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22.0 LEARNING OUTCOME

After studying this Unit, youshould beableto:

e Understand theconcept of optimisation;

e Differentiate between constrainedoptimisation techniquesand unconstrained optimisation
" techniques;and

e Apply decision analysistolake decision under risk.

22.1 INTRODUCTION

In economic decision analys's, optimisation isaway of determining thebest option among alternative
choicestoachieve agod or objective. Thismeansfinding achoicethat optimises the valueof an
objectivefunction. Theoptimisation could bemaximisation of profit or minimisation of cost. For
example, inthe production process wemay beinterestedin findingthe output level that maximises
theprofit Also, asapolicy analyst you may be interestedin choosing aproject that maximises the
net present value. You havelearned in Unit 20, how thedecisions are taken i n choosing alternative
projectsin capital budgetingproblems.

In this Unit, you will learn sometechniquesfor solving optimisationproblems. Weintroduceyou to
the problemof linear programming, and how to solvetheproblem graphically. Theoptimisation
techniquesarehighly mathematical oriented. They includeprobability, differential calculus, andlot
o intricatecomputations.

Keepingthescopeof this Unit,wear ! ~on: discusson on understandingthe philosophy and
practical application of these:: chr .ques. Inthis world of computers, anumber of
computer programmes arere - u;: olve theproblems by using these techniques. For
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example,computersusi ng simplex methodscan solvelinear programming problemswith hundreds
and even thousands of variables.

22.2 CONSTRAINEDAND UNCONSTRAINED
OPTIMISATIONPROBLEM S

Thebasicform of an optimisationpsoblemis: identify thealternativemeansd achievingagiven
objective, and choose the alternative that accomplishesthe objective in the best way. In an
optimisation problem you havethree dements: decisionvariables, objectivefunction, and constraints.
We will illustrate these el ementswith an example. Assumethat you area production managerin a
manufacturing firm. Thefirmisproducing two productsP, and P, say tablesandchairsrespectively.
Both theproducts requirewood and labour resources. Thefollowing table22.1indi catesresources
required to manufacture aunit of tableor chair and thetotal athount of resourcesavailable.

Table 22.1: Resources Required/ Available for manufacturing

Resource Product (requirement of resources 1;\@“)_ Totd resourcesavailable |
Table (P,) Chair (P)

Labour (hours) 5 10 100

Wood (sq.ft.) 40 20 400

Thedatahighlight theresourcerequirement and avail ableresourcesfor the product. Now you may
beinterested tofind the number of tablesand chairsthat can be manufactured given the limited
availability of resources(labour and wood) in order to maximise the profit. Therefore, theunknown
quantitiesare the number of chairsand tablesthat wemay decideto manufacture,which weterm
them asdecision variables. Wemay denotethemsymbolicallyas X, and X,,. Thuswecan say that
thedecision variablesrefer to thecandidates|ike products, services, projects, etc. that arecompeting
with each other in sharing limited resourcesavailableon hand. In theabove example, your objective
istomaximise the productionin terms of number of tables(X,) and number of chairs(X,).

Supposeyou know theprofitfor eachtableisRs. 10, and for each chairisRs. 15. Sincewedo not
know what will bethetotd profit, weindicatethisas Z. Also, your objectiveistomaximise the
profit(Z). Weexpressmaximisationdf Zasafunctiond X ,and X, andindicate symbolically as
follows.

MaximiseZ=10X, +15 X,

Theabovefunction iscalled objectivefunction. Therefore, wecan say theobjectivefunction isa
mathematical rel ati onshi pbetween decision variableswhoseval uesareto bekept in such away as
tomaximise or minimisethefunction.

In our example wealso know that theinputs|abour and wood arelimited resources. You have
only 100 hours of labour and 400 square foot available of wood. That meansyou can use a
maximum of 100hours labour and 400 square foot of wood in theproduction processof tables
and chairs. Also, you know that how much wood and Jabour isrequired to manuf actureeach table
and chair. Wecan expresstheserel ationshipsi n thefollowingequations:

5X, +10X; <100

40X, + 20X, < 400
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We also assume that the number of tables(X,)and number of chairs (X,) to be produced are
positive. That is,

X,z0and X,20

The aboveinequalities arecalled constraints. Therefore, wecan say that thelimited resources
expressed in terms of linear equalities or inequalitiesin terms of decision variables arecalled
congraints.

In general, the aboveoptimisation problemcan berepresented mathematically as:

Optimise Z = f (X}, X4, ... X)) )

A

Subjectto g;(X, Xyy o Xy) J=12,.un )

vl

Where (1) isthe objectivefunction, (2) istheset of constraints, X,, X,, ... X, arethedecision
variables,g. arethe inputfunctions, b, arethe maximum amount of resourcesavailable. Depending
on tlienatre of the problem, theoptimisation may bemaximisation or minimisation d the objective
lunction.

