unit 1), 
=

n

1i

 
i

d is even.  

 

Conversely, let 
=

n

i

i
d

1

be even. We shall construct a multigraph with vertices 

nvvv ,, 21 K such that ii dvd =)( for all },,2,1{ ni K∈ . Note that 
=

n

i

i
d

1

 is even 

implies that the odd values in ),,,( 21 nddd K occur even number of times. So 

the set }odd. is :{ ii dvS = contains an even number of vertices, which can be 

paired in any order. Draw an edge between every such pair. The remaining 

degree at each vertex in S is even, and hence we can draw 
2

1−id
loops on 

each of these vertices. The vertices not in S  already have even degree, so on 

each of these vertices draw 
2

id
loops, to get a multigraph. 

 

The proof of Theorem 6 not just gives a characterisation of degree sequences 
of multigraphs, but provides a method as well for constructing a multigraph 
with the given degree sequence. Let us consider the following example. 
 

Example13: Draw a multigraph with degree sequence )2,2,5,5(=d . 

 
1v  

2v  

3v  

4v  

7v  

5v  

6v  

d  

c  

b  

a  

f  

e  

1G  2G  
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Solution: Since the sum of the terms of d is even, d is a degree sequence. 

So there exists a multigraph on 4 vertices, say 321 ,, vvv and 4v . Let 

5)()( 21 == vdvd . We draw an edge between 1v and 2v . The remaining 

degrees at each of 1v and 2v is 4 , drawing two loops on each of them 

exhausts their degrees. Now the remaining two vertices 3v  and 4v  have 

degree 2  each, and so on each of them we draw a loop. The multigraph 
obtained is given below. 
 
 
 
 
 
 
 
 
 

 

*** 

 
Let us now shift our attention to the degree sequences of graphs only. To 
distinguish between the degree sequence of a graph with that of a multigraph, 
you need the following definition. 
 

Definition:  A sequence of nonnegative integers ),,,( 21 ndddd K=  is said to 

be graphic if the permutation of d  in the descending order is the degree 
sequence of an n -vertex graph. 
 

For example, the sequences )3,5,4,3,2,1( and )5,4,3,3,2,1( are graphic, 

because both can be permutated in the descending order as 

),1,2,3,3,4,5( which is the degree sequence of the following graph. 

 
 

 
 
 
 
 
 

Note that the sequence )1,1,1,1,4,4(  is a degree sequence of the following 

multigraph. 
 
 
 
 
 
 
 
 
 

But )1,1,1,1,4,4(  is not graphic. That is, there exists no 6 -vertex graph with 

)1,1,1,1,4,4(  as its degree sequence. To prove our claim, let us assume, for a 

moment that there is a 6 -vertex graph with degree sequence )1,1,1,1,4,4( . Let 

654321 ,,,,, vvvvvv  be its vertices. We draw these vertices on a circle, as you 

can see below.  

 

4v  
2v  

3v  

1v  
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The graph has two vertices of degree 4 , say 1v and 2v . If 1v and 2v are 

nonadjacent, then both must be adjacent to the rest four vertices, leaving no 

vertex with degree 1. This is not possible. On the other hand, if 1v and 2v are 

adjacent, then both must have at least two common neighbours. This means, 

there would be at most two vertices of degree 1, which again is not possible. 

Thus )1,1,1,1,4,4(  is not a graphic sequence. 

 
Example 14: Draw two nonisomorphic graphs with degree sequence 

).1,1,1,2,2,3,3,3(   

 

Solution:  The following graphs 1G and 2G  have the same degree 

sequence ).1,1,1,2,2,3,3,3(  

 
 
 
 

 
 
 
 
 
 
 

We can see that 1G  has a 5 -cycle, whereas 2G  has no 5 -cycle. Thus 

21 GG ≅ . 

*** 

 
From the Hand-shaking Lemma, it is clear that a necessary condition for a 

sequence ),...,,( 21 ndddd =  of nonnegative integers to be graphic is that 


=

n

i

i
d

1

is even. However, this is not sufficient.  A necessary and sufficient 

condition was given by Havel and Hakimi, which we state in the following 
theorem. 
 

Theorem 7: (Havel-Hakimi Theorem): For 1>n , a sequence 

),...,,( 21 ndddd =
 
is graphic if and only if the sequence d ′ is graphic, where 

d ′ is obtained from d  by deleting its largest element (say ∆ ) and subtracting 

1 from its ∆  next largest elements. The only 1-element graphic sequence is 
(0). 
 
Proof: First, let us prove the forward implication.  
 
We know that there can be several graphs with the same degree sequence. 

Let G be a graph with vertices nvvv ,,, 21 K such that ii dvd =)( for ni ,,2,1 K= . 

We have to choose G in such a way that the set },,,{ 132 1+
= dvvvS K is the 

 
1v 2v  

3v  

4v  5v  

6v  

 

1G  2G  
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neighbourhood of 1v .  But the question is - can we do so? We use 

contradiction to show that this is possible.  So, let us start with the assumption 
that this is not possible. Let G be chosen among all graphs with 

ii dvd =)( such that 1v is adjacent to as many vertices in S as possible.  By 

definition, some vertex 
j

v in S  is not a neighbour of 1v . But since 11)( dvd = , 

there must be some neighbour kv of 1v outside S . Since 
kj

dd ≥ , there exists 

a vertex 
r

v such that )(GEvv
rj
∈

 
but ).(GEvv rk ∉  

 

Now, form a new graph 'G  from G by removing the edges kvv1 and 
rj

vv , and 

adding two new edges 
j

vv1 and rkvv . (See the picture below.) 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
It is obvious to see that d  is a degree sequence of 'G , too. Observe that in 

1,' vG  has more neighbours in S  as compared to those in .G  This contradicts 

the choice of .G  Hence, we conclude that G  can be chosen so that 

.)( 1 SvN =  Now see that 'd  is a permutation of the degree sequence of .1vG −   

 
Now, let us prove the converse statement.  
 

We are given a sequence ),...,,( 21 ndddd =
 
of nonnegative integers such that 

'd  is graphic. So, there exists a graph G  with vertex set 

},,,{)( 121 −
= nvvvGV K  and degree sequence 'd . Note that 'd  is a permutation 

of  

),...,,1...,,1,1( 2132 11 ndd
ddddd

++
−−−  

 

Now let us relabel the vertices of G as }',,','{ 121 −nvvv K such that  

nndd
dvddvddvddvd =−=−=−=

−+
)'(,,1)'(,,1)'(,1)'( 113221 11

KK . 

Add a vertex 'nv in G such that }.',,','{)'(
121 dn vvvvN K= Let 'G  be the 

graph so obtained . 

Clearly 1)'( dvd n = and 1,,1,)'( 1 −=∀=
+

nidvd ii K . 

Thus ),,( 21 ndddd K= is the degree sequence of '.G  Hence d is graphic.  

 
Now, let us consider some applications of the Havel-Hakimi Theorem. 
 

Example 15: Show that the sequence )0,3,3,4,6,6,6,6( is not graphic.  

 

Solution: Here )0,3,3,4,6,6,6,6(=d . So, 

 

G  G′  

1v  

kv  

j
v  

j
v  

r
v  

S  S  

1v  

k
v  

r
v  
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)1,1,0,0(''''

)0,0,0,1,3(

)0,1,1,2,4,4(''

)0,2,2,3,5,5,5('

−−=

=′′′

=

=

d

d

d

d

 

 

Note that ''''d  is not graphic, as it has negative entries. Using the Havel-

Hakimi Theorem, d ′′′ is not graphic, which implies ''d  is not graphic, which 

implies 'd  is not graphic, which implies d  is not graphic. 
 

Remark 1:  To show that a sequence is graphic or not, you can stop as soon 
as you find that the current sequence is graphic or not.  
 

Example 16:  Show that the sequence )2,2,2,2,3,4,4,5,6( is graphic. Also 

find a graph realising to it. 
 

Solution: We have 

 )1,1,1,1,1,1(

)1,1,1,1,2,2,2(''

)1,1,2,2,2,3,3,4(

)2,2,2,2,3,4,4,5,6(

=′′′

=

=′

=

d

d

d

d

 

 The graph corresponding to the sequence )1,1,1,1,1,1(=′′′d is given below.  

 
 
 
 
 

 
 

Using the Havel-Hakimi Theorem, d ′′′ is graphic d ′′ is graphic d′ is 

graphic d is graphic.  

To obtain a graph corresponding to =′′d  )1,1,1,1,2,2,2( , we add a vertex 

adjacent to two vertices with degrees 1,1  in the graph above, and we obtain 

the graph as shown below:  
 
 
 
 
 
 
 
 
 
 
 

To obtain a graph corresponding to sequence )1,1,2,2,2,3,3,4(==′d , add a 

vertex adjacent to four vertices with degrees 2,2,1,1 in the graph above. The 
resulting graph is: 

 
 
 
 
 
 

 

 

 

 

 

 

 

We say a graph G  
realises a graphic 

sequence d  if d  is a 
permutation of the 
degree sequence of 

.G  
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To obtain a graph corresponding to sequence )2,2,2,2,3,4,4,5,6(=d , add a 

vertex adjacent to the six vertices with degrees 4,3,3,2,1,1 in the graph above. 
The resulting graph is: 

 
 
 
 
 
 
 
 
 
 

*** 

 
You must have noted that the process shown in Example16  above does not 
produce a unique graph.  
 
Now, you can try following exercises. 
 

 
E19) Check whether the following sequences are graphic or not. 

 i)    )1,2,2,2,3,4,5,5(    ii)  )1,1,2,2,4,4,5,5(  

 iii)  )1,1,2,2,3,5,5,6,6(    iv) )1,1,1,2,4,5,5,5(  

 

 E20)  If ),,,( 21 n
ddd K is a graphic sequence, then so is   

)1,,1,1( 21 +++
n

ddd K . True or false? Justify. 

 

E21)  Let nm < . If ),,,( 21 m
ddd K and ),,( 21 nmm

ddd K
++

are graphic 

sequences, then is ),,,( 21 n
ddd K a graphic sequence? Justify your 

answer.  
 

E22) Draw two nonisomorphic graphs with degree sequence )2,2,2,2,2,2( .

  
E23) Draw a graph having the given properties or explain why no such graph 

exists.  

i) multigraph with four vertices of degree 2,1,1 and 3 . 

ii) multigraph with four vertices of degree 3,1,1 and 3. 

iii) graph with four vertices of degree 3,1,1 and 3. 

 

 
With this we come to the end of this section, and also to this unit. We shall 
now summarise the important points discussed in this unit. 
 

2.7   SUMMARY 
 
In this unit, we have covered the following points: 
 
1. Distance between two vertices of a graph, and its applications. 
 
2. Special graphs such as Petersen graph and hypercube graph. 
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3. Graph representation through adjacency and incidence matrices.  
 
4. Some properties of adjacency matrices.  
 
5. Graph isomorphic and self-complementary graphs. 
 
6. Degree sequences and graphic sequences. 
 
7. Havel-Hakimi Theorem. 

 

2.8   SOLUTION/ ANSWERS 
 
E1) We can compute the eccentricities of the vertices as follows: 

 ,3)(,4)(,4)(,3)(,3)(,3)(,4)( 7654321 ======= vvvvvvv εεεεεεε  

 4)(,3)(,3)(,3)( 111098 ==== vvvv εεεε  

 
 Thus the diameter is 4, and the radius is 3. 
 

E2) i)  Note that every vertex of 
n

K  has eccentricity 1, which implies  

diam =)(
n

K rad .1)( =
n

K
 

 

 ii)  Let ),,,,,( 01210 vvvvv
n−

K  be a representation of .
n

C  There are two 

cases according to whether n  is odd or even. 

    
   Case 1: n  is odd 

   In this case we have for all .
2

1
),(,

2

1
1 2/)1(

−
=

−
≤≤

−+

n
vvd

n
i nii  Thus 

for ,
2

1
1

−
≤≤

n
i  the maximum distance of 

i
v  from any other 

vertex is ,
2

1−n
 i.e., .

2

1
)(

−
=

n
viε  Since the distance function is 

symmetric, for ,
2

1
1

−
≤≤

n
i  we also have .

2

1
),( 2/)1(

−
=

−+

n
vvd ini  

This implies for ,1
2

1
−≤≤

−
ni

n
 .