The mathematical techniques used tosolvean optilnisationproblem shown inequations(1) and
(2)abovedepend on the natureof the objectivefunction (linearity or no linearity) and constraints.
Theaboveoptimisation problemisalso called constrained optimisation. Thesimplestsituationis
thet o an unconstrainedoptilnisationproblem. Insuch aproblem you have only objective function
and no constraintsareimposed on theobjectivefunction. Here, our objectiveiseither maximisation
or minimisation of theobjectivefunction on the assumption that thereis no scarcity of resources.
We will discussthesetwotypesof optimisation problemsin the subsequent sections.

22.3 UNCONSTRAINEDOPTIMISATION TECHNIQUE

Toget optimum sol ution to the unconstrainedproblems, weusedifferential calculus. Some of the
mostcommonly used ules of differentiation (for analysing unconstrained optimisation) are derivation
of aconstant; derivation of apower; derivation of function; and derivation of sum (difference)
function.

Derivation of Constant Functions
A constant function can beexpressed as.

y o=

Where y isavariableand aisaconstant, Thederivativeof any constant function iszero.

dx

For exampl e, consider theconstantfunction y =5, then % =0

Derivativeof Power Functions
A power function can beexpressed as y=ax” where aand b are constants and y and x are

. ly .
variables. Then, % =ab !
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‘ _ 0 ]

Example 1: If y = +?, then —-d);=2x2 P=ox =2x
ay 10-! _ 10,9

Example 2: If y = 0, then =10+ =10x

Example3:If y=4x¢, then —-= 46587 =24x°
dy I~} 0
Example4:If y =4x, then - =4x" =dr" =4
Sum (difference)Functions
Supposeafunction y = f(x) representsthesum (difference)of two separatefunctions f;(x) and

f5(x), thatis, thesumfunction y = f,(x) + f,(x) or thedifferencefunction y = f;(x) = f2(x).

L o o dy=d fix)  d falx)
Then,thederlvatlonofthesumfunctlonls;1% Ir +g;"*“

. . . L dy = fUy A £l
Thederivationof thedifferencefunctionis, ;= dx .

The above two resultscan beextended tofinding thederivationof the sum (difference) of any
number of functions.

dy d (4x) d (5¢%)
Examplel:If y=4x+s5.® then - =—-——+—~ 445.8x" =4 +40x7

Optimisation Conditions

Theseason for introducing differentiationrul esfor s mplefunctions,above, isthat thesemethods
can beused tofind optimal solutionsto many kindsd maximisation and minimisation problems
with unconstrained functionsin managerial economics. Therearetwo conditionsfor obtaining
elther maximisation or minimisation. Thesearecalednecessary and sufficient conditions. Sometimes,
they arealsoreferred asfirst order andsecond order conditionsrespectively.

The necessary (first order) conditionfor solvingboth maximisationor minimisationproblems are

d_y
dx

2

. " . o . d
Thesufficient (second order) conditionfor solving maximisation problemsis Xf <0,

a’2y
CL\,'Z

d
(Kindly notethat indicatesthederivativedf theresult of 2% .

2

. - . e . d7y
Thesufficient (second order) conditionfor solvingminimisation problemsis ﬁ >0,

2

d’y
dx*
such cases, thepointsare neither maximumnor minimum and nooptimumresult can beobtained.

However, at certain points you may find =0, Such pointsarecalledpoint of inflexion. In
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. dy . e o :
By findingthe ;); , equatingit zeroand then s mplifying theobjectivefunction wecan find the value

of y. However, wegofor second order condition, sincethefirst order condition alone does not
guaranteethe optimumresult. Wesummarise theoptimisationconditionsinthefollowingtable.

Table 22.2: Conditionsfor Optimisation

Nature of Condition Maximisation Minimisation
Problems Problems
. dy dy
-2 =0 —_ =
Necessary Condition I ar
- " d*y d*y
Sufficient Condition -—*;<O 250
dx dx®
I3 612 ' - [ + *
Note that if the value of e 0 then you cannot obtain optimisation resultfor the problem
under study.
J

Examplesfor Profit or Revenue Maximisation

Example-1
.For thefollowing profit function,find theoptimum output that maximises theprofit.

I1=-20+150Q - 50* where 11 istotd profitand Qisthe output level.

Solution

T : necessary conditionfor profit maximisationisthefirst order derivativeset tozero. That is,
dli_
aQ

dIl .
-[-l—é«—-ISO 10Q

Settingthe above equationto zero,
150 100 =0
150 =10Q

D05
10

Thesufficientcondition for profit maximisation isthesecond order derivative, whichshould beless
-

I1
y dQ2 <0

than zero. Thatis,

dTl
i —= =150~ 10
Since, 70 0O
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d*TI _ d(150-100)
dp o a
function, theprofitcan bemaximised for theoutput Q=15.

=~-10 which isnegativeas requiredfor maximisation. Hencefor the given

Example-2

For afirm (whereQistheleve of output),thetotd cost function (TC) isgivenby 7¢C =20+ 50 + Q2.
Also, thedemand for the output of thefirmisafunction of priceandtherelationshipis given
480 =25—-PF,

)  Given thetota revenue TR equalsprice(P) per unit multiplied by thenumiber of unitssold,
thatis, TR=PQ. Also. thetotal profit (11), isthediffrencebetweenthetotal revenueand
totd cost (TC). That is, IT =TR-TC. Expressthe output as a profit function.

iy Determinetheoutput level wheretotal revenue(TR)ismaxirnised.
iy~ Calculatethetotal output at which profitcan bemaximised.

iv) Determinetheoutput that maximisesthetota profit.
v)  Caculatethepriceat theprofitmaximisation output level.

Solution
)  Giventhedemandfunction Q=25- P thepricefunctionis P =25- Q

Andtota revenuefunction(TR)iS TR = PQ = (25 - 0)Q =250 ~ 0?
Thetota profit (11) isthedifferencebetween TR and TC
[I=(R~TC)=(250~-0")—(20+50+0?%) =-20+ 200~ 2¢?

i) ~ Thetotal revenuefunctionis7r = 2Q- 0*

dTR
Tomaximise the TR, the necessary conditionis 0 =0

dTR
2R o252
4o ¢
25-20=0
g= -2n—5 =125
TR
Thesufficientconditiontomaximise TR, e <0

d*TR _d (25-20)
dg*  dQ

Sincethesecond derivativeisnegative, thetotd revenue maximises & theoutputlevel Q=12.5.

2

iy Thetotal profitfunctionis [T=-20+20Q - 202

o dllo
Tomaximise the I1, the necessaryconditionis a0 0
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dll

*{—i—Q- = 20 - 4Q
20-40Q =0
20
Q0= i 5
- " i _d’T
Thesufficientcondition to meximisetotal profit, a0 <0

d*TI_ d (20-4Q)
d?®  dQ
thetotal profit maximises at output level Q=5.
iv) Weobtainedfrom (iii) the profit maximisation output level asQ=5.
Therefore, thetotal profitat Q=5 is,

= -4 which is negativeasdesired. Sincethesecond derivative isnegative,

[1=-20+20Q ~20°

I1=— 20+ 20(5) — 2(5%) =20+ 100 - 50 =30
v) ThepriceatQ=5is,

P=25-Q =25-5=20

224 CONSTRAINED OPTIMISATION TECHNIQUES

In section 22.2discussed above, you havelearned theconceptsof constrained and unconstrained
optimisation problems. Alsoin section 22.3you havelearned how |0 optimise (maximisation or
minimisation) unconstrained optimisation problemsusing necessary and sufficientconditionsof
first order and second order derivativesrespectively. Inthis section, you will learnhow tosolve
constrained optimisation problems. Therearemany typesaf constrained optimisation problems
likelinear programming, non-linear programming, dynamic programming, etc. However, wewill
limit our discussionin thisUnitto only linear programmingtechnique.

22.4.1 Linear Programming

Linear programmingisatechniquefor mathematical solution of aconstrainedoptimisation problem.
Assuchit hasbeen used in policy analysisfor formulatingan objectivefunctionto bemaximised or
minimised subject toaset of resourceconstraints. For example, for apolitical candidate the
objectivg function could betomaximise votespolledin his/her favour subject to resourceconstraints
o minimise thetotal costsand till get winning votes. Origindly, the linear programming problems
areapplied widdly i n businessmanagement. For example, todefine asal esstrategy that maximises
the profits, or aproduction strategy that best usesthescarceresources,

For aneffectiveapplicationd linear programming, it requiresagoodunderstandingof the undetlying
modeling assumptions and pertinentinterpretationd theanalytical solutionsobtained. Therefore,
in thissection, we discussthe detailsof thelinear programming modelling and its underlying
assumptionwithexamples.