2

1
)(

−
=

n
viε  Thus 

diam =)(
n

C rad .
2

1
)(

−
=

n
Cn  

   
   Case 2: When n  is even. 

   In this case we have for ,
2

),(,1
2

0 2/

n
vvd

n
i nii =−≤≤

+
 which is the 

farthest distance of 
i

v  from any other vertex. Thus for ,
2

0
n

i ≤≤  

.
2

)(
n

vi =ε  Likewise for ,1
2

−≤≤ ni
n

 
.

2
)(

n
vi =ε  Thus we have 

diam =)(
n

C  rad .
2

)(
n

Cn =  

   
   Combining both the cases we can write  
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   diam =)(
n

C  rad











 −

=

,
2

,
2

1

)(

n

n

C
n

 

 iii)  Let ),,,( 21 n
vvv K  be the path .

n
P  The vertices 1v  and 

n
v  are at 

the maximum distance, which is .1−n  Therefore,                

diam .1)( −= nP
n

 

   
   To find the radius we consider two cases according to whether n  

is even or odd. 
 

   When n  is odd, 2/)1( +n
v  is the only vertex with minimum 

eccentricity ,
2

1−n
 and hence rad .

2

1
)(

−
=

n
Pn  On the other hand, 

when n  is even the vertices of minimum eccentricity are 2/n
v  and 

,12/ +n
v  and .1

2
)()( 12/2/ −==

+

n
vv nn εε  

 

   Hence rad .1
2

)( −=
n

Pn

 
 
 iv)  We know that the maximum distance between any two vertices of 

nm
K ,  is 2. Hence diam .2)( , =

nm
K  Also we know that every vertex 

has eccentricity 2. Therefore, rad .2)( , =
nm

K  

   

E3) i)  One such graph is given below, with radius and diameter equal to 

.2  
 
 
 
 
 
 
  

 ii)  One such graph is given below, with radius 2 and diameter 4. 
 
 
 
 
 
 

E4) No. Because diam 2)( ≤G  rad )(G  for all graphs .G  

 

E5) The Petersen graph is not bipartite, because it contains a 5-cycle, which 
is odd. 

 

E6) Note that any two nonadjacent vertices of the Petersen graph have a 
common neighbour. Hence, its diameter is 2. To find the radius, let us 
compute the eccentricity of a vertex .u  There are 3 vertices adjacent to 
it. The remaining 6 vertices are nonadjacent to ,u  and hence each of 

them has a common neighbour with u . Therefore, .2)( =uε  Since u  is 

arbitrary, every vertex has eccentricity 2. Thus the radius of the graph is 
2. 

if n  is odd 

 
 
if n  is even. 
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E7) A drawing of 4Q  is given below. 

 
 
 
 
 
 
 
 
 
 
 
 
 
E8) Let us take the vertex and edge labellings in the order 

},,,,,,{)( 654321 vvvvvvGV =  and }.,,,,{)( 9321 eeeeGE K=  Then the 

adjacency and incidence matrices are as follows. 

 



























=



























=

011110000

000011000

110001100

000000110

101000011

000100001

)(,

011011

101000

110110

001010

101101

100010

)( GBGA  

 

E9) Since A  is the adjacency matrix, we know that 1=
ij

a  iff 
ji

vv ↔  iff 

ij
vv ↔  iff .1=

ji
a  Therefore, 

jiij
aa =  for all ., ji  Hence A  is 

symmetric. Assume that 
k

A  is symmetric for some .k  Then )()( k

ji

k

ij aa =  

for all ., ji  Now 
=

+

==

+
====

n

r

k

ji

k

rijr

n

r

jr

k

ri

n

r

rj

k

ir

k

ij
aaaaaaaa

1

)1()(

1

)(

1

)()1(  

 

 Thus 
)1( +k

A  is also symmetric. Hence by the Principle of Mathematical 

Induction, 
k

A  is symmetric for all .1≥k  

 

E10) i)  Note that the adjacency matrix A  represents a multigraph. We can 
see that 

     



















+



















+



















=++=

9099

0100

9099

9099

3033

0100

3033

3033

1011

0100

1011

1011

32
AAAM  

                 



















=

1301313

0300

1301313

1301313

 

   We note that the rd)3,1(  entry of M  is 0. Hence the multigraph is 

disconnected. 

 ii)  Attempt as in part i). The graph is connected. 
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E11) i)  Let ][
ij

aA =  be the given adjacency matrix. Since 111 =a  it 

represents a multigraph. Let },,,,{)( 54321 vvvvvGV =  be the vertex 

set of the multigraph. Drawing them on a circle we get 
  
 
 
 
 
 
 
 
 
 
 
 

ii)  The graph with labelling },,,{)( 4321 vvvvGV =  is drawn below. 

 
 
 
 
 
 
 
E12) Let us label the vertices of the graph as follows: 
 
 
  
 
 
 
  
 
 
 

 With respect to the labelling },,,,,{)( 654321 vvvvvvGV =  the adjacency 

matrix is  

 



























=

000001

000001

000001

000001

000001

111110

A  

 Note that between any pair of vertices of the set },,,,,{ 65432 vvvvv  there 

are the same number of walks of length 4. So, let us choose the vertices 

2v  and .3v  Then, we have to compute the rd)3,2(  entry of .4A  We have 

 ,

******

******

******

******

111110

******

2



























=A        ,

******

******

******

******

000005

******

3



























=A  and 

 

1v  2v  

3
v  

4v  5v  

 

 
1v  

3
v  

2
v  

4v  

 

 

5v  6v  

1v  

2v  

3v  
4v  
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 

























=

******

******

******

******

555550

******

4
A  

  

 Thus rd)3,2(  entry of 
4

A  is 5, which is the numbers of walks of length 4 

between 2v  and .3v
 

 

E13) i)  We can see that 5)1 =∆G  and .4)( 2 =∆ G  Hence /1 ≅G .2G  
 
 ii)  Let us label the given graphs as  
 
 
 
 
 
 
 
 
 
 
 
 
 

 

   Now let us define the map )()(: 21 GVGV →φ  by 
i

vi =)(φ  for 

}.11,,3,2,1{ K∈i  By definition, φ  is one-one onto. Now  

)()2()1()(12 2211 GEvvGE ∈=⇔∈ φφ  

)()3()2()(23 2321 GEvvGE ∈=⇔∈ φφ  

)()4()3()(34 2431 GEvvGE ∈=⇔∈ φφ  

)()5()4()(45 2541 GEvvGE ∈=⇔∈ φφ  

)()5()2()(25 2521 GEvvGE ∈=⇔∈ φφ  

)()6()2()(26 2621 GEvvGE ∈=⇔∈ φφ  

)()7()6()(67 2761 GEvvGE ∈=⇔∈ φφ  

)()8()7()(78 2871 GEvvGE ∈=⇔∈ φφ  

)()9()8()(89 2981 GEvvGE ∈=⇔∈ φφ  

)()10()9()()10(9 21091 GEvvGE ∈=⇔∈ φφ  

)()11()10()()11(10 211101 GEvvGE ∈=⇔∈ φφ  

).()11()2()()11(2 21121 GEvvGE ∈=⇔∈ φφ  

Thus for all ),( 1GEuv ∈  we have shown that ).()()( 2GEvu ∈φφ  

Therefore, φ  is an isomorphism from 1G  to ,2G  and hence .21 GG ≅  

 

1G  
2G  

8  9  

10  

11  1  6  

7  

5  

4  

2  
3  

8v  
9v  

10v  

11
v  

3v  

4
v  

5v  

6v  

7
v  1

v  

2
v  
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E14) Let us draw the first graph  as it is, and the second one with the labels as 
shown below. 

 
 
 
 
 
 
 
 
 
  
  
  
 

 Now define the map )()(: 21 GVGV →φ  by ,)(
k

vk =φ  for 

}.45,35,34,25,24,23,15,14,13,12{=k  Now verify that φ  is an 

isomorphism from 1G  to .2G  Note that 1G  and 2G  are two different 

drawings of the Petersen graph. 
 

E15) i)  Labelling the graph with ,5,4,3,2,1  and drawing its complement we 

get 
 
 
 
 
 
 
 
 
 
   
   

   Let us define )()(: GVGV →φ  by  

   4)5(,1)4(,3)3(,5)2(,2)1( ===== φφφφφ  
 

   Now verify that φ  is an isomorphism from G  to .G  So, ,GG ≅  

and hence G  is self-complementary. 
 

 ii) Labelling the vertices as ,5,4,3,2,1  and drawing the complement 

we get 
 
 
 
 
 
   
   
 
  
 
 
 

 We find that G  is disconnected, whereas G  is connected. Therefore, 

/≅G ,G  and hence G  is not self-complementary. 

 1 

2  

3  

4  

5  

G  

 

 
 

G  

1 5  

2  4  

3  

13v  

12 

45  34  

23  15  

13  
35  

25  

24  

14 

25v  

24v  

23v  
15v  

34v  
45v  

14v  

35v  

12v  

1G  2G  

1 

2  

3  4  

5  

G  

1 

2  

5  

4  3  

G  
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E16) A geometrical depiction of 1H  and 1H  is given below 

 
 
 
 
 
 
 
  
 
  
 
 

 We have GG ≅  and .44 PP ≅  Thus .11 HH ≅  Hence 1H  is self-

complementary.  
  

 Use similar reasoning to prove that 2H  is self-complementary. 

 

E17) We are given a self-complementary n -vertex graph ,G  and we have to 

prove that either n  or 1−n  is divisible by 4. By definition, we know that 

.
2

)1(
)()(

−
=+

nn
GmGm  Since ,GG ≅  we have ).()( GmGm =  Hence 

.
4

)1(
)(

−
=

nn
Gm  This implies that either n  or 1−n  is divisible by 4. 

 

E18) Taking ,4PG =  and using the construction of the graph 1H  as shown in 

E16, we get the following self-complementary graph on 8 vertices. 
 
 
 
 
 
 
 
 
 
 
 
 
 

E19) i)  We have  )1,2,2,2,3,4,5,5(=d  

    )1,1,1,2,2,3,4(=′d  

    )0,1,1,1,1,2(=′′d  

    )0,0,0,1,1(=′′′d  

   We can see that d ′′′  is graphic as it realises to the following graph. 
   
   
   

   Thus d ′′′  is graphic   d ′′  is graphic   d ′  is graphic   d  is 
graphic. 

 

 ii)  Here )1,1,2,2,4,4,5,5(=d  

 

4P  4P  

  

 

G  

4P  

1H  

G  

4P  

1H  
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    )1,1,1,1,3,3,4(=′d  

    )0,0,1,1,2,2(=′′d  

    )0,0,0,1,1(=′′′d  

   Since d ′′′  is graphic,  d  is graphic. 
 

 iii)  Here )1,1,2,2,3,5,5,6,6(=d  

    )1,1,1,1,2,4,4,5(=′d  

    )0,0,1,1,1,3,3(=′′d  

    )0,0,0,0,1,2(=′′′d  

    )1,0,0,0,0( −=′′′′d  

   
   We find that d ′′′′  contains a negative entry. Hence d ′′′′  is not 

graphic   d ′′′  is not graphic   d ′′  is not graphic   d ′  is not 

graphic   d  is not graphic. 
 

 iv)  Here we find that ),1,0,0,0,1( −=′′′d  which is not graphic. Hence d  

is not graphic. 
 

E20) False. Because, for example we know that )1,1(  is graphic but )2,2(  is 

not. 
 

E21) Since ),,,( 21 n
ddd K  is graphic there exists an m -vertex graph, say ,1G  

with },,,{)( 211 m
vvvGV K=  where 

ii
dvd =)(  for .1 mi ≤≤  Likewise, 

since ),,,( 21 nmm
ddd K

++
 is graphic, there exists a graph, say ,2G  with 

},,,,{)( 212 nmm
vvvGV K

++
=  where 

ii
dvd =)(  for .1 nim ≤≤+  Then the 

graph 21 GG ∪  with },,,{)( 2121 n
vvvGGV K=∪  realises to the sequence 

).,,,( 21 n
ddd K  Hence ),,,( 21 n

ddd K  is graphic. 

 

E22) Two such graphs are 
 
 
 
 
 
 
 
 
 
 
 
 

E23) i)  No such multigraph exists because ,71123 =+++  which is odd. 

 ii)  One such graph is 
 
 
 
   
 

 iii) Here ).1,1,3,3(=d  So, ),0,0,2(=′d  which is not graphic. Hence d  

is not graphic, and so no such graph exists. 