Formulation of aLinear ProgrammingProblem

Consider acompany that producestwo types of products P, and P. Thecompany has two
factories, F,and F, both producingtheproductsP, and P,. The Factory F, produces40units per
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day of productP, or 60 unitsper day of productP,. Similarly,factory F, produces30 unitsper
day of product P, or 50 units per day ©f product P. The company's profit on product P, is
Rs.200 per unit and on product P, isRs.400 per unit. Supposeif thecompany sellsal theproduced
unitsd productsP, and P,, how many unitsof each product shouldthecompany produceon a
daily basistomaximiseits profit?

Theaboveproblemisaconstrai ned optimisation problem. Hereour objectiveistomaximise the
company's daily profit. Further, we needto maximisetheprofit by adjustingthelevelsof daily
production of thetwo productsP, and P, Therefore, thedally production levelsdf product P, and
P, arethedecision variables. Thesedecisionvariablesare:

X, isthe number of unitsproduceddaily of product P,
X, isthe number of unitsproduceddaily of product®P,
L et thedaily profit on both products beZ.

Theprofitan oneunitof P, isRs.200, and on one unit of P, isRs.400. Thetotd profitfunction can
beexpressed as:

Z =200X, + 400X, » (1)
In this problem, our objectiveistomaximisetheprofit and thiscan beexpressedanalytically as:
MaximiseZ = 200X, + 400X, - (2)

The equation(2) iscalled objectivefunctionof theproblem,and coefficientsd thedecison variables
arecdled objectivefunction coefficients,

Also, we haveconstraints of producing each product by twofactories. Factory F, can produce
40unitsof productP; or 60 unitsaf product P, per day. Assumingthat production of one unit of
productP, (and P,) requires aconstant amount of processingtime, it followsthat for productP, it
is1/40 andfor productP, itis1/60. Thetotal capacity in terms of timelength requiredfor producing

1

. . . 1 L
X, unitsof P, and X, unitsd P, by F, i sequal to ny X, +€6X 2. Hence, theconstraintsimposed

on F, should not exceedits production capacity i sexpressedas.

L 1 :
5Nt X =105 (3)

By similar argument, theconstraintimposed on E, isexpressed as

1 1
%’X1+'5—6X2 =10- &) -

Findly, for theaboveconstraintstheproduction of X, and X, cannot be negative. Thét s,

X,zol
. NG

x;30 )

)
Combiningequations(2) to(5), theformulation of thelinear programmingproblemisasfollows:
MaximiseZ = 200X +400X,

1 1
i — X=X, =
Subjectto 205 % X; =10
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1 1
— X +—X, =
s07 ' Tsp”? 1.0

X—; 20

22.4.2 Solution to the Linear Programming Problem through
Graphical Method

Most of thelinear programming problemsrequiretheuse of computer tofind optimum solutions. A
graphical method of solving isuseful to understand theconcept of linear programming problem, its
formulation and solution. However, graphical solution can be used onlyfor two decision variables
problem. A more general method known asSimplex M ethod iswidely used for solving lifféar
programming problems for larger number of variables. A sthis method requires alarge number of
computations, it isadvisedto usecomputerstor solvingsuch problems. Wesolvethe maximisation
probiem formulatedin section 2.4 graphically. Let thehorizontal axis represent the number of units
of product P, and the vertical axisrepresent the number of units of product P, produced. Since,
output (X, and X,) of both the productsare non-negative, the graphical method stat-ts with thefirst
quadrantof the graph.

Now, weplot theconstraints on a'graph. Since both the constraints are inequalities, for the time
being weconsider them asequalitiesfor the purpose of plotting them on the graph.

] |
X X, =
20 e 1.0

i, 1
= X, +5x2 =1.0
When plotted on a graph, the above equalities represent strai éht lines. A straight line can be

completely specified by knowing any twopointsthat fall on theline.
Let usconsider thefirst equality constraint

1

|
— X +—X,=
40" 60" ? 10

Wecan plot astraight lineby substituting O for X, in the aboveequation:

I I
4—0(0)"'86)(2 =1.0

[

© Xy = 1..0
X, =60

This represents the vertical interceptor on X, axisandiswritten as (0, 60). That isO units of

product P, and 60units of product P,

Similarly, when X =0

i 1
Z6X‘+@(O)=1'O

| .

X, =40
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Itisalso written as (40, 0) and represents 40 units of product P,, and 0 units of product P, and
correspondsto horizontal interceptor X1. Jointhesetwo interceptorstodraw theconstraint lineas
shownin thegraph (figure22.1). Sincethiscongtraintislessthan or equal tocongtraint, thepoints

. . - 1 1 : : .
below thelinerepresent theregionsatisfiedby 70 < *%0 X, =1.0congraint. Any pointthatlies

outsidethislinegivesan infeasible solution.

Now let usconsider the second equality constraint, that s,

I 1

50 50
When X,=0
515(0)+§16¥2 = 1.0
X,=50
Thisrepresents vertica interceptor on X, axisandiswritten as (0, 50).
WhenX, =0

1 1
§6X1+§a(0)v=1.0
X,=50

Thisrepresentshorizontal interceptor X, axisandiswrittenas (50, 0). Using (0, 50) and (50, 0)
points, wecan draw astraight line on thegraph. Sinceit isalessthan or equd to constraint, the

pointsbel ow thislinerepresent theregion satisfied by % X+ % X, =1.0congraint.

%2
70

64

o
P

Product P2
kN
<

L
L=

Do
o]
£ R

10 f

X

Product Pt

Fig. 2 1 Graph showing Feasible Region for Optimisation
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Any combinationdt vatwes of X, and X,, whichsatisfiesthegiven constraints,iscalleda ‘feasible
solution’ to the problem. TheareaOABC in the graph satisfied by the constraintsisshown by
shaded areaisthefeasibleregion or feasibleset.

Tofind the best solution, we use our objectivefunctionZ = 200X +400X,

For extremepoint A (40, 0), X,=40 and X =0, Z=200(40)+400(0) = 8000+0=8000

For extremepoint C(0,50), X,=0 and X,=50, Z=200(0)+400(50)=0+20000=20000
Extremepoint B isat theintersection of thetwolines. e can solvethesetwo equations tofind B.

zl‘ax,+-1-x2 =10~ (9

60
1 1
BBX'-{"SBXZ =10 (b)

First, wecan solvefor X, or X, in one equation and then substitute that valuein the second
equation. Solvingfor X, inequation (a) wehave:

1 |
— X +—X, =
40" " g0 ? 1.0

1 1
ZEX1 =(1.0- a)-Xz)

L

40
) X2) —-40~%5X2

X, = 40(1.0-

Substitutingthisvauefor X, inequation (b) we have

AN 1
i 40 X )+——X =1.0
40— 2 2= 1.

40

Xy =22 X, = 50-40

60
60X, -40X,

60 =10
60X, - 40X, = 10x60
20X ,,= 600
X, =30

Substituting thisvaluefor X, ineither of our original equations(a) or (b) wecanfind X value.
SupposewesubstituteX, _30in (b) then

1 1
X X, =
5071 5072 1.0

1 1 ,
Sb—Xl +~§6(30) = 10
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X, +30
50

X, +30 =50
X,=50-30=20
Thusat corner point B, X, = 20 and X, = 30. Fromthiswe can computeZ:
Z=200X +400X,
Z=200(20)+400(30)
Z = 4000412000 = 16000
Now we haveto maximise objectivefunction Z = 200X, + 400X, .
Thiscan beobtainedfromthe tablegiven below.

= 1.0

Table 22.3: Coordinates for Minimisation o objective functions

Extreme Coordinates Profit Function
Point Z=200X +400X,
A X =40, X,=0 8000

B X=20,X=30 . 16000

C X =0, X,=50 20000

The maximum profit obtained a C(0, 50). ThatisX, =0 and X, =50. Hence, tomaximise profit,
thecompany shouldproduce50 unitsd product P,. The maximum profit obtainedfrom producing

50unitsof product P, is 20,000.

Using Graphical Methodfor Minimisation

A firmisengagedin breeding pigs. Thepigsarefed on variousproductsgrown on the farms. In
order to ensurecertain nutrient requirements, it was decided to buy oneor two products(P,, P,).
Thenutrient constituents in each unit of theproductsP, and P, are given below:

Table 22.4: Requirements and constraints

Nutrient Nutrient Consisted in Minimum Requirement of
Constituents the Product Nutrient Constituents
PI P?.
A 36 6 108
B 3 12 b
C 20 . 0 100

Product P, costsRs.20 and Product P, costs Rs.40 per unit. Determinehow much product P,
and/or P, must bepurchased so asto providethepigs nutrientsnot | essthan therninimumrequired

at thelowest possible cost.

Solution
First weformul ate theabove problemas alinear programmingproblem. Let X,,and X, bethe
number of units (decision variables) of product P, and P, required. Herethe obj ectlve isto
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minimise thecost. Wearegiventhecost of product P, and P, asRs.20 and Rs.40 respectively.
Therefore, theobjectivefunctionis:

Minimise Z= 20X +40X, — (1)

Sincethe number of unitsof nutrient ‘A" in product P, and P, are 36 and 6 respectively and the
minimum requirementof ‘A" is 108 units, wewritethisconstraint as.