 

 

 

 

 

1G  

 

 

2G  
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3.1 INTRODUCTION 
 
In the previous unit, we have concentrated on some basics of graphs. In this 
unit we shall focus on one particularly important and useful type of graph, 
called ‘tree’. The word “tree” suggests branching out from a root and never 
completing a cycle.  Although trees are relatively simple structures, they form 
the basis of many of the practical techniques used to model and to design 
large scale systems. In chemistry, for example, the chemical compounds such 
as Methane, Ethane etc. can be represented by trees. Trees provide a range 
of useful applications as simple as a family tree to as complex as trees in data 
structures of computer science. Trees as graphs have many applications, 
especially in data storage, searching and communication.  
 
In Section 3.2, we shall discuss the basic properties and characterisation of 
trees.  Section 3.3 is devoted to spanning trees and their enumeration. In 

Section 3.4, we shall discuss k -ary trees, binary trees and their properties.  
 

Objectives  

After studying this unit, you should be able to: 

• distinguish trees from other graphs; 
 

• state several properties of trees and give equivalent definitions of a tree; 
 

• find different spanning trees of a graph; 
 

• understand k -ary trees, binary trees and their properties.  
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3.2 TREE AND ITS CHARACTERISATION 
 
In this section, we shall discuss what we mean by a tree, some properties of 
trees and a few characterisations. 
 
The concept of a tree is one of the most important and commonly used ideas 
in graph theory. It arose in connection with the work of Gustav Kirchhoff on 
electrical networks in 1840, and later with Cayley’s work on the enumeration of 
molecules in 1870. He was engaged in the enumeration of the isomers of 

saturated hydrocarbons 22 +nn HC
 
with a given number n  of carbon atoms 

(see Fig. 1) 

 

Fig. 1 

 
More recently, trees have proved to be useful in areas such as computer 
science, decision making, linguistics and the design of gas pipeline systems.                                                                                                                                                                         
 
So, let us start with a formal definition. 
 
Definition: A tree is a connected graph that has no cycles. 
 
For example, all graphs in Fig. 2 are trees. 

 
(a)    (b)       (c) 

Fig. 2   
 
Note that a graph is called acyclic if it contains no cycles. Hence we say that 
a connected acyclic graph is called a tree. Interestingly, an acyclic graph is 
called a forest. Therefore, every component of a forest is a tree.  
 
Let us consider an example. 
 
Example 1: Which of the following graphs are trees? Why? 

 
 
 
 
 
 
 
 
 
 

 
 

Solution:  You can see that 
1G  is not a tree because it is disconnected. 

Note that a trivial 

graph is a tree.  

 

1G  
2G  

3G  
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2G  is not a tree because it contains a cycle. Can you find a cycle in it? 

3G
 
is a tree because it is connected and has no cycles. 

*** 

 
From Unit 1, you can recall that a leaf is not a cut-vertex. This means, if v  is 

a leaf of a tree T , then vT −  is connected. Also  vT −  is acyclic, as removal 

of a vertex does not create a cycle. Thus vT −  is a tree. In general, you can 

prove that vT −  is a forest for any vertex v  of T .  
 
Next we shall prove the following theorem.  
 
Theorem 1: Every tree with n  vertices, where ,2≥n  has at least two leaves. 

 
Proof: Consider a maximal path P in T . If length 2)( =P  the endpoints of 

P are two leaves in T . If length 3)( ≥P , then let ),,,,,( 21 vwwwuP
k

K= , for 

some 1≥k . Let )(\)( PVTVw ∈ . 

  
Now ask to yourself: can w be a neighbour of u , or of v? If )(uNw ∈ , then 

wP +  is a path longer than ,P which is impossible. Hence )(uNw ∉ . 

Similarly, )(vNw ∉ . Also note that u has no neighbour other than 1w in P . 

Similarly, v  has no neighbour other than 
k

w in P . (Why?) Thus u and vare 

leaves. This completes the proof.  
 
Proposition 1:  Every edge of a tree is a cut-edge. 
 
Proof:  Recall from Unit 1 that an edge is a cut-edge if and only if it 
belongs to no cycles. Since a tree has no cycles every edge of a tree is a 
cut-edge.  
 
Trees have many equivalent characterisations, any of which could be taken 
as the definition. Such characterisations are useful because we need only 
verify that a graph satisfies any one of them to prove that it is a tree. The 
Following theorem characterises trees.  
 
Theorem 2: Let T  be a graph on n  vertices. The following statements are 
equivalent   

i) T  is a tree. 
 

ii) There is a unique path between any two vertices of T .  

iii) T  is connected and 1)( −= nTm . 
 

Proof: ii)i)⇒  We are given that T  is a tree. Consider two vertices u and 

v in T such that 1P and 2P  are two distinct ),( vu -paths in T . If u and vare 

the only common vertices of 1P and 2P , then 21 PP = . So, let x be a vertex 

such that the ),( xu -path lying in both 1P and 2P is maximal. (See the picture 

below.) 
 
 
 
 
 

 

 

u  x  

2w  

1w  

2P  

1P  

y  v  
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If ,vx =  then 21 PP =  again, which is not possible. So, there exist 

)(, 21 xNww ∈  such that )( 1`1 PVw ∈  and )( 22 PVw ∈ . Now consider two 

subpaths ),,,(' 11 vwxP K= and ),,,(' 22 vwxP K=  in 21 PP ∪ . Then '1P and 

'2P must have a common vertex, in addition to .x  Let y  be the first 

common vertex of '1P and '2P after x . Then the paths ),,,( 1 ywx K and 

),,,( 2 ywx K form a cycle, which is a contradiction. 

 

iii)ii)⇒   Since there is a unique path between every two vertices of T , T  

is connected. Also T  is a cyclic. (Why?) This means, T  is a tree. Now we 

show that the number of edges in T  is 1−n  by the Principle of 

Mathematical Induction on n , the number of vertices of T .  
 

If 1=n , then 10)( −== nTm . Now, assume the result holds for all the 

graphs with fewer than n vertices. Let T  be a connected graph on 
n vertices such that every pair of vertices is connected by a unique path in 

T . By Theorem 1, there exists a leaf v  in T . Then vT −  is a tree with 

1−n  vertices. Hence by the induction hypothesis. 

21)1()( −=−−=− nnvTm . 

Since T has only one edge more than vT − , we have 

11)()( −=+−= nvTmTm . 
 

i)(iii)⇒  We are given that T is connected, and 1)( −= nTm . To show that T   

is a tree, we have to just show that T is acyclic. So, assume if possible, that 

TT =0  
has a cycle 0C . Let 0e

 
be some edge of 0C . Then 01 eTT −=  is 

connected as 0e  is not a cut-edge of .T  If 1T  has a cycle 1C , then pick an 

edge 1e  of 1C . We can see that 112 eTT −=  is connected as 1e  is not a cut-

edge of 1T . We can continue this process as long as the subgraph 

11 −−
−=

kkk
eTT  for ,1≥k  has a cycle.  But  T  has at most finitely many cycles. 

Hence for some 
k

Tk, must be acyclic, as well as connected, and hence a tree. 

We have already proved ii)i) ⇒  and iii)ii) ⇒ . Therefore we have iii)i) ⇒ . 

This means )(1)( TmnTm
k

=−= , which implies 0=k . Therefore, T  is 

acyclic, and hence a tree.  
 

Let us look at an example now. 
 

Example 2: Consider a tree T  with 3 vertices of degree 2, 4 vertices of 
degree 3, and 3 vertices of degree 4. Calculate the number of leaves in T . 
 

Solution: Let the number of leaves in T  be k . Total number of vertices in  

)10(343  is kkT +=+++  and hence 9)( += kTm  
 

By the Handshaking Lemma,  

12)9(2433423)(2)(
)(

=⇒+=×+×+×+⇒=∑
∈

kkkTmvd
TVv

 

 

Hence, T  has12 leaves. 

*** 

 
Apart from the above characterisations, the degree sequence of a graph can 
also tell us whether the graph is a tree or not. To see how consider the 
following theorem. 



 

 

81 

Unit 3                                                                                                                Trees 

Theorem 3: Let G be a connected graph with at least two vertices and degree 

sequence ),...,,( 21 nddd , 1≥id for each .i  Then G  is a tree if and only if 

)1(2
1

−=∑
=

nd
n

i

i
.  

 

Proof: Let G be a tree with at least two vertices and degree sequence 

),...,,( 21 nddd , 1≥id for each .i  Then by Theorem 2, G  has )1( −n edges. So 

by the Handshaking Lemma, )1(2
1

−=∑
=

nd
n

i

i
. 

Conversely, Let G be a graph with at least two vertices and degree sequence 

),...,,( 21 nddd such that ).1(2
1

−=∑
=

nd
n

i

i
 

This implies 1)()1(2)(2 −=⇒−= nGmnGm . Hence by Theorem 2, G is a 

tree. 
 
Example 3: Check whether there exists a tree with degree 

sequence )1,1,1,1,1,1,2,3,7( . 

 

Solution: Let T be a tree with the degree sequence  )1,1,1,1,1,1,2,3,7(  So 

,9)( =Tn  and .8)( =Tm  

By Theorem 3  above, ,8218
9

1

×==∑
=i

i
d  which is false. Hence, there is no 

tree with the given degree sequence. 

*** 

 
Now, you can try the following exercises. 
 
 

E1) Which of the following statements are true, and which are false? Justify 
your answers. 

 i) A connected forest is a tree. 

 ii) Every bipartite graph is a forest. 

 iii) If T  is a tree, then T is a forest. 

 iv) There exists a tree with all vertices as leaves. 

 v) If e  is an edge of a tree T , then eT − is a forest. 
 

E2) Let T be a tree with 50 edges. The removal of certain edge from T  

yields two disjoint trees 
1T and 

2T . Given that the number of vertices in 

1T equals the number of edges in 
2T , determine the number of vertices 

and the number of edges in 
1T and 

2T .  

 

E3) What is the maximum possible number of leaves in a tree with 
n vertices? Is there any other name for such a tree? 

 

E4) Is it possible to draw a tree with the degree sequence ?)1,1,2,2,4(  

 

E5) Show that every tree is a bipartite graph.  
 

E6) Let 1T and 2T be two trees in a graph sharing exactly one vertex. Is 

21 TT ∪  a tree? Justify. 



 

 

82 

Block 1                                                                                   Fundamentals of Graph Theory 

E7) Let G be a graph such that )()( GnGm < . Show that G  has a 

component that is a tree. 
 
E8)  Let T be a tree. Show that for every pair of distinct nonadjacent  vertices 

u  and v  of uvTT +,  has exactly one cycle.  
 

 
In the next section we shall discuss spanning trees in graphs. 
 

3.3 SPANNING TREE 
 
Recall that a spanning subgraph of a graph G is the subgraph that contains all 

the vertices of .G  In connected graphs, the concept of spanning tree arises 
naturally. So, first let us look at the definition of “spanning tree”.  
 

Definition: Let G  be a graph. A subgraph T of G  is said to be a spanning 

tree of ,G  if  

i) T  is a spanning subgraph of ,G  
 

ii) T  is a tree. 
 

For example, the following graph G has a spanning tree T  shown in bold 

edges. Here )()( GVTV = and },,,,,,{)( 87766563433221 vvvvvvvvvvvvvvTE = .  

 
 
 
 
 
 

 
 
 

Just replace 87vv by 81vv to get another spanning tree. 

 
Let us consider the following result that characterises connected graphs 
through spanning trees.  
 
Proposition 2:  A graph is a connected graph if and only if it contains a 
spanning tree.  
 

Proof: Let G be a connected graph. If G is acyclic, G itself is a spanning tree 

ofG . If G contains a cycle C then delete one edge, say ,e  from C . Since no 

edge of a cycle is a cut-edge, eG − is connected. Repeat this process until 

you find an acyclic subgraph H of G . Graph H also contains all vertices of 

G . Hence, H is a spanning tree of G . 
 

Conversely if G contains a spanning tree then clearly, their exists a path 

between every pair of vertices of G . Hence G is a connected graph.  
 
From Proposition 2, it is clear that disconnected graphs do not have spanning 
trees. 
 