36X,+6X, 2108 — (2)
Similarly, theconstraintsfor B and C nutrientsare:
3X,+12X, = 36 — (3)
20X, +10X, 2100 - (4),
We also havethe decision variablesas non-negative, that is,
X,20

&)

For plottingtheconstraintsasstraight linesin thegraph, werewritetheinequality constraintsas
equality constraints, thatis,

36X,+6X,=108 — (6) .

3X +12X,=36 — (7)

20X,+10X, =100 — (8)
Now for drawing straightline (6)we have

When X =0

36(0)+6X, = 108

6X, = 108

X,=108/6 =18
Wehave the coordinates A(0, 18)

When X, =0

36X +6(0) =108

X, =108/36 =3

Wehavethe coordi natesB(3, 0)

Joining these two coordinate points we get straight linefor equation (6) asshown in the graph.
Similarly,for constraint (7) we have the coordinatepoints C(0, 3) and D(12, 0) and for constraint
(8) we have the coordinate points E(0, 10), F(5, 0). Now we can draw the straight linesfor
congtraint (7) and(8) as shown inthefollowing graph.
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Product P:

X4

Product P1

Fig. 22.2: Graph showing Feasible Region for Optimisation

The coordinate G is an intersection of constraints (6) and (8). Solving these two equations for X,

108-6X,

and X, from (6), 36X, = 108-6X,; X, = —

; substituting this value in (8) we have

20(108 ~ 6X,)

+10X, =100 .
36

20(108—6X ,)+360X ,
36

2160 - 120X, + 360X, = 3600
240X, = 3600 - 2160 = 1440
X, =1440/240=6
Substituting X, = 6 in (8) we have
20X, + 10X, = 100
20X, + 10(6) = 100
20X, = 100 — 60 = 40
X, =40/20=2

Therefore, the coordinate points at G are (2, 6).

=100
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Similarly, theequations(7)and (8) areintersectingat H.

From (7)
3X, t12X,=36
3X, =36 - 12X,
36- 12X,
X, = 3

Substitutingthisvaluein (8), wehave

———~—20(36;]2X2) +10X, =100

720 — 240X, + 30X, = 300
210X, =420
X,=2"
Substitutingthisvaluein (8) wehave
20X, 1 10(2) = 100
20X, = 100-20
X, =80/20=4
Therefore, thecoordinatepointsat H are (4, 2).
Thefeasibleregionisshown asAGHD aslowerpoints, sincetheinequality constraintsan greater
than or equal totype(=). TheZ valuesfor these coordinatesareshown in thefollowing table.

Table 22.5: Coordinatesfor minisation of objective furiction

Corner Points ' Coordinates of Objective function Z value
Corner Points (X,, X,) 2 = 20X +40X,
A (0, 18) 20(0) +40(18) 720
G (2,6) 20(2) T 40(6) 280
H (4,2) 20(4) + 40(2) 160
D (12,0) 20(12) + 40(0) 240

Sinceit is a cost minimisation problem,wehavethevaue160at cornerpoint H (4, 2) asminimum,
thatis, X, =4,X,=2. Therefore, therequired productsare P, =4 units and P, = 2units, and the -
minimum costisRs.160.

22.5 DECISIONUNDERRISK

Wetakedecisionsevery day. Weknow the outcome of somedecisions at thetimeof taking
decisions. These arecalled decisions with certainty, For example, supposeyou want to invest
Rs.10,00,000 as afixed deposit in aBank. Suppose theBank isgiving 10 per cent interest on
fixed depositsfor afive-year period. Also, you havean alternative option of investingthisin a
saving account wheretheBank gives6 per cent interest. Youknowthat both investments are
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secure and guaranteed. Then thereisacertainty inyour decisionof investingthemoney in a
scheme that givesbetter returns. Cost-benefitanalys s constrained optimisation (linear programming),
and unconstrai nedoptimisationare somed the techniquesusedunder certainty conditionsthat
you haveadready learned.

Now wefocus our discussion on decision making under risk. Theobjective hereisto develop
guidelinesfor making rationa decisions, given theindividual decision maker's attitudestowards
risk. The decision makersaccordingto their attitudes in decision-making under risk:may beof 3
types, asunder:

o  Ariskseekerisonewhoprefersrisk.
e A riskaverter acceptsonly favourableconditions.He/she chooseslessrisky investments.

o Between thesetwoextremes (risk seeker and risk averter) liesthe risk neutral person. He/
sheconsidersthefacevalued money to beitstrue worth.