Now, using some results discussed in Section 3.2, we can prove some more 
results about pairs of spanning trees as follows:   

 

1v  

2v  
3v  4v  

6v  

5v  

7v  

8v  
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Proposition 3: If ,T  and T ′  are spanning trees of a connected graph G  and 

),(\)( TETEe ′∈ then there is an edge )(\)( TETEe ′∈′ such that eeT ′+− is a 

spanning tree of G .  
 

Proof: Suppose )(\)( TETEe ′∈ . Since e is a cut edge of eTT −,  is 

disconnected. Let 
1H  and 

2H be the components of eT −  and let 

21, HvHu ∈∈ . Then T ′ contains a ),( vu -path. This path contains an edge e′  

with one endpoint in
1H  and the other endpoint in 

2H . Hence, 
1H and 

2H  
with e′  form a connected acyclic subgraph of G , i.e., eeT ′+− is a spanning 

tree of G . 
 

Proposition 4: If T and T′ are spanning trees of a connected graph G and 

),(\)( TETEe ′∈ then there is an edge )(\)( TETEe ′∈′ such that eeT ′−+′ is 

a spanning tree of G .  
 

Proof: From E8) you know that eT +′ contains exactly one cycle, sayC . Note 

that all the edges of C  cannot be in T . Hence there exists some edge 'e  in 

C , but not in T . Then eeT ′−+′ is connected and acyclic containing all 

vertices of G . Hence, eeT ′−+′ is a spanning tree.  
 

We shall write )(Gτ to denote the number of spanning trees of a labelled 

graph G . Note that ,1)( ≥Gτ  whenever G is connected. For a disconnected 

graph G , we write 0)( =Gτ . Now we state, without proof, the theorem that 

gives us a formula for )(Gτ . 

 

Theorem 4 (Matrix Tree Theorem): Let G be a connected graph with vertex 

set },...,,,{)( 321 nvvvvGV = , and adjacency matrix 
nnij

aGA
×

= )()( . Define a 

matrix 



















−−

−−−

−−−

=

)(

)(

)(

21

223221

113121

nnn

n

n

vdaa

aavda

aaavd

Q

L

MOM

L

L

 

Let rsQ be the submatrix of Q obtained by deleting the row r and the column 

.s  Then srG +
−= )1()(τ det )( rsQ , for any row r  and any column s . 

 

Note that the quantity sr+
− )1(  det )( rsQ is same for all },,2,1{, nsr K∈ . So, 

while computing the number of spanning trees we can choose any value of 
r and s , convenient to us. Let us have an example. 
 
Example 4: Find the number of spanning trees of the graph given below. Also 
draw them.  

 
 
 
 

 
 
 
 
 

 

1 

2  3  

4  

6  5  
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Solution: We have  



























−−

−−

−−

−−

−−−

−−

=

210001

131010

012100

001210

010131

100012

Q  

 

Let us delete the th5 row and the 
nd

2 column from Q . So we have  

)()1()( 52

25
Q detG

+
−=τ

 )
2

1
(

21001

01210

00120

01011

10002

155 CCC +→

−−

−−

−

−−−

−

−=  

2

3
1001

01210

00120
2

1
1011

00002

−−

−−

−

−−−−

−= )
3

1
(

2

3
100

0121

0012
2

1
101

2 411 RRR +→

−

−−

−

−−−

−=  

15

2

3
100

0121

0012

0
3

4
01

2 =

−

−−

−

−−

−=  

All the 15spanning trees are drawn below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

*** 
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Using the Matrix Tree Theorem, we can find the number of spanning trees of 
any graph. However, for complete graphs we can even get a simpler formula 
as you can see in the corollary given below.  
 

Corollary 1: For any labeled complete graph nK , 2)( −
=

n

n
nKτ .  

 

Proof:  We know that each vertex of nK has degree 1−n . So  























−−−−

−−−−

−−−−

−−−−

=

1.111

1111

1.111

1.111

n

n

n

n

Q

K

MOMM

K

K

K

 

 Using the Matrix Tree Theorem 

)1()1(

11

11

n

111

111

111

)(det (-1))(K

−×−

+

−−−

−−−

−−−

=

=

nn
n

n

n

Q

L

M

L

L

τ

 

 
Now you can use elementary row or column operations to evaluate this 

determinant. You must get .)( 2−
=

n

n nKτ (See E12.) 

 

Using corollary 1 we can see, for example, .1255)( 25

5 ==
−Kτ  

 
Now, you can try the following exercises:  
 

 
E9) If e is a cut-edge of a connected graph G , then e  belongs to every 

spanning tree of G . True or false? Justify. 
 

E10) Let G be a connected graph, and T a maximal acyclic subgraph of G . 

Show that T  is a spanning tree of G . 
 

E11) Find the number of the spanning trees of the graph G  given below. Also 
draw the spanning trees. 

 
 
 
 
 
 

 

 
E12) Complete the proof of Corollary 1, by showing that 2)( −

=
n

n
nKτ . 

 
E13) How many different spanning trees do the following labelled graphs              

have?     

i) K3                 ii) K4            iii) K2,4 

 

 

 

1v  
2v  3v  4v  

5v  6v  
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E14) How many spanning trees does 5C have when its vertices are  

  i)     labelled? 

 ii)   unlabelled? 
 

 

In the next section we shall discuss k -ary trees, binary trees and their 
properties. 
 

3.4 BINARY TREES, k -ARY TREES, AND THEIR 
PROPERTIES 

 

In this section, we shall, first discuss rooted trees, and then we shall come to 
binary and k -ary trees.  
 

Rooted Trees 
 

The nomenclature around trees is overwhelming. You have seen leaves in 
trees. Here we shall see “roots” in trees. Let us see the definition. 
 
Definition: A tree is called a rooted tree if exactly one of its vertices is 
designated as the root.  
 
We shall often write ),( rT  to denote a rooted tree, where T  is a tree and r  is 

the root of T . When drawing a rooted tree, especially an unlabelled one, we 
need to have some way to make the root distinguishable from the remaining 
vertices. For example, the shape of the root can be taken to be different from 
the remaining vertices. The following figure shows five rooted trees each of 

order 5 , where the root in each tree has triangle shape. 
 
 
 
 
 
 
 

 
 
 

   (a)                   (b)                (c)        (d)  (e) 
 

Fig. 3 

 
Note that in Fig. )(3 a  and Fig. 3(b) above, the two rooted trees are not 

isomorphic, because the roots have different degrees. However, trees in 

Fig, )(3 c  and )(3 e  are isomorphic. 

 

Let us see how the concept of root gives rise to other important notions. In 

Section 2.3 , you saw that there is exactly one path between any two vertices 

of a tree. Now consider a rooted tree ),( rT . One can reach to any vertex v  

of T from r  via the unique ),( vr -path. Any vertex on the ),( vr -path other 

than v is called an ancestor of v , and the neighbour of v  on this path is called 

the parent of v . If u  is a parent of v , we call v  a child of u . A vertex w  is 

called a descendent of v  if v lies on the ),( wr -path. Two vertices are said to 

be siblings if they have the same parent. For example, look at the rooted tree 

T  with root r  drawn below. 

 

Richa 

Sahil 
Sudha 

Kamal 

Deep 

Pranay 

Rohit 

Mr. & Mrs. Obeoi 

A rooted tree of Mr. and Mrs. 

Oberoi 
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Fig. 4 

 

Here, r  is a parent of 1v  and 2v , and 1v  and 2v  are the children of r . 

Likewise, 43, vv  and 5v  are the children of 2v . Note that 6541 ,,, vvvv  and 7v  

have no children. The vertex 2v  is an ancestor of all the vertices from 3v  to .7v  

In other words, the vertices from 3v  to 7v  are the descendents of 2v . The 

vertex 3v  has two ancestors, two siblings, and two children. Can you find out 

them? 
 
Another interesting thing about rooted trees is that one can group vertices 
according to their distances from the root. We say a vertex v  of a rooted tree 

),( rT  is at level l  if .),( l=rvd  The root r  lies at the level .0  The highest 

level of a vertex in a rooted tree T is called the height of .T  A rooted tree 

with height h  is also called an h -level tree. For example, the tree in Fig. 4 

above has height 3  as the vertices 6v  and 7v are at the highest level, namely 

,3  in it. So, it is a 3-level tree. Now consider the following rooted tree ).,( rT  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The only vertex at level 0 is .r  The vertices at level 1, 2, 3 are enclosed 
by the first, second, and third inner rings, respectively.  
 
Can you guess the maximum distance between any two vertices at the 
same level in a rooted tree? Look at the following example. 
 
Example 5: Show that if u  and v  are two vertices in a rooted tree at 

level ,l  then .2),( l≤vud   

 

1v  
2v  

3v  

4v  

7v  

5v  

6v  

r  

 

 

Level 3 

Level 2 

Level 1 r  
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Solution: Let ),( rT  be a rooted tree. If ),(, TVvu ∈  then we have  

.2),(),(),( lll =+=+≤ vrdrudvud  

*** 

 
Note that a rooted tree T is said to be ordered if the children of every 
vertex of T have a left -to-right ordering. For example, look at the 
following trees.  

 
 
 
 
 

 
 
 
 
 
 

In ,1T  the children of r  occur in the order ),,( ba  whereas in 2T  the 

children of r  occur in the order ).,( ab   So 1T  and 2T  as ordered trees are 

nonisomorphic, although they are isomorphic if treated unordered.  
Let us now look at a special class of rooted trees. 
 

Binary Trees 
 
Definition: A binary tree is a rooted plane tree where each vertex has 
at most two children, and each child of a vertex is designated as its left 
child or its right child. 
 
We draw the left child of a binary tree in the left below of the parent, and 
the right child to the right below. For example in the binary tree 

),( rT given below, u  is the left child of r , and v  the right child of r . 

The subtree ),( 1 uT  of T , which consists of u and all the 

descendents of u  is called the left subtree of T . Likewise, the 

subtree ),( 2 vT  of T  consisting of vand all the descendents of v , is 

called the right subtree of T . The two subtrees of T can be 
separated by a vertical line passing through the root r .  

 

 

 

 

 

 

 

 
 
 
 
 
 
In the binary tree drawn above, not all the parents have two children. 
For instance, the right child of u  has just one child. Binary trees where 
all parents have two children are given a specific name as defined 
below.   
 
Definition: A binary tree is called a complete binary tree if every 
vertex has no child or exactly two children.  

 

a  
b  

c  d  

r  

1T  

b  

a  

c  d  

r  

2T  

 

 

u  v  

r  
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Two complete binary trees are drawn below. 
 

 
 
 
 
 
 
 
 
 
 
 

(a)                                                           (b) 

Fig. 5: Two complete binary trees 

 
The following examples tell us more about the complete binary trees. 
 
Example 6: Show that the total number of vertices in a complete binary 
tree is always odd.  
 
Solution: Assume that a complete binary tree ),( rT  has n vertices. 

Then r has degree 2 . The remaining 1−n vertices have degree 1 or 3 , 
which are odd numbers. We know that the number of odd vertices in a 

graph is always even. So 1−n is even, and hence n is odd.  
*** 

 

Example 7: Show that a complete binary tree has 
2

1+n
leaves, if it 

has n  vertices. 
 
Solution: Let p  be the number of leaves in a complete binary tree. 

Then, the number of vertices having degree 3 is 1−− pn . We know that 

the total number of edges in a tree are 1−n . So by the Hand-shaking 
Lemma 

 ),1(22)1(3 −=+−−+ npnp  

which gives 2/)1( += np .  

*** 

 
Let us revisit the two binary trees in Fig. 5. The tree in Fig. )(5 a  is a 4 -

level complete binary tree, with maximum possible number of vertices 
at each level. The tree in Fig. 5 (b) too is a 4 -level complete binary 
tree, but with the minimum possible number of vertices at each level. To 
be sure you can draw any other 4-level complete binary tree with as few 
vertices as possible. You must come up with an isomorphic copy of this 
tree.  
 
We are now ready to compute the maximum and minimum possible 
heights of a complete binary tree.  The following theorem gives us this 
information. 
 

Theorem 5: For every h -level complete binary tree on n vertices,  

 
.

2

1
1)1(log2

−
≤≤−+

n
hn  

 r  r  
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Proof: First we prove the inequality hn ≤−+ 1)1(log2 . Let 
l

a
 
be the 

maximum number of vertices in T at level l . Clearly .1
0

=a  Each 

vertex at level l  has at most two children. So, 1+l
a must be twice of 

l
a . 