Decision Tables

Each alternative choice that involves risk (which we term as statesof nature or outcomes) is
associated with a probability of occurrenceor non-occurrenceof that choice. For example, the
decision on motor vehicle insurancei sassoci ated with theprobability of accidentand/or theft. The
decision hereistomake insuranceor not. Thisdecisiondependsontheprobability of occurrence
of theft/accident. Suppose you aretold that the probability of theft/accident is0.05 (that is 5%
chance), and no theft/accident is0.95 (that is 5%cchance). Also, given that the vehiclecosts
Rs.5,00,000 and thepremium for insurancepayment i SRs.5,000 per annum. Now you havefour
coursesof actionto expect. Theseare: @) make insuranceand noaccident/theft, b) make insurance
and accident/theft, C) noinsuranceand no accident/theft, and d) no insuranceand accident/theft.
Each of thesecoursesaf actionwill cost you. F you goforinsuranceand accident/theft takesplace
still you looseRs.5,000 towards premium.If you don't gofor insuranceand no accident/theft
takes placeyou will notlooseany money. Lastly, if you don't gofor insuranceand theaccident1
theft takesplace you will loosethecost of thevehicle. Thatis, Rs.5,00,000. Wecan summaries
thisproblem using adecision tableasshown below.

Table 22.6: Decision Table for Insurance Decision

Event Coursesof Action

Insurance No insurance
Accident/theft Loss(Rs.5,000) Loss(Rs.5,00,000)
No accident/theft L0oss(Rs.5,000) Loss (Rs.0)

The decision tabl eindicatesrherelationship between pairsof decisionelements(coursesof action
and'events). There i sspecificinformation for each courseof actionand eventcombination. This
informationisal soexpressedintermsof rupees. Therefore, every courseof action-eventcombination
hasapayoff, which measuresthe net benefitthat accruesfrom agiven coursed action and event.
Sometimes, they area soknown asconditional profit val ues.

Thedecisionson thecoursesof actionunder risk are based on theavailability of prior information,
knowl edge, experience, or judgment, that weexpressin termsof event probability values.
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Maximising the Expected Payoff _
Theexpected payoff isameasured expected returnsassoci atedwith theprobability of theevents,
thatis,

robability of first event X (payoff) of first event + probability of second event
Expected payoff = payoff of second event + ... + probability of nth event X payoff of nth event.

Expected payoff = thisisrepresented by E (X) =P X, +P,X,*+ ... TP X = Y. PX

i=1

WhereP, istheprobability of i event
X. isthepayoff of that event
E(X) istheexpectedpayoff (of taking acourseof action)
In our insuranceexample, thecal culation of theexpectedpayoffisshownin thefollowingtable:

Table 22.7: Calculation of Expected Payoff for Insurance Decision

Event Probability Coursesof Action
Insurance Nolnsurance
Payoff Payoffx Payoff Payoff x
(Rs.) Probability (Rs.) (Rs.) Probability
Accident/theft 005 -5,000 250 -5,00,000 -25,000
Noaccident/theft 09%5 ~5,000 4,750 0 0
Expected Payoff -5,000 -25,000

Kindly observethat the payoffsareshown as negativenumbers sincethey represent|ossin that
event. Also, thetotal probability of dl eventsis 1.00.Wecal cul ate the expected payoff for each
courseaf action by multiplyingeach payoff by therespectiveevent probability and then addingthe
products.

Then how does thedecision maker chooseacourseof action among alternativecourses of action
availableto him/her? The answer to thisquestionisto choosethat courseof action for which the
expectedpayoff isthehighest. Inourexampleof insurance,you can observefromtheabovetable
that theexpectedpayoff ishighestfor insurancecourseof action. |nother words, expected|ossis
Rs.5,000 when you gofor insurance, andRs.25,000 for not goingfor insurance.

Decison TreeAnalysis

A decision problem can asobeillustrated withadecison tree diagram. Itisparticularly convenient
to display decision problemsin theform of decision trees when the choices are to be made at
differenttimesor stages. Asthename implies, adecisiontreeconsists d network nodes,branches
and probability estimatesand pay off's Nodesaredf two types: () decision nodeindicated asa
square([1), and (b) chancenodeindicatedascircle( ¢ ) that illustratesthepoint of uncertainty. A
basic guidelinefor constructing adecisiontree diagramis that theflow should bechronol ogical
fromlefttoright.

The dternative courses of action are shown as emanating from the decision point and then
correspondingto each decision, the possibleoutcomesar e shownemanating fromtheuncertainty
point. Thesideof theoutcomeliststhe probability and theconsequencefor each outcome,
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Ourexample of insurancedecision can beillustrated using adecisiontreeasshownin thefollowing
figure.
Accldent/theft ~-Rs.5,000

" 0.05
No accident/theft

-Rs.5,000
' 0.95

\ . Accident/th eft -Rs.5,00,000
0.05
No-accldent/theft
-Rs.0

0.95

Fig.22.3: InsuranceDecisionTree

Theinitial choiceatdecision pointais 'insurance or 'no insurance’. For each of theseyou have
two events. In al you havefour coursesof action. Theprobabilitiesand payoffsassociatedwith
each event areal soshown in thetreediagram: Themainadvantageof usingadecisiontreeis that
it helps inisolatingeach chain andfollowsit through thebranchesto theterminal event.