Thus, we get the recurrence relation 

 
.1,2 01 ==

+
aaa

ll
 

It is easy to see that l

l
2=a satisfies this relation. Now we have 

 
.1)1(log

1)1(log

21

122

2

2

1

1

00

hn

hn

n

nan

h

h
hh

k

≤−+⇒

+≤+⇒

≤+⇒

−=≤⇒≤

+

+

==

∑∑
l

l

l

 

To prove the inequality 
2

1−
≤

n
h just note that each level has at least 2 

vertices, except level 0 which has 1 vertex. So, 12 +≥ hn which implies the 
inequality.  

 
k -ary Trees 
 

Now, we shall discuss k -ary trees. 
 
Definition: Let .2≥k  A k -ary tree is a rooted tree in which each vertex 

has at most k  children.  A binary tree is the special case where .2=k   

A 3-ary tree is called a ternary tree. For example, a ternary tree of 
height 2 is drawn below. 
 
 
 
 
 
 
 
 

Let us now look at the following result. 
 

Theorem 6: An h -level  k -ary tree has at most h
k leaves. 

 

Proof: We shall prove this theorem by mathematical induction on h . 

If 0=h  then tree consists only 10
=n  leaf. 

 

Let the result be true for .kh =  We shall show that it is also true for 

1+= lh . 
 

A  k -ary tree of height l  has l
k  leaves. If we add k  vertices to each 

leaf then maximum number of possible leaves is 1+
=

ll
kkk  leaves. 

Thus, the result is proved. 
 

Definition: A k -ary tree is said to be complete if each vertex has 

either no child or has exactly k  children. 
 
A complete 4 - level ternary tree is drawn below. 
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Note that in the above tree each level except the zeroth level has 

exactly 3vertices. So it has 13143 =+× vertices. More generally, in an 

n  -vertex h -level complete k - ary tree we have .1+≥ khn  So 

.
1

k

n
h

−
≤  It is not difficult to obtain the lower bound for h , if you have 

gone through the proof of Theorem 5 . So, we state the result below 
without proof.  
 

Theorem 7: For every n -vertex h - level complete k - ary tree 

k

n
hn

k

1
1)1(log

−
≤≤−+  

 

You can see that Theorem 7 is a generalisation of Theorem 5 . For 
example, a 99-vertex complete 10-ary tree has height 

,
10

199
1)199(log10

−
≤≤−+ h  i.e., .91 ≤≤ h  

 
Now, you can try the following exercises.  
 

 

E15) How many nonleaves are there in a complete binary tree on 5vertices?  
On n  vertices? 

 
E16) There exists a rooted tree with more parents than children. True or 

false? 
 
E17)  Show that in a complete binary tree the number of leaves is exactly one 

more than the number of nonleaves.  
 

E18) Draw a rooted tree on 5  vertices where every vertex, except the root 
and the leaves, has exactly the same number of ancestors and 
descendents. 

 

E19) Does there exist a complete binary tree on 10   vertices? Why? 
 

E20) Draw two different binary trees with 5  vertices having maximum number 
of leaves. 

 

E21)  What is the maximum order of a 5- level binary tree? Draw such a tree. 
 

E22)  Show that the number of leaves in an n - vertex complete k - ary tree is 

knnk /)1( +− . 

 
E23) Calculate the number of vertices in a complete binary tree of height 4 . 
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Let us now summarise what we have covered in this unit. 
 

3.5 SUMMARY 
 

In this unit we have covered the following points: 
 

1. Definitions and example of tree and forest, and basic result  
 

2. Characterisations of tree 
 

3. Spanning trees and their enumeration 
 

4. Rooted trees, binary trees and k  -ary trees, and some results on them. 
 

3.6    SOLUTIONS / ANSWERS 
 

E1) i)  True. A connected forest is the same as a connected acyclic 
graph, which is a tree. 

 ii)  False. A counterexample is 
2,2

K  which contains a cycle. 

iii)  False. For a counterexample, consider the tree T and its 

complement T  given below.  
  
  
  
  
  
  
 
 
 
 

 Clearly T  contains a cycle, and hence is not a forest. 

iv)  True. 2K is one such tree.  (In fact, it is the only one.) 

v)  True.  Since T is acyclic, eT − is also acyclic. 
 

E2) Since the removal of any edge from a graph does not remove any vertex 
from the graph. 

  
( )

1)(2

)(1)(

))()(Given ()()(

)()()(

2

22

2122

21

−=

+−=

=+=

+=

Tn

TnTn

TmTnTnTm

TnTnTn

 
 

 Since T is a tree, so .511501)()( =+=+= TmTn Hence 

,511)(2 2 =−Tn  which implies 26)( 2 =Tn  and .25)( 1 =Tn  Therefore, 1T  

has 25 vertices and 24 edges, and 2T  has 26 vertices and 25 edges. 
 

E3)  For 2,2 Kn =  is a tree with both vertices as leaves. For 
1,1

,3
−

≥
n

Kn  is a 

tree on n  vertices with 1−n  leaves. No tree on 3≥n  vertices has 

n leaves (Why?) Hence 1−n  is the maximum possible number of leaves 

in a tree on n vertices, You can recall that 1,1 −nK  is called an n -star. 

 

E4)  Here ),15(210
5

1

−≠=∑
=i

i
d Hence by Theorem 3 , there is no such tree. 

 

T  T  
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E5)  We know that a tree has no cycles, and hence no odd cycles. This 
implies every tree is a bipartite graph.  

 

E6) Yes. Let x  be the unique common vertex of 1T  and 2T . Clearly, there is 

a unique path from x  to every vertex of 1T  as well as to every vertex of 

2T . This implies for each )( 1TVu ∈ and )( 2TVv ∈ , there is a unique 

),( vu -path in 21 TT ∪ . Therefore, by Theorem 21,2 TT ∪  is a tree. 
 

E7) Let kHHH ,, 21 K be the components of G . If for every },,,2,1{ ki K∈  

iH
 
is not a tree, then .1)()( −> ii HnHm

 
This means  

  ),()(

)()()()(
11

GnGm

HnHmHnHm
k

i

i

k

i

iii

≥⇒

≥⇒≥ ∑∑
==

 

 which is a contradiction. Hence some iH  is a tree.  
 

E8) Let u and vbe two nonadjacent vertices of T . Then T has a unique 

),( vu -path, say .P Then uvP +  is a unique cycle in uvT + . 
 

E9) Let T  be a spanning tree of ,G  such that ).(TEe∉  Then eT +  has a 

cycle containing e , which is impossible as e  is a cut-edge. Hence 

)(TEe ∈ . Since T  is arbitrary every spanning tree of G  contains e . 
 

E10) Let T be a maximal acyclic subgraph of G . If G contains no cycles, then 

,GT = and hence T is a spanning tree of G . Otherwise, we can remove 

an edge from a cycle of  G to get a subgraph 1G . Note that 1G is 

connected. If 1G has any cycle, we can remove an edge from a cycle of 

1G to get a subgraph 2G . We can repeate this process as long as the 

resulting subgraph ,iG for 1≥i has a cycle. But G can have at most 

finitely many cycles. So let k be the least k such that kG has no cycles. 

Then kGT = . Since )()( GVTV = . Hence T is a spanning tree of G . 

 

E11) Here 



























−

−−−

−−

−−−

−−

−

=

110000

131100

012100

011310

000121

000011

Q  

  

The rd3 row and rd3 column contain the most number of nonzero entries. 

So, let us remove them from Q to obtain 33Q . 

33

33)1()( Q det G +
−=∴τ  

)(

11000

13100

01200

00021

00011

122 CCC +→

−

−−

−

−

−

=  
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3

110

131

012

11000

13100

01200

00010

00001

)(

11000

13100

01200

00011

00001

212

=

−

−−

−

=

−

−−

−=

+→

−

−−

−

−

= RRR

 

 The  spanning trees are drawn below 
 
 
 
 

 
 
 
 

E12) We have  

 ∑
−

=

−×−

→

−−−−

−−−−

−−−−

−−−−

=

1

1

1

)1()1(
1111

1111

1111

1111

)(
n

i

i

nn

n
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n

n

n

n

K

L

MOMMM

L

L

L

τ  

  2,

1111

1111

1111

1111

1

)1()1(

≥∀−→

−−−−

−−−−

−−−−

=

−×−

iCCC

n

n

n
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nn
L

MOMMM

L

L
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2

)2()2(

)1()1(

00

00

00

001

001

001

0001

−

−×−

−×−

==

−

−

−

=
n

nn

nn

n

n

n

n

n

n

n

L
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L

L

L
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L

L
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E13) i) 33)( 23

3 ==
−Kτ

 

 ii) 164)( 24

4 ==
−Kτ

 

 iii)        To compute ),( 4,2Kτ  let us label the vertices of 4,2K  follows. 

  
 
 
 
 
 

  

 

1v  2v  
3v  

4v  

5v  6v  

1v  2v  
3v  

4v  

5v  6v  
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 Then  

200011

020011

002011

000211

111140

111104

−−

−−

−−

−−

−−−−

−−−−

=Q  

 Hence  

32

20001

02001

00201

00021

11114

)( 4,2 =

−

−

−

−

−−−−

=Kτ  

 

E14) i)  Let the vertices of 5C be labelled as  

 
 
 
 
 

 
 
 
 

 Then 

 






















−−

−−

−−

−−

−−

=

21001

12100

01210

00121

10012

Q  

 
11

5
)1()( +

−=∴ Cτ det 11Q 5

2100

1210

0121

0012

=

−

−−

−−

−

=

  
 ii) When the vertices are unlabelled we cannot apply the Matrix Tree 

Theorem. We can observe that any spanning tree of 5C in this 

case is an isomorphic copy of 5P .So there is only 1spanning tree, 

which is 5P . 
 

E15)   We know that a complete binary tree on n  vertices has 
2

1+n
 leaves, 

and hence 
2

1

2

1 −
=

+
−

nn
n  nonleaves. Thus, a complete binary tree on 

5 vertices has 2
2

15
=

−
 nonleaves. 

 

E16) False. Every parent has at least one child. Thus the number of children 
in a tree are never less than the number of parents. 

 

1v  2v  

3v  

4
v  

5
v  
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E17) From E15, we can see the difference between the number of leaves and 

the number of nonleaves is .1
2

1

2

1
=

−
−

+ nn
 

 
E18) One such tree is given below. 
 
 
 
 
 
 
 

 
E19) No. See Example 6. 
 
E20) The tree with the required properties are given below. 
 
 
 
 
 
 
 
 
E21) A 5- level binary tree has the maximum order when it is complete. From 

the proof of Theorem 5, we have  

   .631212 151
=−=−≤

++hn  

 Such a tree is drawn below. 
 
 
 
 
 
 
 
 
 
 
 
 

E22) Let p  be the number of leaves. We know that the root has degree .k  

So, the remaining 1−− pn  vertices have degree .1+k  Therefore, by 

the Handshaking Lemma 

  22)1()1( −=+−−++ nkpnkp  

 Solving this for ,p  we get ,
1

k

nnk
p

+−
=  as desired. 

 
E23) From the proof Theorem 5, we know that the number of vertices at level 

l  of a complete binary tree is .2l  Therefore, the total number of vertices 

in a complete binary tree of height 4  is 

  .3122222 43210
=++++  
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UNIT 4 

                      OPTIMISATION IN TREES 

Structure           Page Nos. 
 
4.1 Introduction          97 
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 BFS Algorithm 
 DFS Algorithm 

4.3 Minimum Weight Spanning Tree     101  
 Kruskal Algorithm 
 Prim’s Algorithm 

4.4 Algorithm for Finding Shortest Path     106 
 Dijkstra’s Algorithm 

4.5 Summary        109 
4.6 Solutions / Answers       109  
 

4.1 INTRODUCTION 
 
In the last unit, you have learnt about trees. You have seen some properties of 
trees such as trees are minimally connected, in the sense that there is exactly 
one path between any two vertices of a tree, trees are bipartite graphs and so 
on. In this unit, we shall discuss a number of algorithms related to spanning 
trees. In Section 4.2, we begin with two widely known algorithms namely, BFS 
and DFS for graph traversal. Both these algorithms construct spanning trees 
by employing two different techniques. In Section 4.3, we shall discuss 
spanning trees in weighted graphs, and shall describe what we mean by a 
minimum weight spaning tree. In this connection, we shall discuss two 
algorithms namely Kruskal’s Algorithm and Prim’s Algorithm to find minimum 
weight spanning trees. Section 4.4 introduces the Dijkstra’s Algorithm which is 
used to find shortest paths from a given vertex of a weighted graph to all the 
other vertices. 
 

Objectives 

After studying this unit, you should be able to    

 describe, and apply BFS and DFS algorithms on a graph; 
 

 find minimum weight spanning tree of a weighted graph using Kruskal’s 
Algorithm and Prim’s Algorithm; 

 

 find shortest paths using Dijkstra’s Algorithm in a weighted graph. 
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4.2 CONSTRUCTING SPANNING TREES 
 
Here we shall discuss in detail two algorithms for finding spanning trees of a 
given connected graph. These algorithms are breadth first search (BFS) and 
depth first search (DFS). 
 

4.2.1  Breadth-First-Search (BFS) Algorithm 
 

The BFS Algorithm visits the vertices level by level from a given root of the 

graph. The search begins at the root. After visiting the root all the neighbours 

of the root are visited. Then the neighbours of the neighbours of the root are 

visited. The process continues as long as there remain unvisited vertices in 

the graph. The procedure is listed below. It uses two containers T  and .Q  

Here T  contains the edges of the spanning tree. The container Q  is a ‘queue’ 

data structure. You can recall from the course Programming and Data 

Structures (MMT-001) that a queue data structure works on the principle of 

first-in-first-out (FIFO). It means elements are added at the back of ,Q  and 

removed from the front of .Q  The spanning tree obtained by this process is 

called a BFS tree. Now let us look at the procedure. 
 
Procedure (BFS Algorithm): 
 

Input: A connected graph ,G  with a root vertex .r  
 

Output: A rooted spanning tree ).,( rT  

i) Initialise T  and Q  by empty sets, i.e., ,,   QT  and mark all the 

vertices as unvisited. 

ii) Append r  into ,Q  and mark r  as visited. 

iii) If Q  is not empty, remove a vertex u  from .Q  Otherwise, stop. 

iv) For each unvisited neighbour v  of u  add the edge uv  to ,T  and mark v  

as visited, and append v  into .Q  Go to step iii). 

 
Let us illustrate BFS Algorithm with the help of an example.  
 
Example 1: Construct a rooted spanning tree of the following graph with root 
.a  

 
 
 
 
 
 
 
 
 
 
 
 

Solution: First let us mark all the vertices as unvisited. Let .Ø,Ø  QT  We 

begin by appending a  into ,Q  and marking a  as visited. Now Q  is not empty. 

So a  is removed from .Q  The neighbours of a  are b  and ,c  which are both 

unvisited. We select b  and add the edge ab  to ,T  append b  to ,Q  and mark 

 

a  

b  

c  

d  

e  

f  

g  
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b  as visited. Then we select ,c add the edge ac  to ,T  append c  to ,Q  and 

mark c  as visited. Thus we have  

                },{, acabTcbQ   

Next we remove b  from .Q  The unvisited neighbour of b  is .d  So bd  is 

added to dT,  is appended to ,Q  and d  is marked as visited. Now we have  

}.,,{, bdacabTdcQ                                   

Next we remove c  from .Q  Since all the neighbours of c  are already visited 

we leave T  unchanged. So we have  

}.,,{, bdacabTdQ   

Now we remove d  from .Q  The unvisited neighbours of d  are e  and .g  We 

select .e  The edge de  is added to eT,  is appended to ,Q  and e  is marked as 

visited. Similarly the edge dg  is added to gQ,  is marked as visited, and g  is 

appended to .Q  Accordingly Q  and T  are updated as follows: 

}.,,,,{, dgdebdacabTgeQ                                   

Next we remove e  from .Q  The only unvisited neighbour of e  is .f  So the 

edge ef  is added to fT ,  is appended to ,Q  and f  is marked as visited. 

Now we have 

}.,,,,,{, efdgdebdacabTfgQ                                   

Although at this point all the vertices are visited, Q  is still nonempty. So g  is 

removed from .Q  Since all the neighbours of g  are already visited no change 

take place in .T  Finally f  is removed from .Q  All the neighbours of f  are 

already visited, so no change takes place in .T  

 

Thus finally we obtain },,,,,{ efdgdebdacabT   which are the edges of the 

spanning tree. The corresponding tree is given below. 
 
 
 
 
 
 
 

 
 
 

 
*** 

 
Now let us come to the DFS algorithm. 
 

4.2.2  Depth First Search (DFS) Algorithm 

Unlike BFS, the DFS Algorithm visits only one vertex at a time, and finds a 
nonextendable path from a given vertex by visiting only unvisited vertices. 
From the last vertex on this path, the algorithm goes back to the previous 
vertex, and from there again finds a nonextendable path by visiting only 
unvisited vertices. This process continues till the algorithm reaches back to the 

Here we have 

selected b  arbitrarily. 

We could have 

selected c  as well, 

instead of .b  But 

then, the resulting 

spanning tree could 

be different. Just try! 

a  

b  

c  

d  

e  

f  

g  
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root after visiting all the vertices in the graph. This technique is often called 
‘backtracking’. The spanning tree obtained by this process is called a DFS 
tree. The detailed procedure is given below. 
 
Procedure (DFS Algorithm): 
 

Input: A connected graph G  with a root vertex .r  

 

Output: A spanning tree ),( rT  

i) Initialise T  as empty set, i.e., Ø,T  and mark all the vertices as 

unvisited. 

ii)  Call DFS ),(r  and stop. 

iii)  DFS :)(u  Mark u  as visited. For each unvisited neighbour v  of ,u  add 

uv  to ,T  and call DFS ).(v  

 
Let us illustrate the DFS Algorithm with an example. 
 
Example 2: Find a spanning tree using DFS Algorithm of the following graph 
starting with .a  
 

 
 
 
 
 
 
 
 
 
 

 
Solution: Mark all the vertices as unvisited, and take Ø.T  The vertex a  is 

the root of the tree, so we call DFS ).(a  Now a  is marked as visited. We have 

b  and c  as the unvisited neighbours of ,a  we select b  and add the edge ab  

to ,T  and call DFS ).(b  Now b  is marked as visited. Since d  is an unvisited 

neighbour of ,b  we add the edge bd  to ,T  and call DFS ).(d  Now d  is 

marked as visited. The unvisited neighbours of d  are ec,  and .g  Let us 

select c  for the next visit. Hence the edge cd  is added to ,T  and call DFS )(c  

is made. Now c  is marked as visited. There are no unvisited neighbours of ,c  

and we backtrack to .d  Then we select the unvisited neighbour e  of d  for the 

next visit. We add the edge de  to ,T  all call DFS ).(e  Now the unvisited 

neighbour of e  is ,f  and hence we add the edge ef  to ,T  and call DFS ).( f  

Now f  is marked as visited. The only unvisited neighbour of f  is .g  So the 

edge fg  is added to ,T  and call DFS )(g  is made. Now g  is marked as 

visited. There are no unvisited neighbours of ,g  so we backtrack to .f  Since 

there are no unvisited neighbours of ,f  we backtrack to .e  Since there are no 

unvisited neighbours of ,e  we backtrack to .d  Since there are no unvisited 

neighbours of ,d  we backtrack to ,b  and finally to .a  

 

Thus the edges of the DFS tree so obtained are }.,,,,,{ fgefdecdbdabT   

The corresponding tree is drawn below. 
 
 

 

a  
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*** 

 
Now, try the following exercises.  
 

 
E1) Produce a spanning tree for the following graphs, using 

 i) BFS Algorithm,   ii)     DFS Algorithm. 

 

 

 
 
 
 
 

 
 
 

 
E2) Taking 

1v  as the root, find a spanning tree of the following graph by BFS 

and DFS algorithms 

 i) BFS Algorithm,    ii)     DFS Algorithm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
In the next section, we shall discuss about algorithms that find a minimum 
weight spanning tree in a weighted graph. 
  

4.3  MINIMUM WEIGHT SPANNING TREES  

Recall that a weighted graph is a pair ),,( WG  where G  is a graph, and 

)(: GEW  is a weight function. In this section, and in the next section as 

well, we shall assume the weight function to be nonnegative. That is 0)( eW  

for every edge e  of .G  Here we will discuss spanning tree for a weighted 

 

 
1v  

2v  

3v  
4v  

5v  

6v  
7v  

2G  

1v  
2v  

3v  

4v  

5v  6v

 
7v  

8v  
9v  

1G  

 

1v  

2v  

3v  
4v  

5v  

6v  7v  
8v  

9v  10v  



 

 

102

Block 1                                                                                   Fundamentals of Graph Theory 

for every edge e  of .G  Here we will discuss spanning tree for a weighted 
graph and two algorithms due to Kruskal and Prim to find minimum weight 
spanning tree in weighted graphs.  
 
Let G be a connected weighted graph, and T  a spanning tree of G . Then the 

weight of T  is defined as the sum of the weights of all the edges in T . Note 
that different spanning trees in G may have different weights. 

For example, consider the following graph .G   
 
 
 
 
 

 
 
 
 
 
 
 

Three different spanning trees 21,TT  and 3T  of G  are shown below, having 

the weights 13,11  and ,10  respectively. 

 
 
 
 

 
 
 
 
 
 
 
 

Here 3T  has the smallest weight, among “all” the spanning trees of .G  (Just 

verify, using the Matrix Tree Theorem.) 
 
Definition: Let G  be a weighted graph. A spanning tree of G  which has the 

minimum weight is called a minimum weight spanning tree of .G  
 
There are a number of methods available to find a minimum weight spanning 
tree in a given weighted graph. The two important algorithms to find out the 
minimal spanning tree in a given graph G are Kruskal’s Algorithm and 
Prim’s Algorithm. 
 

4.3.1  Kruskal’s Algorithm  
 
This algorithm sequentially adds an edge of minimum weight to an existing 
collection of edges such that at no stage, a cycle is produced. The algorithm 
stops as soon as the collection has 1−n  edges, where n  is the order of the 
graph. The procedure is given below. 
 
Procedure (Kruskal’s Algorithm) 
 

Input:  A connected weighted graph ),( WG  
 

Output:  A minimum weight spanning tree of .G  

 b  

f  

a  

e  

d  

c  1  
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Note that a minimum 

weight spanning tree 

need not be unique. 
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i) Sort the edges of G in the nondecreasing order of their weights. Initialise

.T

ii) If ,1)(||  GnT  stop. Otherwise, let e  be an edge in G  not in T  such

that )(eW  is minimum and addition of e  to T  does not create a cycle. If
there are more than one such edge, select any one of them randomly.

iii) },{eTT   and go to Step ii).

Let us consider an example. 

Example 3: Find a minimum weight spanning tree of the following graph G
using Kruskal’s Algorithm. 

Solution: The graph has 6 vertices. Note that T  in the beginning. The 

smallest weight edge in the graph is ef  with .2)( efW  So, }.{efT   Since 

,5|| T  we select the smallest weight edge in G  not in ,T  which does not 

create a cycle. It is fd  with .52)( fdW  Hence, }.,{ fdefT   

Again we have .5|| T  So we select the edge with smallest weight not in ,T  

which does not create a cycle. We get .3)()(  bfWafW  Let us select ,af  

and so }.,,{ afdfefT   Again we have .5|| T  So, the next edge with 

smallest weight to be selected is ,bf  and now }.,,,{ bfafdfefT   Finally, we 

select the edge bc  to get }.,,,,{ bcbfafdfefT   The resulting tree is shown 
below.  

The weight of the tree is 
.3.15)()()()()()(  bcWbfWafWdfWefWTW  

*** 

Example 4: Use Kruskal’s Algorithm to find a minimum weight spanning tree 
in the following graph 

a

e  

f

d

c

b5  

7

65 

84 

52 

16   

3  

2

3  

6

54 

210   

a

e  

3  3  

b

84   

c

d

52   
2

f
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Solution: For convenience, we write the edges with their weights in increasing 
order, as shown in the following table 

edge bc ce cd ab ed ad be
weight 1 1 2 3 3 3 3  

We begin with .T  There are two edges namely, bc  and ce  that have 

smallest weight. Let us select ,bc  so that }.{bcT   Next, select ce  to get 

}.,{ cebcT   Then the smallest weight edge is cd  which does not create a 

cycle. So, }.,,{ cdcebcT   Next, we have the edge ab  with smallest weight 

equal to 3, and which does not create a cycle. So, }.,,,{ abcdcebcT   Since 

now ,4|| T  we stop. The weight of the tree is  

.73211)()()()()(  abWcdWceWbcWTW  

The resulting spanning tree is shown below. 