22.6 CONCLUSON

In thisUnit, variousoptimisation techniquesareintroduced that may help you in your decision
making process. Theoptimisation decisionsmay occur under certainty or risk conditions. The
optimisation techniques under certainty conditions arefurther classified into constrained and
unconstrained optimisation.

The necessary conditionfor optirnisation(for both maximisation and minimisation problems)is

dy . " N . d* - "
ﬁ = 0. Thesufficient conditionfor maximisation problemisthat E; <0. Thesufficientcondition

forrminimisation problemisthat [cix_zy > 0. Toobtainoptimisation resultsboth necessary and sufficient

12

. . . . d* '
conditions need to be met. In case thesufficient condition ;x% =0. Thenfor that problem no

optirnisation resultexists.

Thelinear programminghel psto sol ve optimisation problemswith constraints. To understand the
basi ¢ phil osophy and concepts, wehaveexplained in thisunit how toformul ateand solvethelinear
programmingproblemsgraphicaly. Thes mplexmethodiswidely used to solvelinear programming
problems. Many computer programmesareavailableas ai dsf or carrying out thelarge number of
computations requiredfor solvinglinear programming problems.

Thedecisionstaken under risk areexplained with the hel p of expected payoffsand decision trees.
Here, thedecisionisto choosean aternativewheretheexpected payoff ismaximisedand risk is
minimised.

22.7 KEY CONCEPTS

Condraints . Thesearethelinear equalitiesor inequalitiesarisingout of practical
limitations.
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Decision Trees
DecisionVariables

Expected Payoff
Feasible Set

Graphical Method
Einear Programming
Objective Function
Optimisafion

Payoff

Risk Averter

Risk Neutral

SimplexMethod

A useful way of analysingsequentid decision problems.

Trhesearevariableswhosenumerical valuesareof interestto the
decision-maker to obtain optimal solution to problems.

A decison criterionthat employsprobability.

Theavailableset of aternativesto the decision-maker iscalled a
feasibleset.

A method of findingsolutionto thelinear programming problem
through plotting equations(congtraints) onatwodimensional graph.

A linear deterministic modd used to find optimum all ocation of

scarceresources.

Inlinear programming, objectivefunction isalinear. function of the
decisionvariablesexpressingtheobjectivedf decision maker.

Optimisation isanact o selectingthebest alterative out of available

optionstothedecision-maker,

Thenet benefit to thedecis on-maker, which accrues, fromagiven
combinationof decigon alternativesor events.

A risk averter isone who will select thelessrisky optionin an
investmentsituation.

A risk neutral person considersthe face val ueof money to beits
true worth.

A mathematical procedured finding optimumsolution tothelinear
p ogramming problem.
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22.9 ACTIVITIES

1)

3)

4)

6)

Giventhefollowingtota profitfunction

I1 =-2500 + 200Q — 2Q*?

Where Qistheoutput level.

Determinetheoutput level that maximises profit.
Given thefollowin g total revenuefunction:

TR =100Q -2Q?

WhereQistheoutput leve

Determinethe output level that maximisestherevenue.
Given thefollowing averagetotd cost function:

ATC = 5000 - 100Q + 2¢*
WhereQistheoutputlevd.

Determinetheoutput level that minimises theaveragetotal cod.

These aretwofactoriesthat manufacture three differentgradesd paper. Thereisdemandfor
each grade. Thecompany that controlstwofactories(A and B) hasthecontract to supply
16 tonsaf low grades, 5 tonsd mediumgradeand 20 tonsof high-grade paper, It casts
Rs.10,000 per day to operatethefirst factory and Rs.20, 000 per day to operate thesecond
factory. Factory A produces8tonsaf low grades, 1 ton of mediumgradeand 2 tons of high
grade paper in one day's operation. Factory B produces2 tons of low grade, 1 ton of
mediumgradeand 7 tonsof high grade paper per day. Formulatethe above problemfor a
decisonlinear programming by gpplyingtechnique.

Consider the problem given & (4) above. For how many days should each factory be
operated in order to meet the ordersmost economically?Solvethe problemgraphicaly.

Describethesituationsof decison-making under certainty and risk, and discussthe behaviour
of risk averter, risk seeker,and risk neutral personsin investmentdecisionsi n thel ater situation.