 

 

*** 

As you have seen, in Kruskal’s Algorithm a spanning tree is obtained at the 
final step. At intermediary steps, what it maintains is a forest. In contrast to 
this, the next algorithm we are going to discuss begins with a tree, and 
enlarges it to get a minimum weight spanning tree. 

4.3.2  Prim’s Algorithm 

The procedure of Prim’s algorithm is as follows.   

Procedure (Prim’s Algorithm): 

Input: A connected weighted graph G

Output: A minimum weight spanning tree of .G  

i) Let ),,( TT EVT   where .,  TT EV  Choose a vertex u  arbitrarily. 

Then }.{uVT 

ii) If ,1)(||  GnET  stop. Otherwise, let xy  be an edge with smallest 

weight such that TVx  and .TVy  If there are more than one such 
edge, select any one arbitrarily.

a

b
c d

e

2  

1 

1 
3  

e

a

b d
c  1  2

3  3  

3  3  
1 
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iii) }{xyEE
TT

∪=  and }.{yVV
TT

∪=  Go to step ii). 

*** 

 
Let us illustrate this method of finding a minimum weight spanning tree 
through an example. 
 
Example 5: Find a minimum weight spanning tree of the following weighted 
graph, using Prim’s Algorithm. 

 
 
 
 
 
 

 
 
 
 
Solution: The weights of the edges of the graph G are tabulated below 
   

   























∞∞∞

∞∞

∞∞

∞∞∞

∞

53

52.57

2.55.42.8

5.43

372.83

e

d

c

b

a

edcba

   

 
Here ∞  in an entry indicates that the corresponding edge does not exist. 
 

Let us begin with the vertex .a  So }{aV
T

=  and .=
T

E  The edge ab  and 

ae  have the smallest weight. Let us select .ab  Then }.{},,{ abEbaV
TT

==  

 
Now, we have to select an edge with the smallest weight having exactly one 

endpoint in .
T

V  Such an edge is .ae  So we have },,{ cbaV
T

=  and 

}.,{ aeabE
T

=  Then we select the edge bc  as it has the smallest weight 

among all the edges having exactly one endpoint in .
T

V   

 

So },,,{ ecbaV
T

=  and }.,,{ bcaeabE
T

=  Next, we have to select an edge with 

smallest weight with exactly one endpoint in .
T

V  Such an edge is .de  So, we 

get },,,,{ edcbaV
T

=  and }.,,,{ debcaeabE
T

=  Now ,4|| =
T

E  so the 

algorithm stops. 
 
The spanning tree so obtained is  
 
 
 
 
 
 
 
 
 
 

 

e  5  d  
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We have .515)( ⋅=TW  

   *** 
 

Now, try the following exercises.  
 
 

E3) Use Kruskal’s Algorithm to find a minimum weight spanning tree in the 
following graph, taking a  as the root.  

 
 
 
 
 
 
 
 
 
 
E4) Use Prim’s Algorithm to find a minimum weight spanning tree of the 

following graph, starting with .1v  

 
 
 
 
 
 
 
 
 
 
 

 

 

Thus far we have seen algorithms that find spanning trees in weighted or 
unweighted graphs. 
 

In the next section, we shall discuss an algorithm that finds a shortest path 
from a given vertex to every vertex in a weighted graph. 
 

4.4  DIJKSTRA’S ALGORITHM 

 

Dijkstra’s Algorithm is one of the most efficient method for finding a shortest 
path, and hence the distance, from a root vertex to any other vertex in the 
given weighted graph. Of course, the graph must be connected. Before we 
discuss the algorithm, let us understand what we mean by the distance 

between two vertices of a weighted graph ).,( WG  Here we assume that 

0)( ≥eW  for every edge e  of .G  Recall that the weight of a path in G  is the 

sum of the weights on the edges of the path. A shortest path is one whose 
weight is the smallest. Then, the distance between any two vertices u  and v  

of a weighted graph G  is the weight of a shortest ),( vu -path in .G  For 

example, in the weighted graph G  given below, the shortest ),( vu -paths are: 

 ).,,(),,,(),,,,( 321 vyuPvxuPvxwuP ===  

 
 
 
 
 

 c  
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e  d  
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We have .3)()()( 321 === PWPWPW  All other ),( vu -paths have length more 

than .3 Thus the distance between u  and v  is .3  
 
Now we describe the procedure of the Dijkstra’s Algorithm. 
 
Procedure (Dijkstra’s Algorithm): 
 

Input: A connected weighted graph ),,( WG  and a root vertex u  of .G  

 

Output: Distances from u  to all the vertices of .G  
 

Here, for each )(),( xdGVx ∈  indicates the temporary distance of x  from .u    

i) Set ,0)( =ud  and }.{uS =  For each vertex ,Sx ∉  set ).()( uxWxd =  

ii) If ),(GVS =  stop. Otherwise, let Sv ∉  be a vertex such 

that ).(min)( xdvd
Sx∉

=

 
 Add v  to .S  

iii) For each neighbour x  of v  that does not belong to ,S  set 

)}.()(),(min{)( vxWvdxdxd +=  Go to Step ii). 
 

Let us consider an example, to see how Dijkstra’s Algorithm works. 
 

Example 6: Using Dijkstra’s Algorithm find the distances of all the vertices 

from ,1v  in the weighted graph given below. 

 
 
 
 
 
 
 
 
 
 
 
 

Solution: In the beginning we have }.{ 1vS =  The current distances of all the 

vertices from 1v  are shown in the below given distance matrix. 
 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 ∞  3  ∞  ∞  2  
 

Here ∞  in a column indicates that there is no edge between the 

corresponding vertex and .1v  Since ),(GVS ≠  we select the vertex Sv ∉2  as 

).(min1)( 2 xdvd
Sx∉

==  So, S  becomes }.,{ 21 vvS =  The distance matrix 

updates to 
 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  ∞  3  2  

 

Note that ).(GVS ≠  Now the vertices ,, 73 Svv ∉  are such that 

).(min2)()( 73 xdvdvd
Sx∉

===  Adding 3v  to ,S  we get }.,,{ 321 vvvS =  The 

distance matrix then updates to 

 

1
v  

2
v  

3v  

4v  

5v  6v  

7v  

1  

1  

3  

3  

2  

2  2  

4  5  

2  
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x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  ∞  3  2  

 

Again ).(GVS ≠  So, we select the vertex ,7 Sv ∉  as ).(min2)( 7 xdvd
Sx∉

==  

Then we have },,,,{ 7321 vvvvS =  and the distance matrix as  

 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  ∞  3  2  
 

Still, we have ).(GVS ≠  Now Svv ∉64 ,  are such that 

).(min3)()( 64 xdvdvd
Sx∉

===  Let us select .4v Then we get 

},,,,,{ 74321 vvvvvS =  and the distance matrix as  
 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  5  3  2  
 

Still ).(GVS ≠  Now the vertex Sv ∉6  is such that ).(min3)( 6 xdvd
Sx∉

==  Then 

we get },,,,,{ 764321 vvvvvvS =  and the distance matrix as 

 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  5  3  2  
 

Finally, since ),(GVS ≠  we select 5v  as ).(min5)( 5 xdvd
Sx∉

==  Then 

),(GVS =  and the distance becomes as given below. 
 

x  
1v  2v  3v  

4v  5v  6v  7v  

)(xd  0  1 2  3  5  3  2  

 

Thus we have 3),(,5),(,3),(,2),(,1),( 6151413121 ===== vvdvvdvvdvvdvvd  

and .2),( 71 =vvd  

*** 

 
Now try the following exercise. 
 

 

E5) Find the distance of the vertex 1v  from each of the vertices of the 

following weighted graph, using Dijkstra’s Algorithm. 
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4.6  SUMMARY 
 
In this unit, we have covered the following points: 
 
1. BFS algorithm, to find a spanning tree in a connected graph. 
 
2. DFS algorithm, to find a spanning tree in a connected graph.  
 
3. Kruskal’s algorithm, to find a minimum weight spanning tree in a 

connected weighted graph. 
 
4. Prim’s algorithm, to find a minimum weight spanning tree in a connected 

weighted graph.  
 
5. Dijkstra’s algorithm to find the distances for all the vertices of a weighted 

graph from a given vertex. 
 

4.6  SOLUTIONS / ANSWERS 
 

E1) i) Let us first apply BFS Algorithm on .1G  Let 1v  be the root. At the 

beginning ,  QT  and all the vertices are unvisited. Then 

1v  is appended to ,Q  and marked as visited. 
 

Now Q  So 1v  is removed from .Q  The unvisited neighbours 

of 1v  are 2v  and .7v   Let us first visit ,2v  and then .7v  Accordingly 

Q  and T  are 

   },{, 712172 vvvvTvvQ          

  Now we remove 2v  from .Q  The unvisited neighbours of 2v  are 3v  

and ,8v  visiting them in the order we get 

   },,,{, 82327121837 vvvvvvvvTvvvQ          

  Next, we remove 7v  from .Q  Now only 6v  remains as the 

unvisited neighbour of .7v  Accordingly, we get 

   },,,,{, 7682327121683 vvvvvvvvvvTvvvQ                              

Next we remove 3v  from .Q  The unvisited neighbours of 3v  are 4v  

and ,9v  visiting them in the order we get 

,9468 vvvvQ   and  

}.,,,,,,{ 93437682327121 vvvvvvvvvvvvvvT   

Next, we remove 8v  from .Q  All the neighbours of 8v  are already 

visited, so no change takes place in .T  Then we remove .6v  The 

only unvisited neighbour of 6v  is .5v  So we get 

,594 vvvQ   and  

}.,,,,,,,{ 6593437682327121 vvvvvvvvvvvvvvvvT   
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  Next, we remove 4v  from .Q  All the neighbours of 4v  are already 

visited. So no change takes place in .T  Similarly, 9v  and 5v  are 

removed from Q  without affecting .T  Finally =Q  The algorithm 

stops, and we have 

   }.,,,,,,,{ 6593437682327121 vvvvvvvvvvvvvvvvT =  

  The resulting spanning tree is drawn below. 
 

 
 
 
 
 
 
 

Similarly, when we apply the BFS algorithm on 2G  we get the 

spanning tree as shown below. 
  
 
 
 
 
 
 
 
 
 
 
 
  

 ii) Let us apply DFS on .1G  Let 1v  be the root. First we shall mark all 

the vertices as unvisited, and take =T  We call DFS ).( 1v  Now 

1v  is marked as visited. Then 2v  and 7v  are the unvisited 

neighbours of .1v  Let us select ,2v  add the edge 21vv  to ,T  and 

call DFS ).( 2v  Now 2v  is marked as visited. The unvisited 

neighbours of 2v  are 3v  and .8v  Let us select ,3v  add the edge 

32vv  to ,T  and call DFS ).( 3v  Now 3v  is marked as visited. The 

unvisited neighbours of 3v  are 84 , vv  and .9v  Let us select ,4v  add 

the edge 43vv  to ,T  and call DFS ).( 4v  Now 4v  is marked as 

visited. The vertex 5v  is the only unvisited neighbour of .4v  So the 

edge 54vv  is added to ,T  and call DFS )( 5v  is made. Then 5v  is 

marked as visited. The unvisited neighbours of 5v  are 6v  and .9v  

Let us select ,6v  add the edge 65vv  to ,T  and call DFS ).( 6v  Then 

6v  is marked as visited. The unvisited neighbours of 6v  are 7v  

and .8v  Let us select ,7v  add the edge 76vv  to ,T  and call       

DFS ).( 7v  Then 7v  is marked as visited. The unvisited neighbour of 

7v  is 8v  only. Then the edge 87vv  is added to ,T  and call DFS )( 8v  

is made. Then 8v  is marked as visited. The unvisited neighbour of 

8v  is .9v  So the edge 98vv  is added to ,T  and call DFS )( 9v  is 

 
1v  

2v  
3v  

4v  

5v  
6v  7v  
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made. Since 9v  has no unvisited neighbours, we backtrack to the 

parent of ,9v  i.e., to .8v  Since all the neighbours of 8v  are already 

visited, we backtrack to the parent of ,8v  i.e., to .7v  Continuing this 

way we reach to the root .1v  The algorithm stops, and the edges of 
the spanning tree are 

 },,,,,,,{ 9887766554433221 vvvvvvvvvvvvvvvvT   

The resulting tree is drawn below. 

Similarly apply DFS on 2G  to get the following spanning tree. 

E2) i) vLet T = , Q =   Initially all the vertices are unvisited. Since 1 

is the root, 1v  is appended to .Q  Now Q  So remove 1v  from 

.Q  Now 7v  is the only neighbour of ,1v  which is unvisited. So the 

edge 71vv  is added to 7,vT  is marked as visited, and 7v  is 

appended to .Q  Thus we have 

}{, 717 vvTvQ   

  Now Q  so we remove 7v  from .Q  The unvisited neighbours 

of 7v  are 63 ,vv  and .10v  So let us add the edges 7673 , vvvv  and 

107vv  to ,T  mark 63 ,vv  and 10v  as visited, and append 63 ,vv  and 

10v  into ,Q  in the order. We get 

},,,{, 1077673711063 vvvvvvvvTvvvQ           

Now we remove 3v  from ,Q  as Q  The unvisited neighbour of 

3v  is 5v  only. So the edge 53vv  is added to 5,vT  is marked as 

visited, and then 5v  is appended into .Q  Thus Q  and T  become 

},,,,{, 531077673715106 vvvvvvvvvvTvvvQ 

7v 6v 5v

9v8v
4v

2v 3v1v

 

1v

2v

3v4v5v

6v 7v
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Now we remove 6v  from .Q  The unvisited neighbours of 6v  are 

84 ,vv  and ,9v  visiting them in order we get 

,984510 vvvvvQ   and 

},,,,,,,{ 96866453107767371 vvvvvvvvvvvvvvvvT   

Next, we remove 10v  from .Q  All the neighbours of 10v  are already 

visited, so no change takes place in .T  Next, we remove 5v  from 

.Q  The only unvisited neighbour of 5v  is .2v  Visiting 2v  we get 

,2984 vvvvQ    and 

},,,,,,,,{ 5296866453107767371 vvvvvvvvvvvvvvvvvvT   

Although now all the vertices are visited, Q  still remains 

nonempty. We remove the vertices 984 ,, vvv  and 2v  from Q  in 

order to reach Q  Now the algorithm stops. Thus the edges of 
the spanning tree are 

 },,,,,,,,{ 5296866453107767371 vvvvvvvvvvvvvvvvvvT   

The resulting spanning tree is drawn below. 

ii) Mark all the vertices as visited. At the beginning we have T
Starting with the root ,1v  we call DFS ).( 1v  Then 1v  is marked as 

visited. The unvisited neighbour of 1v  is ,7v  so we add the edge 

71vv  to T  and call DFS ).( 7v  Then 7v  is marked as visited. The 

unvisited neighbours of 7v  are 63 ,vv  and .10v  Let us select .3v  So 

the edge 73vv  is added to ,T  and call DFS )( 3v  is made. Then 3v  

is marked as visited. The unvisited neighbours of 3v  are 5v  and 

.6v  Let us select ,5v  add the edge 53vv  to ,T  and call DFS ).( 5v  

Then 5v  is marked as visited. The unvisited neighbour of 5v  are 

42 ,vv  and .6v  Let us select ,2v  add the edge 52vv  to ,T  and call 

DFS ).( 2v  Then 2v  is marked as visited. Since 2v  has no unvisited 

neighbours, we backtrack to its parent .5v  Now 5v  still has 

unvisited neighbours 4v  and .6v  Let us select ,4v  add the edge 

54vv  to ,T  and call DFS ).( 4v  So, 4v  is marked as visited. The 

1v

2v

3v
4v

5v

6v
7v

8v

9v 10v
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unvisited neighbours of 4v   are 6v  and .8v  Let us select ,6v  add 

the edge 64vv  to ,T  and call DFS ).( 6v  Then 6v  is marked as 

visited. The unvisited neighbours of 6v  are 8v  and .9v  Let us 

select ,8v  add the edge 86vv  to ,T  and call DFS ).( 8v  Then 8v  is 

marked as visited. 

Now there are no unvisited neighbours of ,8v  so we backtrack to 

its parent .6v  Since 6v  still has the unvisited neighbour ,9v  we add 

the edge 96vv  to ,T  and call DFS ).( 9v  Now 9v  is marked as 

visited. There are no unvisited neighbours of ,9v  so we  backtrack 

to its parent .6v  Since all the neighbours of 6v  have already been 

visited, we backtrack to its parent .4v  Since all the neighbours of 

4v  have also been already visited, we backtrack to its parent .5v   

Note that 5v  still has the neighbour 10v  unvisited. So, we add the 

edge 105vv  to ,T  and call DFS ).( 10v  Now 10v  is marked as visited. 

There are no unvisited neighbours of .10v  So we backtrack to its 

parent .5v  Now 5v  has no unvisited neighbours, so we backtrack 

to its parent .3v  Since 3v  has no unvisited neighbours, we 

backtrack to its parent 7v  has no unvisited neighbours we 

backtrack to .1v  The algorithm  stops. The edges of the spanning 
tree are 

 },,,,,,,,{ 1059686645452537371 vvvvvvvvvvvvvvvvvvT   

The resulting spanning tree is drawn below. 

E3) Let us write the edge in increasing order of their weights, as shown 
below. 

edge ah cd  de ab bc eg ad ef cg eh gh fg ac

weight 2  2  3  4 6 6 7 8 8 9 9 10 11

The graph has 8  vertices. So, we have to select 7  edges. Let us begin 
with T  There are two edges namely, ah  and cd  that have the 

2v

3v
4v

5v

6v
7v

8v

9v 10v

1v
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smallest weight. Selecting ah  and cd  both we get }.,{ cdahT =  Next, 

the smallest weight edge is ,de  which does not create a cycle. Hence, 

}.,,{ decdahT =  The next smallest weight edge is ,ab  which does not 

create a cycle. Hence, }.,,,{ abdecdahT =  Then, we have the edge ,bc  

which has the smallest weight and does not create a cycle. So, 

}.,,,,{ bcabdecdahT =  Then we select the edge eg  so that 

}.,,,,,{ egbcabdecdahT =  Now we have the edge ad  which has the 

smallest weight among the edges not in .T  But the addition of ad  to T  

creates the cycle ).,,,,( adcba  So we discard .ad  Next, smallest weight 

edge is ,ef  which does not create a cycle. So we get 

}.,,,,,,{ efegbcabdecdahT =  Now we have ,7|| =T  and hence the 

algorithm stops. The resulting spanning tree is 
 
 
 
 
 
 
 
 
 

 
E4) Let us tabulate the weights of the edges as below 

 





























∞∞∞∞

∞∞∞

∞∞∞∞

∞∞∞

∞∞

∞∞∞∞∞

∞∞∞∞

216

2233

263

1325

63622

54

324

7

6

5

4

3

2

1

7654321

v

v

v

v

v

v

v

vvvvvvv

 

 Here ∞  in a particular entry indicates that the corresponding edge is 

missing. Let us begin with the vertex .1v  So }{ 1vV
T

=  and =
T

E  The 

edge 
31

vv  has the smallest weight. So we get },{
31

vvV
T

=  and 

}.{
31

vvE
T

=  Now we have to select an edge with the smallest weight 

having exactly one endpoint in .
T

V  So, we search the rows 

corresponding to 1v  and .
3

v  We find that ,
43

vv  with ,2)(
43

=vvW  is such 

an edge. Thus, we get },,,{
431

vvvV
T

=  and }.,{
4331

vvvvE
T

=  Next, we 

search the rows corresponding to 
31

,vv  and 4v  to find an edge with the 

smallest weight having exactly one endpoint in .
T

V  Such an edge is 

,
74

vv  with .1)(
74

=vvW  Then, we have },,,,{
7431

vvvvV
T

=  and 

}.,,{
744331

vvvvvvE
T

=
 
Next, we search the rows corresponding to 

431
,, vvv  and 

7
v  to find an edge with the smallest weight, having exactly 

one endpoint in .
T

V  Such an edge is ,
76

vv  with .2)(
76

=vvW So, we get 

},,,,,{
76431

vvvvvV
T

=  and }.,,,{
76744331

vvvvvvvvE
T

=  Now, we search 

the rows corresponding to ,,,,
6431

vvvv  and 
7

v  to find an edge with the 

 

a  h  
g  

b  

6  

d  e  c  

2  

4  

2  3  

8  

f  

6  
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smallest weight, having exactly one endpoint in .
T

V  Such an edge is 

.
65

vv  So, we get },,,,,,{
765431

vvvvvvV
T

=  and 

}.,,,,{
7665744331

vvvvvvvvvvE
T

=  

 

 We have currently .5|| =
T

E  So we need to find one more edge. We 

search the rows corresponding to 
65431

,,,, vvvvv  and 
7

v  to find an edge 

with the smallest weight, having exactly one endpoint in .
T

V  We find 

.4)( 21 =vvW  Then we get },,,,,,{
7654321

vvvvvvvV
T

=  and 

}.,,,,,{
766574432131

vvvvvvvvvvvvE
T

=  Now ,6|| =
T

E  hence the algorithm 

stops. The resulting minimum weight spanning tree is drawn below. 
 
 
 
 
 
 
 
 
 
 

E5) In the beginning we have }.{ 1vS =  The current distances of all the 

vertices from 1v  are shown below, in the distance matrix. 

x  
1v  2v  3

v  
4v  5

v  
6

v  
7

v  
8

v
 

)(xd  0  2  3  ∞  ∞  ∞  ∞  2  
 

 Here ∞  in a column indicates that there is no edge between 1v  and the 

vertex corresponding to that column. Since ),(GVS ≠  we find the 

vertices Svv ∉
82

,  such that ).(min2)()( 82 xdvdvd
Sx∉

===  Let us select 

.2v  Then we get },,{ 21 vvS =  and the distance matrix as follows. 

x  
1v  2v  3

v  
4v  5

v  
6

v  
7

v  
8

v
 

)(xd  0  2  3  6  ∞  ∞  8  2  
 

 Now ).(GVS ≠  So we have Sv ∉
8

 such that ).(min2)( 8 xdvd
Sx∉

==  

Then we get },,,{
821

vvvS =  and the distance matrix as follows. 
 

x  
1v  2v  3

v  
4v  5

v  
6

v  
7

v  
8

v
 

)(xd  0  2  3  6  ∞  6  5  2  
 

 Again, ).(GVS ≠  So we select the vertex Sv ∉
3

 as 

).(min3)( 3 xdvd
Sx∉

==  Thus },,,{
8321

vvvvS =  and the distance matrix 

updates to  
 

x  
1v  2v  3

v  
4v  5

v  
6

v  
7

v  
8

v
 

)(xd  0  2  3  5  6  6  5  2  
 

 Still ).(GVS ≠  Now the vertices 4v  and 
7

v  are such that 

).(min5)()( 74 xdvdvd
Sx∉

===  Selecting ,4v  we get },,,,,{
84321

vvvvvS =  

and the distance matrix remains unchanged. 

 

4  

2  

2  

2  

3v  

4v  

2v  1v  

5v  6v  7v  

1 

2  
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 Still we have ).(GVS ≠  So we select the vertex 
7

v  as 

).(min5)( 7 xdvd
Sx∉

==  Then },,,,,,{
874321

vvvvvvS =  and the distance 

matrix remains unchanged. 
 

 Again ).(GVS ≠  Now the vertices Svv ∉
65

,  are such that 

).(min6)()( 65 xdvdvd
Sx∉

===  Selecting 
5

v  we get 

},,,,,,,{
8754321

vvvvvvvS =  and the distance matrix remains unchanged. 

 

 Again, ).(GVS ≠  So we select Sv ∉
6

 to get ).(GVS =  The distance 

matrix remains unchanged. The algorithm stops. The distances of the 

vertices from 1v  are as follows: 

 ,6),(,6),(,5),(,3),(,2),(
6151413121

===== vvdvvdvvdvvdvvd  

 .2),(,5),(
8171

== vvdvvd  




